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MESSAGE

Remembering the words of John Dewey, "Education is not preparation for life,
education is life itself, | highly commend the sincere efforts of the officials and subject
experts from Directorate of Education involved in the development of Support
Material for classes IX to Xl for the session 2022-23.

The Support Material is a comprehensive, yet concise learning support tool to
strengthen the subject competencies of the students. | am sure that this will help our
students in performing to the best of their abilities.

| am sure that the Heads of School and teachers will motivate the students to utilise
this material and the students will make optimum use of this Support Material to enrich
themselves.

I would like to congratulate the team of the Examination Branch along with all the
Subject Experts for their incessant and diligent efforts in making this material so

useful for students.

| extend my Best Wishes to all the students for success in their future endeavours.

(Ashok Kumar)
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HIMANSHU GUPTA, iAas

Director, Education & Sports

MESSAGE

“A good education is a foundation for a better future.”
- Elizabeth Warren

Believing in this quote, Directorate of Education, GNCT of
Delhi tries to fulfill its objective of providing quality education to all
its students.

Keeping this aim in mind, every year support material is
developed for the students of classes IX to XII. Our expert faculty
members undertake the responsibility to review and update the Support
Material incorporating thelatest changes made by CBSE. This helps the
students become familiar with the new approaches and methods,
enabling them to become good at problem solving and
critical thinking. This year too, I am positive that it will help our
students to excel in academics.

The support material is the outcome of persistent and sincere
efforts of our dedicated team of subject experts from the Directorate
of Education. This Support Material has been especially prepared for
the students. I believe its thoughtful and intelligent use will definitely
lead to learning enhancement.

Lastly, I would like to applaud the entire team for their valuable
contribution in making this Support Material so beneficial
and practical for our students.

Best wishes to all the students for a bright future.

WD —

(HIMANSHU GUPTA)



Govt. of NCT of Delhi
Directorate of Education

Old Secretariat, Delhi-110054
Ph. : 23890185

Dr. RITA SHARMA

Additional Director of Education
(School/Exam)

D.O. No. PS/addI-DE/sch/2022 131

Dated: 0% vy, 2022

foren Feemem, feoelt TR 1 Tecyl @ea 379 famnfefat <61 wation fawm & 21 3=
LTI H A H T gU fen fdenera 7 o1 famnfefat i = Fife & farfores Al % orqEy
faenfefatl & TR GemEs At U w1 999 R0 81 HRAT H1el & wisTad gug § off freqon
AT Y Tiewa w1 Faty &9 § Hefer s & forg G Toe stepeid gugl o fhat=
FHT 1t el 1w Tem <t

Tk o Y it 58 o ot e ool | e 120 T ki Heraw g | W ues &
i el & ST uR weTsy § sravas qened fae Tu E) e & e gediee 9 deifed
e e oft KU T 21 o wers gefiE | e @ wicd gl i off wierdy €9 § wed
femen n € aifer fren feene & fornfefa o sqent QT ey el weh |

2 379 € FoF 31 were g & Ted SR R seree & wekawey fomnfear o
ToTIeHh ierforen Here w1 foear S weeiHl § oft ufetferd g 59 St Fere 9l i 9UR
F i gt stfuentiat qen et 1 wifdsr 9ot 3t € qen geft faenfefat #5139 Seotaa
e hT JIRTHTT Ieft §|

Sar awiT

(e yrat)






DIRECTORATE OF EDUCATION
Govt. of NCT, Delhi

SUPPORT MATERIAL
(2022-2023)

Class : XII

MATHEMATICS
(ENGLISH MEDIUM)

NOT FOR SALE

PUBLISHED BY : DELHI BUREAU OF TEXTBOOKS






YR kT GigenT
YIT 4%

AR & G el

ATHE 51
A HAed - IRA & TAF ARE 1 I8 Hed & T 98 -

(%)

()

(M)
(%)
(¥)
(%)
()

(S0)
()
(%)

(@

Hfere 1 Wi T AR IU RN, we, RELEE] 3R T <hl A
%i;

WA o fau gaR UL SARIE H IRG FH A 3TT AR H &’
H EST W@ SR ST e

YT BT HHAT, A AR A F @ HL AR IY GO0 AT WE;
2 Y T8 B AR ARE TR S W AL BT WAl H;

URE o Tt o W weeEar SR WA Wiged Bt Wi B e Y S
udl, o SR 939 A1 o W enenfa weft SgwEl § w8, G wens
M S afeaed & qEE % fawsy w;

g e HeHfa Bt ARGV TG i HgEE WHg SR ST uRRwE
%i;

epfaen e 1, foree sfta o, gie, 76 St o A §, T B i
3T AT F aen wioms o wfd @ w;

Afeh 3fieahIvr, AFEER SR A qu1 GUR F wiE Fi fHwE wy;
g guf w1 gk W@ R a9 g,

AfTa R A nfafafe o qe e § Send B SR Sgd i Haq
79 R, fEE g fRaR 9gd 3¢ waet o Suafed i 9E Sl #i g
Ha\v‘; SﬁI

aft arr-fodr 1 Wew 2, 98 99 ¥ dike af 9% F A A o,
Fenfefa, e ar vfaared @1 fer o saE &E H




Part IV A (Article 51 A)

Fundamental Duties

It shall be the duty of every citizen of India —

(a)
(b)

(c)
(d)

(e)

(H
(&

(h)

V)

*(k)

to abide by the Constitution and respect its ideals and institutions,
the National Flag and the National Anthem;

to cherish and follow the noble ideals which inspired our national
struggle for freedom,;

to uphold and protect the sovereignty, unity and integrity of India;

to defend the country and render national service when called
upon to do so;

to promote harmony and the spirit of common brotherhood amongst
all the people of India transcending religious, linguistic and regional
or sectional diversities; to renounce practices derogatory to the
dignity of women;

to value and preserve the rich heritage of our composite culture;

to protect and improve the natural environment including forests,
lakes, rivers, wildlife and to have compassion for living creatures;

to develop the scientific temper, humanism and the spirit of inquiry
and reform;

to safeguard public property and to abjure violence;

to strive towards excellence in all spheres of individual and
collective activity so that the nation constantly rises to higher
levels of endeavour and achievement;

who is a parent or guardian, to provide opportunities for education
to his child or, as the case may be, ward between the age of six
and fourteen years.

Note:

The Article 51A containing Fundamental Duties was inserted by the Constitution
(42nd Amendment) Act, 1976 (with effect from 3 January 1977).

*(k) was inserted by the Constitution (86th Amendment) Act, 2002 (with
effect from 1 April 2010).
|
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THE CONSTITUTION OF
INDIA

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
'[SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC] and to secure
to all its citizens :

JUSTICE, social, economic and
political;
LIBERTY of thought, expression, belief,

faith and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the “[unity and
integrity of the Nation];

IN OUR CONSTITUENT ASSEMBLY
this twenty-sixth day of November, 1949 do
HEREBY ADOPT, ENACT AND GIVE TO
OURSELVES THIS CONSTITUTION.

1. Subs. by the Constitution (Forty-second Amendment) Act. 1976, Sec.2.
for "Sovereign Democratic Republic” (w.e.f. 3.1.1977)

2. Subs. by the Constitution (Forty-second Amendment) Act. 1976, Sec.2.
for "Unity of the Nation" (w.e.f. 3.1.1977)
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ANNUAL SYLLABUS
MATHEMATICS (Code NO. 041)
Class-XIl

Session 2022-23

One Paper Max Marks:40

No. Units No. of Periods Marks
l. Relations and Functions 30 08
I. Algebra 50 10
lll. | Calculus 80 35
IV. | Vectors and Three - Dimensional Gemetry 30 14
V. Linear Programming 20 05
VI. | Probability 30 08
Total 240 80
Internal Assessment 20

Unit-l: Relations and Functions
1. Relations and Functions 15 Periods

Types of relations: reflexive, symmetric, transitive and equivalence relations. One to one and
onto functions.

2. Inverse Trigonometric Functions 15 Periods

Definition, range, domain, principal value branch. Graphs of inverse trigonometric functions.

Unit-ll: Algebra
1. Matrices 25 Periods

Concept, notation, order, equality, types of matrices, zero and identity matrix, transpose of a
matrix, symmetric and skew symmetric matrices. Operation on matrices: Addition and
multiplication and multiplication with a scalar. Simple properties of addition, multiplication
and scalar multiplication. Oncommutativity of multiplication of matrices and existence of
non-zero matrices whose product is the zero matrix (restrict to square matrices of order 2).
invertible matrices and proof of the uniqueness of inverse, if it exists; (Here all matrices will
have real entries).



2. Determinants 25 Periods

Determinant of a square matrix (up to 3 x 3 matrices), minors, co-factors and applications of
determinants in finding the area of a triangle. Adjoint and inverse of a square matrix.
Consistency, inconsistency and number of solutions of system of linear equations by examples,
solving system of linear equations in two or three variables (having unique solution) using
inverse of a matrix.

Unit-lll: Calculus
1. Continuity and Differentiability 20 Periods

Continuity and differentiability, chain rule, derivative of inverse trigonometric functions, like
sin~'x, cos~'x and tan~"x, derivative of implicit functions. Concept of exponential and logarithmic
functions.

Derivatives of logarithmic and exponential functions. Logarithmic differentiation, derivative of
functions expressed in parametric forms. Second order derivatives.

2. Applications of Derivatives 10 Periods

Applications of derivatives: rate of change of bodies, increasing/decreasing functions, maxima
and minima (first derivative test motivated geometrically and second derivative test given as a
provable tool). Simple problems (that illustrate basic principles and understanding of the
subject as well as real life situations).

3. Integrals 20 Periods

Integration as inverse process of differentiation. Integration of a variety of function by
substitution, by partial fractions and by parts, Evaluation of simple integrals of the following
types and problems based on them.

dx

.f x2 + 2.[ 2 + ZJ\/ijax +bx+0‘[\/ax +bx+c

pX+q px+q 2, .2 2
dx dx, |va“ £ x“dx, | vax© +bx +c dx
J.aX +bx+c J.\/ax +bx+c '[ '[

Fundamental Theorem of Calculus (without proof). Basic properties of definite integrals and
evaluation of definite integrals.

4. Applications of the Integrals 15 Periods

Applications in finding the area under simple curves, especially lines, circles/ellipses (in
standard form only)

5. Differential Equations 15 Periods

Definition, order and degree, general and particular solutions of a differential equation. Solution
of differential equations by method of separation of variables, solutions of homogeneous



differential equations of first order and first degree. Solutions of linear differential equation of
the type:
dy

d_x+ Py =4, where p and q are functions of x or constant.

dx

W PX= d. where p and q are functions of y or constant.

Unit-IV: Vectors and Three-Dimensional Geometry
1. Vectors 15 Periods

Vectors and scalars, magnitude and direction of a vector. Direction cosines and direction
ratios of a vector. Types of vectors (equal, unit, zero, parallel and collinear vectors), position
vector of a point, negative of a vector, components of a vector, addition of vectors, multiplication
of a vector by a scalar, position vector of a point dividing a line segment in a given ratio.
Definition, Geometrical Interpretation, properties and application of scalar (dot) product of
vectors, vector (cross) product of vectors.

2. Three - dimensional Geometry 15 Periods

Direction cosines and direction ratios of a line joining two points. Cartesian equation and
vector equation of a line, skew lines, shortest distance between two lines. Angle between two
lines.

Unit-V: Linear Programming
1. Linear Programming 20 Periods

Introduction, related terminology such as constraints, objective function, optimization, graphical
method of solution for problems in two variables, feasible and infeasible regions (bounded or
unbounded), feasible and infeasible solutions, optimal feasible solutions (up to three non-
trivial constraints).

Unit-VI: Probability
1. Probability

Conditional probability, multiplication theorem on probability, independent events, total
probability, Bayes’ theorem, Random variable and its probability distribution.
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CONCEPT MAP OF CONTINUITY AND DIFFERENTIABILITY
= B

Noteworthy Results on Continuous Functions

* A constant Function f(x)=k is continuous everywl

* Identity Function f(x)=x is continuous every

* Polynomial Function f(x)= f(x)=a,+a,x+a,x’+........... a,x",n€EN,xeR is continuous
everywhere.

* The modulus function f(x)=[x| is continuous every

* The logarithmic function f(x)=x is continuous in its domain

* The exponential function f(x)= «*,a>0 is continuous everywhere.

* The sine function f(x)=sinx and cosine function f(x) =cosx are everywhere
continuous .

*The tangent function, cotangent function, secant function and cosecant function
are continuous in their respective domains.

*All the six inverse trigonometric functions are continuous in their respective
domains.

*A rational function f(x)=g(x)/h(x) , h(x)not equal to zero is continuous at every
point of its domain.

* Sum , difference ,product and quotient of of two continuous function is a
continuous function.

A function f may fail to be continuous at x=0 for any of the following reasons

(1) f is not defined at x=a, i.e,f(a) does not exist
(2)Either lim f(x) does notexistor limf(x) does not exist.

x>a

lim f(x)#lim f(x)

x>a x=>d

lim f(x)=lim f(x)#f(a)

x> g

[Class XII : Maths]



© APPLICATION OF DERIVATIVE

s with another quantity v so that v = Ax}, then

ts the rate of change of y wort var
ate of change of

Maxima & Minima

Apoint Cin the domainof 't at w
either fc)=0or is nol differentiable i

called a critical point of f,

First Derivative Test Second Derivative Test
1.:‘

tobe (i)increasing on (h) it x

7x,8, € (ab).and (i) decreasing on

/7 )then fis increasing in {a
Athen tis decreasing in () Foreg: Let  (x)=
R, thenf [x)= 206X 44=3(x )41 > 0%

So, the function f is strictly increasingon R.
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ﬂ CONCEPT MAP OF INTEGRAL
INDEFINITE INTEGRAL

The method in which we change the variable Lo some | 2 F(x)-f(x). H:l-n( £ (x)dx=F(x)+ e
other variable is called the method ol subslitution | constantofintegral. The egrals; ed indefinite or general in

[lan .\:hJog\.xuc.\‘ﬁ [Cvl,ui.\ 1\7\1',‘\111 .“-[ ) )

’ ’ i) | v (i) [k (v)x =k [ £ (x )

[sucni\‘ log|secy +tanx|+¢ J’cuwcuf,\ -log|cosecx - cotxy|+¢ e is real,

X 11 la+x ) Jatdve e s ke, Jdx v
= 0g +C
o2 HI \ (i) [sinxdy - - cosx -

iy

2 2 -
log [y + VX~ -a7| +¢

INTEGRATION BY PARTS

_|.fl(t\f'fgft\')d\:fﬂ‘\".l‘/'1‘3/\’3‘(1\'*,"%Nt\*‘f/Q‘U\"d\'

V) P(v)
unction of the form Q(x)#0)=T(x)-—==, P,(x)
Qfy)
] \
has degree less than that of Q(v). We can integrale - Wy expressing
Q)
itin the following forms (i pr+q A -i,n/
(v-a)x-b) x-a x-b

)}

)(x-b)x-c) x-a x 1¥+\ ¢

lll‘(.\:ﬂfd,\ .\:‘ET:“%IL)(\.’\A\*’A\:AIT:*( i LA A B« pceger A B

. - a —
|||J\’ a-dv= X -as ﬁIugm-\’ a-

pxT = e r A B C

(iif)
(x

Y (v-a){x® tbx s )7‘\711 RS

(HHJ.N’ vy =

FIRST FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS

Lot the arca tunction be defined by
X
A(x f(X)Ixvx =a,
)= 1) ‘
where fis continuous on [a,0]
then A'(x )= F(x)vx e [a.r]

SECOND FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS

Let  be a continuous function of x defined on [n,t‘*] and let F be another function such that

;—fF(.\‘); f(x)¥xedomain of { Ihcn[ [()dy =[F(x)+c| =F(b)-F(a).This is called the
ax N : -

definite integral of f over the range [p',,'y]/ where @ and ¢ are called the limits of integration,

a being the lower limit and b be the upper limit.
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INTEGRATION OF SOME SPECIAL FUNCTIONS

X I dx :.1|og
() )22 2

1

x-a . J__fyi__:.__log
(i a’ - x* 2a

X+a

a+ X
a—Xx

+C

dx 1, 4X ax [2 2
- - —tan 'Z=+c¢ . ——lOg X+A/X —a|+c¢
(iii) _[Xz _a2 a a (iv) Im

dx . 1X dx ‘ 2, 2

————=8in" —+¢C . ————==log|x+x“+a°|+c
wlp s w [ g ool
SOME STANDARD INTEGRALS
Xn+1

i x"dx = R -
(i) I o ten# 1 like, IdX xX+c
(i) jcos xdx=sinx +c (iii) jsinx dx=-cos x+c
(iv) J‘SeC2 xdx=tanx+c (v) Jcosecz xdx=-cotx+c
(vi) Isecx tan xdx=secx+c (vii) J.cosesx cot x dx = —cosec x + ¢

ax ax
(v [ =sinx+ ¢ (ix) j\/i = cos x + ¢
1- x?

1- x?
dx i dx
(x)j1+x2=tan-1x+c (X|)j1+X2=cos-1x+c
aX
ii X = X iii aXdX = +
(xii) Je dx=e"+c (xiii) J og a c

dx d.
(xiv) J— =sec'x+c (xv) I—X =—cosec' x+¢c
xyx? -1 XA/ x2 =1

1
(xvi) _[; dx=log x| +c

INTEGRATION BY PARTS

d
[0 f,x)0x = £x) [0k~ [ 200 [ (x)ax
INTEGRATION BY PARTIAL FRACTIONS

, , P(x) Pi(x)
A rational function of the form Q(x) (QX)=0)=T(x)+ Q(x) P.(x) has degree less than that
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Pi(x)
of Q(x). We can integrate W by expressing it in the following forms:

px+q A B

(i) = + ,a#b
(x-a)(x-b) x—-a x-b
) px+q A B
(i) 2T A a2
(x+a) Xx—-a (x-a)
PX + QX +r A B C
(iii) = + +
(x+a)(x—-b)(x—-c) x-a x-b x-c
2
W) pPX~+qx+r A N B N C

(x+aP (x—b) x-a (x-ay x-b

2
X+ QX +r A Bx +C
(iv) P g = +

(x—a)(x2+bx+c)_X—a x?+bx+c

INTEGRATION BY PARTIAL FRACTIONS
2
[ X +a X =—4/X —a ——I0g|X + X" —a |+C
O [ e o= a2 o
2
(ii) I\/Xz +a° dx=%\/x2 - a? +%Iog‘x+ Jx? +a%l+c
2
(ii) '[\/aZ e afx:g/a2 N %SW Xic
a

FIRST FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS

X
Let the area functions be defined by A(x) = J f(x)dx A> a, where fis continuous on [a, b]

a
then A'(x) = f(x)x v € [a, b].
SECOND FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS
Let fbe a continuous functions of x defined on [a, b] and let F be another function such that

d b
o Fx) =f(x) 7 xe domain of f, then L, f(x)dx = [F(x) + c]° =F(b)—F(a). This a called the

definite integral of f over the range [a, b] where a and b are called the limits of integration, a
being the lower limit and b be the upper limit.
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CHAPTER-1

RELATIONS AND FUNCTIONS

A thermometer measuring a
temperature of 22° Celsius is
shown here.

On the Celsius scale, water
freezes at 0° and boils at

A thermometer measuring a
temperature of
72° Fahrenheit is shown here.

On the Fahrenheit scale,
water freezes at 32° and boils

100°. at 212°.

<

Celsius Fahrenheit

By looking at the the two thermometers shown, you can make some general comparisons
between the scales. For example, many people tend to be comfortable in outdoor tempera-
tures between 50°F and 80°F (or between 10°C and 25°C). If a meteorologist predicts an
average temperature of 0°C (or 32°F), then it is a safe bet that you will need a winter jacket.

Sometimes, it is necessary to convert a Celsius measurement to its exact Fahrenhelt mea-
surement or vice versa.

For example, what if you want to know the temperature of your child in Fahrenheit,
and the only thermometer you have measures temperature in Celsius measurement?
Converting temperature between the systems is a straightforward process. Using the function

9
F=fC)= 5 C + 32, any temperature in Celsius can be converted into Fahrenheit scale.

TOPIC TO BE COVERED AS PER CBSE LATEST CURRICULUM 2022-23
Types of relations: reflexive, symmetric, transitive and equivalence relations.
One to one and onto functions

Arelation in a set Ais a subset of A x A.
Thus, R is a relation in a setA= R c Ax A Relations

If (a, b) ¢ R then we say that a is related to b and write, aR b

If (3, b) ¢ in K then we say that a is not related to b and write, a R b.
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If number of elements in set Aand set B are p and q respectively, Means n(A) = p, n(B) = q,

then
No. of Relation af A x A= 27"
No. of Relation of B x B = 29"
No. of Relation of A x B = No. of Relation of B x A = 279
No. of NON EMPTY Relation of Ax A= (2”2 -1),
No. of NON EMPTY Relation of B x B = (2‘?’z -1).
No. of NON-EMPTY Relation of A x B = No. of Relation of B x A= (2r7—-1)
Q1 IfA={a, b, c}and B = {1, 2} find the number of Relation R on (i) A x A (ii) B x B (jii) A x
B
Ans. As n(A) =3, n(B) =2, so
No. of Relation Ron AxA=28%3=29=512
No. of Relation Ron B x B =2272=24= 16
No. of Relation Ron Ax 8 =23*2=28 =64
Q.2 A={d, o, e} and B = {22, 23} find the number of Non-empty Relation R on (i) A x A (ii)
BxB
Ans. As n(A) =3, n(B) =2, so
No. of Relation Non-empty relations Ron Ax A=2%*3_-1=2%9—-1 =511
No. of Relation Non-empty Ron B x B =22*2-1=24-1=15
Different types of relations
. Empty Relation Or Void Relation
Arelation R in a set A is called an empty relation, if no element of A is related to any
element of Aand we denote such a relation by
Example: LetA={1, 2, 3, 4} and let R be arelation in A, given by R ={(a, b): a + b =20}.
. Universal Relation
Arelation R in a set Ais called an universal relation, if each element of A is related to
every element of A.
Example: LetA={1, 2, 3, 4} and let R be arelation in A, given by R ={(a, b): a + b> 0}.
. Identity Relation
Arelation R in a set Ais called an identity relation, where R = {(a, a), a< A}.
Example : Let A= {1, 2, 3, 4} and let R be a relation in A, given by R ={(1, 1), (2, 2),
(3,3), (4, 4)}.
20 [Class XII : Maths]



. Reflexive Relation
Arelation R in a set Ais called a Reflexive relation, if (a, @) e R, forallae A.
Example : LetA={1, 2, 3, 4} and let R be a relation in A, given by
R={(1.1).(2,2), (3, 3), (4, 4)}
R={(1,1),(2,2),(3,3),(4,4),(1,2).
R={(1,1), (2, 2), (3, 3), (4, 4), (2, 3), (1, 3), (3, 1)}.

. Symmetric Relation

Arelation R in a set Ais called a symmetric relation, if (@, b) € R, then (b, a)e R for all
a, be A.

Example : LetA={1, 2, 3, 4} and let R be a relation in A, given by
R={(1,1), (2, 2), (3, 3)}.
R={(1,2),(2,1), (3, 3)}.
R={(1,1), (2, 2), (3, 3), (4,4), (2,3), (1,3), (3, 1), (3, 2)}.
. Transitive Relation
Arelation R in a set Ais called a transitive relation,
if (a, b)e Rand (b, c)e Rthen (a, c)e Rforalla, b,ce A
Or
(a, b)e Rand (b, ¢)¢ Rforalla, b,ce A
Example : Let {1, 2, 3, 4} and let R be a relation in A, given by
R={(1,1), (2, 2), (3, 3)}. (According to second condition)
R={(1,2),(2,1), (1, 1), (2, 2)}. (According to first condition)
R={(23),(1,3).(3,1).(3,2), (3,3),(2,2), (1, 1)}-
. Equivalence Relation

Arelation Rin a setAis said to be an equivalence relation if it is reflexive, symmetric and
transitive.

lllustration:

Let Abe the set of all integers and let R be a relation in A, defined by R = {a, b}: a = b}, Prove
that R is Equivalence Relation.

Solution: Reflexivity : Let R be reflexive = (a,a)e RV ae A
= a=a, whichis true

Thus, Ris Reflexive Relation.

Symmetricity : Let (a, b)e RV a, be A

= a=b

= b=a
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so (b, a) e R. Thus R is symmetric Relation.
Transitivity : Let (a, b)e Rand (b,c)e RV a, b, ce A
= a=bandb=c
= a=b=c
= a=c
so (a, ¢) e R. Thus Riis transitive Relation.
As, Ris reflexive, Symmetric and transitive Relation
R is an Equivalence Relation
FUNCTIONS

Functions can be easily defined with the help of concept mapping. Let X and Y be any two
non-empty sets. “A function from X to Y is a rule or correspondence that assigns to each
element of set X, one and only one element of set Y”. Let the correspondence be ‘f then
mathematically we write f: x — .

where y =1f(x), xe Xand y e Y. We say that ‘y’ is the imagesof ‘x’ under f (or x is the pre image
of y).
. A mapping f: X — Y is said to be a function if each element in the set X has its image in

set Y. It is also possible that there are few elements in set Y which are not the images
of any element in set X.

. Every element in set X should have one and only one image. That means it is impossible
to have more than one image for a specific element in set X.

. Functions cannot be multi-valued (A mapping that is multi-valued is called a relation from
XandY)eg.

Testing for a function by Vertical line Test

Arelation f: A — B is a function or not, it can be checked by a graph of the relation. If it is
possible to draw a vertical line which cuts the give curve at more thatn one point then the given
relation is not a function and when this vertical line means line parallel to Y-asix cuts the curve
at only one point then itis a function. Following figures represents which si not a function and
which is a function.
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From the figure we observe that

Domain=A={a, b, ¢, d} Range ={p, q, r}, Co-Domain={p, q,, s} =B
EQUAL FUNCTION

Two function fand g are said to be equal functions, if and only if

(i) Domain of f=Domain of g

(i) Co-domain of f= Co-domain of g

(i)  f(x) = g(x) for all x ¢ their common domain

[Class XII : Maths]
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TYPES OF FUNCTION

One-one function (injection): A function f: A — B is said to be a one-one function or an
injection, if different elements of A have differentimages in B.

e.g.Letf:A—> Bandg: X—Y be two functions represented by the following diagrams.

Clearly, f: A
distinct elemd

Method to c
(i) Take tw]

(i) Solve fi
injectio

because two

nction (or an

If function is bt have same

second elem

If the graph o
at maximum
Function). E.

e given curve
Decreasing

Number of one-one functions (injections) : If Aand B are finite sets having m and n elements
respectively, then number of one-one functions fromAand B="P_isn>mand 0ifn<m.

If f(x) is not one-one function, then its Many-one function.

Onto function (surjection) : A function f: A — B is onto if each element of B has its pre-
image in A. In other words, Range of f = Co-domain of f. e.g. The following arrow-diagram
shows onto function.
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Method to find onto or into function:

(i) Solve f(x) = y by taking x as a function of yi.e., g(y)(say).

(i) Nowif g(y)is defined for each y ¢ co-domain and g(y) ¢ domain then f(x) is onto and if any
one of the above requirements is not fulfilled, then fix) is into.

One-one onto function (bijection) : Afunction f: A— B is a bijection if it is one-one as well
as onto.
In other words, a function f: A — Bis a bijection if
(i) Itisone-oneie., fix)=1fly) > x=yforallx,ye A.
(i) Itisontoi.e., for all y e B, there exists x e A such thatf(x) =y.
Clearly, fis a bijection since it is both injective as well as surjective.
lllustration :
Letf: R —» R be defined as f(x) = 7x — 5, then show that function is one-one and onto Both.
Solution: Letf(x)=fly) V x,ye R

— 7x-5=7y-5
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= X=V,80 | f(x) is one-one function

Now, As f(x) = 7x — 5, is a polynomial function.

soitis defined everywhere. Thus, Range =R

As, Range = co-domain, so | fis onto function.

Alternative method : Graph of f(x) is a line which is strictly increasing for all values of x, so
its on-one function and Range of f(x) is R which is equal to R so onto funclion.

ILLUSTRATION:
If f:X — Y is defined, then show that fis neither one-one nor onto function.

Solution : As for elements 3 and 4 from set X we have same image c in set Y, so fis not
one-one function.

Further element d has no pre -image in set X,

so fis not onto function

ILLUSTRATION:
Prove that the fiunction f: N — N, defined by f(x) = x>+ x + 2022 is one-one.
SOLUTION : APPROACH-I

Letfix,)=fix,) V x,Xx,e N=>=x2+x + 2027 =X2+X,+ 2027
= X2+x =x2+X,

= (X2=-x2)*(x,—x,)=0

= (X, =x,)+(x,+x,+1)=0

Thus,(x,—x,)=0as (x, +x,+1)#0 V x,x,e N

so, fis ONE-ONE function

APPROACH-II

fix)=x2+x+2022 = f'(x) = 2x + 1

As, xe Nso,2x+1>0 = f’(x) = 0 (Strictly Increasing function)
so, fis ONE-ONE function
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Type of Functions

¢ are constants

Name of Definition Domain|Range Graph
Function
1. Identify ) _ ) R R
Function The function f: R — R defined by
fixX)=xVv xe R
2.Constant | The function f: R — R defined by R (c)
Function fixy=cv xe R
3. Polynomial | The function f: R — R defined by
Function f(X)=p,+ px+px*+..+px,
where ne Nandp,, p,, p, ..., p,
e RV xe R
4. Rational The function f defined by f(x) =
Function
@, where P(x) and Q(x) are
Q(x)
polynomial functions, Q(x) = 0
5. Modul_us The function f: R — R defined by R [0, )
Function (X, x>0 Y reR
= = €
)=K=1, o
6. Signum The function f: R — R defined by
Function R(1.0.1
{ | x| (—1, x<0
—, x=0
fix)=1 x =41, x>0
Lo x=0 lo x=o
7. Greatest The function f: R — R defined by R 7
Integer
Function X xe Z
f(x) = |x| = {integer less than
|equal to x, x¢ Z
8. Linear The function f: R — R defined by R R
Function f(x) =mx + ¢, xe Rwhere mand
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ONE-MARK QUESTIONS

1. Consider the setA= {1, 2, 3}, then write smallest equivalence relation on A.

2. Consider the set A containing n elements then, write the total number of injective func-
tions from A onto itself.

3. LetZbe the set of integers and R be the relation defined in Z such thata R b if (@— b) is
divisible by 3, then R partitions the set Z into how many Pairwise disjoint subsets.

4. Let the relation R be defined in N by a R b if 2a + 3b = 30. Find R.

5. LetRbe the equivalence relation in the set Z of integers given by R ={(a, b) : 2 divides a
— b}, then Find the equivalence class [0].

6. LetA={1,2,3,..,n}and B ={a, b}. Find the number of surjections from A to B.
Consider the non-empty set consisting of children in a family and a relation R defined as
aRb if a is sister of b, Then check R is Transitive or not.

8. Find the maximum number of equivalence relations on the setA={1, 2, 3}.

, 1 : 1
9. Iffix)=x*——, thenfind f| —5 | +fx).
% X

10. Show that the function f: R — R defined by f(x) = x? is not Injective.

11. Show that the function f: N — N given by f(x) = 3x is not Surjective.

12. Find the largest Equivalence Relation on A= {a, b, c}.

14. SetAhas 3 elements and the set B has 4 elements. Find the number of injective map-
pings that can be defined from Ato B.

15. Find the maximum number of reflexive relation on the set A= {a, b}.

16. If Ais the set of students of a school then write, which of following relations are Universal,
Empty or neither of the two.

R, ={(a, b) :a, b are ages of students and |a — b| > 0}
R, ={(a, b) : a, b are weights of students, and |a — bl <0}
R, ={(a, b) : a, b are students studying in same class}

17. If f: A— B is Bijective function such that n(A) = 10, then find n (B).

18. Iff: R — B given by fx) = sin x is onto function, then write set B.

19. LetA={a, b, c}. How many relation can be defined on A x A? How many of these are
reflexive?

20. LetA={1, 3, 5), then find the number of equivalence relations in A containing (1,3).

TWO MARKS QUESTIONS

21. IfA={a, b, ¢, d}and f={(a, b), (b, d), (c, a), (d, c)}, show that fis one-one from A to A.

22. Show that the relation R on defined as R = {(a, b) : a < b%} is not transitive.
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23.

24.

25.

26.

27.

28.

20.

30.

31.

32.

33.

34.

35.

36.

2

If the function f: R —{1, -1} > Adefined by f(x)= , is Surjective, then find A.

Give an example to show that the union of two equivalence relations on a set Aneed not
be an equivalence relation on A.

How many reflexive relations are possible in a set Awhose (A) = 4. Also find How many
symmetric relations are possible on a set B whose n(B) = 3.

Let W denote the set of words in the English dictionary. Define the relation R byR {(x, y)
¢ W x W such that x and y have at least one letter in common). Show that this relation R
is reflexive and symmetric, but not transitive.

Show that the relation R in the set of all real numbers, defined as R ={(a, b): a< b?%} is
neither reflexive Nor symmetric.

Consider a function f: R, — (7, o) given by f(x) = 16x2+ 24x + 7, where R+ is the set of
all positive real numbers. Show that function is one-one and onto both.

Let L be the set of all lines in a plane. Arelation R in Lis given by R{(L,, L,): L, and L,
intersect at exactly one point, L, L, € L}, then show that the relation R is symmetric Only.

Arelation R on set of Natural numbers is given by R ={(x, y): xy is a square of an integer)
is Transitive.

THREE MARKS QUESTIONS

Are the following set of ordered pairs functions? If so, examine whether the mapping is
injective or surjective.

(i) {(x, y): xis aperson, yis the mother of x}.
(i) {(a, b): ais a person, b is an ancestor of a}.

2
X
Show that the function f: R — R defined byf(x) = m ; vV Xe R, is neither one-one nor

onto.

Let R be the set of real numbers and f: R —>R be the function defined by f (x) = 4x + 5.
Show that fis One-one and onto both.

Show that the relation R in the set A= {3, 4, 5, 6, 7)} given by R ={(a, b) : [a— D] is
divisible by 2} is an equivalence relation. Show that all the elements of {3, 5, 7} are related
to each other and all the ements of {4, 6} are related to each other, but no element of {3,
5, 7} is related to any element {4, 6}.

Check whether the relation R in the set Z of integers definedas R=((a, b):a+ b is
"divisible by 2"} is reflexive, symmetric, transitive or Equivalence.

Show that that following Relations R are equivalence relation in A.

(@) LetAbe the set of all triangles in a plane and let R be a relation in A, defined by
R={(T,T,):T,iscongruentT,}

(b) LetAbe the set of all triangles in a plane and let R be a relation in A, defined by
R={(T,T,):T,issimilarT,}
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(c) LetAbe the set of all lines in xy-plane and let R be a relation in A, defined by
R={(L, L,):L,, isparallel to L}
(d) LetAbe the set of all integers and let R be a relation in A, defined by
R ={(a, b) : (a— b) is even}
(e) LetAbe the setof all integers and let R be a relation in A, defined by
R ={(a, b):|a- b|is a multiple of 2}
() LetAbe the set of all integers and let R be a relation in A, defined by
R ={(a, b):|a- b|is a divisible by 3}

37. Check whether the following Relations are Reflexive, Symmetric or Transitive.
(@) LetAbe the set of all lines in xy-plane and let R be a relation in A, defined by
R={(L,,L,):L,is perpendicularto L}
(b) LetAbe the set of all real numbers and let R be a relation in A defined by
R ={(a, b): a< b}
(c) LetAbe the set of all real numbers and let R be a relation in A defined by
R={(a, b):a< b?%
(d) LetAbe the set of all real numbers and let R be a relation in A defined by
R= {(a, b):a< b%}
(e) LetAbe the set of all natural numbers and let R be a relation in A defined by
R =(a, b) : ais a factor b}
OR
R {(a.b): b is divisible by a}
() LetAbe the set of all real numbers and let R be a relation in A defined by
R {(a.b): (1+ ab) >0}
38. Let S be the set of all real numbers. Show that the relation R = {a, b): a*> + b2 = 1} is
symmetric but neither reflexive nor transitive.
39. Check whether relation R defined in Ras R ={a, b): a>—4ab +3b?>=0,a, be R}is
reflexive, symmetric and transitive.
40. Show that the function f: (—», 0) — (-1, 0) defined by f(x) = 1+)|(x| , X€ (—0, 0)is one-
one and onto.
FIVE MARKS QUESTIONS
41. Forreal numbers x and y, define x Ryifand onlyif x—y + 2 is an irational number.
Then check the reflexivity, Symmetricity and Transitivity of the relation R.
42. Determine whether the relation R defined on the set of all real numbers as
R={(a b):a bcRanda—b+ 3¢S}
(Where S is the set of ail irrational Numbers) is reflexive, symmetric or transitive.
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43.

44,

45.

Let N be the set of ali natural numbers and let R be a relation on N x N, defined by Show
that R is an equivalence relation.

() (@ b)R(c,d<=a+td=b+c
(i) (a, b)R(c, d)< ad=bc

1 1 1
+—=—4—

d b c
(iv) (a,b)R(c,d)<= ad(b+c)=bc(a+d)

(i) (a, b)R (c, d) =

Q=

X -2
LetA=R-{1},f: A— Ais a mapping defined by f(x) = 1 show that fis one-one and

onto.

Letf: N — R be a function defined as f(x) = 4x? + 12x+ 15. Show that f: N — S, where
S is the range of f, is One-One and Onto Function.

CASE STUDIES

A person without family is not complete in this world because family is an integral part of
all of us Human deings are considered as the social animals living in group called as
family. Family plays many important roles throughout the life.

Mr. D.N. Sharma is an Honest person who is living happily with his family. He has a son
Vidya and a Daughter Madhulika. Mr. Vidya has 2 sons Tarun and Gajender and a daugh-
ter Suman while Mrs. Madhulika has 2 sons Shashank and Pradeep and 2 daughters
Sweety and Anju. They all Lived together and everyone shares equal responsibilities
within the family. Every member of the family emotionally attaches to each other in their
happiness and sadness. They help each other in their bad times which give the feeling of
security.

A family provides love, warmth and security to its all members throughout the life which
makes it a complete family. A good and healthy family makes a good society and ulti-
mately a good society involves in making a good country.
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On the basis of above information, answer the following questions:
Consider Relation R in the set Aof members of Mr. D. N. Sharma and his family at a particular
time
(i) IKR={(x, y): xandylive in the same locality), then R is
(@) Reflexive only

(b) Reflexive and Symmetric
(c) Retlexive and Transitive
(d) Equivalence Relation

(i) R={(x, y): xis exactly 7 cm taller than y}, then R is

(@) Reflexive only

(b) Symmetric only

(c) Transitive only

(d) Neither Reflexive, symmetric nor Transitive

(i) R={(x, y): xis wife of y}, then R is

(@) Reflexive only

(b) Symmetric only

(c) Transitive only

(d) Neither Reflexive, symmetric nor Transitive

(iv) R=A{(x, y): xis father of y}, then R is

(@) Equivalence Relation

(b) Symmetric only

(c) Transitive only

(d) Neither Reflexive, symmetric nor Transitive

(v) R={(x, y): xis Brother of y}, then R is
(@) Reflexive only

(b) Symmetric only

(c) Transitive only

(d) Neither Reflexive, symmetric nor Transitive

B. LetAbe the Set of Male members of a Family, A = (Grand father, Father, Son) and B be
the set of their 3 Cars of different Models, B = {Model 1, Model 2, Model 3}

GRAND FATHER

FATHER

SON
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On the basis of The above Information, answer the following questions:
(i) How many Relations are possible on A x B?

(@ 3 (b) 9
(c) 8 (d) 512
(i) How many Functions are possible on A x B?
(@ 3 (b) 9
(c) 27 (d) None of these
(i) How many One-one Functions (Injective) are possible on A x B?
(@ 3 (b) 6
() 9 (d) 12
(v) How many Onto Functions (surjective) are possible on A x B?
(@ 6 (b) 9
(c) 27 (d) 81
(vy How many Bijective functions are possible on A x B?
(@ 1 (b) 3
(c) 6 d 9

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-

1.

RECTALTERNATIVE:
Consider the set A={1. 2, 3} and R be the smallest equivalence relation on A.then R =
@ {(1.1)} () {(1.1).(2,2)}
(€) {(1,1).(2.2),(3,3)} @ ¢

Consider the set A containing n elements. Then, the total number of injective functions
from A onto itself is

@ 2 (b) n
() n d nl

The total number of injective nappingsfrom a set with m elements to a set with n elements,
m<nis

(@ n (b) n

n!
(n—m)!

€ m ()

The number of injections possible from A= {1,3,5,6} to B = {2,8,11} is
(@ 12 (b) 22
(c) 3 @ o
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5.

The number of one-one functions that can defined from
A ={4,8,12,16} to B is 5040, then n(B) =

@ 7 (b) 8
() 9 (d) 10
SELF ASSESSMENT-2
EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT CHOOSE THE CORRECT
ALTERNATIVE.
1. ArelationRinasetAiscalled .............. if (a,, a,) € Rimplies (a,, a,) € R, foralla,, a2 e
A.
(@) Reflexive (b) Simmetric
(c) Transitive (d) Equivalence
2. Letf:R-{0} > R —{0} be defined by f(x) = %V xe R. Thenfis
(@) One-One (b) Many-One
(c) Notdefined (d) None of these
3. LetP={(x, )| x¥*+y?=1,x,ye R}. ThenP is
(@) Reflexive (b) Symmetric
(c) Transitive (d) Equivalence
4. The function f: R — R defined by f(x) = [x], where [.] is greatest integer function is
(@) One-One (b) Many-One
(c) Onto (d) None of these
5. The number of bijective functions (One-one and onto both) from set A to itself when A
contains 2022 elements is
(@) 2022 (B) 2022!
(C) 20222 (D) 2022222
ANSWER
One Mark Questions
1. {(1,1),(2,2), (3,3)} 2. n 3. Three
4. {(3,8),(6,6),(9,4), (12,2)} 5. [0]={0, £2, +4, +6...}
6. (2"-2) 7. Yes, Transitive
8. Five 9. Zero 13. AxA
14.24 15. Four
16. R, : Universal relation, R, : Empty relation, R, Neither universal Nor empty
17.n(B)=10 18. B [-1,1]
19. No. of Relation = 512 No, of Relexive Relations = 2° = 64
20. Two
34 [Class XII : Maths]



Two Mark Questions
23.A=R-[-1,0]
24. Reflexive Relations = 4096 Symmetric Relation = 64
Three Mark Questions

31.(a) Yes it's function, Not Injective but Surjective (b) No, its not a function
35. EQUIVALENCE RELATION
37.(a) Symmetric (b) Reflexive and Transitive

(c) Neither Reflexive, Symmetric nor Transitive

(d) Neither Reflexive, Symmetric nor Transitive

(e) Reflexive and Transitive

(f) Reflextive and Symmetric
39. Reflexive only

Four/Five Mark Questions

41. Reflexive only 42. Reflexive only
CASE STUDIES BASED QUESTION
A. (i) option (d) A. (ii) option (d)
A. (iii) option (c) A. (iv) option (d)
A. (v) option (c) A. (i) option (d)
A. (ii) option (c) A. (iii) option (b)
A. (iv) option (a) A. (v) option (c)
SELF ASSESSMENT-1
1. (¢) 2. (d) 3. (d) 4. (d) 5. (d)
SELF ASSESSMENT-2
1. (b) 2. (a) 3. (b) 4. (b) 5. (b)
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CHAPTER-2
INVERSE TRIGONOMETRIC FUNCTIONS

An example of people using inverse trigonometric functions would be builders such as
construction workers, architects, and many others.

An example of the use would be the creation of bike ramp. You will have to find the height and
the length. Then find the angle by using the inverse of sine. Put the ength over the height to
find the angle. Architects would have to calculate the angle of a bridge and the supports
when drawing outlines. These calculations are then applied to find the safest angle. The
workers would then uses these calculations to build the bridge.

TOPIC TO BE COVERED AS PER CBSE LATEST CURRICULUM 2022-23

« Definition, range, domain, principal value branch.

» Graphs of inverse trigonometric functions.
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y=sin"'(x),

._.
g
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+ sec” (sec x) =x, when xe [0, n] — %E}

Function Domain Range
—T TE—|
=sin” x -1,1 =
y =1, 1] { 2 2|J
y = COS_1 X [_11 1] [01 T[]
=tan™" x R - Ej
Y [ 2 2
y =cot™ x R (0,7)
[
y=sec’ x R-(-1,1) [0,n]—1§
—T TE—|
y = cosec™" x R—(-1,1) 75|j —{0}
b 7ﬂ
* whenxe [-1,1] + sin™' (sin x) = x, when x € {—E E'J
sin-! x + cos—' x = g _ + cos™ (cos x) = x, when x € [0, 7]
« whenxe [-1,1] - _rr
s =0 « tan™' (tan x) = x, when x e 55
tan™ x + cot”’ x = g . + cot™ (cot x) = x, when xe (0, x)
. — (= T T
whenxe R—-(-1,1) » cosec™ (cosec x) = x, when x e [_E’ E'J —{0}
Y
sec' x + cosec™' x = 2

2

e sin(sin”' x) = x, when x e [-1, 1]

* cos (cos™ x) =x, when xe [-1, 1]

+ tan(tan™ x) =x,whenxe R

* cot(cot' x)=x, whenxe R

+ cot(cos™' x)=x,when xe R

» cosec (cosec™ x) = x, when xe R— (-1, 1)
+ sec(sec” x)=x,whenxe R-(-1,1)

38
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e sin™ (=x) =sin™'", when x e [-1, 1]

e cos™ (-x) =n cos™' (x), when xe [-1, 1]

e tan™ (—x)=tan™ (x), when xe R

+ cot' (—x) =n cot™' (x), when xe R

» cosec™ (—x) =cosec™ (x), whenxe R (-1, 1)
+ sec’' (-x)=nsec” (x),whenxe R(-1,1)

lllustration:

1 -1
Find the principal value of sin™ (Ej + cos™ (?]

H '—1(1j— -1 Sinn — n EE j £—|
Solution: As, sin 5 |=sin 666 |

—1 1 n [n
cos™ ) =1 —cos™ 2)=mn-3|3¢€ [0, ]

(N, m_m 2n 5n
SO, SIn 2 COS 2 —6 7I—3—6 3_6

lllustration:

1
Find the principal value of sec™ (2) + sin™ [Ej +tan™' (-/3).

1
Solution: As, sec™(2) = cos™ [Ej

tan' (-3 ) =—tan" (/3 ) =—tan™" (tan %) =—§, —ge (%

1 1 T T T
1| — in-1 | — -1 (_ = ———_==
cos (2j+sm (2j+tan (—+/3) 5 376
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lllustration:
Find the range of the function f(x) = tan™" x + cot™ x.

Solution: As, tan™' x + cot™ x = g

T

5 (A constant function)

so, f(x) =

L
Thus range of f(x) is iE .

lllustration:

2n
If sin”' x + sin~'y = 3 then find the value of cos™ x + cos™ y.

Solution: As, sin™' x + cos™ x =

-1 + —1 = _ in-1 + in-1 = _2_TE=£
cos'x+costy=n—(sin" x+siny)=n 3 3

lllustration:

T .
=| cos™' x = 2" sin™! x

N R

If a<2sin™ x + cos™ x< b, then find the value a and b.

Solution: We know that, sin”' x + cos™ x = % and > <sin'x g ,

= 0<(sin"'x)+ %Sn

= 0<(sin"x)+sin'x+cos' x<n
= 0<2sin™ x+ cos™ x<x, butgiven,a<sin™, x+cos™' x<b

|Thus,a=0andb=n |

40 [Class XII : Maths]



lllustration:
If sin[cot™ (1 + x)] = cos[tan~" x], then find x.

Solution: As, sin[cot™ (1 + x)] = cos[tan™" x]

1 1
= sin[sin”' ———=—=1] = cos[cos™' ——]
VX% +2x+2 V14 x2

= XP+2x+2=1+x?

- =105 ]

lllustration:

If tan”' x + tan™' y + tan™" z = g then prove that xy + yz + zx = 1.

Solution: Let, tan”" x=A,tan"y=B,tan" z=C

T T
SO,A+B+C—E 3A+B—E—C
T

tan(A + B) = tan E—Cj=cotC
tanA+tanB 1 x+y 1

1-tanA.tanB  tanC = 1—xy_ z

= Xz+yz=1-xy

= |xz+yz+zx=1

ONE MARK QUESTIONS
_1[ V3 (1
1. Find the principal value of cos 1[%} cos 1(;]
. . P | . 3m
2. Find the principal value of sin sm? .
. ] -1 147
3. Findthe principal value of cos cosT .
41 ,
4. |f cos|cos §+sm x |=0, thenfind the value of x.
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, .13 _
If sm(sm 1§+ cos 1XJ= 1, then find the value of x.

5.
Express cot™" (—x) for all xe Rinterms of cot™(x).
Find the domain of the function cos™'(2x — 1).
8. Find the domain of the function f{x) = sin”'\/x — 1.
9. Find the value of cot| cos - |.
25
10. Find the minimum value of n for which tan™ n > % ne N.
T
11. Find the value of x, If 3 tan~'x + cot'x = .
12. Find the principal value in each of the following:
1 . 21 ]
a) sin” | sin—
(@ ( 3
(b) cos™ (cosz—n} sin”! (sinz—nj
3 3
(c) tan™ [tan7—nj
6
2n
d) sin”'| sin==
@ sin”sn |
€) tan™ (tang—n}r cos™ (cosmj
4 6
13. Iftan'x+tan"'y = 4% then find the value of cot™" x + cot™" y.
14. Find the value of the expression sin[cot™(cos(tan™"1))].
15. Iftan'x+tany = g then find the value of cot™" x +cot™" y.
16. Find the value of sin(2 sin-'(0.6)).
17. If tan ' x = % for some xe R, then find the value of cot™'x.
18. If cos™'x + cos™'y + cos™'z = 3x, then find the value of (x + y + z + xyz).
3
19. Ifsin”'x + sin"'y + sin”'z = 7“ then find the value of (x® + y® + 28 — 3xyz).
20. Find x, such that cos™(x) + cos™"(x?) = 0.
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21. Find x, if sin™ [1} cosec™ [éj: r
5 4 2

22. Find the range of f(x) = sin"'x + tan™'x + sec™'x.

23. Ifthe function f(x) = cot™’ JX(x+3)+ cos 'vx? +3x+1 is defined on the set A, Find A.

2022 2022

24. If ) cos™'x; =0, then find the value of Y. ;.
i=1 i=1

2022 2022
25. If Z sin"'x; = 10117, then find the value of Z X;.
i=1 i=1

TWO MARKS QUESTIONS

26. Match the following:
If cos™'a + cos™'b = 2r and sin~'c + sin~'d = &t then

Column 1 Column 2
A abcd P 0
B a+bhr+ct+d Q 1
C (d—a)+ (c—d) R 2
D a+p+ct+dP S 4

27. Find the value of cos {cos‘1 [cos%} sin”’ [sins?n)}

28. If P=tan?(sec™ 2) + cot? (cosec™ 3), then find the value of (P2 + P + 11).
29. If P=sec?(tan™' 2) + cosec? (cot' 3), then find the value of (P? — 2P).

(1 . 4(3 [1=
30. Find the value of Sln(—cot 1(—]]. Hint:singz L Cose—|
2 4 2 2 J

31. Solveforx: tan™'./ 1) +sin TVx? 1=C
olve for x: tan™" \/x(x+1) +sin” VX" + x + 5

T _
32. Find the value of x, such that sin”'x = E+ cos ™" x.

33. Find x, if sin-'x — cos~'x = g

34. Iftan™'(cot x) = 2x, find x.

35. Solve for x: cos™ (cos%} sin‘(sin%j: X
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36.
37.

38.

39.

40.

THREE MARKS QUESTIONS

Find the value of k, if 100 sin(2 tan™' (0.75)) = k [Hint: sin26 = 2sin6 cosO]

Prove that:

J+sinx +-sinx | x ( n]
=—,xe|0, —
J1+sinx —/1-sinx | 2 4

(b) tan™ (\A%ﬁ% ::% ] _X _oosx

4
(1. 43 4-+7
tan ' = 19 |_
(c) tan (zsm 4} 3

(d) sin”* [Ztan‘1 (gnz 12
3 13

(a) Prove that cos[tan~"{sin(cot ™" x)}] =

(a) cot™ {

x? +1

X% +2

(b) Prove that tan(£+lcos‘1ij+tan[£—lcos‘1ij:
4 2 b 4 2 b

(c) Prove that tan £+ltan‘12 +tan| 2 _tan
4 2 b 4

(d) Prove that : tan™"

N1+ x —V1-x n 1 1
—————— |=—-—-C0s X
T+ x+J1-x

\/1+cosx+«/1—cost_n X (0 ch

Z+2 xe
J1+cos x —/1-cos x

402
(f) Prove that: cot™ i+ sinx+1-sinx X xe [O Ej
J1+sinx —1=sinx | 2’ "4

N

(e) Prove that : tan™ 5

Solve for x:

(a) sin”'(6x)+sin"'(6v/3x) = g

(b) Solve for x : sin”'(6x)+sin™"(6+/3x) = %

5”

(c) (tan™" x)? + (cot ™ x)? = 3

. 43
Solve for x : cos(tan™ x) = sm[cot 12} x>0

44
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FIVE MARKS QUESTIONS

lllustration: (For Solving Q.41)

If cos™ x + cos™" y + cos™ z = x, then prove that x2 + y2 + 22 + 2xyz = 1.
Solution: Let, cos™" x=A,cos'y=B,cos'z=C

so,A+B+C=n = A+B=n-C

Thus, cos(A + B) = cos(n — C)

= CO0SA cosB — sinA sinB = —cosC

—  cosA cosB — 1-cos? AV1—cos? B = —cosC

= xy-V1-x*> 1-y? =—z
= (xy+2z)=V1-x* J1-y?

On squaring both the sides, we get
(xy+2?=(1-x)(1-y?)
= F242xyz=1-X2— 2+ %

| X2+ Y2+ 22+ 2xyz =1 |

41. Prove the following:

2 2
(a) If cos™ (Xj+ cos™" [yjz o, then prove that X—z + y—z - 2ﬂcosoa =sin®«a

a b ac b ab
(b) If cos™ ()2()+ cos™ (gj: 0, then prove that 9x? + 4y? — 12xy cos0 = 36 sin?0.

42. Prove the following:

(@) If tan”"x +tan™ y+ tan~'z = &, then prove that x + y + z = xyz
@) If cot™ x + cot™ y+ cot™' z =, then prove that xy + yz + zx = 1

CASE STUDIES

43. On National Mathematics Day, December 22, 2020,
Mathematics Teachers of DOE organized Mathematical
Rangoli Competition for the students of all DOE schools
to celebrate and remembering the contribution of
Srinivasa Ramanujan to the field of mathematics. The
legendary Indian mathematician who was born on this
date in 1887.
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Team A of class XI students made a beautiful Rangoli on Trigonometric Identities as
shown in the figure Above, While Team B of class XlI students make the Rangoli on the
graph of Trigonometric and Inverse Trigonometric Functions. As shown in the following
figure.

On the basis of above information, Teacher asked few questions from Team B. Now you try to
answer. Those questions which are as follows:

(i) What is the Principal Branch of sin-'x?

-7 TC—| -T T
@ {mh © [wj
() (0,n) (d) [0,n]
(i) Whatis the Principal Branch of cos™'x?
- TC—| -T T
@ L’zu ®) (2’2)
() (0,n) (d) [0, n]
(i) Whatis the one Branch of cosec'x other than Principal Branch?
_ 3
@) [2“,;]—{0} (b) B’znﬂ{”
f [
©) <o,n>-1;} @ o, nl—ﬁ}
(iv) If the principal branch sec™ x is [0, nt] — {kn}, Then is the value of k?
@ o (b) 1
(c) 0.5 (d) 0.25
(v) Whatis the Principal Branch of tan~'x?
- TC—| -T T
@ L’zu ®) (2’2)
() (0,n) (d) [0,n]
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SELF ASSESSMENT-1

EAH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE CORRECT
ALTERNATIVE.

1.

1.

If cos[cos1§+ sin”! xj: 0, then (3x—1)=0

@ o (b) 1
(c) -1 d 2

Domain of the function cos™ (g-@ is

@ [0,2] () [=1,1]

(c) [0, 1] d [0, 4]

If cos™'a + cos™'b =2r and sin"'c + sin"'d =n,thena?+ b2+ 2+ d? =
@ 0 (b) 1

(c) 2 d 4

The principal value of cos™ (cos%} sin”’ (sinz?nj is

@ o (b) =

4n
© 2n @ 3

1
If cos™' [;j =0, then tand =

(@ x (b) x2+1
) Vx?+1 d  Vx?-1
SELF ASSESSMENT-2
EAH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE CORRECT
ALTERNATIVE.
3

If sin”'x + sin”'y + sin"'z = 7“ then (x® + y® + 22 — 3xyz) =

@ o0 (b) 1

(c) -1 @ 2

Principal Range of the function sin"'x is

@ [0, n] (b) (0,m)

ol —nn
© {232 @ {22
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3. If cos™ [cos%t}r sin” [sin%nj: x, then x =

@ o0

5n
© =

4. If sin”’ (1} cosec™ [éj
5 4

@ o
(c) 2

(o)
(@)

(b)
(@)

T

107

3

E, then x =
2

1
3

5. Range of f(x) = sin”'x + tan~'x + sec”'x is

T 371
(B) (Z’ Tj

T T
©) {z'aj

3
@ E 7’”

n 3n

© 57

7. [0, 1]

10. n =4 (Minimum)

12, (a)g (b)x

13, =
‘5

24

16. 2—5

19. Zero (0)

[
22. Range = 1

25.2022

T
© %

One Mark Questions

17.

20.

23.

ANSWER

2n

15.

18.

21.

24.

N R

(-4)

x=3

2022

48
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Two Marks Questions

26 A—->Q,B—>S C—>SD—->P 27. 1
1
28.(P?+ P+ 11)=143 29. (P*-2P)=195 30. ﬁ
31.x=0or -1 32. g 33. 1
34, = 35
6 . T
Three Marks Questions
36. 96 39 -1 b -1 =1
. . (@) x= 12 (b) x= 12 (c)x=-
3
40.X—Z

43. (i) option (a)
43. (iv) option (c)

1. (b) 2.

(@)

(©)

CASE STUDIES BASED QUESTION
43. (ii) option (d) 43. (iii) option (b)
43. (v) option (b)

SELF ASSESSMENT-1

3. (d) 4. (b)
SELF ASSESSMENT-2
3. (a) 4. (d)

5. (d)

5. (c)

[Class XII : Maths]

49



CHAPTER-3
MATRICES

Matrices find many applications is scientific field and apply to practical real life problem.
Matrices can be solved physical related application and one applied in the study of electrical
circuits, quantum mechanics and optics, with the help of matrices, calculation of battery
power outputs, resistor conversion of electrical energy into another useful energy, these matrices
play a role in calculation, with the help of matrices problem related to Kirchhoff law of voltage
and current can be easily solved.

Matrices can play a vital role in the projection of three dimensional images into two dimensional
screens, creating the realistic decreeing motion. Now day’s matrices are used in the ranking
of web pages in the Google search. It can also be used in generalization of analytical motion
like experimental and derivatives to their high dimensional.

Matrices are also used in geology for seismic survey and it is also used for plotting graphs.
Matrices are also used in robotics and automation in terms of base elements for the robot
movements. The movements of the robots are programmed with the calculation of matrices
‘row and column’ controlling of matrices are done by calculation of matrices.

TOPIC TO BE COVERED AS PER CBSE LATEST CURRICULUM 2022-23

» Concept, notaion, order, equality, types of matrices, zero and identity matrix, transpose
of a matrix, symmetric and skew symmetric matrices.

» Operation on matrices: Addition and multiplication and multiplication with a scalar. Simple
properties of addition, multiplication and scalar multiplication. Oncommutativity of multi-
plication of matrices and existence of non-zero matrices whose product is the zero
matrix (restrict to square matrices of order 2).

* Invertible matrices and proof of the uniqueness of inverse, if it exists; (Here all matrices
will have real entries).
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Matrices are defined as a rectangular arrangement of numbers of functions. Since itis a
rectangular arrangement, it is 2-dimensional.

A two-dimensional matrix consists of the number of rows (m) and a number of columns (n).
Horizontal ones are called Rows and Vertical ones are called columns.

M A T)—— Row1
A=|H S | |——> Row?2
D O E) /> Row 3

bl

Column 1 Column 3
Column 2

ORDER OF MATRIX

The order of matrix is a relationship with the number of elements present in a matrix.

The order of a matrix is denoted by m x n, where m and n are the number of Rows and
Columns Respectively and the number of elements in a matrix will be equal to the product of
m and n.

TYPES OF MATRICES

Row Matrix
A matrix having only one row is called a row matrix.
Thus A=[A

It is called so because it has only one row and the order of a row matrix will hence be 1 x n.

is a row matrix if m = 1. So, a row matirx can be represented as A = [A ]

ij] mxn 1xn

Forexample,

A=[1 2 3 4]isrow matrix of order 1 x 4. Another example of the row matrix is
B=[0 9 4]whichis of the order 1 x 3.

Column Matrix

A matrix having only one column is called a column matrix. Thus, A = [A is a column

matrix if n = 1.

ij] mxn

Hence, the order is m x 1. An example of a column matrix is:

M

1 A

A=|2 B=T
3

H

In the above example, A and B are 3 x 1 and 4 x 1 order matrices respectively.
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Square Matrix

If the number of rows and the number of columns in a matrix are equal, then it is called a
square matrix.

Thus, A = [Ay.]mxn is a square matrix if m = n; For example is a square matrix of order 3 x 3.
1 2 3
A= 4 5 6
7 8 9

For Additional Knowledge:

The sum of the diagonal elements in a square matrix A is called the trace of matrix A, and
which is sdenoted by tr(A);

tr(A)=a,+a,+..+a_

Zero or Null Matrix

If in a matrix all the elements are zero then it is called a zero matrix and it is generlly denoted
by O. Thus, A=[A] is a zero-matrix if a= 0 for all i and j; For example

iiAmxn

0

00
A= O’B:(o 0]
0

Here A and B are Null matrix of order 3 x 1 and 2 x 2 respectively.
Diagonal Matrix

If all the non-diagonal elements of a square matrix, are zero, then it is called a diagonal matrix.
Thus, a square matrix A = [a;,-] is a diagonal matrix if aij = 0, whenj#j;

A, B and C are diagonal matrix of order 3 x 3, and D is a diagonal matrix of order 2 x 2.
Diagonal matrix can also be denoted by A = diagonal [2 3 4], B=diag[2 0 4], C=[0 0 4]

Important things to note:

(i) A diagonal matrix is always a square matrix.

(i) The diagonal elements are characterized by this general form: a,, where i = j. This
means that a matrix can have only one diagonal.
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Scalar Matrix

If all the elements in the diagonal of a diagonal matrix are equal, it is called a scalar matrix.
Thus, a square matrix A = [ay.] is a scalar matrix if

(0; i#j
A=la]= 1k; i- Where, k is constant.

For example A and B are scalar matrix of order 3 x 3 and 2 x 2 respectively.
-7 0

) B =
)

If all the elements of a principal diagonal in a diagonal matrix are 1, then it is called a unit
matrix.

N O O

20

A=1|0 2

00

Unit Matrix or Identity Matrix

A unit matrix of order nis denoted by / . Thus, a square matrix A = [al./.]mxn is an identity matrix
if

(05 i#]
Azwﬂ:%;i=j
For example /, and /, are identity matrix of order 3 x 3 and 2 x 2 respectively.
100 10
0 0 1

+ All identity matrices are scalar matrices
+ All scalar matrices are diagonal matrices

 All diagonal matrices are square matrices

Triangular Matrix

A square matrix is said to be a triangular matrix if the elements above or below the principal
diagonal are zero. There are two types of Triangular Matrix:

Upper Triangular Matrix
A square matrix [a,-,-] is called an upper triangular matrix, if a= 0, wheni>j.

D O E

A=|0 D O |isan upper triangular matrix of order 3 x 3.
020 E
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Lower Triangular Matrix

A square matrix is called a lower triangular matrix, if a,= 0, when i>j.

D 0P
A= O D ‘i)
E O E
is a lower triangular matrix of order 3 x 3.
Transpose of a Matrix

Let A be any matrix, then on interchanging rows and columns of A. The new matrix so obtained
is transpose of A donated AT or A'.

[order of A =m x n, then order of A" =n x m]

Properties of transpose matrices A and B are:

@ (A=A (b) (KA)" = kAT (k = constant)
(c) A+B)=AT+B" (d) (AB)T=B". AT

Symmetric Matrix and Skew-Symmetric matrix

* A square matrix A = [ay.] is symmetric if AT=Al.e. a; v iandj
* Asquare matrix A = [a]] is skew-symmetric if AT= - Ai.e.a,=-a, V iandj
(All diagonal elements are zero in skew-symmetric matrix)

lllustration:

Ais matrix of order 2022 x 2023 and B is a matrix such that AB" and B™ A are both defined,
then find the order of matrix B.

Solution: Let the order of matrix be R x C, So,
(A)yozzznzs (BNoe = € =2023 (As AB" is defined)
(B g (A) = R=2022 (As B" Ais defined)
Thus order of matrix Bis (2022 x 2023).

2022x2023

lllustration:

If A is a skew symmetric matrix, then show that A? is symmetric.
Solution: As A is skew-symmetric, A7 = -A

(A%)T = (AA)T=ATAT=(-A) (-A) = A2

As (A2)T = A2

= Thus, A? is symmetric.
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lllustration:

1 -1 3 4 a b
If 2 3 +X= 5 6 » where X = c d then find the value of a+ c— b —d.

SI"A1_1+ab—34
olution: As, 5 3 c d°\5 6/

a b) (3 4 1 -1) (3-1 4+1
= lc d)\56)l2 3)(5-2 6-3

a b) (25
= lc d) (3 3
On compairing the corresponding elements, we get,

a=2,b=5,¢=3,d=3
Thus,a+c-b-d=5-5-3=-3

lllustration:

If A is a diagonal matrix of order 3 x 3 such that A> = A, then find number of possible
matrices A.

Solution: As, A is a diagonal matrix of order 3 x 3

a 0 o0
Let, A=|0 b O
0 0 ¢

a0
= A= b*> 0
0 c?
a 0o a® 0
AsA2=A = |0 b 0|=]|0 »b?
0 0 ¢ 0 0 ¢?

So, a=0 or -1, similarly b and ¢ can take 2 values (0 and —1).

Thus, total number of possible matrices are 2 x 2 x 2 = 8.
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ONE MARK QUESTIONS

Write the number of all possible matrices of order 2 x 2 with each entry 1, 2 or 3.

Find the Order of the following Matrices. Also find the total Number of elements in each
matrix.

2 3

1
6 1 3

Give an example of a 2 x 2 Non-zero matrices A, B and C such that
(@) AB=0ObutBA=0 (b) AB=0Oand BA=0O (c) AB=ACbutB=C
Give an example of a 3 x 3 matrix which is

M 0 0 o 2
(@ A=|A T 0 @)B=£ J b) C=|6
H S L 7

(c) D=

a N =
- W W N
o O N

(@) Upper Triangular as well as Lower Triangular Matrix
(b) Symmetric Matrix

(c) Skew-Symmetric Matrix

(d) Neither Symmetric non Skew-Symmetric Matrix
(e) Symmetric as well as skew-symmetric

(@) How many Matrices of order 2 x 2 are possible with entry 0 or 1. How many of these
are diagonal matrices. List them.

(b) How many Matrices of order 3 x 3 are possible with 0 or —1. How many of these are
Diagonal matrices?

(c) Ifthere arefiveone’si.e. 1,1,1,1,1and four zeroesi.e. 0, 0, 0, 0. Thus how many
symmetric matrices of order 3 x 3 are possible with these 9 entries?

x2-2 3
s A 5 7 . . .
Find x', if A= ; 5 is symmetric Matrix.

W N -

0 x>+6 1
5x x?-9

Find x, if A = ] ; g is skew-symmetric Matrix.

2y-7 0 0
Find (x + y),ifA= 0 x—3 0 |is scalar Matrix.
0 0o 7

56
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10.

1.

12.
13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
24,

25.

2 0 y—x
Find the value of xy,ifA= | x+y—-2 3 0 |isadiagonal matrix.
0 0 4

10
If (x 1)[_2 OJ:O, then find x.

If A is matrix of order m x n and B is a matrix such that AB and B' A are both defined,
then find the order of matrix B.

If A is a skew-symmetric matrix, then (A?)" = kA?, find the value of k.
If A is a symmetric matrix, then (A3)" = kA3, find the value of k.
If Aiis a square matrix such that A =/, then find the value of (A—1)*+ (A + [)* - 7A.

3
= i ‘K 2 = — 21/
If A [4 _2j find ‘k’ for A>=KA -2

2 35
IfA=| x-2 1 6 |isan Upper-Triangular matrix, then find the value of (x + y — z).
6-y z 4
If all entries of a square matrix of order 2 are either 3, -3 or 0, then how many Non-zero
matrices are possible?

If all the entries of a 3 x 3 Matrix A are either 2 or 6, then how many DIAGONAL matrices
are possible?

If all the entries of a 3 x 3 Matrix B are either 0 or 1, then how many SCALAR matrices
are possible?

If all the entries of a 3 x 3 Matrix C are either 0 or 1, then how many IDENTITY matrices
are possible?

A matrix ‘X’ has ‘o’ number of elements, where p is a prime number, then how many
orders X can have?

Let A and B are two matrices, such that the order of Ais 3 x 4, if A’B and BA' are both
defined then find the order of B'.

If A=diag (3 =5 7), B=diag (-1 2 4)then find (A + 2B).
Find the value (x + y) from the following matrix equation:

5,56 2) e )

. ' 2 3y1 0
Find Matrix A where, A = 1 42 1
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TWO MARKS QUESTIONS

26. If Ais a square matrix, then show that
(@) (A + A7) is symmetric matrix.
(b) (A - A7) is symmetric matrix.
(c) (AAT)is symmetric matrix.
27. Show that every square matrix can be expressed as the sum of a symmetric and a skew-
symmetric matrix.
28. If A and B are two symmetric matrices of same order, then show that
(i) (AB - BA) is skew-symmetric Matrix.
(i) (AB+ BA) is symmetric Matrix.
0 6 7 0 1 1 2
29. (@) IfA=|-6 0 8, ,B={1 0 2|C=|-2| Verifythat(A+ B)C=AC+ BC.
7 -8 0 120 3
1 1
1 -1 1 3 3
(b) FA+B= 11 and A-2B= 0 -1 then show that A = 2 1
3 3
i 0 0 i
30. IfA= andB=| . » show that AB = BA
0 -1 i 0
31. Find a matrix X, for which | > T2
X =
. Find a matrix X, for whic 11 13
32. If Aand B are symmetric matrices, show that AB is symmetric, if AB = BA.
33. Match the following:
Possible Number of Matrices (A)) of order 3 x 3 with entry 0 or 1 which are
Condition No. of matrices
(1) | A, is diagonal Matrix P 20
(2) | A,is upper triangular Matrix Q 2
(3) | A, is identity Matrix R 2
(4) | A, is scalar Matrix S 26
CosX -—sinx , cos3x -—sin3x
34. IfA= sinx  COS X then prove that A® = sin3x  cos3x |-
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35.

36.

37.

38.

39.

40.

41.

42.

Express the following Matrices as a sum of a symmetric and skey-symmetric matrix.

(Note: Part (b) and (c) can be asked for one marker, SO THINKABOUT THIS!)

1 2 3 12 5 0 2 -3
@A=|2 5 7 bya=|2 5 7 ©A=|2 0 4
2 -4 -5 57 -5 3 -4 0

2 3
Show that the Matrix A = (1 2} satisfies the equation A2—4A + 1 =0.

11
Find the values of xand y, if A = [1 J satisfies the equation A2+ xA + y/ = 0.

2 3
Find f(A), if A= [_1 1 J such that f(x) = x2—4x +7
5 4
Find A%2if A = 11

P COSX —sinx
Find 2A2 when x = —- where A= .

3 sinx cosx
THREE MARKS QUESTIONS
100
LetP= 310 and Q = [qij] be two 3 x 3 matrices such that Q = P° + [, then Prove
9 3 1
41 +Qq
that (MJ = 10.
432
Construct a 3 x 3 matrix A = [a,.j] such that
iff; i>j Y
(@ a;=4 ~ i=j (b) & =}ij; i=]
’ / 3 i<
li—j; i<j S
.2 .2 . . : ;
2+ iz |2 -3/
(c>a,.,.:[ UREA (d)ay=—"—F"—
L o = 5

]

(e) a; = {LU , Where [.] represents Greatest Interger Function.
J
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cosO isin®
TA=

43 ) h that A2 = cos20 isin26 where i = V1
: isind cosp ) "N PIOVEINAATZ i cin2e  cos20 | -
2 3
44. IfA= 1 92 evaluate A3 —4A2 + A,
cosx -sinx O
45. Iffix)=| sinx cosx 0 | then prove that f(x).fy) = fix + y)
0 0 1
46, 1£700= —— X Prove that x).fiy) = f| 22 | Hence show that fx).fiex)
' o2 \lx 1) W= 1+ xy ) '
=1, where |x| < 1.
FIVE MARKS QUESTIONS
0 2y z
47. Findx,yand zif AT=A"and A = X YV 72 Also find how many triplets of (x, y, z)
X -y z
are possible. (NOTE: AA"=A"A=))
2 3
48. If Ais a symmetric Matrix and B is skew-symmetric Matrix such that A + B = 5 _1
4 -2
then showthat AB=| _, _, |
4 1 a b
49. IfA= and A% = then show that (a+ b+ c+ d+ 398) = 0.
-9 -2 c d
CASE STUDIES
41. Twofarmers Ramkishan and Gurcharan Singh cultivates only three varieties of rice namely
Basmati, Permal and Naura. The Quantity of sale (in Kg) of these varieties of rice by both
the farmers in the month of September and October are given by the following matrices A
and B.
BASMATI PERMAL NAURA
A(Septemb les) = 1000 2000 3000 ) RAMAKRISHAN
(September sales) = 5000 3000 1000 )/ GURCHARAN SINGH
BASMATI PERMAL NAURA
B(October sales) = 5000 10000 6000 | RAMAKRISHAN
~ (20000 10000 10000 ) GURCHARAN SINGH
Based on the above information answer the following:
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(i) Find the combined sales in September and October for each farmer in each variety.
BASMATI PERMAL NAURA
Total sales — 6000 3000 9000 ) RAMAKRISHAN
(a) otal sales = 7000 13000 2000 GURCHARAN SINGH

BASMATI PERMAL NAURA
6000 12000 9000 )\ RAMAKRISHAN
(b) Total sales =

7000 13000 2000 GURCHARAN SINGH

BASMATI PERMAL NAURA
6000 12000 9000} RAMAKRISHAN

(c) Total Sales:(ZsOOO 13000 2000 | GURCHARAN SINGH

BASMATI PERMAL NAURA
6000 12000 9000] RAMAKRISHAN

d) Total sales =
@ (25000 13000 11000 | GURCHARAN SINGH

(i) Find the decrease in sales from September to October.

BASMATI PERMAL NAURA
4000 8000 9000] RAMAKRISHAN

(@) Net Decrease in sales = (7000 13000 2000 | GURCHARAN SINGH

BASMATI PERMAL NAURA
4000 8000 3000] RAMAKRISHAN

(b) Net Decrease in sales = (15000 13000 2000 | GURCHARAN SINGH

BASMATI PERMAL NAURA
4000 8000 3000] RAMAKRISHAN

(c) Net Decrease in sales = [1 5000 7000 9000 | GURCHARAN SINGH

BASMATI PERMAL NAURA
4000 8000 3000) RAMAKRISHAN

(d) Net Decrease in sales = (15000 13000 9000 | GURCHARAN SINGH

If Ramakrishan sell the variety of rice (per kg) i.e. Basmati, Permal and Naura at
¥ 30, ¥ 20 and X 10 respectively. While Gurcharan Singh Sell the variety of rice
(per kg) i.e. Basmati, Permal and Naura at ¥ 40, ¥ 30 and ¥ 20 respectively.

(iii) Find the total selling price received by Ramakrishan in the month of September.
(a) 380,000 (b) T90,000 (c) ¥1,00,000 (d) ¥1,10,000

(iv) Find the total selling price received by Gurcharan Singh in the month of September.
(@) ¥1,10,000 (b) ¥2,10,000 (c) ¥3,00,000 (d) ¥3,10,000

(v) Find the total selling price received by Ramakrishan in the month of September and
October.

(@) ¥4,00,000 (b) ¥5,00,000 (c) ¥5,10,000 (d) ¥6,10,000
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SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. If Ais a symmetric matrix then which of the following is not Symmetric matrix,
(@ A+AT (b)y AAT
(c) A-AT (d)y AT

2. Suppose P, Qand R are different matrices of order 3 x 5, a x b and ¢ x drespectively, then
value of ac + bd is, if matrix P + Q — R is defined

@ 9 (b) 14
(c) 24 (d) 34

3. If A and B are two square matrices of same order such that, AB = A and BA = B, then
(A+B)(A-B)=

@ O (b) A
(c) A2-PB? d) B
1 1 1[x] [6]
4. 1f10 1 1|yl =|3|,then2x+y—z=
0 1 1zl |2
@ 1 (b) 3
() 5 d 7
5. If amatrix has 2022 elements, how many orders it can have?
@ 6 (b) 2
(c) 4 d 8

SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. If matrix A = [al.j]ZX2 where

a;= %1' ?f I:;tj:,then A2 =

o, if i=

@ O (b) A

(c) -A @ 1/
11 1]

2. fA=|1 1 1, then A*=

11 1)

@ A (b) 3A

(c) 9A d) 27A
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1 1]
IfA = L 1|J and A2 + pA + q/ =0, then pg =

(@ O (b) 1
(c) -1 @ 2

4. h{z‘”b 3_2M={4 3l hena+brced=
5¢-d 4c+3d] |11 24

@ o (b) 4

(c) 6 (d)y 10
5. If Ais a square Matrix such that A2 = A, then (/ + A)® - 7A is equal to

(@ 2A+1 (b) A+2/

(c) 1 d A+l

ANSWER
One Mark Questions

1. 81 2. (a)Order=3x3;9 (b)Order=2x2;4

(c)Order=3x%1;3 (d)Order=4x3;12 (e)Order=2x1;2

3. Open ended Question (So Any Suitable Answer)
4. Open ended Question (So Any Suitable Answer)
5. (@)16;4 (b)512;8 (c)12 6. x=413 7. x=3
8. x+y=17 9. xy=1 10. 2
M. mxn 12. k=1 13. k=1
14. A 15. k=1 16. x+y—-z=8
17.80 18. Zero 19. 2
20.1 21. Two 22. (4 x 3)
8 -3
23.diag (1 —1 15) 24, x+y=11 25. 9 _4
Two Marks Questions
-3 -14
31. X = 4 17 3. 1)>R (2)»S 3)»>P 4)->Q
1 2 1 0 0 >
2 2
35.(a)|2 5 3 +1 0 0 "
2 2
13 5|22 11
2 2 2 2
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12 5 0 0O 0
35.(b)|2 5 7 |+/0 0 O] 35. (c)|0
5 7 -5 0 0O 0
00
37.x=-2,y=0 38. 00
s0.| 7 3
V3 -1
17 -1 =2 1
42.(a)|3 1 -1 42. (b)| 4
5 1 8
147
5 5 5 1
1 2
40.(d) | = = 1 42.
@5 ¢ @2
3.4 3
5 5
47 X:ii,y:ii,zzii;
V2 6 3

50. (i) option (d)
50. (iv) option (d)

N

1. (o) (@)

1. () 2. (d)

Three Marks Questions

9
4
8

27
27
9

2 -3
4
4 0

42. (c)

.|

CASE STUDIES QUESTION

50. (ii) option (c)
50. (v) option (c)
SELF ASSESSMENT-1

3. (a)

SELF ASSESSMENT-2

3. (a)

0 5 10

5 0 13

10 13 0

00
00

)

50. (iii) option (c)

4. (c)

4. (d)

5. (d)

5. (c)
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CHAPTER-4
DETERMINANTS

e of the important aplications of inverse of a non-singular
:" > uare matrix is in cryptography.

b/ Myptography is an art of communication between two
®hople by keeping the information not known to others. It
1 based upon two factors, namely encryption and

cryption.

cryption means the process of transformation of an
ormation (plain form) into an unreadable form (coded
m). On the other hand, Decryption means the
nsformation of the coded message back into original
m. Encryption and decryption require a secret technique
ich is known only to the sender and the receiver.

This secret is called a key. One way of generating a key is by using a non-singular matrix to
encrypt a message by the sender. The receiver decodes (decrypts) the message to retrieve
the original mesage by using the inverse of the matrix. The matrix used for encryption is called
encryption matrix (encoding matrix) and that used for decoding is called decryption matrix
(decoding matrix).

TOPIC TO BE COVERED AS PER CBSE LATEST CURRICULUM 2022-23

» Determinant of a square matrix (up to 3 x 3 matrice), minors, co-factors and applications
of determinants in finding the area of a triangle.

» Adjoint and inverse of a square matrix.

» Consistency, inconsistency and number of solutions of system of linear equations by
examples, solving system of linear equations in two or three variables (having unique
solution) using inverse of a matrix.

a b

d
Complex Number Include Real Number). It denotes the complex number ad — bc.

A determinant of order 2 is written as |A| = where a, b, ¢, d are complex numbers (As

Even though the value of determinnants Represented by Modulus symbol but the value of a
determinant may be positive, negative or zero.

In other words,

a b
d

« Determinant of order 1 is sthe number itself.

|A| = = ad — bc (Product of diagonal elements — Product of non-diagonal elements)

*  We can expand the determinants along any Row or Column, but for easier calculations we
shall expand the determinant along that row or column which contains maximum number
of zeroes.
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MINORS AND COFATORS

Minor of an Element

If we take an element of the determinant and delete/remove the row and column containing
that element, the determinant of the elements left is called the minor of that element. It is
denoted by M;,-- For example,

Let us consider a Determinant |A|

a b c
|A| = d e f|=>
p q r

@-b-o o 1
d e f|=>M,= g r|Minorofa, =M,)
pqr

§-o ot

d e f :Mﬂ=‘ r‘(Minorofaﬂ:Mﬁ)
P q

a—b-—-@) ;

d e f :Mﬂ=‘ r‘(Minorofa“=M11)
p g r

Hence a determinant of order two will have “4 minors” and a determinant of order three will have
“Ominors”.

Minor of an Element:

Cofactor of the element a; isc, = (1) M;; where i and j denotes the row and column in which
the particular element lies. (Means Magnitude of Minor and Cofactor of aij are equal).

* Property: If we multiply the elements of any row/column with their respective Cofactors of
the same row/column, then we get the value of the determinant.

Forexample,
|A| = a11C11 + a12C12 + a13C13
IAl = a11C31 + a32032 + aSSCSS

* Property: If we multiply the elements of any row/column with their respective Cofactors of
the other row/column, then we get zero as a result.

Forexample,
acC +a,C_+a.C.=a.,_ +a,C, +a,C

1m-21 12722 13728 1731 12732 13733
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Note that the value of a determinant of order three in term sof ‘Minor’ and ‘Cofactor’ can be
written as:

|A|I=a,M, -a,M,+a.M, OR |Al=a,C, +a,, +a,

12712 13713

|A|=a,C,+a,C,+a,C

12712 13713

PROPERTIES OF DETERMINANTS

» The value of a determinant remains unaltered, if the row and solumns are inter changed.

IAl = AT]
a p x a b c
b g y|=|p qr
c r z X y z

« Ifany two rows (or columns) of a determinant be interchanged, the value of determinant is
changed in sign only . e.g.

a p X a x p b y q
b g y|l=|by qgl=|a x p
c r z c z r c z r
« If all the elements of a row (or column) are zero, then the determinant is zero.
a 0 x 0 0O

b 0O yl=|pqg r|=0
c 0 z X y z

» Ifthe all elements of a row (or column) are proportional (identical) to the elements sof some
other row (or column), then the determinant is zero.

a ka x mp mq mr
b kb y|=|p q r | =0
c ke z X y z

« If all the elements of a determinant above or below the main diagonal consist of zeros
(Triangular Matrix), then the determinant is equal to the product of diagonal elements.

a 00 a x y a 00
x b 0|=|0 b z|=|0 b 0] =abc
y Z C 0 0 c 0 0 ¢
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» If all the elements of one row/column of a determinant are multiplied by “k” (A scalar), the
value of the new determinant is k times the original determinant.

ka p x ap x
kb g y|=|b q y
ke r z c r z
ka kp x a p x
kb kq y|=kKk2|b q y
kc kr z c r z
ka kp kx a p x
kb kq ky|=k¥b q y
kc kr kz c r z

|KA| = k"|A|, where n is the order of determinant.
AREA OF ATRIANGLE
Area of a triangle whose vertices are (x,, y,), (x,, y,) and (x,, y,) is given by

Xy 1
X, Y2 1] (sq. units)
Xz y; 1

ADJOINT OF A MATRIX
LetA=[a],., be a square matrix and C,.j be cofactor of a; in A|.

C11 C21 C31
Then, (adj A)=[C] = adjA=|Ci, Cp Cyp
C‘IS C23 CSB
« A (adjA)=(adj A).A=A|
+ (adj AB) = (adj B).(adj A)
* |adj Al = |A|™", where n is the order of a Matrix A

SINGULAR MATRIX

A Matrix A is singular if |JA| = 0 and it is non-singular if |A| = 0

2 3
|A] = ‘ 1 4 ‘ =5 0. So A is Non-singular Matrix.

2 8
|A| = ‘ 1 4 ‘ =8 -8 =0. So A is singular Matrix.
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INVERSE OF A MATRIX

A square matrix A is said to be invertible if there exists a square matrix B of the same order
such that AB = BA = | then we write A~" = B, (A" exists only if |A| = 0)

. 1 Ciy Gy Gy
A“=ﬁ(adJ A)Zm Ciz Gy Gy
Ciz Cos Gy
. (ABy'=B1A"
. (A=A
c (AT =(AT)

« AB'T=A"A=1

1
© W=

« |A.adj Al = |A|" (Where n is the order of Matrix A)

lllustration:

2 10

5k _ D 15} is singular matrix.

For what value of k, the matrix A = [

Solution: As, Matrix is singular, so its determinant will be zero.
|A| = 2(15) — 10(5k — 2) = 30 — 50k + 20

|A| =50 -50k=0

= 50k = 50

lllustration:
0 a -b
Without expanding the determinants prove that| -a 0 -c| =0
b ¢ O
0 a -b
Solution: LetA=|-a 0 -c
b ¢ O
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We observe here a,=-a, (A is skew-symmetric matrix)

= AT=-A
= AT =|-A|
= |Al= (17 1A|

Property USED: |AT] = A, [kA| = k"A|

Where nis the order of the determinant

= |Al=—A|
= 2|A|=0
0 a -b
= |Al=|-a 0 —c| =0
b ¢ O
lllustration:

If Ais an invertible matrix of order 2 and |A| = 4, then write the value of |A-'|.

Solution: As we know that,

1 1
A= T
1
1= —
=|IAt= 4
lllustration:
3 4 5
Find the inverse of the matrix | 2 -1 8 | and hence solve the system of equations:
5 -2 7

3x+4y+5z=18
5x -2y +7z=20
2x—y+8z=13
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3 4 5
Solution: Let, A=|2 -1 8

5 27
Cofactors are,
8 4 5
C11: 2 7 =-7+16=9 C21:_ o 7 =_38
_ |2 8| _ i 38|
C12__5 7 =—-(14-40)=26  C,= 57 =4
2 -1 3 4
C13= 5 o =—4+5=1 Cz3=_5 » =26
Cir Gy Gy 9 -38 37
AdjA = Cip Cyp Cyp |=|26 -4 -14
Ciz Cy Gy 1 26 -11
A|=a,C,+a,C,+a,C, =3(9)+4(26)+5(1)=27+104 +5
1 1 9 -38 37
So, A= —(AdjA)=2 26 4 14
Al 1 26 -1

Given system of equation can be written as

3 4 5)x) (18 3 4 5)x) (18
2 1 8|y|=|20] = |5 2 7|y|=]13
5 2 7)\z) 13 2 -1 8)z) |20

= AX=B = A"AX=A"'B
IX=A"'B = X=A"B

9 -38 37 )18 9x18-38x13+37x20

=%26 4 14 |13 =%26><18—4><‘|3—14><20
1 26 -11)20 118 + 26x13 —11x 20
X (408
X=|y|= | 136 |- |1
z 136 | |1

=S0,x=3,y=1,z=1

4
Co=1_4

3
Csz__ 2

3
Cu=1o
=136
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10.

1.

12.

13.

14.

15.

16.

17.

ONE MARK QUESTIONS

If Ais a matrix of order 3 x 3, then find the value of |3A|.

What is the sum of the products of elements of any row of a matrix A with the co-factors
of corresponding elements.

What is the sum of the products of elements of any row of a matrix A with the co-factors
of elements of other row.

Find the value of k, if the area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is 9 sq.
units.

If A is a square matrix of order 3 x 3 such that |A| = k, find the value of |-A|.
A and B are square matrices of order 3 each, |A| =2 and |B"| = 3. Find |-4AB|.
If Ais an invertible matrix of order 3 and |Adj A| = 25, then write the value of |[5A".

For what value of k, the matrix ( is singular matrix.

10
3k+2 -5
Using Determinants, Find the area of triangle with vertices A(2, 0), B(4, 5), C(6, 3).

2
For what value of k, the matrix [ j has no inverse.

k 10

3

5
4 7} find A.(Adj A).

IfA=

2 3 4

015

IfA= ' find A.(Adj A).
00 6

cosO -sin0
IfA= sin® cosO

} then for any natural number n, find the value of |A"|.

For what value(s) of a, the points (a, 0), (2, 0) and (4, 0) are collinear?

3 4
For A= 1 1 write A",

TWO MARKS QUESTIONS

0 2023 -2021
Without expanding the determinants prove that | —-2023 0 -2022 | =0
2021 2022 0

Let A be a 3 x 3 matrix such that |A| = -2, then find the value of |-2A~"| + 2|A|.
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18.

19.

20.

21.

22.

23.

24.

25.

a b c yr—zq c¢q-br bz-cy

fA=|x y z|B=|zp—-xr ar—-cp cx-—az |.Find|B|if |A|=4
p q r Xq-yp bp-aq ay-bx
a b c yr—zq cq-br bz-cy

fA=|x y z||B=|zp—xr ar-cp cx-az |. Find|A|if|B|=25
p q r Xq-yp bp-aq ay-bx

Find the Adjoint of Matrix A,

2<:osE —ZsinE
3 3

A=
2sint  —2cos™
3 3
THREE MARKS QUESTIONS
If Ais a square matrix of order 3, such that |Adj A| = 25, then find the value of
@ Al (b) [-2A"| (c) MAT
(d) |5A] (e) AAdj A f |A.Adj A
0 1A%
If Ais a square matrix of order 3, such that |A| = 5, then find the value of
@ [3A| (b) [-2A"| (c) AT
(d) JAdj A (e) AAdj A f JA.Adj A
0 1A%
1 2020 2021 2 0 O
IfA=|0 1 2022 |, B=| 2021 1 0 | then find the value of
0 O 3 2020 2022 1
(@) |AB| (b) 1(AB)"] (c) 1428
(d) 13(AB)'| (e) |Adj(AB)|

ind trix ‘X h that =
X
Find matrix Suc a 1 2 1 1 11

Find matrix ‘X’ such that
2 3 7 -2 2 3 7 -2
(@) X[1 2]2(1 1} (b) [1 ZJXZ[1 1}
2 3 7 -2 1 0]
() (1 2}{1 1}2[0 1l
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FOUR/FIVE MARKS QUESTIONS

26. (a) A school wants to award its students for regularity and hardwork with a total cash
award of ¥ 6,000. If three times the award money for hardwork added to that given for
regularity amounts of ¥ 11,000 represent the above situation algebraically and find
the award money for each value, using matrix method.

(b) A shopkeeper has 3 varieties of pen A, B and C. Rohan purchased 1 pen of each
variety for total of ¥ 21. Ayush purchased 4 pens of A variety, 3 pens of B variety and
2 pen of C variety for ¥ 60. While Kamal purchased 6 pens of A variety, 2 pens of B
variety and 3 pen of C variety for ¥ 70. Find cost of each variety of pen by Matrix
Method.
1 2 -3
27. FindA",whereA=|2 3 2 | Hence use the resultto solve the following system of
3 -3 4
linear equations:
X+2y—-3z=-+4
2x+3y+2z=2
3x-3y—4z=11
1 2 -3
28. FindA',whereA=|2 3 2 |.Hence, solve the system of linear equations:
3 -3 -4
X+2y+3z=8
2x+3y—-3z=-3
-3x+2y—-4z=-6
-4 4 4 1 -1 1
29. fA=| " 1 3 landB=|1 2 ~2|find AB. Hence using the product solve the
5 -3 -1 2 1 3
system of eq.
X—y+z=4
X—2y—-2z=9
2x+y+3z=1
1 3 -2 1 -2 -3
30. Find the product of matrices AB, where A=|-3 0 -1,B=|-2 4 7 |anduse
2 1 0 -3 5 9
the result to solve following system of equations:
x—-2y-3z=1
—2x+4y+5z=-1
-3x+7y+9z=-+4
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CASE STUDY BASED QUESTIONS

A. Afamily wanted to buy a home, but they wanted it to be close both to both the children’s
school and the parents’ workplace. By looking at a map, they cold find a point that is
equidistant from both the workplace and the school by finding the circumcenter of the
triangular region.

If the coordinates are A(12, 5), B(20, 5) and C(16, 7), on the basis of this answer the
following: (Figure is for reference only, Not as per scale)

(@) Using the concept of Determinants. Find the equation of AC.

(i) x—=2y=0 (i) x+2y=22
(i) x+2y=30 (v) x—2y=2
(b) Using the concept of Determinants. Find the equation of BC.
(i) x-2y=30 (i) x—2y=10
(i) x+2y=30 (iv) x+2y=20
(c) What will be the area of TRIANGULAR REGION ABC (in sqg. Units).
(i) 2 (i) 4
(i) 6 (iv) 8
(d) If O(16, 2) is the circum-centre of AABC, then find the Area of AAOC (in sq. units).
(i) 10 (i) 6
(i) 8 (iv) 4
(e) Ifanypoint P(2, k) is collinear with point A(12, 5) and O(16, 2), then find the value of
(2k — 15).
(i) —10 (i) 10
(i) 2 (iv) O
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For keeping Fit, X people believes in morning walk, Y people believes in yoga and Z
people join Gym. Total no of people are 70. Further 20%, 30% and 40% people are
suffering from any disease who believe in morning walk, yoga and GYM respectively.
Total no. of such people is 21. If morning walk cost3 0 Yoga cost ¥ 500/month and GYM
cost ¥ 400/ month and total expenditure is ¥ 23000.

Solve the above Problem using Matrices and Answer the following:
(a) If we formulate this problem, then which of the equation is NOT possible:
(i) X+Y+Z=70 (i) 2X+3Y+4Z=21
(i) 2X+3Y+4Z2=210 (iv) 8Y+42-230=0

11 1
(b) Ifmatrix A=|2 3 4 | represents the coefficientof x, yand zin above 3 corrected
0 5 4

equation, then

-8 1 1 -8 1 1
(i) A’1:%1 -8 4 -2 (ii) A‘1:%1 -8 4 -2
10 -5 1 10 -5 -1
-8 1 1 -8 1 1
(i) A‘1:%1 8 4 -2 W) A—1:%1 8 4 -2
10 5 -1 10 -5 —1

(c) Onsolving above system of equations using matrix method, find the total number of
person who prefer Morning Walk.

(i) 10 (i) 20
(i) 30 (iv) 40
(d) On solving above system of equations using matrix method, find the total number of
person who prefer yoga.
(i) 10 (i) 20
(i) 30 (iv) 40
(e) On solving above system of equations using matrix method, find the total number of
person who prefer GYM.
(i) 10 (i) 20
(i) 30 (iv) 40
An amount of ¥ 600 crores is spent by the government in three schemes. Scheme A is

for saving girl child from the cruel parents who don’t want girl child and get the abortion
before her birth.

Scheme Bis for saving of newlywed girls from death due to dowry. Scheme C is planning
for good health for senior citizen. Now twice the amount spent on Scheme C together
with amount spent on Scheme A is % 700 crores. And three times the amount spent on
Scheme A together with amount spent on Scheme B and Scheme C is ¥ 1200 crores.

76
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If we assume government invest (In crores) ¥ X, % Y and ¥ Z in scheme A, Band C
respectively. Solve the above problem using Matrices and answer the following:

(a) If we formulate this problem, then which of the equation is NOT correct:
(i) X+Y+Z-600=0 (iy X+2Z2=700
(iiy X+2Y=700 (iv) 3X+Y+Z=1200=0

(b) If matrix le >
9\-3 12

corrected equation, then

J represents the coefficient of X, Y and Z in above 3

2 5 1 2 5 1
(i) A‘1:% 0 -2 2 (i) A’1:% 0 -2 2
2 -1 -1 2 1 -1
-2 5 1 2 5 1
(iii) A‘1:% 0 -2 2 (iv) A‘1:% 0 -2 -2
2 1 1 2 -1 -1

(c) On solving above system of equations using matrix method, find the amount spent
(in crores) in Scheme A.

(i) 100 (i) 200
(i) 300 (iv) 400

(d) On solving above system of equations using matrix method, find the amount spent
(in crores) in Scheme B.

(i) 100 (i) 200
(iiiy 300 (iv) 400

(e) On solving above system of equations using matrix method, find the amount spent
(in crores) in Scheme A.

(i) 100 (i) 200
(iiiy 300 (iv) 400

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERNATIVE.

2 3 6]
1. If A=|0 1 8|, then|A|=
0 0 5
@ 2 (b) 5
) 8 @ 10
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10 0]

IfA=|3 2 O) , then |A7| =
1.0 5l
(@ 2 () 5
(c) 8 d) 10
If A= {C‘_’SX _Sinxﬂ, then |A-1| =
sinx cosx |
@ 0 (b) 1
(c) cosx.sinx (d -1

If A= {63)( 2'} is singular matrix, then the value of x is

(@ 2 (b) 3
() 5 (d) 7

The area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is 9 sq. units. The value of k will
be

(@ 6 (b) 9
(c) 3 @ o0
SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERNATIVE.

1.

If the value of a third order determinant is 12, then the value of the determinant formed by
replacing each element by its co-factor will be

(@ o (b) 1
(c) 12 (d) 144
2. If the points (3, =2), (x, 2), (8, 8) are collinear, then x =
@ 2 (b) 5
(c) 4 d 3
cos15° sin75° | _
> | sin15° cos75° |
@ o (b) 1
(c) -1 d 2
1.2 3
4. The minor of 6 inthe determinant |4 5 6| is
7 89
(@ 9 (b) —6
(c) 6 (d) 10
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1 2 3
5. The cofactor of 4 in the determinant |4 5 6| is

7 8 9
@ 9 (b) -6
(c) 6 (d) 10
ANSWER
One Mark Questions
1. 27|A| 2. A 3. 0
4. 13 5. -k 6. -384
7. 125 8. (-1 9. 7 sq. units
12 0 O
10
10.k = 4 1. [o J 12,10 120
0O 0 12
13.1 14. acan be any real number
-1 4
15. 13
Two Marks Questions
17.0 18. 16 19. +5
1 3
20. B 1
Three Marks Questions
+64
21.(a)t5 (b) £40 (c) 5 (d) 625 (e) x5/
64
22.(a)135 (b)—40 (c) 5 (d)25 (e) 5/
(125 (e)125
1
23.(a)6 (b) 5 (c)72 (d)62 (e) 36
1(2 31
24. X = 9l_1 —11
16 -25 11 -7 1(5 -17
25. (a = b) X = c) X=—
@) X (1 —1}” (—5 4} © 9[—3 12}
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Three Marks Questions

26. (a) Award money given for Honesty =% 500, Regularity =% 2000 and Hard work =3 3500
(b) Cost of pen of Variety A =3 5, Variety B=3 8 and Variety C=3% 8

27.x=3,y=-2,z=1
30.x=-4,y=-1,z=-1

A. (a)option (iv)
(d) option (i)
B. (a)option (ii)
(d) option (iii)
C. (a)option (iii)

28. x=0,y=1,z=2

CASE STUDIES QUESTIONS
(b) option (iii) (c) option (iv)
(e) option (i)
(b) option (i) (c) option (ii)

(e) option (ii)

(b) option (ii) (c) option (iii)

29.x=3,y=-2,z=-1

(d) option (i) (e) option (ii)
SELF ASSESSMENT-1
1. (d) 2. (d) 3. (b) 4. (a) 5. (c)
SELF ASSESSMENT-2
1. (d) 2. (b) 3. (a) 4. (b) 5. (c)
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CHAPTER 5
CONTINUITY AND DIFFERENTIABILITY

Many real life events, such as trajectory traced by Football where you see player hit the
soccer ball, angle and the distance covered animation on the screen is shown to the viewers
using technology can be described with the help of mathematical functions. The knowledge
of Continuity and differentiation is popularly used in finding speed, directions and other
parameters from a given function.

/ CONTINUITY AND DIFFERENTIABILITY /
Topics to be covered as per C.B.S.E. revised syllabus (2022-23)

e Continuity and differetiability

e Chairrule

« Derivative of inverse trigonometric functions, like sin"'x, cos™'xand tan™"'x

e Concept of exponential and logarithmic function

* Derivatives of logarithmic and exponential functions.

* Logarithmic differentiation, derivative of functions expressed in parametric forms.

e Second orderderivatives.
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POINTS TO REMEMBER

° A function f(x) is said to be continuous at x =c iff lim f(x)=f(c)
ie., chi_)né,f(x) = i@,+f(x) =f(c)

° f(x) is continuous in (a, b) iff it is continuous at x =c Vce (a,b).

° f(x) is continuous in [a, b] iff

(i) f(x) is continuous in (a, b)
(i) lim f () =f(a)
(i) lim f() = f(b)

° Modulus functions is Continuous on R

° Trigonometric functions are continuous in their respective domains.

° Exponential function is continuous on R

° Every polynomial function is continuous on R.

° Greatest integer function is continuous on all non-integral real numbers
° If f(x) and g (x) are two continuous functions at x = a and if c € R then

(i) f(x) £ g (x) are also continuous functions at x = a.
(i) g (x) .f(x),f(x)+c, cfix), | f(x)| are also continuous at x = a.

(iii) % is continuous at x = a, provided g(a) # 0.

° A function f (x) is derivable or differentiable at x = ¢ in its domain iff

lim f&-f() _ lim+f(X)—f(C)
X—c

xX=¢T x—¢ Xoc , and is finite

The value of above limit is denoted by f’(c) and is called the derivative
of fix)atx=c.
d du dv

—(utvy=—+—
dx(u ") dx dx
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d dv du
° &(u. V) = L Pt o A (Product Rule)
d ru ydu_dv
o = (;) = —di i (Quotient Rule)
dy _dy _d s .
. If y=f(u) and u=g(t) then = = = x = = f'(W)g(t) (Chain Rule)
° If y =f(u), x=g(u) then,

dy _dy du_f'@
dx  du” dx g'(w)

lllustration:
Discuss the continuity of the function f(x) given by

4-x, x<4
F)+d 0 XS atx=a
4+x, x4

4-x, x<4

Solution: We have f(x) = {4 T x x>4

LHL = lim f(x)= lim (4—x)= lim 4—(4—h)=0

x—4" xX—4" x—0"

RHL = lim f(x)= lim (4+x)=lm4+(h+4)=8+0=8

X—4" x—4*+ x—0

Here LHL = RHL
Hence f(x) is not continuous at x = 4

lllustration:
Show that the function f(x) given by

tanx

f(x)+1 x teosx, x4 is continuous at x=0
2, x=4
taﬂ+cosx x4
Solution: We have f(x) = f{ x ’
2, x=4
Now f(0) = 2
LHL = lim f(x)= lim (tanxmosx] — iim BO=M | o0 hy— tim 2B cosh
x—0~ x—0~ X h—0~ (O —h) h—»0 —
= lim m+ lim cosh=1+cos(0)=1+1=2
h>0 h h—0
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RHL = lim f(x)= lim (tanx+cosxj= jim 2NO=h) _ cos0-h)
x—0" x—0" X h—ot (0—
—tim B im cosh = 1+ cos(0) = 1+1=2
h—0 h—0

LHL = RHL = £(0)

Hence f(x) is continuous at x = 0

ONE MARK QUESTIONS

1.  Let f(x) = sin x cos x. Write down the set of points of discontinuity of
f(x).

2. Givenf (x)= xl? , write down the set of points of discontinuity of f (f(x)).

3. Write the set of points of continuity of
fO)=lx=1]+[x+1]

4. Write the number of points of discontinuity of f(x) = [x] in [3, 7].

d
5. Ify = e8¢ fing =,
dx
6. If f(x) = x2g(x)and g(1) = 6, g'(x) = 3, find the value of f'(1).
. . dy
7. If y=asint, x = a cos tthen find —
dx
8. Find value of f(0), so that —e’+2* may be continuous at x=0.
X
) . .
9. Find the values of x for which f(x) =—*-*/ 1S discontinous.
X +3x°-x-3
10. If y = tan"'x + cot 'x + sec™'x, cosec'x then find dy/dx
1. Ify=log, e find gy
dx
- dy _
12. y =logx + log,a + log,x + log.a, then ™ =7
X
1
(a) ;+ x loga (b) xloga +xloga (c) Io%.,.@ (d) None of these
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13.

14.

15.

10.

1.

12.

13.

14.

15.

If y =5.x°, then find dy
dx

What is derivative of sin”'(2x1— x2) W.r.t. Sin™ (3x — 4x°) ?

: d
Ify = \/sinx+\/sinx+ sinx + w0, then find (2y_1)d_)3:

TWO MARKS QUESTIONS

sin x

Differentiate sin (xz) w.r.t.e
y = x” then find dy
dx

&
X

Ify =x*+ x>+ 3+ 3°, find

If y = 2sin™" (cosx) + 5 cosec™ (secx). Find ?
X

If y=e [log (x+1) —log x] ﬁndd—y

dx
Differentiate Sin™ [x \/;] w.r. t. x.
Find the derivative of |x*+2| w.r.t. x

Find the domain of the continuity of f(x) = sin"'x —[x]

Find the derivative of cos (sin x*) w.r.t. x at x = \/g

d
If y=e***"* Prove that d—i = x*(2x+3) ™.

Differentiate sin’(6*+1) w.r.t. 67

Find d_y if y= Sin_1 [EJ + sec_1 [@J
X

d Jx +1 JIx -1
If X* + y* = 1 verify that d_yd_x= 1
dx dy

x10%

., dy
Find = wh =10
in dXweny

If y = x*find ﬂ
y dx2
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16 Find dy if y = cos™ (sinx)
' ax Y

17. Iff(x) =x+7,and g(x)=x-7,x € R, them find di (fog) (x).
X

18. Differntiate log (7 logx) w.r.t x

d
19.  Ify=f(x%) and f' (x) = sinx’. Find %

20.  Find :—yify = Join " Ix
X

THREE MARKS QUESTIONS

1. Examine the continuity of the following functions at the indicated points.

_x? DNx#0
0) f(x)—{x C(;S(x),xzo

m re=F Tzl

1

(11 ﬂw={§i’x¢°

ex+1

0 ,x=0

x—cos(sin™1x)

(|V) f(x) _ ) 1-tan(sin™1x)

1
V2

V2
X =

atx =0

atx =1

at x =

fx= L
ax—ﬁ

V2

2. For what values of constant K, the following functions are continuous at

the indicated points.

VIFRA—VT=Kx
M =1

x-1

e*-1

(i  fe)= {log (1+2x); *0
K

=0

1—cos4x
x2 x<0
iy fO)= K x=o0
VX x>0

V16+Vx—4

x<0
x>0

atx =0

atx=0

atx=0
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3. For what values a and b

x+2 4

2] Cifx<-2
fl) = a+b ifx=-2

x+2 1 —
2h ifx > -2

|x + 2|
Is continuous at x = -2
4, Find the values of a, b and ¢ for which the function

(sin[(a + 1)x] + sinx

X x<0
f(X)=1 ¢ x=0
Vx+bx2—=+vx x>0

k bx3/2

Is continuous at x = 0

[x] +[—x]x#0

> f(x):{ A x=0

Find the value of A, fis continuous at =0 ?

1-sin®x ; x < T

3co 2x ,ZT

6. Let f(x) = a ; x=3
b(1-sin ) s

(m—2x)2 ; X > 7

If f(x) is continuous at x = g find a and b.

3 <1
R SR

Is everywhere differentiable, find the value of a and b.

8. Find the relationship between a and b so that the function defined by
ax+1 , x<3| . )
f(x)= is continous at x =3.
bx+3, x>3

9. Differentiate tan™? (%xz) w.r.t cos 1(2xV1 — x2) where x # 0.
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10.  Ify = x*, thenfind .
dx
11. Differentiate (x cosx)* + (x sin x)i w.r.t. x.
12.  If (x + y)™*" = x™.y" then prove that % =2
X d
13. If (x —y).e x» = a, prove that y[d—y) +Xx=2y
X
14.  Ifx =tan Glogy) then show that
(1+x2)d2)’ rax-aP oo
dx? dx
15 Ify =xlo (L) thtx3ﬂ—(xd—y— )2
’ y= g a+bx prove tha dx? dx y) -
. 2x+1_3x
16. Differentiate sin~! [ ] w.rt x.
1+(36)*
17. IfV1—x6 + /1 —y6 = a(x® — y?), prove that
dy x? [1-y® 3 .
- == , Where -1 <x<1and-1<y<1[HINT: put X =sinA and
dx  y%\1-x®
y3 = sin B]
18. If f(x)=+/x2+1,9(x) = ;2111 and h(x) = 2x — 3find f'[r'(g'(x))]-
d 244
19. If x =secO —cosf and y = sec™@ — cos™0, then prove that - n y2+
dx xX“+4
. dy
20. If x¥ + y* + x* = m" , then find the value of e
3 - . d%y
21, If x =acos0,y = asin®6 then find — atx=—
dx 6
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_1 [V1+sinx —V1-sinx
V1+sinx + V1-sinx

22.  Ify =tan

]where 0<x<Z findZ
2 dx

2 2 d2 b“
23, 1f< + 2 = 1 then show that 22

a? b2

2 2 3¢
X a’y

24, lf=[x+VxZ+1 ]m , show that (x2 + 1)y, + xy; — m?y = 0.

log x

_ dy
Y = Xy =
25.  Ifx e”"”, prove that —= (T+log )2

] -1
26.  If y +y%" = 2x then prove that (x* —1)y, + xy, =m’y.

ANSWERS

ONE MARK QUESTIONS

. {1}
2. {-2,-%}
3. R

4, Points of discontinuity of f(x) are 4,5,6,7

Note- At x = 3, f(x) = [x] is continuous because lim,_ 3+ f(x) = 3 = f(3)

4
5. 5x 1. 2x cos (x%)
6. 15
12. d
7. -cott @
8 1+log2 13. 5 (x’log5 + 5x%)
0. x=-1,1,-3 14. 2/3
10. 0 15. () CosX
(2y-1)
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TWO MARKS QUESTIONS

1.

2xcos(x?)
cos x e5"X
2

Yy
x[1-ylogx|

X [1+log x] + 3x* + 3" log,3

2x(x*+2)
X+2
(_150) o (071)

0

11.

12.

14.

15.

16.
17.

18.

19.

20.

Sin (20° +2),0#0
0
10" 10*log10(1+ xlog10)

x*[1+logx]
-1
1

1
xlogx

2x sinx’

1

,where 0 <x <1

41— xsin""Vx

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. If y:sinzx—coszx,thenZ—y:
(a) 2sinx
(c) 2sin2x

2cos x

—-2sin2x

2. Thevalue of "4k’ for which the function f(x) is continuous at x = 3.

(@) 4
(c)

2

w, when x #3
x-3
2k +1, when x =3

6

22

3. Derivative of sinx with respect to cos x is

(a) tanx

(c)

cotx

—tanx

—cotx
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4. If y = (x+v1+x2)", then (1+X2)ﬂ+xd_y:
dx dx
(a) n2y (b) ny
© y (d) -ny
2
5. If x = a(cos6 +0sind),y = a(sin® —6cos6) then Z’—}Z/ =
X
sec’ 0 . sec® o
@ — (b) —
(c) sec®o (d) 6sec®6
SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. A Function defined as
F(x) = | x|+3, whenx<0
5-|x], whenx>0
is continuous on

(@) R (b) R-{0}
(c) [0,) d) (=0
2. The function g(x) = (sin x + cos x) is continuous at
(@ R (b) R-{0}
© R-{g} @ R-{m)
3. Thevalue of the derivative of [x—2| + [x— 3| atx=2is
(a) 1 (b) 3
(c) 2 (d) O
: dy
4. Ifsiny=x.cos(a+y)then v
cos?(a+y) cos’(a+y)
(a) cosa (b) sina
(©) Sme) i)
cosa

b b
a)a+ (Xb\ +C c\¢+a dy_

X [ x
(@ 1 (b) abc
(c) a+b+c (d) 0
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THREE MARKS QUESTIONS

1. (1 Continuous (I Discontinuous
() Not Continuous at x =0 (IV)  Continuous
1
2. (1) K=-1 am K= /2
() K=8
3 a=0, b=-1
-3 1
4 a=7,b=R—{0},C=E
5 A=-1
6. a=- b=4
2
7 a=3,b=5
8 3a-3b=2
9 _1

2
10. x"x"x{(l + log x) logx+§}

11. (x cosx)*[1 — x tanx + (logx cosx)] + (xsin x)l/x [1+x "Otx;zlog(x Sin)X]
2x+13x
16. [1+(36)X] log6
2
18. NG
20 dy _ x*(1+logx)+yx?"1-y*logy
' dx xYlogx + xyX~1
2. =
1
22. -7
SELF ASSESSMENT TEST1
1. (C) 2. (C) 3. (D) 4. (A) 5. (B)
SELF ASSESSMENT TEST-2
1. (B) 2. (A) 3. (C) 4. (A) 5. (D)
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CHAPTER 6
APPLICATION OF DERIVATIVES

The sight of soap bubble produced using a bubble wand is very exciting! One application of
derivative is finding the rate of increase of size of the bubble (dv/dt) due to increasing radius,
where V is the volume of spherical bubble and r is the radius. This can be calculated by
knowing the rate of increase of radius with time (dr/df).

/" APPLICATION OF DERIVATIVES |
Topics to be covered as per C.B.S.E. revised syllabus (2022-23)

e Applications of derivatives:

e rateof change of bodies,

* increasing/decreasing functions,

e maxima and minima (first derivative test motivated geometrically and second
derivative test given as a provable tool).

e Simple problems (that illustrate basic principles and understanding of the subject

as well as real life situations).
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POINTS TO REMEMBER

Rate of change: Let y = f(x) be a function then the rate of change of y
da
with respect to x is given by é = f'(x) where a quantity y varies with

another quantity x.

{Z_y} or f' (x1)represents the rate of change of y w.r.t. x at x = x;.
x X =X,

Increasing and Decreasing Function

Let f be a real-valued function and let I be any interval in the domain of f.
Then f is said to be

a) Strictly increasing on I, if for all x; x, € I, we have
x1 < x5 = f(xy) < flxz)

b) Increasingon |, ifforallx; x, € I, we have
x1 <x3 = f(xy) < fxg)

c) Strictly decreasing in I, if for all x; x, € I, we have
x1 <xz = f(x1) > fx2)

d) Decreasingon L ifforall x; x, € I, we have
x1 <x3 = f(xq) = fxz)

Derivative Test: Let f be a continuous function on [a, b] and
differentiable on (a, b). Then

a) f is strictly increasing on [a, b] if f'(x) > 0 for each xe(a, b).
b) f isincreasing on [a, b] if f'(x) = 0 for each xe (a, b).

c) f is strictly decreasing on [a, b]if f'(x) < 0 for each x€ (a, b).
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d) f is decreasing on [a, b]if f'(x) < 0 for each xe (a, b).
e) f is constant function on [a, b] if f'(x) = 0 for each x€ (a, b).
e Maxima and Minima

a) Letf be a function and c be a point in the domain of f such that either

f {(x)=0 or f ‘(x) does not exist are called critical points.

b) First Derivative Test: Let f be a function defined on an open interval

I. Let f be continuous at a critical point ¢ in I. Then

i. f (x) changes sign from positive to negative as x increases
through c, then c is called the point of the local maxima.

ii. f (x) changes sign from negative to positive as x increases
through c, then c is a point of Jocal minima.

iii. f "(x) does not change sign as x increases through c, then c is
neither a point of Jocal maxima nor a point of Jocal minima.

Such a point is called a point of inflexion.

c) Second Derivative Test : Let f be a function defined on an interval |

and let c € l. Let f be twice differentiable at c. Then
i. x = ¢ is a point of local maxima if f '(¢) = 0 and f "’(c) < 0. The
value f (c) is local maximum value of f.

ii. x=cis a point of local minima if f '(c) = 0 and f"(c) > 0. The
value f (c) is local minimum value of f.

iii.  The testfailsif f(c) =0and f"(c) = 0.

EXTREME VALUE OF A FUNCTION

Let y = f(x) be areal function defined on an interval I and C be any pointinI. Then fis said to
have an extreme value in /if f(c) is either maximum or minimum value of fin /.

Here, f(c)is called the extreme value and Cis called one of the extreme points.
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lllustration:
Letf(x)=(2x—1)"+ 3.

Then, f(x) >3, as (2x—1)*>0
For any real number 'x'

= (2x—1)"+3>0+3

1
Thus, minimum value of f(x) is 3, which occurs at x = 2

Also f(x) has no maximum value as f(x) - w as |x| - o

lllustration:

Letg(x)=—(x—1)"+10.

Then, g(x)=10—(x—1)°<10 V xe Ras (x—1)° is
Always greater them or equal to zero.

Thus maximum value of g(x) is 10, which occurs at x =1

Also g(x) has no minimum value of f(x) »>—o0 as |x| — o.

lllustration:

Neither maximum nor minimum value of a function.

Letas consider a function f(x) = x%, x € (-1, 1)

Since this function is an increasing
function in (-1, 1), it should have
minimum value at a point nearest to
—1 and maximum value at a point
nearestto 1.

Butwe can notlocate such points (see -

figure)

So, f(x) = x*, has neither maximum
nor-minimum valuein (-1, 1).

But, if we extend the domain of fto [-1, 1], then the function f(x) = x> has maximum

value 1 at x=1and minimum value -1 at x=—1

Note: Every continuous function on an closed interval has a maximum and minium

value.
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10.

1.

12.

13.

ONE MARK QUESTIONS

Find the angle 6, where 0< 9<§, which increases twice as fast as its

sine.

A balloon which always remains spherical has a variable radius. Find
the rate at which its volume is increasing with respect to its radius

when the radius is 7cm.

Write the interval for which the function f (x) = cosx,0 < x < 2mis

decreasing

For what values of x is the rate of increasing of x3 — 5x? + 5x + 8 is

twice the rate of increase of x 7
Write the maximum value of f(x) = 10% Jif it exists.

Find the least value of f(x) = ax + s,where a>0, b>0 and x>0.
Find the interval in which the function

f(x) =x—e" + tan<27n> increases

Find the value of a for which the function f(x) = x2 — 2ax + 6,x > 0 is

strictly increasing.

Find the minimum value of sin x + cos x.
Show that f(x) = cos 2x is Decreasing on <O%>

Find the absolute maximum of x*® — x2° on the interval (0,1).

Find the angle between y2 =xandx = y at the origin.

Find the local minimum value of f'(x) if f(x) =3 + | x|, x € R.

[Class XII : Maths]

97



14. The distance covered by a particle in t sec.is given by x = 3 + 8t — 4t2. What will be its
velocity after 1 second.

15.  If the rate of change of volume of a sphere is equal to the rate of change of its
radius, then find r.

TWO MARKS QUESTIONS

1. The sum of the two numbers is 8, what will be the maximum value of
the sum of their reciprocals.

2. Find the maximum value of f(x) = 2x*> — 24x + 107 in the internal [1, 3]

3. If the rate of change of Area of a circle is equal to the rate of change its
diameter. Find the radius of the circle.

4, The sides of on equilateral triangle are increasing at the rate of 2 cm/s.
Find the rate at which the area increases, when side is 10 cm.

5. If there is an error of a% in measuring the edge of cube, then what is the percentge
error in its surface?

6. If an error of k% is made in measuring the radius of a sphere, then what is the
percentage error in its volume?

7. If the curves y = 2exand y = ae™ interect orthogonally, then find a.

8. Find the point on the curve y? = 8x for which the abscissa and ordinate change at the
same rate.

9. Prove that the function f(x) = tan x — 4x is strictly decreasing on —?ng .

10.  Find the point on the curve y = x3 where the slope of the tangent is equal to the x co-
ordinate of the point.

11.  Use differentials to approximate the cube root of 66.

12.  Find the maximum and minimum values of the function f(x) = sin (sin x)

13.  Find the local maxima and minima of the function f(x) = 2x® — 21x2 + 36x — 20.

14. Ify=alog x + bx?+ x has its exteme values at x =—1 and x = 2, then find a and b.

15. Iftheradius of the circle increases from 5 into 5.1 cm, then find the increase in area.
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THREE MARKS QUESTIONS

In a competition, a brave child tries to inflate a huge spherical balloon
bearing slogans against child labour at the rate of 900 cm3 of gas per
second. Find the rate at which the radius of the balloon is increasing,

when its radius is 15 cm.

An inverted cone has a depth of 10 cm and a base of radius 5 cm.
Water is poured into it at the rate of %c.c. per minute. Find the rate at

which the level of water in the cone is rising when the depth is 4 cm.

The volume of a cube is increasing at a constant rate. Prove that the
increase in its surface area varies inversely as the length of an edge of

the cube.

A kite is moving horizontally at a height of 151.5 meters. If the speed of
the kite is 10m/sec, how fast is the string being let out when the kite is
250 m away from the boy who is flying the kite ? The height of the boy

is1.5m.

A swimming pool is to be drained for cleaning. If L represents the
number of litres of water in the pool t seconds after the pool has been
plugged off to drain and L = 200(10 — t)2. How fast is the water
running out at the end of 5 sec. and what is the average rate at which
the water flows out during the first 5 seconds?

A man 2m tall, walk at a uniform speed of 6km/h away from a lamp
post 6m high. Find the rate at which the length of his shadow
increases.

A water tank has the shape of an inverted right circular cone with its
axis vertical and vertex lower most. Its semi- vertical angle is
tan~1(0.5). water is poured into it at a constant rate of5m3/h. Find the
rate at which the level of the water is rising at the instant, when the
depth of Water in the tank is 4m.
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8. A spherical ball of salt is dissolving in water in such a manner that the
rate of decrease of the volume at any instant is proportional to the
surface area. Prove that the radius is decreasing at a constant rate.

9. A conical vessel whose height is 10 meters and the radius of whose
base is half that of the height is being filled with a liquid at a uniform
rate of 1.5m3/min. find the rate at which the level of the water in the
vessel is rising when it is 3m below the top of the vessel.

10. Let x and y be the sides of two squares such thaty = x — x2. Find the
rate of change of area of the second square w.r.t. the area of the first
square.

11. The length of a rectangle is increasing at the rate of 3.5 cm/sec. and its
breadth is decreasing at the rate of 3 cm/sec. Find the rate of change
of the area of the rectangle when length is 12 cm and breadth is 8 cm.

12. If the areas of a circle increases at a uniform rate, then prove that the
perimeter various inversely as the radius.

13. Show that f(x) =x®—6x?+18x+5 is an increasing function for
allx € R. Find its value when the rate of increase of f(x) is least.

[Hint: Rate of increase is least when f'(x) is least.]

14. Determine whether the following function is increasing or decreasing in
i - . = T\ 3¢ ST
the given interval: f(x) = cos (2x + 4), s SXsS -
3
15. Determine for which values of x, the function y=x* —% is increasing
and for which it is decreasing.

16. Find the interval of increasing and decreasing of the function

f) ==

17. Find the interval of increasing and decreasing of the functionf(x) =
sinx —cosx, 0 < x < 2m.

18. Show that f(x) =x%e %,0<x <2 is increasing in the indicated
interval.
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

4 sin 6
2+cos 6

Prove that the function y = — @ is an increasing function of

. s
0in [0, E]'
Find the intervals in which the following functionis decreasing.

f(x) = x* —8x3 +22x% — 24x + 21

3 s
Find the interval in which the function f(x) = 5xz —3x2,x >0 is
strictly decreasing.

Show that the function f(x) = tan~!(sinx + cos x),is strictly increasing
the interval (O,E).
4

A2
Find the interval in which the function f(x) = cos™! (;;) is

increasing or decreasing.
Find the interval in which the function given by

()_3x4 4x3 32_|_36x+11
fR =355 3+

(i) strictly increasing

(i) strictly decreasing

Show that the curves xy = a? and x? + y? = 2a? touch each other.

For the curve y = 5x — 2x¥ if x increases at the rate of 2 Units/sec.
then how fast is the slope of the curve changing when x=37?

If the radius of a circle increases from 5 cm to 5.1 cm, find the increase

in area.

If the side of a cube be increased by 0.1%, find the corresponding

increase in the volume of the cube.
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29. Find the maximum and minimum values of f(x) =sinx+%cos 2x in
T
03]

30. Find the absolute maximum value and absolute minimum value of the

2
following question f(x) = G— x) +x3 in[-2, 2.5]

31.  Find the maximum and minimum values of f(x) = x°° — x2% in the
interval [0, 1]

32. Find the absolute maximum and absolute minimum value of

fx)=(x—-2)Vx—1in [1,9]

33. Find the difference between the greatest and least values of the

function f(x) = sin2x — x on [—gg]

FIVE MARKS QUESTIONS

1. Prove that the least perimeter of an isosceles triangle in which a circle
of radius r can be inscribed is 6v/3 r.

2. If the sum of length of hypotenuse and a side of a right angled triangle
is given, show that area of triangle is maximum, when the angle

between them is g

3. Show that semi-vertical angle of a cone of maximum volume and given
— 11
slant height is cos (\/g) .
4, The sum of the surface areas of cuboids with sides x, 2x and g and a

sphere is given to be constant. Prove that the sum of their volumes is
minimum if x = 3 radius of the sphere. Also find the minimum value of
the sum of their volumes.

5. Show that the volume of the largest cone that can be inscribed in a

sphere of radius R is 2% of the volume of the sphere.

6. Show that the cone of the greatest volume which can be inscribed in a

given sphere has an altitude equal to § of the diameter of the sphere.
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7. Prove that the radius of the right circular cylinder of greatest curved
surface area which can be inscribed in a given cone is half of that of
the cone.

8. Show that the volume of the greatest cylinder which can be inscribed in

a cone of height h and semi-vertical angle a is 24—77Th3tan2a. Also

show that height of the cylinder is 2

9. Find the point on the curve y? = 4x which is nearest to the point (2,1).

10. Find the shortest distance between the line y — x = 1 and the curvex =

yZ.

11. A wire of length 36 m is to be cut into two pieces. One of the pieces is
to be made into a square and the other into a circle. What should be

the length of the two pieces, so that the combined area of the square
and the circle is minimum?

12. Show that the height of the cylinder of maximum volume that can be
2r

inscribed in a sphere of radius r is NG

13. Find the area of greatest rectangle that can be inscribed in an ellipse
x2 yZ
2tp=L

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. For the curve y = 5x — 2x, if x increases at the rate of 2 units/sec, then how fast is the
slope of curve changing when x=3

(a) 72units/sec (b) =72units/sec
(c) 54 units/sec (d) —54units/sec

2. The function f(x) = tan x— 4x, on (%ﬂg] s

(a) strictly decreasing (b) strictlyincreasing
(c) neitherincreasing or deceasing
(d) Nonofthese
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3.

The curve y = xe* has minimum value equal to
(a) 1 (b) ©

1
© e @ —

The sides of an equilateral triangle are increasing at the rate of 2 cm/sec. The rate (in
cm?/sec) at which the areaincreases, when sideis 10 cmis

(@) 10 (b) 5
(c) 103 (d) 5V3
Ifab=2a+3b,a>0, b>0thenthe minimum value of abis
(a) 6 (b) 12
(c) 24 (d) 48

SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1.

If the function f(x) = 2x3—9ax? + 12a? x + 1 where a > 0, attains its maximum and minimum
atp and grespectively such that p?=q, thena=

(@ O (b) 1

(c) 2 (d) 3
Theintervalin which y=—x®+ 3x2 + 2022 is increasing is
(@) (-»,0)u(2,x) (b) (2,0)
(c) (0,2) (d) (=,0)
The maximum value of the function f(x) = 4sinx.cosx is
(a) 1 (b) 2

(c) 3 (d) 4
Which of the following function is decreasing on [O, gj
(a) cosx (b) sinx

(c) tanx (d) sin2x

Aman of height 2 metres walks at a uniform speed of 5 km/h away from a lamp post which
is 6 metres high. The rate at which the length of his shadow increases is

(a) 5km/hr (b) 2km/hr
(c) 3km/hr (d) 2.5km/hr
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Answers

ONE MARK QUESTIONS

1 i
3
3
) 1967 <
cm
3 [0, 7]
. sl
3
5. !
e
6 2@
£ (_0070)
8. a<0
9 -2
1. 0
12. I
2
13, -1
14. 0 unit
15 1 unit
N

TWO MARKS QUESTIONS

© N o o M

11.

12.
13.

14.

15.

10J3cm? I s

2a%

3k %

V2

(2, 4)

(0,0)

= 4.042

sin 1, —sin 1

Local maxima at x = 1
Local minima atx =6
a=2,b=-%

7 cm?

THREE MARKS QUESTIONS

1
1. —ecm/s

T

3
2. —ocm/mi

8 cm/min
4., 8 m/sec.
5. 3000L/s
6. 3 km/h

35
7. &8 /h

6
9. Em/min
10. 1 — 3x + 2x?
11. 8 ecm’

secC

13. 25

14. Increasing
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15. Increasing forall x > 1 28. 0.3%

Decreasing forall x < 1 _ )
29. max. value =, mim value =

16. Increasing on (o, e)
157 7

Decreasing on [e, ) 30. ab. Max.=—-, ab. Min. = —~

17. Increasing on 31.  max.value=0,

) _ 2/3
(O, %j U (77?’2@ min.value = ?3 E]

. 3m 7 32. ab.Max=14atx=9
Decreasing on [T'T]

. -3 5
ab. Min.=—=atx = =
20. (-o0,1]U[2,3] a3 4
21. [1,0] 33. m

23. increasing on [0, o)

FIVE MARKS QUESTIONS

Decreasing (-0, 0]

NP . 4. 1803+ 23
24, (i) Strictly increasing
(ii) Strictly decreasing 10 32
(o0, 2] U[1, 3] -8
1 144 367
26. decrease 72 units/sec. ) T2 Y s
27. mcm? 13.  2ab sq. Units.

SELF ASSESSMENT TEST-1

1. (b) 2. (a) 3. (d) 4. (c) 5. (c)
SELF ASSESSMENT TEST-2
1. (c) 2. (c) 3. (b) 4. (a) 5. (d)
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CHAPTER 7
INTEGRALS

There are many applications of integration in the field such as Physics, Engineering,
Business, Economics etc. One of the important application of integration is finding the profit
function of producing a certain number of cars if the marginal cost and revenue function are
known. Companies can thus determine the maximum profit that can be earned and in this
way plan their production, labour and other infrastructure accordingly.

| INTEGRALS |
Topics to be covered as per C.B.S.E. revised syllabus (2022-23)

* Integration asinverse process of differentiation
* Integration of a variety of functions by substitution, by partial fractions and by parts

» Evaluation of simple integrals of the following types and problems based on them.
dx dx

'[X +a’ ‘[\/x2+a J‘\/a 2'[6”(2erXJFC’I\/ax2+bx+c

J‘ pX+q dIﬂdx,j\/aziﬁdx,‘[\/xz—azdx

ax® tbx+c Y \Jax? +bx+c
J.\/ax2+bx+c dx

Fundamental Theorem of Calculus (without proof).

» Basic properties of definite integrals and evaluation of definite integrals.
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POINTS TO REMEMBER

Integration or anti derivative is the reverse process of Differentiation.
Let < F(x) = f(x) then we write [ f(x) dx = F(x) +c.

These integrals are called indefinite integrals and c is called constant of
integration.

From geometrical point of view, an indefinite integral is the collection of
family of curves each of which is obtained by translating one of the
curves parallel to itself upwards or downwards along y-axis.

STANDARD FORMULAE

Xn+1

—4cCc, n=*-1

1. [xPdx ={ n+1
loge|x|+¢c, n=-1
n+1
%+ ¢, n#*-1

2. [lx+brdx=4 @2

;loglax+ bl|+c¢, n=-1
3. [sinxdx = —cosx +c.
4. Jcosxdx =sinx+c
5. [ tanx.dx = —log|cos x| + ¢ = log|secx]| + c.
6. [ cotx dx = log|sinx| + c.
7. [sec?xdx = tanx+c
8. [ cosec? xdx = —cotx+c
9. [ secx tanxdx = secx +c
10.  [cosecx cotxdx = —cosecx +c
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

[ secxdx = log|secx + tanx| + ¢

X

= log |tan(

[ cosec x dx = log|cosec x — cotx| + ¢
log|t X| +
=log[tan=| + ¢
[ty
JeXdx= eX+c

X

a
[a* dx =
loga

1 _ P
f\/—?dx— sin"lx+c,|x| <1

=—cos x+c

1
J——dx = tan"'x+c
1+x

= —cot™Ix+¢c

IW%__l dx = seclx+c,|x|>1

= —cosec x + ¢

1 1 _1X
= dx=-tan"'=+¢
a2 +x2 a a

1 .1 X X
[ — = 1=z = — -12
) ——dx = sin"'~+c=—cosT! o+

fﬁdx = log|x + VaZ + x2| + ¢

2+g)|+c
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23. fﬁdx= log|x + Vx2 —a?| + ¢

2

24.  [+Va?—x?2dx= EVaZ—x2+a7sin‘1§+c
2

25.  [+aZ+x? dx=§\/a2+X2+a?log|x+\/a2+xz|+c
2

26. [Vx?—a?dx= gx/xz—az—a?log|x+\/x2—a2|+c

RULES OF INTEGRATION

1. [ 65L&+ . X)) ] dx = [fx)dx + [ HE)dxt.. .....
[ f,(x)dx

-+

2. [k f(x)dx = k [ f(x)dx.
3. [eX{f(x) + f'(x)}dx = e*f(x) + ¢
INTEGRATION BY SUBSTITUTION

HCI
[ T2 dx = loglf(x)| + ¢

BN

[feopn*t
n+1

2. I ' (x)dx = +c

1 —n+1
f ) dx = ()

[fr  -n+1 tc

INTEGRATION BY PARTS
T

DEFINITE INTEGRALS

b
ff(x)dx = F(b) — F(a), where F(x) = ff(x) dx
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DEFINITE INTEGRAL AS A LIMIT OF SUMS.

b
ff(x)dx = }lli_r)r(l)h [f(a) + f(a+ h) + f(a + 2h) + -+ f(a + n — 1h)]

Where h = b%a or fab f(x)dx = limp,_,,[h X, f(a + rh)]

PROPERTIES OF DEFINITE INTEGRAL

b

f(x)=—] f(x)dx
Jro=]

a

=

N

b b
. jf(x)dx=-ff(t)dt.

w

. jbf(x)dx= ff(x)dx+jbf(x)dx.

-~

b b
(i)-ff(x)dx= Jf(a+b—x)dx.
(i) f f(x)dx = ff(a —x)dx
5. ff(x)dx =2 faf (x)dx, if f (x)iseven function

6. ff (x)dx = 0if f (x) is an odd function

" _ 2| r@dx, iff2a=%) =)
7 ff(x)dx—{ Of O 2a—x) = —F (0
0
0
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lllustration:

2
Evaluate Ie" [x_+£2J dx
X +

X+2 2 2 2
Sqution:l=Iex[ j dx=Ie"{1— j dx
X+4 X+4

X 4 4
:.[e {(1—X+4j+(x+4)2}dx
4

= '[ex [f(x)+f'(x)]dx, where f(x) = 1—m

X

4 )+C: X ¢
x+4 x+4

=e*f(x)+C=¢e" (1—

lllustration:

x% +1

(x +1)?

x% +1 = (x+1)? —2x

(x +1) (x+1Y?

:I(x+1)2 -2(4+1)+2
(x +1)?

=J[1—L+L2}dx
X+1 (x+1)

:x—1|og|4+1|—i+C
X+1

Find |

Solution: I

dx

lllustration:

n/4 . 2 2
sin“ xcos” x
Evaluatej — 35 dX
5 (sin” x+cos” x)

. n/4
sin? xcos? x ~ J' tan® xsec? x .

nl4
Solution:
J- (sin3 X + cos® x)2 (tan3 X+ 1)2

0
[dividing Num and Den by cos®x]

Putz=tan®x+1,
then d2 = 3tan®x sec?x dx

0

112
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Alsowhen x=0,z=0andwhen x =

2
NowI=1 %z—l{l} =—1F_1}=1
3)z22 3lz), 3[2 6

lllustration:
J‘ X% +1
Find (X+1

nl4 )(.|-E nl4 n/4

Solution: I —4dx= J. ;dx+£ I ; X
_n/42—0032x _n/42—0032x 4 /42—0032x

nl4
=0 + -2 I —— [Since first functionis an even function
M X" and second function is an odd function
- Enj L
-2
2 2(1-2sin” x)
~ E1':j‘4 dx
29 2sin? x +1
" sec?x
=z I ————dx [dividing num and den by cos?x]
2§ 3tan” x +1

Put z = /3 tan x, then dz = /3 sec? x dx

Alsowhen x=0, z=0, andwhenx=£,z:\/§

- From (i), I = .

tan z]

I\)l?—l

0

:—[tan1f tan” 0]

203

=—tan’1«/§
243

_omon_
2/3'3 63

[Class XII : Maths]

113



ONE MARK QUESTIONS

Evaluate the following integrals:

1. J(sin™* Vx + cos ™! Vx) dx
1

2. [ eMdx

dx
3. f 1-sin2x

1
4. [ xPcos* xdx

1
5. fx logxlog(logx) dx

1/2
6. I cosx.log[1+xj dx

—X

-1/2

7. j‘(ealogx + exloga) dx

cos 2x + 2sin? x
I dx
cosZ x

"2 7
9. f_n/ sin”x dx
2
10.  [V10—4x +x? dx

11. f_11 x3|x| dx

1

12. _—
fsinzx cosZx
2 dx
13. f—z 1+|x—1]

14, [elogx dx
15, [ dx

X
16. ——dx
j\/x+1

114
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

X
f(x+1)2 dx
Vx
f% dx

[ cos? adx

1
fXCOSO(+1

[ secxlog(secx + tanx) dx

f 1
cosa+ X sina

2
fsec (logx) dx
X

X

e
| fem O

1
fx(2+3 logx) dx

1-sinx
f dx
X+C0S X

J-1—cosx dx

sinx

Xe—l +ex—1

f Xe +eX dX

(x+1)
fT(X + log x) dx

f:lcos x| dx

foz [x] dx where [x]is greatest integers function.

1
| oo O

fb f(x)
a f(x)+f(a+b-x)

1 x|
_2; dx

[Class XII : Maths]
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35.

I

1xlxl dx

n/4

39. J‘ | sinx |dx
36. [xvVx+2dx i
1
b a 40. fsecx+tanx
37. [ fe)dx+ [ f(x)dx
sin?x
sin x 41. f1+cosx
38. fSinzx 1-tanx
42. | dx
1+tanx
TWO MARKS QUESTIONS
Evaluate :
1. [eleotxstriongy 1. [xlog2x dx
1 n/4
. —_— i
2 jm_'_ 2 x 12. jo 1+ sin2xdx
3. j sin.xsin2:xdy 13. I;I/Zex (sinx — cosx )dx
o
4. Xl ix+a ——_dx
foe2eceslp o Pt
1 dx
n/2 5+ 3cosx 15. dx
5. -[O |Og(m) dx jo eX e %
log|sinx|
X X —dX
6. J’a ";b dx 16. I tanx
¢ .4 4
sin® x + cos™ x
1 ’ 17 Isin3x+cos3x o
7. [ [Var o e
ax
18. J‘\/tanx (1+tan’x)dx
8. IeXZde
19 sin2x
9. '[222 22'2%dx ’ (a+bcosx)2
sin(2tan~"x X2 —x+2
0. | ( _ )dx 20. j2—1dx
1+ X Xo
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THREE MARKS QUESTIONS

Evaluate :
. x cosec (tan~1x2)
1. (i) fT
. f\/x+ \h
(i) et &

(i) [——————dx

sin(x—a) sin(x—b)

(iV) f cos(x+a) dx

cos(x—a)

(v)  Jcos2x cos4x cos6x dx
(vij [ tan2xtan3xtan5x dx
iy [ sin*x cos*x dx

(i) J cot®x cosec*x dx

ix) [ SINXCOSX__ dx [Hint: Put a?sin?x + b2cos?x = t or t2

aZsin?x+b?cos?x

1
(x) f Jcos3x cos(x+a) dx

f sin®x+ cos®x

(xi) sin?x cos2x
. f sin X+ cos x
(X“) Vsin 2x
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Evaluate :

() [oramdx

1

(“) fx[6(logx)2+7logx+2]
e 1 d
(I") f\/sin3x cosSx X
. x2+1
(iv) fx4+1 dx
I;d
V) et
. 5x—2
(vi) f3x2+2x+1
. x?
(vii) J‘x2+6x+1
(viiy [ \/::__szdx

(ix)  [xV1+x—x2%dx

f sin%x

(x)

cos8x

(xi) f\/secx——l dx [Hint: Multiply and divided by v/secx + 1]

Evaluate :
. dx
0 Ies
3x+5
(ii) fx3—x2—x+1
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sin0cos 6
[——— de

(iii) c0s20 — cos 6-2
. dx
(V) f (2-x)(x2+3)
) f X2 +x+2
(x=2)(x-1)

. (x2+1)(x%+2)
(vi) f (x2+3)(x2+4)

. dx
(VII) f (2x+1)(x2+4)

f X2—1
x*+x2+1

(viii)
(ix)  [+tanxdx

(X) f dx

sinx—sin 2x
4.  Evaluate:
(i) [ x®sinx3 dx
(il [ sec3x dx
(i) [ e*cos(bx + c) dx
(iv) Jsin™! (%) dx [Hint: Put 3x=tan 0]
V) [ cosv/x dx

(vi) [Jx*tan"'xdx
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(vii) fezx (1+sin ZX) dx

1+cos 2x

1 1
(VIII) f[logx - (logx)z] dx

(ix)  [+V2ax —x2dx

(x2+1)
(x) f ¢ (x+1)2 dx

(xi)  [x3sin7? (i) dx

(xii) f{lOg(lOgX) + (loglx)z} dx

i)y [(6x +5)V6 + x — x2 dx

1
oiv) iy

(xv) Jtan™! (X_s ) dx

_— logx =t
[Hint: Put x = et]

1+5x
. dx
(XVI) f 5+4 cosx
5. Evaluate the following definite integrals:
. T/, sinx+cosx
(I) fO 9+16 sin2x
(ii) fon/z cos 2x log sinx dx
1 1-x2
@iy fyx /1+7dx
1
. /ﬁ sin™1x
(|V) fO (1—X2)3/2
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(V) f"'[/z sin 2x

0  sin*x + cos*x

(vi) fol sin <2 tan~! /g) dx

.. T/, x +sinx
(VII) fO 1+ cosx

1 X
(viii) [ xlog (1 + E) dx
. 1y
(ix) [ {2Ixcosmx|dx
(x) ffn(cos ax—sinbx)? dx
6. Evaluate:

() [lx—2]+Ix—3] +|x— 4[] dx

W5

W e[

1+x2

. T X sinx
(IV) fO 1+cos2x dx

. T/, xsinx cosx
(VI) fO sinx+ cos*x

(i) [ 5o dx [Hint:use [J f(x)dx = [ f(a — x)dx

a2 cos2x+ b2sin?x
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7.  Evaluate the following integrals:
O
/2
(ii) J. (sin|x|+cos|x|)dx
o

ecosx
(111) fecosx + e—cosx dx
0

T X tan x

(@iv) dx

0 secx + cosec X

W) f \[i dx

8. Evaluate

o f sin~1y/x — cos 71 v/x
i
sin~1vVx + cos~1v/x

3 ’1—\/§
(i) f 1+\/de

2 X
(i) | (;2)2 dx

dx x€][0,1]

X2

(iv) ,[ (xsinx + cosx)? dx

W) f sin™?! \/z dx
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/3
sinx + cosx
(vi) f dx

Vsin 2x

sin x
(vii) f - dx
sin 4x
3/2

(viii) j |x sinTx| dx

sin(x — a)
(ix) f sin(x + a)

2

(X)Jﬁ(x24-4)(x24-9) dx

( )fcosSx+cos4x
X 1—2cos3x

FIVE MARKS QUESTIONS

9. Evaluate the following integrals:

5 +4
(ofxs dx
X2 —X

(..)j 2e' dt
W &t ee?t  11et— 6

2X
(lll)jm dX
1+ sinx
(v )fsmx (1 + cosx)
/2

) f (\/tan X+ \/cotx) dx
0
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1
. 1 —x2
(Vl)jX —1+X2dx
0

/5

(Vll) J' COsSX

14 cosx+sinx

10.  Evaluate the following integrals as limit of sums:
4
Q) f(ZX + 1) dx
2
2
(ii) j(xz +3) dx
0
(iii) f(3x2 —2x+4) dx
4
(iv)f(3x2 + e%¥) dx
0
1
(v)fez‘3X dx
0
(vi) f(3x2 +2x+1) dx
11.  Evaluate:
R f dx
2 (sinx — 2 cosx)(2 sinx + cosx)
log(1 + x)
(D _[ 1+ x2
/>
(iii)f (2logsinx — logsin 2x) dx
0
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12.

13.

14.

15.

1

fx(tan'1 x)? dx

0
/2

f logsinx dx
0

1

1
Prove thatf tan~ ) dx =2 ftan‘lxdx
1—x + x2
0 0

Hence or otherwise evaluate the integral Itan'l(l -x+ Xz) dx.

Evaluate

f/z sin? x

sin x+cosx

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. 1= j(x8 L) D +1)(x + )(x —1)dx =

(@) x"®-1+c (b) x"-x+c
X7 x'6
(c) 57 o Xte (d 7 **°

2, jsin(x2 1+2022)d(x?) =

(@) 2x.sin(x*+2022)+c (b) —2x.cos(x*+2022)+c
(c) sin(x*+2022)+c (d) —cos(x*+2022)+c
. a . b
3. J-cos?’ XxA/sinx dx = 25'2 x_ 28'; X, ¢, then (a+b) =
(@) 2 (b) 4
(c) 5 d) 6
.2 2
sin“ x —cos” x
—————dx=
4 I sin? x.cos? x
(@) tanx+cotx+c (b) tanx-—cotx+c
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/2
.2 _E _
5. !sm xdx_k,thenk_
(@) 0.25 (b) 05

(c) 1 (d)
SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

n/2

I logtan xdx =

0

(@ 0 (b) 1
T

() = (d) 5

e

1+sinx

(@) 4n (b) g

(c) =« (d) 2=n

. jlog(x2+1)dx:
(@) xlog(x@®+1)-2x+2tan"'x+c (b) xlog(x*+1)—2x—2tan""x+c¢

(c) xlog(x*+1)+2x+2tan'x+c (d) Noneofthese

] Ie".sinxdx =

e*(sin x + cos x) e*(sin x — cos x)
———"ic — = ""lic

(@) (b)

2 2
e*(-sinx +cos x) —e*(sinx + cos x)
(c) > +cC (d) > +cC

. J'cos2 xdx = ax + bsin2x +c, then (2a+4b+1) =

0 (b) 1
c) 3 d) -7

(@)
(c)
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10.

11.

12.

13.
14.

15.

16.

gx +cC
2e —2
tanx +c
0
log|log|log x|| + ¢

0

Xa+1 aX

+c
a+1 loga

tanx + ¢

0

(x=2)Vx2—4x+10 +
2

3log|(x— 2) +
VxZ—4x+ 10| + ¢

0

tanx —cotx+ ¢

3log.2
log|x| + ¢

6
log(3)

+c

3

Answers
ONE MARKS QUESTIONS

Z(x+1)%—2(x+1)y2+c

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

1
loglx+1|+m+c

2e‘/§+c

xcos?o + ¢

log|x cosa+1]|
cosa

(log|sec x+tanx|)?
2

+c

log|cos a+xsin af

sina

tan|logx| + ¢

log|eX + V4 + e2X| +c

§log|2+310gx| +c
log|x + cosx| + ¢

X
210g|sec5| +c
1 e X
;loglx +e*+c

(x+logx)?
2
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1 -1 2X
32. 5 sin (?) +c 37. 0
33 b2 38. %loglsecx + tanx| + ¢
2
4. -1 39. 22
35. O 40. log|1+sinx| + ¢
36. g(x+2)5/2— 41. x-—sinx+c
4
S (x+ 232 +c 42.  log|cosx + sinx| + ¢
TWO MARKS QUESTIONS
2 2
1. Xxtlogx+c 1. X?IogZX—XT+C
3 3
2 3[(“2)4 _(x+1)4]+c
3 12, 1
3 -1 sin3x .
. 7 T—SII’\X +C 13. 1
4. 1X—2+alog|x|+ a+1+ " ie
a2 a+1 loga 14. 19
5 0 99
= = 15. tan” e ——
6 c c 4
. +>2Ltc
log|2| log b 16 log|sinx|*
c c : T+C
ax® log|x
7. 7+L—2X+C 17. log|secx + tan x|
+ log |cosec x — cot x| + C
8 2%e”
" log(ze) © 2 312
18. =(tanx)"'“+C
22" 3
log?2 19. ——|I b _
(log2) bZ{og|a+ COSX|+a+bcosx}r
-1
10. —[cosZ(tan X)JJFC 20. x—llog‘x2+1‘+tan’1x+c
2 2
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(vii)

(viii)

(ix)

(iif)

THREE MARKS QUESTIONS
%log [cosec(tan_1 x?) — Xl—z] +c

%(x2 —xVx2 — 1) +%log|x+m| +c

1
sin(a—b)

sin(x—a)
sin(x—b)

+cC

X cos 2a — sin 2a log|sec(x — a)| + ¢

3 1. 1 .
-Xx—-sin2x+ —sin4x+c
8 4 32

%loglsec 5x| — %loglsec 2x| — %loglsec 3x| + ¢

1
32

cot®x | cot*x
— (=2 )+
6 4

[2x+%sian—%sin4X—§sin6X] +c

1

> Vva?sin?x + b2cos?x + ¢
a2—b?

—2coseca+/cosa —tanxsina + ¢
tanx — cotx —3x+ ¢

sin”1[sinx — cos x| + ¢

\/—%tan‘1 (ijgl) +c

2logx

log| |+C

3logx

-2

vtanx

+ gtan3/zx +c
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i Lan-1{L(x_1
() Fran {5 (x=)}+ e
(v)  2loglvx—a+Vx—b|+c

i E 2 __11 -1 (3x+1
(vi) 6log|3x + 2x + 1|+3ﬁtan (ﬁ)+c
(vij x-—3 log|x? + 6x + 12| + 2/3tan™? (X—J;) +c
(vii) —V4x —x% + 4sin™?! (Xz;z) +c

; 1 1 5 . _q1(2x-1
(ix) ;@ +x—x)2+-2x-DV1+x—x*+_sin 1( = )+c
(x) tan®x n tan’x tc

5 7

(xi) —loglcosx+%+\/coszx+cosx| +c

. 1 x’

3. (i) ;log i1 +c

O P P
(") 2 IOg x—1| xX—1 Tt
(iii) _?Zloglcose—Zl—§10g|1+C059| +c

. 1 x2+3 2 1 (X
(iv) 14log 27 +,5tan (ﬁ) +c

—2)2
(v) x+4log 27 4 ¢
X—1

- 2 tan-1 L) _ -1 E)

(vi) X—i-ﬁtan (\/§ 3 tan (2 +c
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. 2 1 1 _
(vii) Elog|2x+ 1] —Eloglx2 + 4| + -, tan 1§+ C

1 x2—x+1
(viii) 2log x2+x+1| +c
(i) itan‘l (tanx —1) n 1 o tanx—+v/2tanx+1
V2 V2tanx 22 g tan x++v2tanx+1
1 1 2
(x) —Eloglcosx -1 —gloglcosx + 1| +§log|1 —2cosx|+c¢
4. (i) é[—x3 cosx3 + sinx3] + ¢
(i) %[secxtanx+log|secx+tanxl] +c
(iii) ﬁ [acos(bx + ¢) + bsin(bx + ¢)] + ¢

(iv) 2xtan"1'3x-— glog |1+ 9x?| +c

(v) 2[&sin& + cos&] +c

4 _ 3
(vi) (X 1)tan_lx—x—+§+ c
4 12 4

vii) Ze?*tanx 4+ c
(vii) >

(viii)

logx
(ix) (XT_a) V2ax — xX + %sin‘1 (%a) +c

(x) ex (E) +c

X+1

4 2
(xi) X:sin‘1 (i) 4+ :vaz —1+c

1

(xii)  xlogl|logx| —$+ c

3 _ _
(xiiiy —2(6+x—x%)2+8 [2X4 LV6 + x —x2 +%Ssin_1 (ZXS 1)] +c
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. 1 1 2 1, g (2x-1
(xiv) 3 log|x + 1| 6loglx x+ 1| + Htan ( ) +c
(xv) xtan‘lx—élogll +x?| —xtan"15+ ¢

(xvi) Ztan~! (ltan E) +c
3 3 2

(i) —11/4

T 1
(iii) 23

(iv) 5 —;log2
v 3

Vi) Ty

iy ™/,

(vii) 2+ 2log?
0 3w

(x) 21T+ L sin 2am — —sin 2bm
2a 2b

(i m

iy eVate Va
1

(v) T

(v) 5-v3-42
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™) T Vi) o

7 (i) 111_2 iy 2
Giy = v =
(v) am

— A/ —x2
8. (i) —z(zi Y sin~1vx + 2 ); ~ —x+c
(i) —2V1—x+cosT'Vx+Vx—x2+c
X—2
(i) =& t¢

sinX—xX cosx

X sinx+cosx

(v) (x+a)tan‘1\/§—\/&+c

. . _143-1
(vi)  2sin7!—
2
. 1 1 -sinx 1 1+V/2sinx
(viiy =1 —| ——= log |———
1+ sinx 42 1—/2sinx
3 1
viiy —+—
(viii) m T2

(ix)  (cos2a)(x +a) — (sin 2a) log|sin(x + a)| + ¢

(x) —gloglx2 + 4| + Sloglx2 +9|+c
(xiy — G sin2 x + sin x) +c
9. (i) x — 4 log|x| + zloglx -1+ Zloglx + 1| + log|x? +

(ii) 1|_71tan‘1x+ C

(et—l)(et—3)

(et-2)2

iy log | +c
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10.

11.

12.

13.

14.

15.

. L 81 27
(iv)  2x—gloglx + 1] +-loglx — 3] — 2o T C
1 1-cosx X
(v) 2 |1+cos 2(14cos ) + tan; T
w0 \/% Wiy 5
(viii) T —Zlog?2
. 26
(i) 14 ) s
(i) 26 B C
iv) 3127+ vy 3
0 e o
i) 308
% — % + %log 2
?logZ
log 2
%log|\/§+ 1|
SELF ASSESSMENT TEST-1
2. (d) 3. (c) 4. (a)
SELF ASSESSMENT TEST-2
2. (c) 3. (a) 4. (b)

5. (d)

5. (¢)

134
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CHAPTER 8
APPLICATION OF INTEGRALS

In real life, integrations are used in various
fields such as engineering, where engineers
use integrals to find the shape of building. In
Physics, used in the centre of gravity etc. In
the field of graphical representation. Where
three-dimensional models are demonstrated.

The PETRONAS TOWERS in KUALA
LUMPUR experience high forces due to wind.
Integration was used to create this design of
building.

/ APPLICATION OF INTEGRALS
Topics to be covered as per C.B.S.E. revised syllabus (2022-23)

~—

e Application in finding the area under simple curves, especially lines, circles/
parabolas/ellipse (in standard form only)

POINTS TO REMEMBER

AREA OF BOUNDED REGION

e Area bounded by the curve y = f(x), the x axis and between the

ordinates, x = a and x = b is given by
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e Area bounded by the curve x = f(y), the y-axis and between the abscissas, y
=candy=dis given by

Area = Udf (y)dy‘

° Area bounded by two curves y = f(x) and y = g(x) such that 0<g(x) <f(x)
for all xe [a, b] and between the ordinates x = a and x = b is given by
Y
A
y = f(x)
A B
y=g(x)
»X
o a b
b
Area= [ [f(x) — g(x)]dx
k b
. Area of the following shaded region = Jf(x)dx +J'f(x)dx
a k
Y

A

B(k, 0)x = b
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Illustration:

Using integration. Find the area of the region bounded by the line 2y + x = 8, the x-axis
and the lines x =2 and x = 4

Solution:Required area= Areaof PQRS
= Area bounded by the line 2y + x = 8, x-axis and ordinates x =2, x =4

4 4 y
:J.ydx:j8_xdx A

2 2 \

27 P

_Mex- 221 _132-8)-(16-2)] S

2 2 A 2

1 1 . o ,9R &
:5[24—14]=§x10=53q.un|ts (2,0) (4,0)

Illustration:

Draw a rough sketch of the curves y = sin x and y = cos x as x-varies from 0 to «/2.
Find the area of the region enclosed by the curves and the x-axis.

Solution: Given curves y = sin x ‘}:
and y =cos x
Area of shaded region y=Cosx A y=sinx
n/4 /2
= I sinxdx + J. cos x dx
0 nl4 — B X
/2 . n/2
=—Jcosx |, +|sinx| =-|—=-1|+|1-—=
oo+ ]| 51+ -
-1 1
=—+1+1——=(2—2\/§) square units
V2 V2
lllustration:

Using integration, find the area of the region bounded by the parabola y* = 16x and the
line x = 4.

Solution: Given curve y* =16x y

line x = 4 4 A

Area of shaded region

= 2(area of AOC) C > x
4 4 O (4’ 0)

=2jydx=2j4&dx
0 0

_gx 23]t _ 16 gy 128 i B

_8x3[x ]0 =3 [8]= 3 $q.units
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Illustration:

Using integration, find the area of the smaller portion of the circle x* + y? = 4 cut off by
the line x = 1.

Solution: Circle x* + y* = 4
line x =1
Area of shaded region

= 2(area bounded by the circle, the x-axis and ordinate x =1 and x = 2)

= 2Tydx = 2T\/4—x2 dx
1 1

y
A
- 2
-2 ix/4—x2+—sin‘1£} _ofpn VB ,m A
L 2, 2 2 6
_2TE \/5 4r . c D » X
=2 ?—7}_?—«/§sq. units 0 8 2,0)
_/B
ONE MARK QUESTIONS
1. Find the area bounded by y=sin2 x, 0 <x< % and the coordinate axes.
2. Find the area bounded by y=cos 3x,0<x< g and the coordinate axes.
3. Find the area bounded by the line x+ 2y =8, x—axisand the lines x=1and x=3.
4. Find the area bounded by the curve y = x°, x—axis and the lines x=0and x = 4.
5. Find the area of region bounded by the curve y = X*, x — axis and the lines x = -1,
x=1.
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TWO MARKS QUESTIONS

Using Integration:

1.
2.
3.

10.

Find the area of the circle x* +y* = 16.
Find the area of the parabols y* = 4a x bounded by its latus rectum.

Find the area bounded by the curve y* = x, x—axis and the lines x =0, x = 4.
Find the area bounded by the region {(x, y): X < y<|x[}.

Find the area bounded by the regiony = 9x2, y=1andy=4.

3
Findtheareaboundedbythecurvey=sinxbetweenxg= andx+7c .

2
Find the area bounded by the linesy =2x+3,y=0,x=2and x = 4.

Find the area of the region bounded by y2 =4x, x =1, x =4 and x-axis in the first
quadrant.

Find the area bounded by the curves y2 = 4ax and the lines y = 2a and y-axis.

Find the area of the triangle formed by the straight linesy =2x,x=0andy =2
by integration.

THREE/FIVE MARKS QUESTIONS

Using Integration:

1.

2
3
4.
5

Find the area bounded by the curve 4y = 3x" and the line 3x-2y+12=0.
Find the area bounded by the curve x = y2 andtheline x+y=2.

Find the area of the triangular region whos verties are (1, 2), (2—2) and (4, 3).
Find the area bounded by the region {(x, y): X+ y2 <1<x+ % }

Find the area of the region bounded by the lines x—2y=1,3 x—y—-3=0and
2x+y—-12=0.

Prove that the curve y = x*and, x = y? divide the square bounded by x = 0,
y=0,x=1, y=1into three equal parts.

Find the area of the smaller region enclosed between ellipseb?x? + a?y?
= a?b? and the line bx + ay = ab.

Using integration, find the area of the triangle whose sides are given by
2x+y=4,3x—-2y=6andx -3y +5=0.

Using integration, find the area of the triangle whose vertices are (-1, 0),
(1, 3) and (3, 2).
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10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

Find the area of the region {(x, y) X% + y?< 1 <x + y}.

Find the area of the region bounded by the curve x? = 4y and the line
x =4y — 2.

Using integration, find the area of the region bounded by the line x—y+2 =0

the curve x> = y and y-axis.

Using integration, find the area of the region bounded by the curvey =1 +

|x + 1| and lines x = =3,x =3,y = 0.

Find the area of the region enclosed between curves y = |[x — 1] andy =3 — |x]|.

2
If the area bounded by the parabola y? = 16 ax and the line y = 4 mx is ?—2sq

unit then using integration find the value of m.

Find the area bounded by the circle X2 + y2 =16 and the line y = x and x-axis in
first quadrant.

Find the area bounded by the parabola y2 = 4x and the straight line x + y = 3.
Find the area bounded by the parabola y2 = 4x and the liney = 2x — 4.

2 2
- - XY g XY
Find the area of region {(x,y). S + 7 <1< 3+2

Using integration, find the area of the triangle ABC, whose vertices are A(2, 5),
B(4, 7) and C(6, 2).

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. Areaoftheregion bounded by the curve y?=4x, y-axis and the line y=3is

9 9
a) — b) —
@ 3 (b) 3
9 9
= d) =
© - @ ¢
2. Arealyingin first quadrant and bounded by the circle x> + y>=4 and the lines x=0and x =
2is
a) =« by T
(a) (b) 3
T T
c) = d) =
(c) 5 (d) 2
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3. The area of the region bounded by the curve y = x + 1 and the lines x = 2, x = 3 and

X-axis is
13 . 11 .
— sg.units — sq.units
(a) = s (b) - sa
9 7
C) — sg.units d) — sq.units
(c) 5S4 (d) 5S4

4. Theareabounded by the curve y?=xand the line x=2yis
1 ' b 2s units
(a) 3 Sq-units (b) 3 sa-
. 4 .
(c) 1sqg.unit (d) gsq.unlts

5. The area of the region bounded by the y = sin x, y = cos xand y-axis, 0 < x < % is

(a) (V2 +1) sq.units (b) (/2 = 1) sq.units

(c) 2+/2 sq.units (d) (24/2 = 1) sq.units
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ANSWERS
ONE MARKS QUESTION

1. 1 square units.
2
1 .
2. 2 square units.
3. 7 square units.
4. 64 square units.
5. 2/3 square units.
TWO MARKS QUESTIONS
1. 16 n square units.
2. % a square units.
3. ? square units.
1 .
4. 3 square units.
5. § square units.
9
6. 2 square units.
7. 18 square units.
8. 23—8 square units.
2 .
9. gazsquare units.
10. 1 square units.
THREE/FIVE MARKS QUESTIONS
1. 27 square units.
2. % square units.
13 )
3. ~ square units.
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10.

1.

12.

13.
14.

15.
16.

17.

18.

19.

20.

( . _13j ,
_____ sin 5 square units.

10 square units.

T—2 .
(T)ab square units.

3.5 square units.

4 square units.

1
(n—i] square units.

9
3 square units.

10
73 square units.

16 square units.
4 square units.
m=2.

27 sq. units

4 sq. units

3

9 sq. units

3
> (m —2) sq. units

7 sq. units

SELF ASSESSMENT TEST-1
2. (A) 3. (D) 4. (D)
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CHAPTER-9
DIFFERENTIAL EQUATIONS

Sky diving is a method of transiting from a high point in the atmosphere to the surface of the
Earth with the aid of graity. This
involves the control of speed
during the descent using a
parachute. Once the sky diver
jumps from an airplane, the net
force experienced by the diver
can be calculated using
DIFFERENTIAL EQUATIONS.

Another eg.

y
Falling stone
D.E.is
my' = mg
= y'

where y = distance travelled by the stone at any time t.

g = constant

and g = acceleration due to gravity.

TOPICS TO BE COVERED AS PER CBSE LATEST CURRICULUM 2022-23
+ Definition, order and degree
» General and particular solutions of a D.E.
+ Solutions of D.E. using method of separation of variables.
 Solutions of homogeneous differential equations of first order and first degree.
+ Solutions of linear differential equations of the type.

d
d—i + Py = q, where p and q are functions of x or constants.

WJF PX =4, where p and q are functions of y or constants.
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KEY POINTS :

DIFFERENTIAL EQUATION : is an equation involving derivatives of the dependent
variable w.r.tindependent variables and the variables themselves.

- ORDINARY DIFFERENTIAL EQUATION (ODE) : A.D.E. involving derivatives of the

dependent variable w.r.t only one independent variable is an ordinary D.E.
In class XIl ODE is referred to as D.E.

PARTIAL DIFFERENTIAL EQUATION (PDE) : A.D.E involving derivatives w.r.t more
than one independent variables is called a partial D.E.

ORDER of a DE : is the order of the highest order derivative occurring in the D.E.

DEGREE of a D.E. : is the highest power of the highest order derivative occurring in
the D.E provided D.E is a polynomial equation in its derivatives.

SOLUTION OF THE D.E : Arelation between involved variables, which satisfy the
given D.E is called its solution.

Two Types of Solution of DE
|
I I

General Solution Particular Solution
The solution which The solution free
contains as many from arbitrary
arbitrary constants constants

as the order of the

D.E.

FORMATION OF A DIFFERENTIAL EQUATION : We differentiate the function
successively as many times as the arbitary constants in the given function and
then eliminate the arbitiary constants from these equations.

ORDER of A D.E : Is equal to the number of arbitrary constants in the general
solution of a D.E.

Solution of a First Order First Degree D.E.
|
| | |

Variable separable Homogeneous Linear Differential
method D.E. equation

“VARIABLE SEPARABLE METHOD” : is used to solve D.E. in which variables
can be separated completely i.e, terms containing x should remain with dx and
terms containing y should remain with dy.

d
“HOMOGENEOUS DIFFERENTIAL EQUATION : D.E. of the form d_i =F(x,y)
where F(x, y) is a homogeneous function of degree 0
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i.e. F(ax, ny) =22 F(x,y)
or F(Ax,Ly)= F(x,y)for some non-zero constant } .

To solve this type put y = vx

ax
To Solve homogenous D.E of the trype a0y G(X,¥), we make substitution x = vy

LINEAR DIFFERENTIAL EQUATION : A.D.E of the form Z—y + Py = Q where P
X

and Q are constants or functions of x only is known as first order linear

differential equation.

Its solution

y-(IF )= [ Qx(1.F.)dx C where

[ Pdx

I. F = Integrating factor = €

dx
Another form of Linear Differential Equation is WJF Pix=Q, where P, and

Q, are constants or functions of y only.

Its solution is given as

x.(LF) = [QuX(LF.) dy +C, where IF.= el ¥

lllustration:

Write the order and degree of the Differential Equation
[+ =k

Solution: Squaring both the sides

[1+ 02T = 2y

. Orderof D.E. =2

and Degree of D.E. =2

3/2

146
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lllustration:

Solve the differential equations

(1+ e®¥)dy + eX(1+ y2)dx = 0; y(0) =1

_dy  —e*(1+y?)
Solution: ax 11 e

Using Variables separables method,

dy —e¥

dx
1+y? 1+

Integrating both sides we get

X

J-1+1y2 dy :__[1+692x dx

at
= tan'y = —I ; On putting ex =t

14 £2

= —tan™'t
= tan'y=—tan"' (eX)+ C
=tan'y+tan' (&) =C
Atx =0, y=1given
oo tan'(1) +tan”'(1)=C

T

= 7% 2=C

c- T
- %73

.. Particular solution of D.E. is given by tan™'y + tan™'(e*) = g

lllustration:

Solve (x — d—y=x+2
( y)dx y

) dy x+2y
Solution: "~ X—y

f(x.y)

AX + 2\ AMx+2
y M y) = 2%f(x, )

Now f(Ax, Ay) = =y - Mx—y) -
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Clearly, fis homogeneous function in x and y.
So, given D.E. is homogenous D.E.

Now, Put y = vx

dy _ ., xav
= dx dx
xav X+ 2vx
vt —— =
ax X — VX
N xdv _ 1+2v
=V dx  1-v
= xdv _ 1+2v-v+v2
ax 1-v
- Xav _ 1+v+v?
dx 1-v
(1-v)dv  dx
1+v+vd X

Integrating both sides we get

1r2v-2+1-1
——|—————dv =log x|+ C
29 14v+v? 9
2v+1
- -[1+v+v 2-|.1+v+v2 =loglx +C
1 2, 3 1
——log|1+v+ve |+—= dv =
= 75 gl I 2] 7 (57 log |x| + C
V+— | +|—
2%
2
= —1Iog 1+X+y—2 +[§j.[ijtan‘1[wj =log x|+ C
2 X 2 \/5 \/5

= —%Iog| x2+xy+y2 |+\/§tan‘1(2y+xj =C

J3x

148
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lllustration:

Find the particular solution of the differential equation

dx
WJF xcoty =2y + y?coty(y # 0) given that x = 0 when y = /2.

Solution: Clearly, it is a Linear D.E.

%-l- Px = Q where

dy

P=coty,Q=2y+y?coty

LF. = e_[de = eJCOtydy = ej'og(smy) =siny
solution of D.E. is given by

x. (LF) = jQ.I Fdy + C; C is arbitrary constant
= X.(siny)= _[(2y +y? coty) sinydy+C
= J.2ysinydy +'|.y2 cosydy +C

:_|.2y§in7dy+y2.siny—.|‘2y§in/fdy+c

= xsiny=y?siny+C

Now, x =0, wheny=g
So,0=% +C= c=-1_

x siny = y?siny— 7

2
—_ 2 L
or x—y—Tcosecy
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ONE MARK QUESTIONS

1. Write the order and degree of the following D.E.’s

. ay Bl 2 o d% dy
o [ (%] -2 0 ool g0
1/3 3/2
[ dy (d%y | ay Bl Koy
(iii) |1+ ol (dx2 ] (iv) {1+[aj |J =2

d?y (dy TM 1/5
— 4| = +x7°=0

2. (i) What will be the order of the D.E.

y = Ae* + Be**°

(i) What will be the order of the D.E. representing the family of circles with
centre (0, a) and radius a.

(i) Write the integrating factors of the following D Eqgn.

dy xdy

——+yCcoSX=sinx ——+ylogx=x
(a) dx y (b) dx yiog

dy 'y

—+==1
© ax x

(iv) State whether the following statements are True or False.

(a) Integrating factor of the D.E.

dy

1-x?)L—xy =1 2

( )dx y="is J1_x

(b) Solution of D.E. xdy-ydx = 0 represents straight lines passing through
origin.

(c) Number of arbitrary constants in the particular solution of a differential
equation of order two is two.
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TWO MARKS QUESTIONS

1. Write the general solution of the following D.Eqns.

Ldy 5. o 2 . dy _1-cos2x
) S =% +x T x (W) o 1+ cos2y

(i) (¥ +e™*)dy=(e*—e )dx
d _
2. Given that d_i = and y =0 when x =5.

Find the value of x wheny = 3.

3. Name the curve for which the slope of the tangent at any point is equal to the
ratio of the abbcissa to the ordinate of the point.

xd
4. Solve _y+ y=e",
ax

THREE MARKS QUESTIONS

xdy 2

- 2,d%y
1. (i) Show that y = ™" ' is a solution of (1= X )_z_d_—m y=0
dx X

(ilyShow that y = acos(log x)+ bsin(log x ) is a solution of

242
xdy+xdy

+y=0
dx? dx Y

(iii) Verify that y = log (x4 \/x2 1 a2 ) satisfies the D.E.

(32 + xz)y”+ xy'=0
2. Solve the following D Egs.
(i) xdy —(y +2x?)dx =0

(i) (1+ y? )tan™ " x dx + 2y(1+ x?)dy = 0

2

d
(iii) xzd—};:x +xy+y?
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d
(iv)d—i =1+x+y?+xy?, y=0whenx=0

(v) xdy — ydx = x? + y?dx,y =0 when x — 1
3. Solve each of the following D Egs.

(i) (1+ x2)3—1+2xy—4x2 =0,y(0)=0

(i) (X+1)Z—i=2e‘y—1,y(o):o

(iii) e tanydx +(2—€*)sec? ydy =0, y (0)=[1/4
(iv) 0@ —y?)dx + 2xydy =0

d 1
) (1+x2)d—§+2xy = 72Y =0 when x_ 1

4. Solve the following D.E.s.
(i) Find the particular solution of

2y /Y dx+(y-2xe*Y ) dy =0,x=01if y =1
(il xcos(ljd—y - VCOS(ZJ+ X
x /)dx X

(iii) Z—y =cos (x + y) +sin (x + y) dx
X

[Hint: Put x + y = 7]

d 2
(iv) Show that the Differential Equation d—i - is homogenous and also

Xy — x?

solve it.

2 . dy 1
V) (x“=-1)—+2xy =———,| x| #1
() (1) o+ 207 =— I x|

FIVE MARKS QUESTIONS

d )
Q.1 Solve y+a(Xy): x(sin x + log x)

<

Q. 2 Solve (x dy — ydx)y sin (%} (ydx + xdy )x COS( " )
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d
Q. 3 Find the particular solution of the D.E. (X — Y)d—}; = X+ 2y given that

y=0when x —1.

Q.4 Solve dy =cosx (2-ycosec x)dx, giventhat y =2 when x=xr/2
Q. 5 Find the particular solution of the D.E. (1+ y? )+ (x — eta”‘W)j—y =0
X

giventhat y =0 when x — 1

CASE STUDY QUESTIONS

Q. 1 Suppose a person named Devdutt saved Rs 10,000 from his earnings for his
daughter’s marriage.
So, he deposits this amount in a bank where principal amount increases
continously at the rate of 10% per year. Now based on the following
information answer the following questions.

(i) The following D.E. represents the above situation if P denotes the
principal at time t.

P _10, ,y gt 10

(@) G ~ 100 (®) 9P ~ 100
dP 100

(c) W:WP (d) None of these

(i) The order and degree of the D.E. obtained in (i) is
(a) order : 2 degree : 1
(b) order : 1, degree : 2
(c)order : 1, degree : not defined
(d) order : 1, degree : 1
(iii) The most suitable method for solving D.E. obtained in part (i) is
(a) Ordinary method
(b) Method for Homogeneous D.E.
(c) Variables separable method
(d) None of these
(iv) Solution of the D.E. obtained in part (i) is given by

(@) ¢ = pet’/10 (b) p = cet/10, C = arbitrary constant

(c) p = ce'0/t (d) ¢ = pe'®/t
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(v) In how many years will ¥ 10,000 double itself.
(a)10log,,2 (b) 2 log g0
(c)101log 2 (d)2log,, 10
Self Assessment Test-1 Differential Equations
Q. 1 The general solution of the D.E.

d
log (d—i) =ax + by is

_—by ax
(@ 2 —=%—4c N e%—ev=C
b a
(c) be®™ + ae”=C (d) none of these

Q. 2 The general solution of the DE

d
xzd—i =x2+xy+y2is
(a) tan™ (%J =logx+c (b) tan~" (%J =logx+c

(c) tan™! (%) =logy+c (d) none of these

Q. 3 The solution of the D.E.
dy=(4+y?) dxis
(@)y=2tan (x+¢) (b) y=2tan (2x + ¢)
(c) 2y =tan (2x + ¢) (d)2y=2tan (x +¢)
Q.4 What is the degree of the D.E.

dy dy \7?
= * )
(a)1 (b)3
(c)-2 (d) Degree doesn’t exist
Q.5 Solution of D.E. xdy — ydx = 0 represents:
(a) a rectangular hyperbola
(b) a parabola whose vertex is at the origin
(c) a straight line passing through the origin
(d) a circle whose centre is at the origin.
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Self Assessment Test-2

dy
it X— = X2
Q. i ax +2y=x?is
(@) X% +c (b) x? N
a)y= =—+c
Y72 Y=
© X% +c @ x* +c
C - -
Y x? Y 4x?

d
Q.2 The solution of the —i ry=e* y(0)=0,is

d
(@)y=e™(x-1) (b) y=xe*
(c)y=xe>+1 (d)y=xe~
Q.3 If &y = 2X+y—_2X y(0) =1, then y (1) is equal to [JEE mains 2021]
dx 2y
(a)log, (2+e) (b) log, (1 +e)
(c)log, (2e) (d)log, (1 +¢€?)

Q. 4 If the solution curve of the D.E. (2x— 10y?) dy + ydx = 0 passess through the
points (0, 1) and (2, B), then B is a root of the equation

(@)yf—2y—-2=0 (b)2ys—2y—1=0
(€)2y—y*—2=0 (d)y*—y2—1=0  [JEE mains 2021]

Q. 5 Consider a curve y = f(x) passing through the point (-2, 2) and the slope of the
tangent to the curve at any point (x, f(x)) is given by

fix) + xf'(x) = X2, then,

(@) x®*+2xf(x)—12=0 (b) X3+ xf(x) +12=0
(c)x®*=3xfix)—4=0 (d) x2 + 2xf(x) +4 =0 (HOTS)
Answers

ONE MARK QUESTIONS

1) 052,D—>1 (i) 0—5,D— Notdefined (i) 0>2,D—>2
(ivyi0>2,D—>2 (v) 0> 2,D— Notdefined
2. (i) Order =1 (i) Order=1
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(logx)?*
(iii)(a) gsin b) e 2

(iv)(@True (b) True

TWO MARKS QUESTIONS

(c)x
(c) False

6 3
1. (|) Y=%+%—2IOQ | X|+C (”) 2(Y—X)+Sin2y+sin2x:C
(i) y =log, |[e*+ ™ + C
6 d2
5 € 2+9 3. Rectangular hyperbola 4. W)Z/+ y=0

5. yx=e"+c

THREE MARKS QUESTIONS
1. () y=2x%+cx
(iif) tan™ (%): log| x | +c
(1) y + K +y? = x?
4x3

2. (i) (1+ xP y="5

(iii) tany =2 —e*

V) (1+x?)y=tan "' x-n/4

3. (i) e =_?1Iog|y|+1

1t(_yj
2
x—1}+
— C
X+ 1

FIVE MARKS QUESTIONS

(iii) log =X+C

v) (X —1)y=%/og

(i) %(tan-u )? +log(1+y?)=c

2
(v) y= tan(x+x7j

(i) (2-€Y)(x+1)=1

(iv) x?+y?=cx

(i) sin(y/x)=1log| x|+c

iv) L-log|yl=c
X

2sinx 2cosx  xlogx x ¢

1. y= —coS X+ .

X x2 3

9 x?
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2. xycos(1j=c
X
[ 2y +x 1 2 2 NEY:
3tan™" ——log| x“ +xy + = —
3. /3 [\/ng Slog | y+yt g

-1 3
. ysSinx=—cos (2x)+ —
4.y 5 (2x) 5

1 -1 1 _tan!
5. x=—g@" V4 _gtN Y

2 2

CASE STUDY QUESTIONS

1. ()a (i) d (iii) c
(iv)b ) c

SELE ASSESSMENT TEST-1
1.(a) 2.(a) 3.(b)
4. (b) 5.(c)

SELE ASSESSMENT TEST-2
1.(d) 2.(d) 3.(b)
4. (d) 5.(c)
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CHAPTER 10

VECTORS

Vectors are probably the most important tool to
learn in all of physics and engineering. Vectors
are using in daily life following are few of the
example.

* Navigating by air and by boat is generally
done using vectors.

* Planes are given a vector to travel, and they
use their speed to determine how far they
need to go before turning or landing. Flight
plans are made using a series of vectors.

» Sports instructions are based on using
vectors.

Topics to be covered as per C.B.S.E. revised syllabus (2022-23)

| VECTORS |

Vectors and scalars

Magnitude and direction of a vector

Direction coiners and directions ratios of a vector.

Types of vectors (equal, unit, zero, parallel and collinear vectors)
Position vector of a point

Negative of a vector

Components of a vector

Addition of vectors

Multiplication of a vector by a scalar

Position vector of a point dividing a line segmentin a given ratio
Definition, Geometrical interpretation, properties and application of scalar
(dot) product of vectors

Vector (cross) product of vectors.
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POINTS TO REMEMBER

° A quantity that has magnitude as well as direction is called a vector. It
is denoted by a directed line segment.

° Two or more vectors which are parallel to same line are called collinear
vectors.
° Position vector of a point P(a, b, c) w.r.t. origin (0, 0, 0) is denoted by

—> — - —>
OP’where OP = ai + bj + ck and |OP”|= Va? + b? + c2.

° If A(x1,y1,21) and B(X,,y,,2,) be any two points in space, then

AB = (xp —x)i+ (v, —y1)j + (z, — z1)kand

|E§| =V —x1)2 + (y2 —y1)? + (22 — 2)?

. Any vector a i s called unit vector if|a| = 1 It is denoted by a

° If two vectors d and B are represented in magnitude and direction by

the two sides of a triangle in order, then their sum @ + I; is represented
in magnitude and direction by third side of a triangle taken in opposite
order. This is called triangle law of addition of vectors.

o If @ is any vector and 1 is a scalar, then A d is vector collinear with @
and [Aa| = [A][3].

o If 4 and b are two collinear vectors, then @ = A b where A is some
scalar.
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- . A ~ . .
Any vector a can be written as @ = |d|awhere @ is a unit vector in the

direction of a.

If @ and I; be the position vectors of points A and B, and C is any point
which divides 4F in ratio m:n internally then position vector ¢ of point C

mb+n3a

is given as C = . If C divides 4B in ratio m:n externally,

—

mb—n3a

thenC =

The angles a, 8 and y made by I' = ai + bj + ckwith positive direction
of x, y and z-axis are called angles and cosines of these angles are
called direction cosines of#usually denoted as/=cosa, m=cosf,

n=cosy
a b C 2 2 2
Also|=ﬁ,m=ﬁ,n=ﬁandl +m“+n°=1

The numbers a, b, ¢ proportional to |, m, n are called direction ratios.

Scalar product or dot product of two vectors é’andg is denoted as
3.b and is defined as a.b = |5I|E| cos 6, 0 is the angle between

Gandb.(0< 6 < n).

Dot product of two vectors is commutative i.e. &.b = b .d

—
d.

— —
0 © a=o0orb=o0oral b.

ol
Il

A%, so t.i=j.j=kk=1

N
.d

|

If 3 =a,i+a,j+askandb = by} + b,j + bsk then

3 .B = albl + azbz + a3b3.

160
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. . - g a. b
° Projectionofa on b = ‘W and

Projection vector of a’along b= <(a|glb)) b.

° Cross product or vector product of two vectors a andB is denoted as
3 xb and is defined as @ X b= |d||E|Sin 0 7. were 0 is the angle
between a and B (0 < 6 < m). And fiis a unit vector perpendicular to
both d@ and b such that d B and 71 from a right handed system.

° Cross product of two vectors is not commutative i.e., a x B * E X 3,
butd x b = —(b x 7).

e dxb=0=3d=0b=0o0rd|b
. ixi=jxj=kxk=0
. ixj=kjxk=tkxi=7andjxi=-kkxj=-1ixk=-j
. Ifd = a;1+ a,j+ azkand b = b,i+ b,j+ bsk.then
. i k
5) X b = a1 az a3
by b, b
. . L= (@ExB)
° Unit vector perpendicular to both aand b = + x5/
° |§ X Blis the area of parallelogram whose adjacent sides are @ and b
1 — - = b
o > |a X b|is the area of parallelogram where diagonals are a and b.
° If 5,% and c form a triangle, then area of the triangle
1> 112, = 1,5 -
. =—|a><b|=—|b><c|=—|c><a|.
2 2 2
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lllustration:

Let Zz=f+4]’+2]§,l§=3f+2}'+7l€ andE=21°—]A'+4IQ Find a vector d which is

perpendicular to both aandb and c-d=27
Solution:

-+ d is perpendicular to a and b both

i j k
Letd=A(@axb)y=r1 4 2
3 27

d =X (32 - j —14k)

But c¢-d=27

(2 =+ 4K). A (321 — ] +14k) =27

= A(64+1-56)=27

= A=3

andd = 3(32i — j —14k) =96/ — 3 + 42k

lllustration:
Vectorsé,BandBaresuchthaté+B+5:5and|§|:

Find the angle between aand c

Solution:
Given a+b+c=0

a+c=-b
(@a+c)-(a+c)=(-b) - (-b)
—@P+a-c+c-a+(cP=|b]P (
- 2a-c=|bP-laP -|cP
= 2|al|c|cosO=|b]>-|af? -|cf?

Where '0' be the angle between aandc
=2x5x3cos0=49-25-9

5,|b|=7and|c|=3.

15
=c0s0=—
30
=cos=— = 0= H
3
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lllustration:
Let a and b are two unit vectors and '6' is the angle between them, then find
'0'if a + b is unit vector.

Solution:

Here|a|=|b|=1and|a+b|=1

la+bP =1

=(a+b)(a+b)=1 (-a-a=|al?)

=@?+a-b+b-a+(b)?=1
=2|a||b|cos=—1
écose):f1

2

2

3

=0

ONE MARK QUESTIONS
1. If AB = 31+ 2 j— k and the coordinate of A are (4,1,1), then find the
coordinates of B~
2. leti= —214+j, b=1+2] and ¢=4i+ 3} Find the values of x

and y such that ¢ = xa + yb,

3. Find a unit vector in the direction of the resultant of the vectors
i—j+3k 21+j—2k and i+ 2j -2k

4. Find a vector of magnitude of 5 units parallel to the resultant of vector
Gd=20+3j+k andb = (i-2j-k)

5. For what value of A the vector d and Bperpendicularto each other?
Where @ = Ai + 2 + k and b = 5{ — 9] + 2k

6. Write the value of p for which @ = 3% + 2j + 9k and b=1i+ pj + 3k
are parallel vectors.

7. For any two vectors @ and b write when |d + E| =ld - E| holds.
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8. Find the value of p if (22 + 6] + 27E) X (i + 3] + pE) =0

9. Evaluate: . (f x k) + (i x k).}

10. Kd=20—3), b={+j—k &= 3i—Fkfinda-bxc

1. If a=51—4j+k b=—-41+3j—2k and é=1—2j—2k then
evaluate ¢. (d@ X b)

12. Ifa=pi+ 3f and b = 4/ + p]', Find the values of p so that a and b may
be collinear

13. Find a vector of magnitude 6 which is perpendicular to both the vectors

—j+ 2k and 4i —j + 3k.

14. IfG@.b = 0, then what can you say about @ and b?

15.  If dand b are two vectors such that |d x b| = @b, then what is the
angle between d and b?

16. Find the area of a parallelogram having diagonals 3% + j — 2k andi —

§—3f + 4k.

17. If 1,7 and k are three mutually perpendicular vectors, then find the
value of j. (k x 7).

18. P and Q are two points with position vectors 3d — 2b and d + b
respectively. Write the position vector of a point R which divides the
segment PQ in the ratio 2:1 externally.

19. Find A when scalar projection of @ = Ai + j + 4k on b =20+ 6j + 3k
is 4 units.

20. Find “a” so that the vectors p =3i—2] and ¢ =2i+aj be
orthogonal.

21. Wfd=1—j+k b=2i+j—k and &=2i—j+ Ak such that
a- (B X E) 0 find the value of A.
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22.

23.
24.

25.

What is the point of trisection of PQ nearer to P if positions of P and Q
are 31 + 3j — 4k and 97 + 8j — 10k respectively?

What is the angle between a and b, ifd.b = 3 and |c'i X E| = 3+/3.
Represent graphicaley a displacement of 50 km, 60° south of west.

Ifthe vectors @ = xi +yj +zk, b = jandé are such thatd, Sand b froma right
handed system, than find €.

TWO MARK QUESTIONS

A vector 7 is inclined to x — axis at 45° and y-axis at 60° if | r | = 8 units.
find 7 .

if |G+h| =60, |a—b|=40and b =46find | a |

Write the projection of l;+50n a where

=212 +kb=i+2j-2k and =2i— j+4k

If the points (-1, -1, 2), (2, m, 5) and (3, 11, 6) are collinear, find the
value of m.

For any three vectors E,Z and ¢ write value of the following.
« PN

If (@ x B)> +(a.5)> = 144 and | a | = 4. Find the value of | |.

If for any two vectors a and l; ,

(@+b)* +(a-b)* =a[(@)? + (p)* |then write the value of » .

ifg,l_; are two vectors such that |(2+/;)| = |5 | then prove that 2 a+ Zv is

perpendicular to l; .
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9. Show that vectors @ =3i —27+k
b=1-3}+5k¢&=27+ -4k form a right angle triangle.
10. If 2, Z, ¢ are three vectors such that ZI+Z+Z =0and |Zz | =5, |7) | =12, |Z
| = 13, then find ah+bc+ca
11. The two vectors i+ jand 3?—}'+4/Ac represents the two sides AB and AC
respectively of A ABC, find the length of median through A.
12. If position vectors of the points A, B and C aré a, b and4a — 3b respectively, then
find vectors AC and BC .
13. If position vectors of three points A, Band C are —23 + 3b + 56, a + 2b + 3¢and 73— ¢
reSpectively. Then prove that A, Band C are collinear.
A A A
14. If the vectori + pJ'I\+ 3kis ro/t\ateg through an angle 6 and is doubled in magnitude,
thenitbecomes 4i + (4p — 2)j + 2k. Find the value of p.
— A A A — A A
15. If AB=5i-2j+4kandAC = 3i + 4k are sides of the triangle ABC. Find the length of
median through A.
A A A A A
16. Find scalar projection of the vector 7i + j + 4k on the vector 2i + 6j +3k. Also find
vector porojection
. A A A — A A A - -
17. Leta =3i+ xj—kand b = 2i +j + yk one mutually perpendicular and |a| = |b|. Find x
and y.
18. If a and b are unit vectors, find the angle between a and b so that a —+/2 b
is a unit vector.
> A A A — A A A . ., —
19. Ifa=2i—2j+3kandb=2z+3j —5k. Find the angle betweena and a xb.
20. Using vectors, prove that angle in a semi circle is 90°.
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THREE MARKS QUESTIONS

1. The points A,B and C with position vectors 31— yj + 2k, 51— +

k and 3xi + 3j — k are collinear. Find the values of x and y and also

the ratio in which the point B divides AC.

2. If sum of two unit vectors is a unit vector, prove that the magnitude of

their difference is /3.

3. letd=4i+5 -k b=1—4/+5k and é=3i+j—k. Find a

vector d which is perpendicular to both @ and b and satisfying d.¢ =21

4. If @ and b are unit vectors inclined at an angle® then proved that
(i) cos§=%|d+5|
(i) sind = 11a-b|
(i)  tanZ= | Z|
5. If ZzI;Z are three mutually perpendicular vectors of equal magnitude.

Prove that Zz)+b+cis equally inclined with vectors 2,1; and 2 . Also find

angles.
6. For any vector @ prove that |d x |2 + |d X fI? + |d x E|2 = 2|al?
52 -2 52 > > =7
7. Showthat(axb) =lal?|p| —(a.b) =|+%¢ &b
a.b b.b
8. If @, b and ¢ are the position vectors of vertices A,B,C of a A ABC, show

=3 -

that the area of triangle ABC is % |& Xb+bXZ+¢x a|. Deduce the

condition for points d, b and ¢ to be collinear.
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9. Let @, b and & be unit vectors such thatd.b = d@.¢ = 0 and the angle

between b and c is /6, prove that @ = +2(b x ).

10. If &, b and C are three vectors such that @ + b + ¢=0.then prove that
Axb=bxZ&=72xa.
1. ifd=1i+j+k ¢=j—k are given vectors, then find a vector b

satisfying the equations @ x b = ¢and d@. b = 3.
12. Find the altitude of a parallelepiped determined by the vectors
a, band ¢ if the base is taken as parallelogram determined by d and b

andifd =i+j+k b=2i+4)—kandé=1+]+ 3k

13. Ifa=i+j+kandb=j-k,finda vector ¢c,suchthataxc=banda-c=3.

14. If |d| =3, |b| = 4 and |¢] =5 such that each is perpendicular to

sum of the other two, find |d@ + b + €|

15. Decompose the vector 61 — 3] — 6k in two vectors which are parallel

and perpendicular to the vector i + j + k respectively.

16. If d,b and C are vectors such that d.b =d.¢, dXxb=d X ¢, a0,

then show that b = ¢,

17. 1f @, b and Care three non zero vectors such thatd X b = ¢and b X ¢ = d.
1

Prove that d, b and ¢ are mutually at right angles and |B| =1and|d| =

-

lal
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18.

19.

20.

21.

22.

23.

24,

25.

26.

Simplify (g - b)- {(b - c)x (c — a)}

IfF=xf+yf+zl€,findthevalueof(?xf)-(?x]')+xy

If G, b and ¢ are three vectors such that @ + b + & = 0 and la| = 3,

|I_5| =5, |¢] = 7, find the angle between @ and b.

The magnitude of the vector product of the vector T + j + k with a unit

vector along the sum of the vector 2i+4j—5k and Ai+ 2j + 3k is

equal to v/2. Find the value of A.

N

lf@dxb=¢xdanddxé=hbxd, prove that (@a- J)is parallel to

- - N

(E— ¢),where d # d and b # C.
Find a vector of magnitude v171 which is perpendicular to both of the

vectors d =1+2j—3k and b =3i—j+2k.

Prove that the angle betwen two diagonals of a cube is cos” <%>

If G=3i—j and p=2i+j+3k then express p in the form of

ﬁ = fsl + ﬁz , Where ﬁl is parallel to o and [§2 is perpendicular to o .

Find a unit vector perpendicular to plane ABC, when position vectors

of AB,C are 31 — j + 2k, i — j — 3k and 41 — 3) + k respectively.
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27. Find a unit vector in XY plane which makes an angle 45° with the

vector i + j at angle of 60° with the vector 3{ — 4.

28.  Suppose @ = A\l —7j + 3k, b = Ai +j 4+ 24k. If the angle between

g and b is greater than 90° , then prove that 1 satisfies the

inequality—7 < 4 < 1.

29. If @ and b are two unit vectors such that E] +»b| =3 then find the value of

(2a-5D). (38 +D).

- NN N ANAA - N A . —- -
30. Leta=2i+j-3k,b=i+ +kandc=|—j+ﬁ. Find a vectord such that a.d =0,

b.d=2andc.d=4.

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECTION
CHOOSE THE CORRECT OPTION.

1. A unit vector perpendicular to both i+ ] and ] +kis

(A)i+]+k (B)i —j+k
1 » - - 1 ~ &
(C)ﬁ(/—lﬂﬂ (D)ﬁ( +Jj+K)

2. Ifla-b|=2,|axb|=4,then the value of |a > | b | is
(A)2 (B)6
(C)8 (D) 20

3. The projection of vector a=i- 2]’ + k on vector b =4j — 4f +7kis

9 9
(A) ' (B) NI
9 19
(€) T (D) )
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4. Ifais any vector, then the value of (5 X iA)2 + (5 X ]')2 + (5 X R)z is

5.

(A)|af B)2]af
(C)3laf D)4]af
lfa+b+c=0,]a|=3]b|=5]c|=7 then the angle between a and b is
(A) g ®)7
= ©)>

SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECTION
CHOOSE THE CORRECT OPTION.

1.

If a-band a + b are unit vectors. Then the value of |a — b | is

(A)0 (B)1 (C)v2 (D)3

If 2 and b are two vectors such that |a|=2,|b|=1and a - b =1, then the value of

(3a—-5b)-(2a+7b)is

(A)O (B) 41 (C)29 (D)7
Ifc (i +j)=2c¢-(i — j)=3andc -k =0, then the vector ¢ is
1 2+ 2 1 * 4
(A)5 (87 + ) (B) 557 =1)
(©) 57 -5]) ©) (7 +5))

If the project of 3 + xj' +koni+ ] is /2 units, then the value 1 is
(A)1 (B)-1 (C)o (D)2

If|5|:2,|5|:7and5xB=3/'A+2]'—612,thentheanglebetweenéandBis

s T T
(A) = (B)~ ©5 ©) 5
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Answers

ONE MARK QUESTIONS

1. (7,3,0)
2. x=—-1,y=2

1 N A ~
4. \E(m %

1
5. =20
5

2
6. %
7. dand b are perpendicular
8. 27

2
9. 0
10. 4
1. -5
12, Pp=%2J3
13.  2i+4j+4k
14.  Either @ =0or b =0or aLlb
15. 45°
16. 53 sq. Units
17. 1
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18. —a+4b T
23 ™ N
N
19. A=5 24.
20. a=3
W& >E
50 km
21, ) 60
v
22. S
(52.4)
TWO MARK QUESTIONS
SR 6. 3
1. 420+ j+k)
7. A=2
2. 22
8. —
3.2 9
4. m=8
10. —169
5 0
11. 242
12. AC=3(@E-1),BC=4(3-D)
-2
14. p=%.2
15. /33
32 32 M A
16. 7 49’ (2i + 6j + 3k)
__31 -4
17. x= 7= Y¥95
T
18. g
19. L
2
173
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THREE MARKS QUESTIONS

= = . 13 a 1 N
1. x=3,y=3, 1.2 27. 3y ]
V170 /170
3. d=71-7j-7k 1"
29. ——
9 2
11 4~ AN A A
5. cos™ = 30. a=2i—-j+k
s - SELF ASSESSMENT-1
3. (D) 4.(B)
4 . 5. (B)
12. = units
13, 5. E/A N 2. N ZR SELF ASSESSMENT-2
“3' 7373 1. (D) 2. (A)
3.(B) 4. (B)
14. 52 5(A)
15.  (-i—j—k)+ (71— 2j - 5k)
18. 0
19. 0
20.  60°
21, i1=1
23.  i-11j-7k
> 3, 1. . R
25. ﬁZ(El—E])+(—l+—]+3k)
_1 A ~ ~
26.  —— (101 + 7] — 4k)
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CHAPTER 11
THREE-DIMENSIONAL GEOMETRY

In the real world, everything you see is in a three-
dimensional shape, it has length, breadth, and
height. Just simply look around and observe.
Even a thin sheet of paper has some thankless.

Applications of geometry in the real world
include the computer-aided design
(CAD) for construction blueprints, the
design of assembly systems in
manufacturing such as automobiles,
nanotechnology, computer graphics,
visual graphs, video game programming,
and virtual reality creation.

The next time you play a mobile game, thank three-dimension geometry for the realistic look
to the landscape and the characters that inhabit the game's virtual world.

/' THREE DIMENSIONAL GEOMETRY |

Topics to be covered as per C.B.S.E. revised syllabus (2022-23)
* Direction cosines and direction ratios of a line joining two points.
e Certersion equation and vector equation of aline.
* Shortestdistance between two lines.

* Angle betweentwo lines.
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POINTS TO REMEMBER

° Distance Formula: Distance (d) between two points( x; , y; ,

z1)and(xz, Y2, 2;)

d= \/(xz —x1)%2 + (v, —y1)? + (25 — 21)?

° Section Formula: line segment AB is divided by P (x, y, z) in ratio m:n

(a) Internally (b) Externally

(m X, + nxy my, + ny; mz, + nzl) (mxz —nxy My, —ny; mz; — nzl)

) )
m+n '~ m+4+n ' m+n m-—n m-n m-—n

o Direction ratio of a line through (x;,y;,2;)and (x,,y,,z,) arex, —

X,Y2 = V1,22 — 21

° Direction cosines of a line having direction ratios as a, b, c are:
a b c
=t M=t =, n=1t* =
== VaZ+b2+c2’ — VaZ+b2+c2’ — VaZ+b2+c?

e Equation of line in space:

Vector form Cartesian form
(i) Passing through point d@ and (i) Passing through  point
parallel to vector b; # = @ + Ab ( x1,y1,2z; ) and having
direction ratios a, b, c;

176 [Class XII : Maths]



dandb; 7 =d+ A (b —a)

X—X1 — Y=V1 — Z—2Z1
a b c
(ii)Passing through two points | (ii))Passing through two points

(x1,¥121) and (x3, y22,);

X—=X1 _ Y= V1 __

Z—Zq

Y2—=Y1

X2—X1 Z2—Z1

° Angle between two lines:
Vector form Cartesian form
(i) For lines 7#=a,+Ab, and
- — . . x - z—z
. _|p1 By (i) For lines —= = X221 = Z % 5ng
7 =a, + 1 by COSO= == 1 by c1
[B1][B2]
) X=Xz _ Y=YV2 __ 2722
where ‘0’ is the angle a; by ¢
between two lines.
cosf

laja; + biby + cicyl

\/a%+bf+c§\/a%+b%+c§

(iii) Lines are perpendicular if
b, .b, =0

(ii) Lines are perpendicular if

a,a, + b1b2 + C1Cp = 0

(iv) Lines are parallel if 51 = sz ;

k+0

(i)

Lines are parallel if

a

by ¢
a, by ¢

[Class XII : Maths]

177



° Shortest distance between two skew lines

The shortest distance between
two skew lines

#=d, +Ab,and 7 = d, + ub, is

_ (@, —dy) . (51 X 52)

d - -
|by X b,

If d =0, lines are intersecting

The shortest distance between

a; b, 1
a b c
d = 2 2 2
VD
Where

D = {(a1b; — azb;)* + (byc; — bycy)?

+ (c1a; — c;a1)%}

* Shortest distance between two parallel lines

those lines

_ BX(52—51)

units

If d =0, then lines coincident.

Letr=ai+Abandr=as + MB are parallel lines then shortest distance between

lllustration 1:
Are the following lines interesting?

r=3i +2j -4k + A (i +2j + 2k)
andr =5/ +2j — w3/ + 2] + 6k)

If yes, find point of intersection.
Solution:

We can write the equations is Certesion form

178
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1 2 2
xX-5 y+2 z ..
and = =—= (i
3 > =g=H (if)

Any point on line (i) P(A + 3, 2\ +2, 21 — 4)
Any point on line (i) Q (3u + 5, 2pu — 2, 6p)
Comparing x, y and z coordinate respectively
A+3=3u+520+2=2n-2,2A-4=06p
orA—3u=2,2A-2u=-4,2A-6pu=4
orr-3u=2,A—-p=—-2,A-3u=2
Solving first two, we get A = -4, p=-2
wA=—4, u=-2, Satisfies A —3u =2

lines are intersecting
and point of interesting (-1, -6, —12)
Or
Using distance formula
If (b1 x b2)- (a2 —a1)=0
then lines are intersecting

lllustration 2:
Find the foot of perpendicular from the point P(1, 2, 3) to the line XTH = y_—3 = i.
Also find the length of the perpendicular and image of P in the given lines.
Solution: We have
X +1 -3 z
TZy_—2=_—1=7L(Say)
LX=20-1,y=-2A+3,z=-A P(1, 2, -3)
Let M(21 — 1, =2 + 3, —\) be the foot of perpendicular.
DR'sof PMare <21 —1-1,-2A+3 -2, -\ + 3>
or <2A—-2,-2A+1,-A+3> M Line

- PM is perpendicular to the line

L 220=2)—=2(-21+1)=1(-A+3)=0
4h—-4+4)1-2+21-3=0

9I-9=0

=>Ar=1

Q(a, b, )
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.. Foot of the perpendicular m = (1, 1 -1)
and PM = (1= 12 +(2=12 +(-3+12 =0+ 1+4 =+/5
Let Q(a, b, c) be the image of P

As m be the mid point of PQ. (As line is plane mirror)

gi—1:1 = a=1
2

b+2 4 . poo
2

2

.. image of Pis (1,0, 1)

ONE MARK QUESTIONS

1. What is the distance of point (a, b, c) from x-axis?

2. What is the angle between the lines2x =3y = —z and 6x =-y =
—4z7?

3. Write the equation of a line passing through (2, -3, 5) and parallel to
.ox—1 y—2 zZ+1
line—=——=—-,

3 4 -1

4. Write the equation of a line through (1, 2, 3) and parallel to 7~ (i —j+

3k) = 5.
; . . x—1 y—3 z—1 xX—2

5. What is the value of A for which the lines > = - 1 and 3 =
y+1 z .
Y = Eare perpendicular to each other?

6. Write line7 = (i — j) + A (2] — k)into Cartesian form.

7. If the direction ratios of a line are 1, -2, 2 then what are the direction
cosines of the line?
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8. Write equation of a line passing through (0, 1, 2) and equally inclined to

co-ordinate axes.

9. What is the perpendicular distance of plane 2x —y + 3z = 10 from
origin?
10. If O is origin OP = 3 with direction ratios proportional ratio —1, 2, —2 ten what are the

coordinate of P?

11. Write the line 2x = 3y = 4z in vector form.
12. Write direction ratios and direction cosines of z-axis.
13. Write direction ratios and direction cosines of the line XTH = y_—11 z+1=0.
14. The cartesian equations of a line are x =ay + b, z = cy + d. Find direction ratios of
the line, also write its equation in vector form.
TWO MARK QUESTIONS
1. Find the equation of a line passing though (2, 0, 5) and which is parallel to

line 6x —2=3y+1=2z-2

2. The equation of a line are 5x — 3 = 15y + 7 = 3 — 10 z. Write the direction
cosines of the line

3. If a line makes angle a, B, y with Co-ordinate axis then what is the value of
sin? o+ sin? B +sin?y

4. Find the equation of a line passing through the point (2, 0, 1) and parallel

to the line whose equation is -

5. Find the condition thatthe linesx=ay +b,z=cy+dandx=a'y+b’,z=c'y+d’

may be perpendicular to each other.

6. Show that the lines x =—y =2z and x+ 2 =2y —1=-z+ 1 are perpendicular to

each other.
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7. Find the equation of the line through (2, 1, 3) and parallel to the line

2x-1 4-y z+1 | )
=——=——inCertesion and vectorform)

2 7 2
8. Find the Certesian and vector equation of the line through the points (2, -3, 1)
and (3,—4,-5)
9. For what value of L and p the line joining the points (7, A, 2), (1, =2, 5) is parallel

to the line joining the points (2,-3, 5), (-6,-15, 11)?

10. Ifthe points (-1, 3, 2), (-4, 2,—2)and (5, 5, 1) are Collinear, find the value of .

THREE MARKS QUESTIONS

1. Find vector and Cartesian equation of a line passing through a point
with position vector 21 — j + k and which is parallel to the line joining

the points with position vectors—i + 4f + k and i + 2] + 2k.

-1
2. Find image (reflection) of the point (7, 4, —3) in the Iine% = yT =
2-2
P
. .o x+1 y+3 Z+5 .o x—2 y—4
3. Show that the lines line— = —— = — and line— = — =
3 5 7 1 3

-6
ZTintersect each other. Find the point of intersection.

4. Find the shortest distance between the lines:
T = i+ 2j+ 3k + (2t + 37 + 4k) and

7 = (20 + 4f + 5k) + A(31 + 4f + 5k).
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5. Find shortest distance between the lines:

x+1 y+1 z+1 x—3 5-y z—7
_— = —ang— == —
7 -6 1 1 2 1
6. Find the shortest distance between the lines:

rT=0-Di+1-2)j+ (B -2k
T=@+Di+Qu—-1j—Qu+ 1k

7. Find the foot of perpendicular from the point 2 — j + 5k on the line
7 = (111 — 2j — 8k) + A(10f — 4f — 11k). Also find the length of the
perpendicular.

8. A line makes angles «, ,y, 8 with the four diagonal of a cube. Prove

that cos?a + cos?f + cos?y + cos?§ = g

9. Find the length and the equations of the line of shortest distance
. x—8 y+9 z-10 x—15 y—29 z—5
between the lines = = and = =—.
3 -16 7 3 8 -5
-1 +1 -
10. Show thath = YT = Zand% = yTZ,Z = 2. do not intersect each
other.
. x-1 y+1 z-1 x-3 y-k =z, )
11. If the line = = and =—— =~ intersect, then find the
3 4 1 2 1
value of k.
12. Find the equation of the line which intersects the lines x=1_ y;2 = Z;S
2 -3 1
and X: = y2 = ZZ and passes through the point (1, 1, 1).
13. Find the equations of the two lines through the origin which intersect the line
x-3 y-3

z
5 R atangle of n/3.
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14. Find the foot of perpendicular drawn from the point (2, -1, 5) to the line
F=011-2j-8k)+110i — 4] —11k)
Also find the length of the perpendicular. Hence find the image of the point
(2,-1,5)inthegivenline.

15. Find the image of the point P(2,-1, 11) in the line
F=(2i +3K)+ 020 +3] +4Kk)

16. Find the point(s) on the line through the point P(3, 5, 9) and Q(1, 2, 3) at a
distance 14 units from the mid-point of segment PQ.

17. Find the shortest distance between the following pair of lines
X__1:y_—i_1: andX_H:y__z;ZZZ
2 3 5 1

Hence write whether the lines are intersecting or not.

18. Find the foot of perpendicular from the point (1, 2, 3) to the line
F=(6i +7]+7k)+\3i +2) — 2k)

Also find the equation of the perpendicular and length of perpendicular.

19. Find the equation of the line passing through (-1, 3, —2) and perpendicular to the
lines X+t1_y-2_z-5 and x-2_y _z+1
1 2 3 3 2 5
20. Find the pointson the line X+t2 _Y+1_3-Z  atadistance 3v2 fromthe
point (1,2, 3) 3 2 2
21. The points P(4, 5, 10), Q(2, 3, 4) and R(1, 2, —1) are three vertices of a

parallelogram PQRS. Find the vector equations of the sides PQ and QR and
also find the coordinates of point R.

22. Find the equation of perpendicular from the point (3, -1, 11) to the line
x 2y-4 3-z
2 6 -4
Also find the foot of the perpendicular and the length of the perpendicular.

23. Show that the lines 1—x:y—2:z—3 and X—4 _1+y _ , are
-2 3 4 5 2

intersecting. Also find the point of intersection.
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24. Forwhat value of '\, the following are Skew lines?
x—4:1+y:Z x-1 y-2 z-)

5 2 2 3 4

25. Find the vector equation of the line passing through (2, 1, —1) and parallel to the
line r = (i + j)+ M2i — j + k). Also find the distance between these two lines.

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

-1 y+2 z+8

1. Thefoot of perpendicular drawn from the point (2, -1, 5) to the line X

10 -4 -1
is
(@) (2,1,3) (b) (3,1,2)
() (1,2,3) d) (3,2,1)

2. The shortestdistance between the lines 7 = (67 + 2] + 2k) + A(i — 2] + 2k)
and 7 = (<4i — 4k) + n(3i — 2j — 2k) is
(a) 10units (b) Qunits
(c) 12units (d) 9/2units
3. If the x-coordinate of a point A on the join of B(2, 2, 1) and C(5, 1, -2) is, then its z-
coordinate is
(a) -2 (b) -1
(c) 1 (d)y 2

4. Thedistance of the point M(a, b, c) from the x-axis is

(@) Vb%+c? (b) ec? +a?
(c) Va?+b? (d) a®+b?+c?
- -2 -1
5. Thestraightline x—3 = y1 = ZO is
(a) parallel to x-axis (b) parallelto y-axis
(c) parallel to z-axis (d) perpendicular to z-axis
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SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. The shortest distance between the line XT_:S = % = i4 and y-axisis
1
(a) % units (b) 5 units
(c) Ounits (d) 3units
, ) , ) x+1 y+3 z+5
2. The point of intersection of the lines 3 = 5 = 7
g x-1 y-2 z-6 is
e T 3 T s
11 2 11 2
a ~' A A b ~' AT A
@ (3 3 3) (b) [3 3 3)
111 1 -1 -3
© (333) @ (333

3. Ifaline makes the same angle o, with each of the x and z axes and the angle 3 with y-axis
such that 3sin?a = sin?B, then the value of cos? a.is

1 2
(@ 3 (b) &
3 2
© z d) 3
4. If the lines x+3 = y-1 = 5-2 and X+2 = 2=y -z are perpendicular, then the
k-5 1 -2k -1 -1 -k 5
value of k is
(@) 1 (b) -1
(c) 2 (d) -2
5. Theimage ofthe point P(1, 8, 4) to the line %J?”:? is
(@) (5,4,4) (b) (5,0,4)
(c) (9,0, 4) d) (1.84)
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ANSWERS

ONE MARK QUESTIONS

1 Vb? + ¢c2
2 90°

x-2 _y+3 __z-5
T YT

10.

11.

12.

13.

14.

x_y1_z2 geR-{0}
a a a

10

V14
(_1 ’ 27_2)

7 =0+ A(60 + 4] + 3k).

<0y 01 1>1 01 0! 1
3 -1
<3, _1, O>, T O
710 410

L A A AAL A
<a, 1,c> r=bi+dk + A(ai + ] + ck)

TWO MARK QUESTIONS

5 A=2
x-1_y+1_ z
6 0o T 2 T -1
7 +2,4+2,42
3’—3’—3
1 x—2_X_z—5
' 1 2 3
62 -3
2. JECUEE
77
3. 2
4. r=Qi+k)+2Q2i+7j-k)
5. aa’+cc’'+1=0
6. ..

10.

x-2 y-1 z-3
1 7 2
F=(20 +j+3k)+Mi = 7] +2k)

’

x-2 y+3 z-1
1 -1 -6
F=(2i +3j+k)+ (i — ] — 6k)

4
3

> = >
1
—
o
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THREE/FIVE MARK QUESTIONS

1, F=(2A—j+l€)+/1(2i—2j+12)and’%2:3’_—;1:2—;1
2 (%29

s (i)

4. %

5. 2+/29 units

8
V29

7. (1,2,3),V14

—5 y—7 z-3
9. SD=14units, ~—>2=Y""_7
2 3 6

11. K=g
2

12 x-1 y-1 z-1

13. i—g—iandizx—i

14. (1,2,3), /14, (0,5, 1)

15. (6,7, 3)
19 -5
6,—,18|,| 2, —, -6
1o (2 M 2 j
9 Not intersecting
17. 195’
18, (3,59, X 1-Y=2_2=3 7,4its

2 3

x+1 y-3 z+2
2 -7 4

19.
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20. (-2,-1,3), (56 43 11)

17°17°17
21.  PQ:F =(4i +5] +10k)+\(2i +2j +6k)
QR : 7 =(2i +3j +4k)+p(i + j +5k), Point R(3,4,5)

20, X=3_y+1_2=1 5 57) V13 units
1 6 4

23, (-1,-1,-1)

24. A#3

25, F=(2f+j—l€)+u(2i—j+/€),\/gunits

SELF ASSESSMENT TEST-1

1. (C) 2. (B) 3. (B) 4. (A) 5. (D)
SELF ASSESSMENT TEST-2

1. (A) 2. (D) 3. (C) 4. (B) 5. (C)

Case Study Based Questions

1. Two birds are flying in the space along straightpath L, and L,
(Neither parallel nor intersecting) where, L P
_x-3 y-8 z-3
R
x+3 y+7 z-3
-3 L, Q

On the basis of this answer the following
(a) VectorformoflL,is
(i) 7=(3/+8j+3k)+1(3i +j+k)
(i) r=(-31 —8j—3k)+ 1 (3 - j — k)
(i) 7 =37 +8] +3k)+ 1 (31 — j +K)

(V) 7 =(3i + 85 +3Kk)+ L(3i — j + 2k)
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(b)

(c)

(d)

(e)

IfPQLL,and PQ_LL,and, then coordinates P are

(i) (3.8,3)

(iii) (3,-8,3)
Directions ratios of PQ
(i) 2,1,5

(iii) 5,1,2

Distance PQis

(i) 2315 units

(iii) 3+/30 units

Equation of the path PQis

(i) r=(3i+8j+3k)+A(2i+5]—

(i) (-3,8,-3)

(iv) (-3,-8,-3)

(i) 2,5,-1

(iv) 5,2,1

(ii) 2v/30 units
(iv) 3420 units

k)

(ii) r=(3i—8j+3k) +A(2i + 5} — k)

(iii) r=(3i+8j+3k) + A(2i— 5] + k)

(iv) r=(3i—8j—3k)+A(2i—5j—

ANSWERS
(@) (iii) (b)() (c)(i) (d)(iii)

1.

k)

(e) (i)
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CHAPTER-12
LINEAR PROGRAMMING

Linear programming is used to obtain optimal solutions for operations research. Using LPP,
researchers find the best, most economical solution to a problem within all of its limitations,
or constraints.

Few examples of applications of LPP

(i) Food and Agriculture: In nutrition, Linear programming provides a powerful tool to aid in
planning for dietary needs. Here, we determine the different kinds of foods which should
be included in a diet so as to minimize the cost of the desired diet such that it contains
the minimum amount of each nutrient.

(i) Transportation: Systems rely upon linear programming for cost and time efficiency.

Airlines use linear programming to optimize their profits according to different seat prices and
customer demand. Because of this only, efficiency of airlines increases and expenses are
decreased.

TOPICS TO BE COVERED AS PER CBSE LATEST CURRICULUM 2022-23
* Introduction, constraints, objective function, optimization.
» Graphical method of solution for problems in two variables.
» Feasible and infeasioble region (bounded or unbounded)
+ Feasible and infeasible solutions.

» Optimal feasible solutions (upto three non-trival constraints)
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KEY POINTS :

OPTIMISATION PROBLEM : is a problem which seeks to maximize or minimize a
function. An optimisation problem may involve maximization of profit, minimization
of transportation cost etc, from available resources.

ALINEAR PROGRAMMING PROBLEM (LPP) : LPP deals with the optimisation
(maximisation/minimisation) of a linear function of two variables (say x and y) known
as objective function subject to the conditions that the variables are non negative
and satisfy a set of linear inequalities (called linear constraints). ALPP is a special
type of optimisation problem.

OBJECTIVE FUNCTION : Linear function z = ax + by where a and b are constants
which has to be maximised or minimised is called a linear objective function.

DECISION VARIABLES : In the objective function z= ax + by, x and y are called
decision variables.

CONSTRAINTS : The linear inequalities or restrictions on the variables of an LPP
are called constraints.

The conditions x >0, y > 0 are called non-negative constraints.

FEASIBLE REGION : The common region determined by all the constraints including
non-negative constraints x >0, y >0 of a LPP is called the feasible region for the
problem.

FEASIBLE SOLUTION : Points within and on the boundary of the feasible region
for a LPP represent feasible solutions.

INFEASIBLE SOLUTIONS : Any point outside the feasible region is called an
infeasible solution.

OPTIMAL (FEASIBLE) SOLUTION : Any pointin the feasible region that gives the
optimal value (maximum or minimum) of the objective function is called an optimal
solution.

THEOREM 1 : Let R be the feasible region (convex polygon) for a LPP and let
z = ax + by be the objective function. When z has an optimal value (maximum or
minimum), where x and y are subject to constraints described by linear inequalities,
this optimal value must occur at a corner point (vertex) of the feasible region.

THEOREM 2 : Let R be the feasible region for a LPP. & let z = ax + by be the
objective function. If Ris bounded, then the objective function zhas both a maximum
and a minimum value on R and each of these occur at a corner point of R.

If the feasible region R is unbounded, then a maximum or minimum value of the
objective function may or not exist. However, if it exists it must occur at a corner
point of R.
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e MULTIPLE OPTIMAL POINTS : If two corner points of the feasible region are
optimal solutions of the same type i.e both produce the same maximum or minimum,
then any point on the line segment joining these two points is also an optimal
solution of the same type.

lllustration:

A company produces two types of belts A and B. Profits on these belts are Rs. 2 and Rs.
1.50 per belt respectively. A belt of type A requires twice as much time as belt of type B.
The company can produce atmost 1000 belts of type B per day. Material for 800 belts per
day is available. Atmost 400 buckles for belts of type Aand 700 for type B are available per
day. How much belts of each type should the company produce so as to maximize the
profit?

Solution: Let the company produces x no. of belts of type Aand y no. of belts of type B to
maximize the profit.

Objective function Max z=2x + 1.5y

As, maximum 1000 belts of type B : 1 day

th
1
1 belt of type B : [W] of a day

th
2
ATQ, 1 belt of type A: (W] of a day

A

2x LY \ 4
1000 1000 ~ 1000
900\: 100\
2x+y <1000 800 O
- SN y=790
L.P.P becomes 0,700) ' EBE= g
600 ¢ C(200,|600)
Max z = 2x + 1.5y 500 ¢
s.t. 2x + y < 1000 400
300 ¢
x+y<800 200
x<400,y<700,x>0,>0 100
X'«
Here, the feasible negion is bounded (98
given be region OABCDE. A
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Using Corner point method.

Corner Points Obj. fn. z = 2x + 1.5y
0 (0,0) 0
A (400, 0) 800
B (400, 200) 1100
@)0) 1300 > max z.
D (100, 700) 1250
E (0, 700) 1050

Optimal solution is given by C(200, 600)

i.e. company should produce 200 belts of type Aand 600 belts of type B so as to maximize
the profit of Rs. 1300.
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FIVE MARKS QUESTIONS
Q. 1 Solve the following LPP graphically.

Maximize z = 3x + y subject to the constraints
Xx+2y >100
2x—y <0
2x+y <200
X,y >0

Q.2 The corner points of the feasible region determined by the system of linear
constraints are as shown below.

Y B (4, 10)
101 -
91 /
A(0,8)8] C (6, 8)
7
6.
ol D (6, 5)
4
34
2.
1 E (4,0)
X

12 3 4 5 6
Answer each of the following :

(i) Let z=3x-4y be the objective function. Find the maximum and minimum

value of zand also the corresponding points at which the maximum and minimum
value occurs.

(i) Letz=px+qy where p,q >0 be the objective function. FInd the condition on

p and g so that the maximum value of zoccurs at B (4, 10) and C (5, 8). Also
mention the number of optimal solutions in this case.

Q. 3 There are two types of fertilisers A and B. A consists of 10% nitrogen and 6%
phosphoric acid and B consists of 5% nitrogen and 10% phosphoric acid. After
testing the soil conditions, a farmer finds that he needs at least 14 kg of nitrogen
and 14 kg of phosphoric acid for his crop. If A costs Rs. 6 per kg and B costs Rs.
5 per kg. determine how much of each type of fertiliser should be used so that
nutrient requirements are met at minimum cost. What is the minimum cost?
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Q6

Q9

A man has Rs. 1500 to purchase two types of of shares of two different companies
S1 and S2. Market price of one share of S1is Rs. 180 and S2 is Rs 120. He wishes
to purchase a maximum of ten shares only. If one share of type S1 gives a yield of
Rs 11, and of type S2 yields Rs 8 then how much shares of each type must be
purchased to get maximum profit? and what will be the maximum profit?

A company manufactures two types of lamps say A and B. Both lamps go through
a cutter and then a finisher. Lamp Arequiires 2 hours of the cutter’s time and 1 hour
of the finisher’s time. Lamp B required 1 hr of cutter’s, 2 hrs of finisher’s time. The
cutter has 100 hours and finisher has 80 hours of time available each month. Profit
on one lamp Ais Rs. 7.00 and on one lamp B is Rs 13.00. Assuming that he can
sell all that he produces how many of each type of lamps should be manufactured
to obtain maximum profit and what will be the maximum profit?

A dealer wishes to purchase a number of fans and sewing machines. He has only
Rs. 5760 to invest and has space for atmost 20 items. A fan and sewing machine
cost Rs 360 and Rs. 240 respectively. He can sell a fan at a profit of Rs. 22 and
sewing machine at a profit of Rs. 18. Assuming that he can sell whatever he buys,
how should he invest money to maximise his profit?

A producer has 20 and 10 units of labour and capital respectively which he can use
to produce two kinds of goods X and Y. To produce one unit of X, 2 units of capital
and 1 unit of labour is required. To produce one unit of Y, 3 units of labour and 1 unit
of capital is required. If Xand Y are priced at Rs. 80 and Rs100 per unit respectively,
how should the producer use his resources to maximize revenue?

A factory owner purchases two types of machines A and B for his factory. The
requirements and limitations for the machines are as follows :
Machine Area Occupied Labour Force Daily Output
(in units)
A 1000 m? 12 men 50
B 1200 m? 8 men 40

He has maximum area of 7600 m? available and 72 skilled labourers who can
operate both the machines. How many machines of each type should he buy to
maximise the daily output?

A manufacturer makes two types of cups Aand B. Three machines are required
to manufacture the cups and the time in minutes required by each in as given
below :

Types of Cup Machines
I Il 1
12 18 6
B 6 0 9
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Each machine is available for a maximum period of 6 hours per day. If the profit on
each cup Ais 75 paisa and on B is 50 paisa, find how many cups of each type
should be manufactured to maximise the profit per day.

Q. 10 An aeroplane can carry a maximum of 200 passengers. A profit of Rs. 400 is made
on each first class ticket and as profit of Rs. 300 is made on each second class
ticket. The airline reserves atleast 20 seats for first class. However at least four
times as many passengers prefer to travel by second class than by first class.
Determine how many tickets of each type must be sold to maximize profit for the
airline.

Q. 11 A diet for a sick person must contains at least 4000 units of vitamins, 50 units of
minerals and 1400 units of calories. Two foods Aand B are available at a cost of Rs.
5 and Rs. 4 per unit respectively. One unit of food A contains 200 units of vitamins,
1 unit of minerals and 40 units of calories whereas one unit of food B contains 100
units of vitamins, 2 units of minerals and 40 units of calories. Find what combination
of the food A and B should be used to have least cost but it must satisfy the
requirements of the sick person.

Q.12 Anil wants to invest at most Rs. 12000 in bonds Aand B. According to the rules, he
has to invest at least Rs. 2000 in Bond Aand at least Rs. 4000 in bond B. If the rate
of interest on bond A and B are 8% and 10% per annum respectively, how should
he invest this money for maximum interest? Formute the problem as LPP and
solve graphically.

ONE MARKS QUESTIONS

1. ThefeasibleregionforalLPPisalwaysa polygon.

2. A corner point of a feasible region is a point in the region whichisthe  of
two boundary lines.

3. Regions represented by the equations x >0, y > 0 is which quadrant?

4. Half plane below the x-axis including the points on x-axis is represented by
which inequality?

5. State T/F
The solution set of the inequation 2x + y > 5 is open half plane not containing the
origin.

6. What do we call a feasible region of a system of linear inequalities if it can be
enclosed within a circle?

7. Ifin a LPP, the objective function z = ax + by has the same maximum value on

two corner points A & B of the feasible region, then how many optimal solutions
will that LPP have?
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8. What do we call the linear inequalities or restrictions on the variables in LPP?

9. When the optimal value of the objective function in a LPP may or may not exist.

Q.1

. If the feasible region of LPP is bounded, then name the method which is used to

find the optimal solution.

CASE STUDY QUESTIONS

A man rides his motorcycle at the speed of 50 km/hr. He has to spend Rs 2/km on
petrol. But if he rides it at a faster speed of 80 km/hr, the petrol cost increases to
Rs 3/km. He has atmost Rs 120 to spend on petrol and one hr’s time. he wishes to
find the maximum distance that he can travel.

Based on the above information answer the following questions.

(1) If he travels x km with the speed of 50 km/hr and y km with the speed of 80
km/hr, then which of the following is false.

i X Yy

(a) Maximise x+y (b) 50 + 80~
X

(c) %+4L0S1 (d) All of these

(2) Maximum distance man can travel is given by

2
(a) 547 km (b) 50 km

(c) 40 km (d) 52 km
(3) If he covers maximum distance then how much distance he travels with the
speed of 50 km/hr.

(@) 50 km (b) 40 km

6 3
48— 11=
(c) - km (d) = km
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(4) What is the average speed during the whole journey for covering the
maximum distance.

2
(a) 80 km/hr (b) 557 km/hr

380 2
(c) N km/hr (d) 537 km/hr

Q. 2 Two tailors Aand B earn Rs 150 and Rs 200 per day respectively. A can sticth 6
shirts and 4 pants per day, while B can stitch 10 shirts and 4 pants per day. it is

desired to produce atleast 60 shirts and 32 pants at a minimum labour cost.

Tailor A Tailor B
Based on the above information answer the following.

(1) Ifxandy are the number of days A and B work respectively then the
objective function for this LPP is

(@) min z=150x+200y (b) 6x+10y > 60
(c) x+y=>8 (d) 4x+4y >32
(2) The optimal solution for this LPP is
(a) (10, 0) (b) (0, 8)
(c)(5.3) (d) (0, 6)
(3) Minimum labour cost will be
(a) Rs 400 (b) Rs 1250
(c)Rs 1600 (d) Rs 1350
(4) In this LPP, feasible region is
(a) Bounded (b) Un bounded
(c) None of these (d) All of these
(5) InalLPP, the feasibleregionisalwaysa polygon.
(a) Convexo voncave (b) Concavo convex
(c) Concave (d) Convex
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SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERNATIVE.

1.

Objective functin of a L.P.P. is

(@) A-constraint

(b) Afunction of be optimised

(c) Arelation between the variables

(d) None of these

The solution set of the inequation 2x + y > 5 is
(@) Open half plans that contains the origion
(b) Open half plane not containing the origin
(c) Whole xy-plane except the points lying on the line 2x +y =5
(d) None of these

Which of the following statements is correct?
(@) Every L.P.P admits an optimal solution

(b) AL.P.P. admits unique optimal solution

(c) If a LPP admits two optimal solutions, it has an infinite number of optimal solutions

(d) None of these

Solution set of inequation x>0 is

(@) Half plane on the left of y-axis

(b) Half plane on the right of y-axis excluding the points on y-axis
(c) Half plane on the right of y-axis including the points on y-axis
(d) None of these

In a LPP, the constraints on the decision variables x and y are
x=3y>0,y>0,0<x< 3.

The feasible region

(@) is notin the first quadrant

(b) is bounded in the first quadrant

(c) isunbounded in the first quadrant

(d) doesn’t exist
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SELF ASSESSMENT-2

EAH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE CORRECT
ALTERNATIVE.

1.

Solution set of the inequation y <0 is

(@) Half plane below the x-axis excluding the points on x-axis
(b) Half plane below the x-axis including the points on x-axis
(c) Half plane above the x-axis

(d) None of these

Regions represented by inequations x>0, y>0is

(a) firstquadrant

(b) second quadrant

(c) third quadrant

(d) fourth quadrant

The feasible region for an LPP is always

(a) concavo convex polygen

(b) concave poloygon

(c) convex polygon

(d) None of these

If the constraints in a linear programming problem are changed then
(@) the problemis to be reevaluated

(b) solution not defined

(c) the objective function has to be modified

(d) the change in constraints is ignored

L.P.P. is as follows:

Minimize Z = 30x + 50y

Subject to the constraints,

3x+5y>15

2x+3y<18

x>0,y>0

In the feasible region, the minimum value of Z occurs at
(@) aunique point

(b) no point

(c) infinitely many points

(d) two points only
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ANSWER
Five Marks Questions
Max z = 250 at x = 50, y = 100
2. (i)Max z=12 at (4, 0) and min z=-32 at (0, 8)
(ii) p =g, infinite solutions lying on the line segment joining the points B and C.
100 kg of fertilizer A and 80 kg of fertilizer B, minimum cost Rs 1000
Maximum profit = Rs 95 with 5 shares of each type.

3
4
5. Lamps of type A =40, Lamps of type B = 20 Max profit = Rs 540
6. Fans: 8, sewing machines : 12, max profit : Rs 392

7. X:2units, Y : 6 units, max revenue is Rs 760.

8. TypeA:4,TypeB:3

9. CupA:15,cupB:30

10. No of first class ticket = 40, No of second class tickets = 160
11. Food A : 5 units, food B : 30 units

12. Maximum interest is Rs 1160 at (2000, 10000)

One Mark Questions

1. Convex 2. Intersection 3. Istquadrant
4. y< 0 5. True 6. Bounded
7. Infinite 8. Llnear constraints

9. Ifthe feasible region is unbounded

10. Corner point method

CASE STUDIES QUESTIONS
1. ()(d) (ii) () (iii) (c) (iv)(c)
2. (i)(a) (ii) (c) (iii) (d) (iv)(d) V()

SELF ASSESSMENT-1

1. (b) 2. (b) 3. () 4. (c) 5. (b)
SELF ASSESSMENT-2
1. (b) 2. (a) 3. (c) 4. (a) 5. (c)
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CHAPTER-13
PROBABILITY

Probability is the branch of mathematics that deals with assigning a numerical quantity
(0 < p< 1) to the happenning/non happenning of any event.

— Weather Forecasting

— Sports betting

Real Life — Investing in stock market
Applications

— Politics

— How likely a natural disaster like earthquake, hurricane etc.
will strike the country in a given year.

ORTS BETTING

\\-%

A sports betting company may look at the current record of two teams Aand B and determine
which team has higher probability of winning and do the sports betting accordingly.

TOPICS TO BE COVERED AS PER CBSE LATEST CURRICULUM 2022-23
» Conditional probability
» Multiplication theorem on probability
* Independent events
 Total probability and Baye’s theorem
« Random variable and its probability distribution

¢ Mean of random variable
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KEY POINTS

Conditional Probability : If A and B are two events associated with the same sample
space of a random experiment, then the conditional probability of the event A under the condition
that the event B has already occurred, written as P(A|B), is given by

P(A|B) = (I;?B?) , P(B)=0.
Properties :
1) P(S|F) = P(F|F) = 1 where S denotes sample space
@) P((A' U B)IF) = P(AIF) + P(BIF) - P((A 1 B)IF)
@) P(E|F) =1- P(EIF)

Multiplication Rule : Let E and F be two events associated with a sample place of an
experiment. Then

P(E N F) = P(E) P(F|E) provided P(E) = 0
= P(F) P(E|F) provided P(F) = 0.
If E, F, G are three events associated with a sample space, then
P(E N F N G)=P(E) P(FIE) P(G|(E N F))

Independent Events : Let E and F be two events, then if probability of one of them is not
affected by the occurrence of the other, then E and F are said to be independent, i.e.,

(@)  P(FIE)=P(F), P(E)=0
or (b)  P(EIF)=P(E), P(F)+0
or (c) P(E N F)=P(E)P(F)

Three events A, B, C are mutually independent if
P(A N BN C)=PA)PB)P(C)
P(A N B) = P(A) P(B)
P(B N C)=P(B)P(C)
and P(A (1 C) = P(A) P(C)

Partition of a Sample Space : A set of events E,, E,, ..., E, is said to represent a
partition of a sample space S if

() E NE=¢:i#j5ij=123 .n
(b)E, UE, UE;..UE,=Sand
(c) Each E;#¢ie P(E)>0V i=1,2,..,n
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Theorem of Total Probability : Let {E,, E,, ..., E,} be a partition of the sample space S.
Let A be the any event associated with S, then

P(A) = D P(E) PAE)
j=1

Baye’s Theorem : If £, E,, ..., E, are mutually exclusive and exhaustive events
associated with a sample space S, and A is any event associated with E;'s having non-zero
probability, then

P(A|E;)P(E))

D P(A|E)P(E))

i=1

P(EJA) =

Random Variable : A (r.v.) is a real variable which is associated with the outcome of a
random experiment.

Probability Distribution of a r.v. Xis the system of numbers given by

X: X1 X2 Xn
P(X=x): P4 P2 Pr
n
where p; >0, i=1,2,..,n, Zpl =1

Mean of ar.v. X :

lllustration:

5
Evaluate P(A U B) if 2P(A) = P(B) = 37 and P(AIB) =

aN

5
Solution: 2P(A) = P(B) = 3

5 5
= P(A)= 55 P(B) = 13
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P(ANB)

2 2 B
= 5= 513 = F a3 ANB)
2

Now, P(A U B) = P(A) + P(B) — P(AN B)
5 5 2 11

“ 26 13 13 16

lllustration:
Prove that if E and F are independent events, then the events E and F are also independent.
Solution: P(E N F) = P(E) P(F) (given)
Consider, PENF)=PE)-PENF)
= P(E) - P(E) P(F)
= P(E) (1 - P(F))
P(ENF')=P(E)-F(F')

So, E and F' are also independent.

lllustration:

A card from a pack of 52 cards is lost. From the remaining cards of the pack, two cards are
drawn. What is the probability that they both are diamonds.

Solution: Let E, = lost card is diamond
E, = lost card is non-diamond
A = 2 diamonds cards are drawn from the remaining cards
Using Theorem of total probability
P(A) = P(AIE,) P(E,) + P(AIE,) P(E,)

12111/3 ;3,9
LI S22
52"

" 51 5052%51

132 468 600" 1
10200 10200 1020077 17
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lllustration:

Three cards are drawn at random (without replacement) from a well shuffled pack of 52
playing cards. Find the probability distribution of number of red cards. Hence, find the

mean of the distribution.

Solution: Let X denotes the number of red cards

BC, 26x25x24 2 4

X = —= —
PX=0= 520, 52x51x50 17 34
P(X = 1) = 26C1><2602_26X26x25>< 3x2x1 13
X=1= e, 2 52x51x50 _ 34
P(X = 2) = 26Cz>< 26C1 26x25x26x3x2x1 _13
=2 52¢, 2x52x51x50 34
P(X=3)= G 4
X290 %c, "
Probability Distribution
X P(X=x) X P(x)
0 4 0
34
1 13 13
34 34
2 13 26
34 34
3 4 12
34 34
2P =1 X =P

13 26 12 513

X = =
2.Pi%i = 34734 34 34 2
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10.

ONE MARK QUESTIONS

1 1
. The probabilities of A and B solving a problem independently are — and — respectively.

3 4
If both of them try to solve the problem independently, what is the probability that the
problem is solved ?

. The probability that it will rain on any particular day is 50%. Find the probability that it

rains only on first 4 days of the week.

. Write the value of P(A|B) if P(A) = 0.4, P(B) = 0.8 and P(B|A) = 0.6.

. Asoldier fires three bullets on enemy. The probability that the enemy will be killed by

one bullet is 0.7. What is the probability that the enemy is still alive ?

1 7 _ 1
. fP(A) = x P(B) = 12 and P(A or B)= —. State whether A and B are independent.

4

. A natural number x is chosen at random from the first hundred natural numbers. Find

1
the probability such that x + > <2

. A bag contains 50 tickets numbered 1, 2, 3, ..., 50 of which five are drawn at random

and arranged in ascending order of magnitude (x; < x, < X3 < X, < X5). What is the
probability that x5 = 30.

. Let Aand B be two events such that P(A) = 0.6, P(B) = 0.2 and P(A|B) = 0.5. Then find

P(A'|B).

. The probability that a person is not a swimmer is 0.3. Find the probability that out of 5

persons 4 are swimmers.

A flashlight has 8 batteries out of which 3 are dead. If two batteries are selected without
replacement and tested, then find the probability that both are dead.

TWO MARKS QUESTIONS

. A and B are two events such that P(A) = 0, then find P(B|A) if (/) A is a subset of B (ii)

AN B=9.

. Arandom variable X has the following probability distribution, find k.

X 0 1 2 3 4 5

1 K 15K -2 K 15K -1 1
15 15 15 15
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3. Out of 30 consecutive integers two are chosen at random. Find the probability so that
their sum is odd.

4. Assume that in a family, each child is equally likely to be a boy or a girl. A family with
three children is chosen at random. Find the probability that the eldest child is a girl
given that the family has atleast one girl.

N

5 _ — _ _
5. If Aand B are such that P(A U B) = 9 andP(A U B)= 5,thenfindP(A)+P(B).

6. Prove that if A and B are independent events, then A and B' are also independent
events.

7. If Aand B are two independent events such that P(A) = 0.3, P(A U B) =0.5, then find
P(A|B) - P(BJA)

8. Three faces of an ordinary dice are yellow, two faces are red and one face is blue. The
dice is rolled 3 times. Find the probability that yellow, red and blue face appear in the
first, second and third throw respectively.

9. Find the probability that a leap year will have 53 Fridays or 53 Saturdays.

10. A person writes 4 letters and addresses on 4 envelopes. If the letters are placed in the
envelopes at random, then what is the probability that all the letters are not placed in
the right envelopes.

11. Find the mean of the distribution

X =x 0 1 2 3 4 5
(X = 1 5 2 1 1 1
(X=x) 6 18 9 6 9 18

12. In a class XlI of a school, 40% of students study Mathematics, 30% of the students
study Biology and 10% of the class study both Mathematics and Biology. If a student
is selected at random from the class, then find the probability that he will be studying
Mathematics or Biology.

THREE MARKS QUESTIONS

Q.1. A problem in mathematics is given to three students whose chances of solving it are

1 1 1
2'3 and 1 What is the probability that the problem is solved ?
1

_ 2 _
Q.2. If Aand B are two independent events such that P(A ) B) = 15 andP(AN B)= 6

then find P(A) and P(B).
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Q.3.

Q4.

Q.5.

Q.6.

Q.7.

Q.8.

Q.9.

Q.10.

Q.1.

Q.2.

From a lot of 20 bulbs which include 5 defectives, a sample of 2 bulbs is drawn at
random, one by one with replacement. Find the probability distribution of the number of
defective bulbs. Also, find the mean of the distribution.

Amit and Nisha appear for an interview for two vacancies in a company. The probability
of Amit’s selection is 1/5 and that of Nisha’s selections is 1/6. What is the probability
that

(i) both of them are selected?
(i) only one of them is selected?
(iii) none of them is selected?

In a game, a man wins a rupee for a six and looses a rupee for any other number when
a fair die is thrown. The man decided to throw a die thrice but to quit as and when he
gets a six. Find the expected value of the amount he wins/looses.

Suppose that 10% of men and 5% of women have grey hair. A grey haired person is
selected at random. What is the probability that the selected person is male assuming
that there are 60% males and 40% females ?

Two dice are thrown once. Find the probability of getting an even number on the first die
or a total of 8.

Two aeroplanes Xand Y bomb a target in succession. There probabilities to hit correctly
are 0.3 and 0.2 respectively. The second plane will bomb only if first miss the target.
Find the probability that target is hit by Y plane.

The random variable X can take only the values 0, 1, 2. Given that P(X=0) = P(X=1)
= p and that E(X?) = E(X), find the value of p.

An urn contains 4 white and 3 red balls. Let X be the number of red balls in a random
draw of 3 balls. Find the mean of X.

FIVE MARKS QUESTIONS

By examining the chest X-ray, the probability that TB is detected when a person is
actually suffering is 0.99. The probability of a healthy person diagnosed to have TB is
0.001. In a certain city, 1 in 1000 people suffers from TB. A person is selected at
random and is diagnosed to have TB. What is the probability that he actually has TB ?

Three persons A, Band C apply for a job of Manager in a private company. Chances of
their selection (A, B and C) are in the ratio 1 : 2 : 4. The probabilities that A, Band C
can introduce charges to improve profits of the company are 0.8, 0.5 and 0.3 respectively.
If the change doesn’t take place, find the probability that it is due to the appointment
of C.
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Q.3.

Aletter is known to have come either from TATANAGAR or from CALCUTTA. On the
envelope, just two consecutive letters TA are visible. What is the probability that the
letter came from TATANAGAR.

it i Xis given as under :

U]
Q.5.

Q.6.

Q.7.

Q.8.

Q.9.

Q.10.

Q.1.

kx?> for x = 12,3
P(X = x) = {2kx for x=4,5,6
|L 0  Otherwise

where k is a constant. Calculate
E(X) (i) E(3X?) (iil)y P(X>4)

Three critics review a book. Odds in favour of the book are 5:2,4 :3 and 3 : 4
respectively for the three critics. Find the probability that the majority are in favour of
the book.

Two numbers are selected at random (without replacement) from positive integers 2, 3,
4,5,6, 7. Let X denotes the larger of the two numbers obtained. Find the mean of the
probability distribution of X.

An urn contains five balls. Two balls are drawn and are found to be white. What is the
probability that all the balls are white?

Two cards are drawn from a well shuffled pack of 52 cards. Find the mean and variance
for the number of face cards obtained.

A card from a pack of 52 cards is lost. From the remaining cards of the pack, two cards
are drawn at random and are found to be both clubs. Find the possibility of the lost card
being of club.

Bag | contains 3 red and 4 black balls and Bag Il contains 4 red and 5 black balls. One
ball is transferred from Bag | to Bag Il and then a ball is drawn from Bag Il at random.
The ball so drawn is found to be red in colour. Find the probability that the transferred
ball is black.

CASE STUDY QUESTIONS

A company sells three types of Nutritional foods A, B, C for a weightloss programme.
These are sold as a mixture where the proportions are 4 : 4 : 2 respectively. The
probability of loosing weight by these foods A, B and C are 75%, 80% and 60%
respectively.

Weight loss Weight loss Weight loss

® ©

[Class XII : Maths] 211



Based on the above information, answer the following questions :
(a) Calculate the probability of randomly chosen food to do weight loss.
() 73% (i) 74% (iiiy 75% (v) 95%

(b) Calculate the probability that there is no weightloss when it is given that the person
takes food B

() 80% (i) 60% (iii) 20% (v) 40%

(c) Calculate the probability that food was of type C given that there is reduction in weight.

0 > i 72 (i) - W) 1
(d) The probability that there is no reduction in weight given the food C is

() 0.4 (i) 0.6 (#if) 0.25 (v) 0.2
(e) What is the probability of choosing food B given that there is no weight loss.

( 04 (i) 0.8 (iily 4125 (v) 0.3

Q.2. In a birthday party, a magician was being invited by a parent and he had 3 bags that
contain number of red and white balls as follows :

Bag 1 : 3 red balls, Bag 2 : 2 white balls and 1 red ball
Bag 3 : 3 white balls

The probability that the bag i will be chosen by the magician and a ball is selected from

itisé,i=1,2,3.

Based on the above information, answer the following questions.

(a) What is the probability that a red ball is selected by the magician

13 - Lo )
() 15 (i) & (ii) ") 15
(b) What is the probability that a white ball is selected by the magician
5 13 1 O
) 5 (i) =g (i) ") 15

(c) Given that the magician selects the white balls, what is the probability that this ball
was from Bag 2.

4 4 1
) 13 (i & (iii) 0 W) -
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(d) Given that the magician selects the red ball, what is the probability that this ball was
from Bag 1.

3 . 4 . 4 o1
0 3 (i 3 (i) 33 W) 5
(e) What is the probability of selecting either red or white ball from Bag 2.
4 1
0 (i) 5 (i) 5 (v) 1
Q.3. In an office three employees Vinay, Sonia and Igbal process incoming copies of a
certain form. Vinay process 50% of the forms. Sonia processes 20% and Igbal the

remaining 30% of the forms. Vinay has an error rate of 0.06, Sonia has an error rate of
0.04 and Igbal has an error rate of 0.03.

L W
=\ =

Based on the above information answer the following :

() The conditional probability that an error is committed in processing given that Sonia
processed the form is :

(@ 0.0210 (b) 0.04 (c) 0.47 (d) 0.06
(i) The probability that Sonia processed the form and committed an error is :
(@) 0.005 (b) 0.006 (c) 0.008 (d) 0.68

(i) The total probability of committing an error in processing the form is
(@ o (b) 0.047 (c) 0.234 (d) 1

(iv) The manger of the company wants to do a quality check. During inspection he selects
aform at random from the days output of processed forms. If the form selected has an
error, the probability that the form is NOT processed by Vinay is :

@ 1 (b) 30/47 (c) 2047 (d) 17/47
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(v) Let Abe the event of committing an error in processing the form and let £, E, and E;

3
be the events that Vinay, Sonia and Igbal processed the form. The value of Z P(E; | A)
iz
is
(@ O (b) 0.03 (c) 0.06 (d) 1

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERNATIVE.

1. IfAand B are independent events such that P(A) = 0.4, P(B) =xand P(A\U B) = 0.5, then
x=7?

4
@ 3 (b) 0.1
1
(c) 5 (d) None of these
2. If P(A)=0.8, P(B) = 0.5 and P(B/A) = 0.4, then P(A/B) is
(@ 0.32 (b) 0.64
(c) 0.16 (d) 0.25

3. Acouple has two children. What is the probability that both are boys if it is known that one
of them is a boy?

1 2
(@ 3 (b) 3
3 1
(c) 2 (@) 7

4. Therandom variable X has a probability distribution P(X) of the following form, where k' is
some number.

k, if x=0
x=1

o <2k, if
P(X_X)_|3k, if  x=2
| 0 otherwise

Determine the value of k.
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5.

If two events are independent, then

(@) they must be mutually exclusive

(b) the sum of their probabilities must be equal to 1
(c) (a)and (b)both are correct

(d) none of the above is correct

SELF ASSESSMENT-2

EAH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE CORRECT
ALTERNATIVE.

1.

Two cards are drawn from a well shuffled deck of 52 playing cards with replacement. The
probability that both cards are queens is

@ 15%is 6 5tis
13 13 13 13
© 5% © 15%e
13 17 13 51
The probability distribution of a discrete random variable X is given below:
X 2 3 4 5
5 7 9 11
P(X=x) P m P m
The values of k is
(@ 8 (b) 16
(c) 32 (d) 48

Three persons A, B and C fire at a target in turn, starting with A. Their probability of hitting
the target are 0.4, 0.3 and 0.2 respectively. The probability of two hits is

(@) 0.024 (b) 0.188

(c) 0.336 (d) 0.452

If 4P(A) = 6P(B) = 10P(A M B) = 1, then P(B/A) = ?
2 3

@ 7 b 7
7 19

() 10 (d) 0

A letter is known to have come either from LONDON or CLIFTON; on the postmark only
the two consecutive letters ON are legible. The probability that it came from LONDON is

5 12
(a) 17 (b) 17
17 3
(c) 30 (d) 5
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ANSWER
One Mark Questions

7
1 1 2 1 3. 03 4. (0.3)3
- 13 . 0. . (0.3)
29 20
3
5. No 6. 0 7 % 8. ¢
Cs
3
9. 0.36 10. 28
Two Marks Questions
. . 4 15 4
1. 01 (U)o 2. 15 3. 29 4. 7
10 1 1 3
23 35
10. s 11. 18 12. 0.6
Three Marks Questions
3 1 1 5 4
1. 1 2. P(A)= 5 and P(B) = s or P(A) = s and P(B) = 5
1 1 3 2 91
3. 2 4. (i) 30 (i) 10 (iii) 3 5 - 54
3 5 7 1
6. Z 7. 5 8. Z 9. E
9
10. 7
Five Marks Questions
110 7 7 ) .. o1
1. 521 2. 0 3. 1 4. (i) 4.31, (i) 61.9, (iii) >
209 17 1 6 60
=9 - = 0 _ o= 2 2_°2Y
5. 343 6. Xx 3 7. 5 8. X 13,0 169
11 16
9 % 10. a
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CASE STUDY QUESTIONS

1. (a) (ii) (b) (iif) (c) (i) (d) () e) ()

2. (a) (iv) (b) (i) (c) () (d) () e) ()

3. () (b) (i) (c) (i) (b) (iv) (d) (v) (d)
SELF ASSESSMENT-1

1. () (b) 3. () 4 k:% 5. (d)
SELF ASSESSMENT-2

1. () © 3. (b) 4. (a) 5. (b)
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Sample Question Paper
Class XII
Session 2022-23
Mathematics (Code-041)

Time Allowed: 3 Hours Maximum Marks: 80

General Instructions :

l.

SAINAIE ol

This Question paper contains - five sections A, B, C, D and E. Each section is
compulsory. However, there are internal choices in some questions.

Section A has 18 MCQ’s and 02 Assertion-Reason based questions of 1 mark each.
Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.
Section C has 6 Short Answer (SA)-type questions of 3 marks each.

Section D has 4 Long Answer (LA)-type questions of 5 marks each.

Section E has 3 source based/case based/passage based/integrated units of
assessment (4 marks each) with sub parts.

SECTION A
(Multiple Choice Questions)
Each question carries 1 mark

Q1. If A =[ajj] is a skew-symmetric matrix of order n, then
(@) a;; = ai Vi,j (b)a; #0Vi,j (c)a;; =0,wherei=j (d)a;; #0wherei=j
ji
Q2. If A is a square matrix of order 3, |A'| = —3, then |AA'| =

(a) 9

-9 (©3 (d)-3

Q3. The area of a triangle with vertices A, B, C is given by

(a) [4B x AC|  (b);]4B x AC|
(b) ;|AC x 4B|  (d) 3 |AC x 4B

1-cos4x if x=+0
Q4. The value of ‘k’ for which the function f(x) Z{ 8’;: f, is continuous at x = 0 is
,ifx=0

()0

-1 () L )2

Q5. If f'(x) = x + =, then £ (x) is

2
() x* +log |x| + C (b) = +log |x| +C (c);+log |x| + C (d)5 —log |x| +C
Q6. If m and n, respectively, are the order and the degree of the differential equation

dx

(a) 1

dy
dx

)]4 =0,thenm+n=

®2 (3 (d) 4

Q7. The solution set of the inequality 3x + 5y <4 is

(a) an open half-plane not containing the origin.

(b) an open half-plane containing the origin.

(c) the whole XY-plane not containing the line 3x + Sy = 4.
(d) a closed half plane containing the origin.
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Q8. The scalar projection of the vector 3i — j — 2k on the vector i + 2j — 3k is

(@) 7 (b)Y ©= (d)2
Q9. The value of [} —“—dx is
3 1 9
(a) logd (b) log 3 (©) 3 log2 (d) log "

Q10. If A, B are non-singular square matrices of the same order, then (AB™1)"! =
(@)A™'B (b)A™1B71 (c)BA™1 (d) AB

Q11. The corner points of the shaded unbounded feasible region of an LPP are (0, 4),
(0.6, 1.6) and (3, 0) as shown in the figure. The minimum value of the objective
function Z = 4x + 6y occurs at

(a)(0.6,1.6) only (b) (3, 0) only (¢) (0.6, 1.6) and (3, 0) only
(d) at every point of the line-segment joining the points (0.6, 1.6) and (3, 0)

QI2. If |§ 41} = |26x i| ,then the possible value(s) of ‘x’ is/are

(a) 3 (b)V3 (©)-V3 (d)V3,—V3
Q13. If A is a square matrix of order 3 and |A| = 5, then |adjA| =
(a) 5 )25 (c)125  (d) %

Q14. Given two independent events A and B such that P(A) =0.3, P(B) = 0.6 and P(4' N B') is
(a) 0.9 () 0.18 (c)0.28  (d) 0.1

QI15. The general solution of the differential equation ydx — xdy = 0 is
@xy=C ®x=Cy* (@©y=Cx (dy=Cx?

Q16.Ify = sin"x, then (1 — x?)y, is equal to
(a) xy; (b) xy (c) xy2 (d) x?

[Class XII : Maths] 219



Q17. If two vectors d and b are such that ld] =2, |B| =3andd.bh = 4, then |51 - ZBl is
equal to

(a) V2 (b) 2v/6 (c) 24 (d) 2v2

Q18. P is a point on the line joining the points A(0,5, —2) and B(3,—1,2). If the x-coordinate
of P is 6, then its z-coordinate is

(a) 10 (b) 6 (c) -6 (d)-10

ASSERTION-REASON BASED QUESTIONS
In the following questions, a statement of assertion (A) is followed by a statement of
Reason (R). Choose the correct answer out of the following choices.

(a) Both A and R are true and R is the correct explanation of A.

(b) Both A and R are true but R is not the correct explanation of A.
(c) Aistrue but R is false.

(d) A is false but R is true.

Q19. Assertion (A): The domain of the function sec™12x is (—00, - %] U [l, )

Reason (R): sec™1(=2) = —%

Q20. Assertion (A): The acute angle between the line 7 = § + j + 2k + A(i — J) and the x-axis
is %
Reason(R): The acute angle 8 between the lines

7 =x0+y,f+z.k+ A(ali + bj + cllE) and
7 = x,0 + o] + 22k + pu(ayl + by + ¢, k) is given by cosd = 19137 ¥ By tc1cpl
\/a12+b12+c12\ja22+b22+622

SECTION B
This section comprises of very short answer type-questions (VSA) of 2 marks each

Q21. Find the value of sin™[sin (B—n)]

7

OR
Prove that the function f'is surjective, where f: N — N such that
n+1
> ,if nis odd
fay=1{ 2
5 if niseven

Is the function injective? Justify your answer.

Q22. A man 1.6 m tall walks at the rate of 0.3 m/sec away from a street light that is 4 m above

the ground. At what rate is the tip of his shadow moving? At what rate is his shadow
lengthening?

Q23.1f d=1—j+ 7k and b= 5% —J + 2k, then find the value of A so that the vectors
d+bandd—b are orthogonal.

OR

220 [Class XII : Maths]



Q24. If yV1 — x2 +x\/1 —y? =1, then prove that Z—z = —

Find the direction ratio and direction cosines of a line parallel to the line whose equations
are
6x—12=3y+9=2z-2

1-y2
1-x2

Q25. Find |X| if (¥ —d). (X + d) = 12, where d is a unit vector.

SECTION C
(This section comprises of short answer type questions (SA) of 3 marks each)
. dx
()26.Fdnd.J-7§f3§f§§

Q27. Three friends go for coffee. They decide who will pay the bill, by each tossing a coin and

Q28. Evaluate: f:// 3
6

Q29.

Q30.

Q31.

Q32.
Q33.

then letting the “odd person” pay. There is no odd person if all three tosses produce the
same result. If there is no odd person in the first round, they make a second round of
tosses and they continue to do so until there is an odd person. What is the probability
that exactly three rounds of tosses are made?

OR
Find the mean number of defective items in a sample of two items drawn one-by-one
without replacement from an urn containing 6 items, which include 2 defective items.

Assume that the items are identical in shape and size.
dx

1+vVtanx

OR
Evaluate: f;lx —1|dx

Solve the differential equation: ydx + (x — y?)dy = 0

OR
Solve the differential equation: xdy — ydx = \/x? + y? dx

Solve the following Linear Programming Problem graphically:

Maximize Z = 400x + 300y subjectto x + y < 200,x < 40,x =2 20,y =0

3
Find [ 2 gy

SECTION D
(This section comprises of long answer-type questions (LA) of 5 marks each)

Make a rough sketch of the region {(x,y):0 <y <x%,0 <y < x,0 < x < 2} and find
the area of the region using integration.

Define the relation R in the set N X N as follows:

For (a, b), (c,d) € N X N, (a, b) R (c, d) iff ad = bc. Prove that R is an equivalence

relationin N X N.
OR
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Given a non-empty set X, define the relation R in P(X) as follows:
For A, B € P(X),(4,B) € R iff A c B. Prove that R is reflexive, transitive and not
symmetric.

Q34. An insect is crawling along the line 7 = 6 + 2 + 2k + A(i —-2j+ ZIE) and another
insect is crawling along the line 7 = —41 — k + M(Si - 2] - ZE). At what points on the
lines should they reach so that the distance between them is the shortest? Find the shortest
possible distance between them.

OR
The equations of motion of a rocket are:
x = 2t,y = —4t, z = 4t, where the time t is given in seconds, and the coordinates of a
moving point in km. What is the path of the rocket? At what distances will the rocket be
from the starting point O(0, 0, 0) and from the following line in 10 seconds?
7 =207 — 10f + 40k + u(10f — 20f + 10k)

2 =3 5
Q35.IfA=|3 2 —4], find A, Use A~ to solve the following system of equations
1 1 =2

2x—3y+5z=11,3x+ 2y —4z=-5,x+y—2z=-3

SECTION E
(This section comprises of 3 case-study/passage-based questions of 4 marks each
with two sub-parts. First two case study questions have three sub-parts (i), (ii), (iii)
of marks 1, 1, 2 respectively. The third case study question has two sub-parts of 2
marks each.)

Q36. Case-Study 1: Read the following passage and answer the questions given below.

The temperature of a person during an intestinal illness is given by
f(x) = —0.1x% + mx + 98.6,0 < x < 12, m being a constant, where f(x) is the
temperature in °F at x days.

(1) Is the function differentiable in the interval (0, 12)? Justify your answer.

(i1) If 6 is the critical point of the function, then find the value of the constant m.
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(iii))  Find the intervals in which the function is strictly increasing/strictly decreasing.
OR
(iii))  Find the points of local maximum/local minimum, if any, in the interval (0, 12) as
well as the points of absolute maximum/absolute minimum in the interval [0, 12].
Also, find the corresponding local maximum/local minimum and the absolute
maximum/absolute minimum values of the function.

Q37. Case-Study 2: Read the following passage and answer the questions given below.

In an elliptical sport field the authority wants to design a rectangular soccer field
with the maximum possible area. The sport field is given by the graph of
2 2

x_ b_2 =1.

(1) If the length and the breadth of the rectangular field be 2x and 2y respectively,
then find the area function in terms of x.

(i1) Find the critical point of the function.

(iii)  Use First derivative Test to find the length 2x and width 2y of the soccer field (in
terms of a and b) that maximize its area.

OR
(iii))  Use Second Derivative Test to find the length 2x and width 2y of the soccer field

(in terms of a and b) that maximize its area.
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Q38. Case-Study 3: Read the following passage and answer the questions given below.

There are two antiaircraft guns, named as A and B. The probabilities that the shell fired

from them hits an airplane are 0.3 and 0.2 respectively. Both of them fired one shell at an

airplane at the same time.

(1) What is the probability that the shell fired from exactly one of them hit the plane?

(i1) If it is known that the shell fired from exactly one of them hit the plane, then what is
the probability that it was fired from B?
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Marking Scheme
Class XII
Mathematics (Code — 041)

Section : A (Multiple Choice Questions- 1 Mark each)

Question Answer | Hints/Solution

No

1. (©) In a skew-symmetric matrix, the (i, j)th element is negative of
the (j, 1)th element. Hence, the (i, 1)th element = 0

2. (a) |[AA"| = |Al|A"| = (=3)(=3) =9

3. (b) The area of the parallelogram with adjacent sides AB and AC =
|ﬁ X ZZ'| Hence, the area of the triangle with vertices A, B, C
-1 |4B x 4¢|

4. (©) The function f is continuous at x = 0 if lim,_,f (x) = f(0)
We have f(0) =k and

, , 1- , 2sin?2 . in?2
lim,_of (x) = limy_ ;‘:z = lim,_, —S::CZ X =lim,_, —Slrxzx
IRT sin2x\? _
=limyo ( 2x ) -

Hence, k =1

5. (b) x? 1
7+ log |x| +C ( fx) = f (x +;> dx)

6. ©) The given differential equation is 4 (d—y)3 &y _ 0. Here, m=2

& q dx/) dx? ' ’
andn=1
Hence, m +n=3

7. (b) The strict inequality represents an open half plane and it
contains the origin as (0, 0) satisfies it.

8. (2) Scalar Projection of 31 — j — 2k on vector i + 2j — 3k
_(8i-j—2k).(1+2j-3k) _ 7

|i+2j-3K | T V1%
9. c 3 x 1 5 3 _ 1 1 10
(© Jy = =5 log(x* + D] =2 (log10 — log5) == log (?)
= % log2

10. (© (AB~H™'=(BH'A™t =BA™!

11. (d) The minimum value of the objective function occurs at two
adjacent corner points (0.6, 1.6) and (3, 0) and there is no point
in the half plane 4x + 6y < 12 in common with the feasible
region. So, the minimum value occurs at every point of the line-
segment joining the two points.

12. (d) 2-20=2x2-24 =2 2x’=6=x2=3=x= +/3

13. (b) ladjA| = |A|" ! = |adjA| = 25

14. (c) P(A'nB") = P(A") x P(B") (As A and B are independent,

A'and B' are also independent.)
=0.7x0.4=0.28
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15. d dx
(©) ydx —xdy =0 ﬁydx—xdy=0=7y=7
dy dx
= f7 = f7+ logK,K > 0 = log|y| = log|x| + logK
= log|y| =log |x|K = |y| = |[x|K = y=tKx = y =(x
16. (a) y = sin"'x
dy 1 dy
— =41 2. ==1
dx 1 —x2 x dx
Again , differentiating both sides w. r. to x, we get
d’y d —2x
i-e2 2+ 2 (=) =0
dx?  dx \21 — x2
Simplifying, we get (1 — x2)y, = xy;
-2 - -
17 (®) |d — 25| = (@ — 2b).(a@ — 2b)
-2 - - -
|é —2b| = d.d—4d.b+4b.b
- —,2
= |d|? — 4d. b+ 4|b|
=4—-16+36 =24
-2 -
|d —2b| =24= |d—2b|=2V6
18. (b) The line through the points (0, 5, -2) and (3, -1, 2) is
X _yoS _z2
3-0  -1-5 _ 2+2
x y—5 z+2
3T 6 T4
Any point on the line is (3k, —6k + 5,4k — 2), where k is an
arbitrary scalar.
3dk=6=>k= 2
The z-coordinate of the point P willbe 4 X 2—2 =6
19. ©) sec™1x is defined if x < —1 or x > 1. Hence, sec™*2x will be
defined if x < —%orx = %
Hence, A is true.
The range of the function sec™1x is [0, ] — {g}
R is false.
20. (a The equation of the x-axis may be written as 7 = ti. Hence, the
acute angle 8 between the given line and the x-axis is given by
[1x1+4+(—1)x0+0x0| 1 Vs
cosl = = _ =0 ==
JEZ+(D2+02xVI2+02+02 V2 4
SECTION B (VSA questions of 2 marks each)
21. __1_131r___1_ T 1
sin™*[sin (7>] = sin”"[sin (21r - 7)]
T [ T _ T 1
=sin™[sin (— ;)] = -z
OR
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Let y € N(codomain). Then 3 2y € N(domain) such that
fQ2y) = 273/ = y. Hence, f is surjective.

1, 2 € N(domain) such that f(1) = 1 = f(2)
Hence, fis not injective.

22.

Let AB represent the height of the street light from the ground. At
any time t seconds, let the man represented as ED of height 1.6 m
be at a distance of x m from AB and the length of his shadow EC

be y m.

Using similarity of triangles, we have 1i6 = xyﬂ =3y = 2x

. . . d d
Differentiating both sides w.r.to t, we get 3 d—Jt/ =2 d—f

dy 2 dy

At any time t seconds, the tip of his shadow is at a distance of
(x + ¥) m from AB.
The rate at which the tip of his shadow moving
dx dy
= (dt + dt)m/s = 0.5m/s
The rate at which his shadow is lengthening

_ Y = 0.2
= m/s =02m/s

23.

~>

G=1—j+7kandb= 51—+ Ak

Henced +b=61—2j+ (7+ )k andd—b=—41+ (7 — Dk
G+ b and @ — b will be orthogonal if, (&+5).(&—B)=0
ie,if,—24+(49—-21%) =0= 12 =125

re,if, A= 15

OR
The equations of the line are 6x — 12 = 3y + 9 = 2z — 2, which,
when written in standard symmetric form, will be
x=2 _ y—(-3) _ z-1
T — - 1 — 1

6 3 2
. . a b [
Since, lines are parallel, we have a—l =—L= C—1
2 2 2

. S . 111
Hence, the required direction ratios are (g '3 ;) or (1,2,3)
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and the required direction cosines are (L , i, i) 1
14’ V14’ V14
24. yWl—x2+xJ1—-y2=1 1
Let sin"'x = Aand sin”'y = B. Then x = sinA and y = sinB /2
yv1—x%2+xJ1—y?2=1= sinBcosA + sinAcosB =1
i
=sinA+B)=1=A+B=sin"'1==
- 2
= sin"lx +sin"ly = > Vs
Differentiating w.r.to x, we obtain dy _ _ [ 1
dx 1-x2
25. Since @ is a unit vector, -~ |d| = 1 Y
x—a).(xX+a) =12.
= XxXx+xd—ax—dd=12 Y
= |%|? —|d|? = 12. /2
= |¥?-1=12
= |#2=13 = |#| =13 122
SECTION C
(Short Answer Questions of 3 Marks each)
26. J‘ dx
V3 —2x —x?
J=(x%2+2x-3) J4—(x+1)2
= sin~1 (X2 X _ _ sin~1 (% 1
= sin ( . )+C [f == sin (a)+C]
217. P(not obtaining an odd person in a single round) = P(All three of
them throw tails or All three of them throw heads)
zlxlxlxz:l 1+1/2
27272 4
P(obtaining an odd person in a single round)
=1 — P(not obtaining an odd person in a single round) = % 7
The required probability
= P(“In first round there is no odd person’ and ‘In second round
there is no odd person’ and ‘In third round there is an odd person’)
=113 _3 1
47474 64
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OR

Let X denote the Random Variable defined by the number of

defective items.

2
2 11
P = x5= ¢
X 0 1 2
pi 2 8 !
5 15 15
pix; 0 E i 12
5 15
10 2
Mean =Y pix; = - = 3 12
8. B dx Vcosx :
Letl= fn:/ 1+\/m fTL’/ﬁ Vsinx++/cosx Tomrvoon X (1)
Using [ f(x) dx = [" f(a+b - x)dx
cos(Z+Z—x
/6 \/sin(g+§—X)+ \/cos(§+g—x)
_ "3 __Vsinx -
1= f” \/mh/smx X (i), 1
Addlng (1) and (ii), we get
_ VCosx smx
2= f”/e Vet Veos O f"/a Veosw st
- 1
21=[; //6 3dx
—pgp -3-2=
6
l 1
Hence, | = fn/ 1+\/m "
OR
1

f;lx—lldx = fol(l—x)dx+f14(x— 1)dx
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“fe-tTy o 5] |
=1-P+B-H-G-D

=5 1
29. ydx + (x —y*)dy =0
Reducing the given differential equation to the form Z—; +Px=Q
dx x
we get, ™ + 3= y A
1
I.F=efpdy=ef§dy=el"gy=y 1
The general solution is given by
x.IF = f Q.IFdy = xy = fyzdy 1
3
= xy = y? + C, which is the required general solution 72
OR

xdy —ydx = \/x? + y? dx

It is a Homogeneous Equation as

b VY sl p(d)
dx X X x x/ Yo

Puty = vx

dy dv

i v+x I
dv VA

v+tx—=+14+v2+v ’
dx

Separating variables, we get

dv  dx %

vi+wvz X

Integrating, we get log|v +V1+ v2| = log|x| + logK,K > 0

log |y +Vx% + y2| = logx*K

=y +x? +y? = +Kx?

= vy +/x2 + y2 = Cx?, which is the required general solution 1412
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30. We have Z= 400x +300y subject to

Xx+y<200,x <40,x =220,y =0

The corner points of the feasible region are C(20,0), D(40,0),

B(40,160), A(20,180)
Corner Point Z =400x + 300y
C(20,0) 8000
D(40,0) 16000
B(40,160) 64000
A(20,180) 62000
Maximum profit occurs at x= 40, y=160
and the maximum profit =% 64,000

31.

f(x3+x+1) dx=f(x n 2x+1 )dx

(x2-1) (x—=1)(x+1)

. X
Now resolving ———
(x—1

3D into partial fractions as

2x+1 A N B
x—Dx+1) x—-1 x+1

2x+1 _ 3 1
(x-D)(x+1)  2(x-1) = 2(x+1)

(x3+x+1) _ 2x+1
Hence, | Gy 4x = | (x +—(x—1)(x+1)) dx

We get

B 3 1
=J (x + 2(x-1) + 2(x+1)) dx

x% 3 1
=?+Elog|x -1 +Elog|x +1|+C

x? 1
= =+ (logl(x - D3x+D|+C
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SECTION D
(Long answer type questions (LA) of 5 marks each)

32.

The points of intersection of the parabolé y = x? and the line
y = x are (0, 0) and (1, 1).

. 1 2
Required Area = [ Yparabota 4% + [ Yiine dx
Required Area = | 01 x*dx + | 12 x dx

[+ Eli=3+3=%

(Correct
Fig: 1
Mark)

33.

Let (a,b) € N x N. Then we have

ab = ba (by commutative property of multiplication of natural
numbers)

= (a,b)R(a,b)

Hence, R is reflexive.

Let (a,b),(c,d) € N X N such that (a, b) R (¢, d). Then

ad =bc

= c¢b = da (by commutative property of multiplication of
natural numbers

= (¢,d)R(a, b)

Hence, R is symmetric.

Let (a,b), (c,d), (e, f) € N x N such that

(a,b) R (¢, d) and (c, d) R (e, 1).

Then ad = be, cf = de

= adcf = bcde

= af = be

= (a,b)R(e, f)

1+1/2
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Hence, R is transitive.
Since, R is reflexive, symmetric and transitive, R is an

equivalence relation on N X N. ¥
OR
Let A€ P(X). ThenAc A
= (4,A) ER
Hence, R is reflexive. 1
Let A, B, C € P(X) such that
(A,B),(B,C)ER
= AcB,Bcc(C
= Acc(C
= (4,C)ER
Hence, R is transitive. 2
?,X € P(X) such that ® c X. Hence, (@,X) € R. But, X ¢ 0,
which implies that (X, @) € R.
Thus, R is not symmetric. 2
34. The given lines are non-parallel lines. There is a unique line-

segment PQ (P lying on one and Q on the other, which is at right
angles to both the lines. PQ is the shortest distance between the
lines. Hence, the shortest possible distance between the insects =
PQ
The position vector of P lying on the line
7= 60+ 2]+ 2k + A(1 — 2 + 2k)
is (6 + DI+ (2 —21)j + (2 + 2)k for some A &
The position vector of Q lying on the line
7=—41—k+u(3t—2j - 2k) y
is (=4 + 31+ (—2w)j + (=1 — 2wk  for some p :
PQ = (=10 +3u — )i+ (=21 — 2+ 2A)f + (=3 — 2u — 2Dk | 1,
Since, PQ is perpendicular to both the lines
(“10+3u—A)+(2u—2+21)(=2)+ (-3 —-2u—21)2

=0, vz
i.e,u—31=4 ..(0)
and (—104+3u — )3+ (—2u—2+22)(-2) + (-3 —2u—
2)(=2) =0, A
i.e.,17u—31 =20 ...(i1)
solving (i) and (ii) for A and u, we getu = 1,4 = —1. 1
The position vector of the points, at which they should be so that
the distance between them is the shortest, are
51 + 4f and —i — 2j — 3k Y
PQ = —6{—6j — 3k 1

The shortest distance = |P—Q)| =v6%2+62+32=9
OR
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Eliminating t between the equations, we obtain the equation of the
pathg = _14 = Z, which are the equations of the line passing
through the origin having direction ratios <2, -4, 4>. This line is
the path of the rocket. 1
When t = 10 seconds, the rocket will be at the point (20, -40, 40). y
Hence, the required distance from the origin at 10 seconds = 2
V202 + 402 + 402km = 20 X 3 km = 60 km |
The distance of the point (20, -40, 40) from the given line
_ |@;—a)xb| _ |-30jx(10i-20j+10%)| _ |-3001+300k| )
|b] ~ |10i-20"+10k]| |10i-20j+10k]|
9% km — 10v3 km 12
35. 2 =3 5
A=13 2 —4]
1 1 =2
Vs
|A] =2(0)+3(—-2)+5(1)=-1
_, _ adjA
4]
0 -1 2 0 -1 2
adjA={2 -9 23 ,A—lzm[z -9 23] 3
1 -5 13 1 =5 13
X 0 -1 2711
X=A"B = [y] ==z -9 23] [—5]
z 1 -5 1311-3
0+5-6
=5 22 + 45 — 69]
11+ 25-139
X 1 -1
:>[y]=——2 =x=1,y=2,z=3. 1+1/2
7z (_1) -3

234 [Class XII : Maths]




SECTION E(Case Studies/Passage based questions of 4 Marks each)

36. | (i) f(x) = —0.1x% + mx + 98.6, being a polynomial function, is differentiable
everywhere, hence, differentiable in (0, 12) 1
(i)f'(x)==02x+m
Since, 6 is the critical point,
f(6)=0=m=12 I
(iii) f(x) = —0.1x? + 1.2x + 98.6
f'(x)=—02x+12=-02(x—6)

In the Interval f'(x) | Conclusion

0, 6) +ve f is strictly increasing

in [0, 6]
(6, 12) -ve f is strictly decreasing 1+1
in [6, 12]
OR
(i) f(x) = —0.1x2 + 1.2x + 98.6,
f'(x) =—-02x+1.2,f'(6) =0,
f'"(x)=-0.2
f'6)=—-02<0
Hence, by second derivative test 6 is a point of local maximum. The local
maximum value = f(6) = — 0.1 X 62 + 1.2 X 6 + 98.6 = 102.2 1
We have £(0) = 98.6, f(6) = 102.2, f(12) = 98.6
6 is the point of absolute maximum and the absolute maximum value of the
function = 102.2. 172
0 and 12 both are the points of absolute minimum and the absolute minimum value
of the function = 98.6. 1/2
37.1 (D)

Let (x,y) = (x,sv a? — x2) be the upper right vertex of the rectangle.

The area function A = 2x X 2 Zm

[Class Xl : Maths] 235




=ﬂx\/a2—x2x€(0 a). 1
(ifgs =[x s+ Var =]

4 a?—2x? _ 4bx2(x+ 2 x—23) .
[ 2
dAa va? — x2 a va? — x2

a

dx =0=x= ﬁ

x = ? is the critical point. 12

(iii)For the values of x less than T and close to 7’ 250

and for the values of x greater than T and close to j_, — < 0. !

Hence, by the first derivative test, there is a local maximum at the critical point

x = %. Since there is only one critical point, therefore, the area of the soccer field

is maximum at this critical point x = % 12

Thus, for maximum area of the soccer field, its length should be av/'2 and its width

should be bv/2. Y

OR
(ii)) 4 = 2x x 22va? = x%,x € (0,a).
Squaring both sides, we get
16b* 16b2

7 =A%= x?(a%? —x?) = " 2g2 — x*),x € (0,a).

Ais max1mum when Z is maximum.

dzZ 16b2 32h?

i (2xa® — 4x%) = ——x(a + V2x)(a — V2x)

da; - xz_ V2

d*Z 32b

o =g @ o)

d*z 32b2 2y — _pap?
Ex_‘/_— (a —3a%) = -6 <0 1
Hence, by the second derivative test, there is a local maximum value of Z at the
critical point x = % Since there is only one critical point, therefore, Z is
. a 1/2

maximum at x = \/_, hence, A is maximum at x = =

Thus, for maximum area of the soccer field, its length should be av/2 and its width

should be bv/2. 12
38. | (i)Let P be the event that the shell fired from A hits the plane and Q be the event

that the shell fired from B hits the plane. The following four hypotheses are

possible before the trial, with the guns operating independently:

E1=PQ5E2=1369E3=FQ9E4=PQ

Let E = The shell fired from exactly one of them hits the plane.

P(E;) =0.3%x0.2=0.06,P(E,) =0.7 x 0.8 =0.56,P(E;) = 0.7 x 0.2

= 0.14,P(E,) = 0.3 x 0.8 = 0.24
p(E) op( )= op(E)—1p(E)—1
E; E, Es E, !
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<E1> (Ez) (Eg) (54) 1

P(E) = P(E,).P (EE) + P(E,).P (;) + P(Es).P (EE) + P(E,).P (EE)
0144 024=038 : ’ ! 1
P(E3).P(:—3)

P(E.P(5)+P(E2)-P () +P(Es)-P(5; ) +PED-P()

(i1))By Bayes’ Theorem, P(%) =

NOTE: The four hypotheses form the partition of the sample space and it can be
seen that the sum of their probabilities is 1. The hypotheses E;and E, are actually

- E E
eliminated as P (E_l) =P (E—z) =0
Alternative way of writing the solution:
(1)P(Shell fired from exactly one of them hits the plane)
= P[(Shell from A hits the plane and Shell from B does not hit the plane) or (Shell

from A does not hit the plane and Shell from B hits the plane))]
=03x08+0.7x0.2=10.38

(i1)P(Shell fired from B hit the plane/Exactly one of them hit the plane) !

_ P(Shell fired from B hit the plane N Exactly one of them hit the plane)

B P(Exactly one of them hit the plane)

__ P(Shell from only B hit the plane) 1
P(Exactly one of them hit the plane)

014 7 1

© 038 19
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Directorate of Education, GNCT of Delhi
(PRACTICE PAPER-I)
(2022-23)
Class — XII
Mathematics (Code: 041)

Time: 3 hours Maximum Marks: 80

General Instructions :

1.  This Question paper contains - Five Sections A,B,C,D,E. Each section is compulsory.
However, there are internal choices in some questions.

Section A has 18 MCQ’s and 02 Assertion-Reason based questions of 1 mark each.(20
Marks )

Section Bhas 5 Very Short Answer (VSA)-type questions of 2 marks each.(10 Marks )
Section C has 6 Short Answer (SA)-type questions of 3 marks each.(18 Marks )

Section D has 4 Long Answer (LA)-type questions of 5 marks each.(20 Marks )

Section E has 3 Source based/Case based/passage based/integrated units of assessment
(4 marks each) with sub parts.(12 Marks )

N

S bW

Section - A

Q .NO Marks

Question Number 1-18 are of MCQ type question one mark each.

1 if 2x+y 4x|_|7 7y—13
5x—7 4x| |y x+6

},then the value of x+y is : 1

(a) x=3,y=1 (b )x=2,y=3

(c) x=2, y=4 (d) x=3,y=3

If A:[i 1]and neN, then a" equals to : !

(a) na (b)) 2na

(c) 2" 'a (d)2"a

0 a -3
If the matrix {2 0 - 11 is a skew symmetric, then (a, b) is :
b1 0

(@)1,-3 (b )-1,1

(c) -2,3 (d) 0,0
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4 . If A and B are square matrices of order 3 such that |A|=5 and ab=-51, Then value of |B| is:

(a) -5 (b )-25

(c) 25 (d) $H?3f kel aﬁé T81/None of these
5 For what value of k inverse does not exists for matrix 11< g ?

(a) o (b )3

(c) 6 (d) 2
6

ax’+1, x>1. . )
Ift f(x)= ’ isderivableat x=1 then the value of a is :
x+a x<1

(a) o (b)1

(c) 1/2 (d) 2
7.

. . -1 2 -1 .
Derivative of cos (2 x —l)w.r.tcos x is:

(@) 2 ®) 2
X
() 1—-x (d) 1
291X
. 1
8 f x*e* dx is given by :
(a) %e*lc (b )%eXZ+C
Le (d)
_ C ,
(c) 2e + lex v
2
9 2x+8, ifl<x<2 0
I flx)= o if2<x$4} , then Jl'f(x)dx is :
(a) 43 (b)a4
(c) 47 (d) 46
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3.7 2 4
10 The order and degree of the differential equation d }3) _3d_)2/+2[d_y] =y* are
dx dx dx
(@) 1,4 (b) 3,4
() 2,4 (d)
3,2
1 The integrating factor of the differential Equation %+ y:l-"Ty is: 1
@ = b) &
e X
() xe* (d)
eX
12 The projection of the vector 2i— j+k onthevector i-2j+k is:
4 5
a - b) —
(a) 76 (b) 75
(c) (d)
4 Z
V3 V6
13 let & and b be two unit vectorsand 6 is angle between them . Then a+b is
unit vectorif 6 isequalto:
T p) &L
(a) 4 (b) 3
T (d)
2 27
3
14 If [axb|=[a.b| then the angle between @ and b isequals to: 1
0 b) L
(a) (b)) B
T
(c) 4 (d
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15 The reflection of the point (a,,y) in the xy- plane is : 1
(@ (@,B,0) (b)
(0,0,y)
(c) (d)
(_a)_ﬂ)y) (a’ﬁ,y)
16 The feasible region for a LPP is shown below. Let Z=3x-4y be the objective
function. Minimum of Z occurs at
(a) (b) (0,8)
(c) (d)
17 If A, B are two events associated with same random experiment such that P(A)=0.4, P(B)=0.8 and
B Ay,
P(Z) =0.6 then P(E) is
(a) 0.3 (b)o.4
(c) 0.5 (d) 0.6
18 The corner points of a feasible region of a LPP are (0,2), (3,0), (6, 0), (6, 8) and (0, 5).
The minimum value of Z=4x+6y occurs:
(a) (0,2) (only) (b ) (3,0) (only)
(c) (d)
The mid point of the line segment joining Any point on the line segment j oining the points|
the points (0, 2) and (3, 0) only (0,2) and (3,0)

[Class XII : Maths] 241




(ASSERTION-REASON BASED QUESTIONS )

In the following questions, a statement of assertion (A) is followed by a statement of
Reason (R). Choose the correct answer out of the following choices.

(a) Both A and R are true and R is the correct explanation of A.
(b) Both A and R are true but R is not the correct explanation of A.
(c) A is true but R is false.

(d) A is false but R is true.

19 Assertion :( A)
The domain of the function sin~'(2x—1) is [0, 1]
Reason ( R):The domain of the function sin”'x is [-1, 1]
20 Assertion( A):The position of a particle in a rectangular coordinate system is (3, 2, 5) then its
position wctor willbe 2 i+5 }'+ 3k
Reason ( R): Displacement wctor of the particle that mows from point P(2 ,3,5) to point Q(3,
4,5)is i+]
Section B
This section contains 5 Very Short Answer (VSA)-type questions of
2 marks each.
21. 2
+
nTl , ifnisodd
let f:N-N bedefined by f(n)= . forallneN
=, if niseven
5 if
Find whether function is bijective . Justify your answer .
OR
Find the value of the following:
cos ' cosls—]r
6
22. A man of height 2m walks at uniform speed of 5km/hr away from a lamp post which is 6m high. 2
Find the rate of which the length of his shadow increases.
23. Find the unit vector perpendicular to each of the vectors |21'|:4?+3j+12 and 2
|b|=2i—j+2k
OR
If the line through the points (4 ,1,2) and (5 A , 0) is parallel to the line through the points
(2,1,1)and (3,3,-1),find A
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24.

If IfxV1+y+y+yJ1+x=0for—1<x<1, prove that d—ilzf(ll 7
+X

25.

If @ isaunitvectorand (X—a)(X+d)=15 thenfind |X

Section C
This Section Contains 6 Short Answer (SA)-Type Questions of 3
Marks Each.

26.

) dx
Find J‘ %X—G)(){—b)

27.

Bag | contains 3 red and 4 black balls and bag Il contains 4 red and 5 black balls . One ball is
transferred from bag | to bag Il without seeing its colour . A ball is then drawn from bag Il . If the
drawn ball is red in colour find the probability that transferred ball is black.

OR

Three cards are drawn at random (without replacement)from a well shuffled pack of 52 playing
cards . Fin the probability distribution of number of red cards. Hence find the mean of
distribution.

28.

I

Vsin x

2
Evaluate f ———dx
0

v sinx++/cos x

8
OR f|x75\dx
2

29.

Solve the differential equation  ydx—(x+2 y*)dy=0

OR
Solve the differential equation (x—y)dy—(x+y)dx=0

30

Solve the following LPP graphically;
Minimize Z=5x+10y
Subj ect to constraints x+2 y<120,x+y>60,x—2y>0,x,y>0

31.

Find

1
J‘x(x"—l)dx

Section D

This section contains four Long Answer (LA)-type questions of 5marks
each.

32.

Make a sketch of region {(x,y):Osy <x’+3,0<y<2 x+3,0§x£3} and find its area using
integration .

33.

Show that the relation R in the
set A={1, 2, 3, 4, 5} given by R={(a, b):|a-b| is divisible by 2} is an equivalence relation.

OR
Given A={2, 3,4}, B={2, 5, 6, 7). Construct an example of each of following
(a)an inj ective mapping from A to B
(b) A mapping from A to B which is nit inj ective
(c)A mapping from B to A
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34. Find the shortest distance between the lines given by F=(1—t) f+(t72)j+(372t)l} and
F=(s+1)i+(2s—1)j—(2s+1)k
OR
) . . . 4—x_y_1-z )
Find the foot of perpendicular from the point (2, 3, -8) to the line =€= 3 Also find
the perpendicular diastance from the given point to the line.
35. 5
2 -3 5
If A<|3 2 —4], then find the value of A" . Using A" solve the system of linear
1 1 =2
equations 2x -3y+5z =11, 3x +2y - 4z=-5and x +y-2z=-3
Section E
Source based/Case based/passage based/integrated units of assessment
Questions
36.
Y e - ~r . A w,, '@i
A architect design a auditorium for a school for its cultural activities .The floor of the auditorium is
rectangular in shapeand has a fixed parameter P.
Based on the above information answer the following questions.
(i)Express area of a rectangular region as a function of x .
(ii)School manager is intrested in maximising the area of floor ‘A’for this to be happen what should
be the value of x?
(iii)Find the value of y for the area of floor to be maximum.
OR
What will be maximum area of the floor?
37
y
\_\‘
X }
A X e
Anuja wants to make a project for State level Science Exhibition . For this she wants to
make metal box with Square base and verticle sides to contain of 1024 cm®  water
material for top and bottom costs X 5 per cm® and material for slides costs <
2.5 per cm’
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Based on the above information answer the following:

(i)

What will be relation between x and y? 1
(ii)

) . 1
What will be the total cost (C) of the material used to construct the box ?
(iii)
What will be the total cost (C) of the box in terms of x?

2
OR

(iii)What is the least cost of the box ?

38. 2+2
A shopkeeper sells three type of flower seeds A;,A,,A; . They are sold in the form of
mixture, where proportion of these seeds are 4: 4 :2, respectively. Germination rates of the three
type of seeds are 45%, 60% and 35% respectively.

Based on the above information :
(i)Calculate the probability that a randomly choosen seed will germinate.
(i)Calculate the probability that the seed is of the type A, , given that randomly chosen seed
germinates.
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12 (b) T 1
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14 @ o 1
15 (d) 1
(a,B,y)
16 () (0,8) 1
17 (a) 0.3 1
18 (d) Any point on the line segment joining the points (0,2) and 1
(3,0)
(ASSERTION-REASON BASED QUESTIONS )

19. (a) Both A and R are true and R is the correct explanation of A. 1
20. (d) A is false but R is true. 1
(Section B)

2L n+1
— if nisodd
f(n)= forallneN
n P
> if niseven
f:N->N isdefined as it can be observed that :
f(1)= %:1 and f(2)= %:1
Therefore f is not one -one .
Consider a natural number (n) in co domain N
Case -1 :n is odd
Thererfore n=2r+1 for some Tr€N then there exist 4r+1€N such that f(4r+l)=
4r+1+1_ 1
—=2r+1
2
Case 11 : nis even
n=2r for some r€N then there exist 4rE€N such that f(4r)= %22 r
1
therefore f is onto
Hence f'is not a bijective function
OR
cos”’ (Cos BTH);'EBT” as the range of principal value branch of cos™' s [0,7] 1
So
-1 137 -1 4
= = 2 +
cos (COS 6 ) cos [Cos( T 6 )
= -1 Tl = T
cos [cos 6 ] 6
. -1 137 _TT
. COS (COS . ) 6 1
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22.

Let AB be the lamp post and let MN be the man of height 2m
and let AM= | metre and MS be the shadow of the man *
Let length of shadow MS = s

Given : Man walks at a speed of 5 k mph.

Therefore dl/dt =5kmph

We need to find the rate at which lenghth of his shadow increases =ds/dt

AB_ 6
Intriagle ASB, tanf="—=—— - 1
n triagle , tan AS I+s (1)
in triangle MSN tan@—ﬂ—Z ------ (2)
& ' MS s
From (1) and (2)
6.2
I+s s
6s5=21+2s
o dl_,ds
dt —dt
=> 5=2di since it is given that
dt
dl
—=5kmph
ac P
ds_5 B
=> E_kaph =2.5 k mph

23. Given |a|=4i+3]+k
and |b|=2i—j+2k
B T A . ) o
Hence dXb =|4 3 1|= i(6+1)—j(8—2)+k(—4-6) = 7i—-6j—10k
2 -1 2

Unit vector perpendicular to each of the vector d and b

axb 7i-6j-10k 7 + 6 ~ 10 »
= —= = = —_—— /7]— ﬁk

[axb] V(7)*+(—6)*+(—10) V185 V185" 185

OR

D.r'.s of the line through A(4,1,2)andB(5 A ,0)are5-4,- A—1 ,0-2ie.l1 A—-1, -2
D.r'.s of the line through C(2,1,1)and D(3,3 ,-1)are3-2,- 3—1 ,-1-lie.1,2 -2
Because line AB| | line CD therefore D,r.’s are proportional
therefore
1_A-1_-2

1 2 -2
or lz%zl = A—-1=2 => A=3

OR
Direction ratios of line joining A and B are
1-2,-2-3,3+4 i.e.-155.7
Direction ratios of line joining B and C are
3-1,8+42,-11-3 i.e.1,5.7 i.e.2,10,-14
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It is clear that direction ratios of AB and BC are proportional ,

collinear points.

Hence AB is parallel to BC . But point B is common to both AB and BC . Therefore A ,B ,C ARE

Thus OA = G = x,i+y,j+z,k ,
OB = b = xji+y,j+z,k ,
OP = 7 = xi+yj+zk
We have IfxV1+y+yV1l+x=0 = xJVl+y=—yJ1l+x 1
24, = x(l+y)==y'(1+x)
= (X*=y')+xy(x—y) =0
- S
y_x+1
Therefore d_y:(x+1)(—1)—(2—x)(1) B —x—1+2x —12 1
(x+1) (x+1) (x+1)
25. 1/2
Since @ is unit vector =ld|=1
(%—d)(%+d)=15 =X.¥—X.d+d.x—d.a=15 =[%—[af=15 12
>|xf-1=15
>|x =16 1
=>|X|=+4=4
Section ¢
26. dx dx
Let I= =
f\/(x—a)(x—b) f\/xz—(a+b)x+ab
- J- dx B J- dx
2 at+b a+by’ a+b,’ \/ a+b V¥ ,a-b)
(22 (OB (22 x—(22b)| (@) )
_ log|[x—2tb +\/ x—(atb)V_(azbyl
2 2 2
- log|(x—9P +V/(x—a)(x=b)| +c
2 > 1
27 Letevent A, =transfered ballis red
A, =transfered ball is black
b=ball drawn from bag Il is red
3 4 B 5 B 4
P(A,)== P(A)== P(—)==— P(—)==F 1
(A)=3 Pla)=t P(F)= PRI 2
B 4 4
p P(— Ty
P i I S
Bop(a)p(L)ep(a)p(L)  Sxtedx 2 3
A A, 7 10 7 10
1
OR 15
Let the number of red card in a sample of 3 cards
X=0,1,2,3
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P(X=0)= G
52C3
26 26
GG
P(X=1)=
52C3
26 26
G.7C
P(X=2)= ——— =
52C3
P(X=3)= G
52C3

13
34

13
34

2
X 0 1 2 3
P(X) 2 13 13 2
17 34 34 17
2 13 13 2
=0x—= o = = 1
> (x) 0x = +1XZo 42X o315
_3
> (0=
28. ER e
° Let I= jﬁdx (i)
0 \sinx++/cos x
z [sin(Z—
2 sln(2 x)
) J‘ sin(ZL—x)+ cos(l—x)dx 1
°\/ 5 X eos(3
j v cos x d -
= X (ii)
o vcos x++/sin x
Adding (1) and (ii) we get
T s 1
2= } Vsin x + v Cos X dx = j\/cosx+ sinxdx
o [ Vsinx+vcosx v cosx+vsinx 0 Vcosx+vsinx
2 2
fac = 1k = 30 - %
== L 1
OR
8 5 8
Let = f|x—5|dx = —f|x—5|dx + f|x—5|dx
2 2 5
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|X_5| - —(X—S) ifX<5
x—=5 ifx=5
8

I= f‘il(fo)dx+Jl(x75)dx

8

2+22 (—=5+2) N (5+2)° (—2+2)
2 2 2
1 1 21 +39 18
= 525 4)+5(5-2)+ 2(64 25)-5(8-5) = —¥15+—=-15 = —

s0129/2 | ThegivenD.Eis ydx—(x+2y*)dy=0
dividing each term by dy we get
dx 2
——x—-2y°=0
y dy X—zy

or yZ—;fx=2y2 dividing by y

Itis of the form

Z_;+Px Q compairing P=-1/y,Q=2y

dey:—f%dF—logy

Pd) —I logy™* -1
I F;= ef o Tl o ploey _

e =y =

< |-

Therefore general solutionis  x(1I. F)=f Q.(I.F)dy+C
or x.l=f2_y.ldy+C = f2.dy+C =2y+c
y y

Multiplying by y => x=y(2y+c)

OR

Given differential equation (x—y)dy—(x+y)dx=0 can be written as

since RHS is of the form g(y/x)

so it is homogeneous function of degree zero

Therefore equation (1) is a homogeneous differential equation.
To solve this put y=vx ------ (ii)

(1+v)
(1-v)

Differentiating (i) w r t x we get v+x Z—VZ
X

dv (1+V)_
dx (l—v)
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dv_ (1+v—v+v?)
= X——=
dx (1-v)
Xﬁ— (1+v2)
dx  (1-v)
integrating both sides we get
dx (1-v) dx 1 2v
= = dv => - = dv - dv 1
f X '[(1+v2) f X f(1+v2) f(1+v2)
2
=>logx+c= tan 'v - %log(1+v2) = logx+%log(1+y—2)+(j:tan’ll
X
from (ii) %log(x2+y2)+ C:tan’lf 1
30/2 Sol
Minimize Z=5x+10y
Subject to constraints
x+2y<120
X 0 120
y | 60 | 0
x+y=>60 1
X 60 0
y 0 60
x—2y=0
X 0 20
y 0o | 10
Corner points Value of Z
(60,30) 600 € Maximum Value
B(40,20) 450
2
C(60,0) 300 ¢ Minimum Value
D (120,0) 600 € Maximum Value
Therefore Z=300 is minimum at (60, 0)
1 1 4x’dx 1
Let I= dx=—
31. J‘x(x“—l) 4Ix(x4—1)
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put x* =t=> 4x’dx=dt

1 dt
== | ——
4ft(t—1)
1 A B
Wi ite ———=—+-—— =>1=A(t-1)+Bt
ewrlet(t_l) ¢ (t—l) > (t-1)+
putting t=0in (1) we get 1=A(-1) => A=-1

Putting t=1in (I) we get 1=B(1) => B=-1 1
1 -1 1
(-1 ¢ (1)
1 1 1 1p,0—-1 1 1 t—1 1 x'—1
=== | (—+——)dt == | (—+——)dt= =log|—|+C = =1 +C
g g [ (G mp)des o 498
1
(SECTIOND)
32. Correct
fig. 1
The points of intersection of the parabola y=x2+3 and mark
line y=2x+3 are (0, 3) and (2, 7) 1
2 3 E
Required area = fx2+3 + f(2X+3) i
0 2 2
3 ’ 2x° ’ 8
= [Za3x] + [E43x]] = S+6+9+9—(4+6)
3 o 2 b 3 T 1
1=
= %+24710 = 53—0 sq .units. ‘ 2
33. We have a relation Rin the set A={1, 2, 3, 4, 5} defined as R={(a, b):|a-b| is divisible by 2}
Clearly, R={(1,1), (1,3), (1, 5), (2, 2), (2,4), (3,1), (3, 3), (3, 5),(4, 2), (4, 4), (5, 1), (5, 3), (5, 5)}
Reflexive: Forany a€A , wehave |a-a| =0, which is divisible by 2.
= (a,a)eRV a€A .
Thus R is reflexive 1
Symmetric: Leta, b, A such that (a,b)GR
= |a-b]| is divisible by 2
= |a—b|=2A4 forsome AEN 1
= |b—a|=2A forsome AEN ({because |a-b|=|b-a|}
=
(b,a)eR 1
Thus R is symmetric
Transitive: let a,b,cER suchthat (a,b,)ER and (b,c)ER
= |a-b]| is divisible by 2 and | b-c| is divisible by 2
= |a—b|=24 and |b—c|=2u forsome A,uEN
Now |a—c|=|(a—b)+(b—c)] 1
= a—-b=*2A and b—c=x*2u
la—c|=|(a—b)+(b—c)| = [+2A+(F2u)| = [x2A+2u| =2 |xAxu| =2 [ some
positive number ]
= |a—c| isdivisibleby2 = (a,c)ER
Thus, R is transitive 1
Hence R is an equivalence relation .
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OR
Given that A={2,3,4},B={2,5,6,7
(a)Let f:A->B denotes a mapping 2+242
f={ (x, y):y=x+3}
or f={(2, 5), (3, 6), (4, 7)} which is an injective mapping
(b) Let g:A->B denote a mapping such that g={(2, 2)(3, 5) (4, 5) which is not an injective
mapping [ Because 5 has two pre images ]
(c) Let h:B->A denote a mapping such that h={(2, 2)(5, 3) (6 4)(7, 4)which is one of the
mapping from B to A
34. From the given equation we get F=§—2j+3f<+t(—§+}'—2f<) ———————— (1)
and F=i—j—k+s(i+2j-2k) - (i) 1
Equation (1) and (ii) are of the form
F=d,+tb, and F=d,+sb, ,
where d@,=i-2j+3k , d,=i—j—k
- I o . A A 1
bj=—i+j-2k , b,=i+2j-2k
here &'Z—Elz(f—}'—l})—(f—Z}'+3lA<)
I B Y . R . o
Also b, x b, =|-1 1 2|= (—2+4)i—(2+2)j+(-2—-1)k = 2i—4j-3k
1 2 =2 1
b xBy[=v22 4 (—4)+(=3) = V2'+(—4P+(-3) = V4+16+9 = V4+16+9 =
V29 1
bxb).(d-d)| _ [(2i-aj-3k).G-4k)| _ 8
Required shortest distance = = = = —
byxb,| | V29 | V29
units 1
OR
It is given that equation of the line as 4;x=%:%z and z=
4—x_y_1-z
= =Z=——F=A = x=-21+4 =64 =-3A+1
> 6= _3 A = X y z 1
Let the foot of perpendicular om the point P(2, 3, -8) on the line is L ( 4-2
L(4-2A,64,1-34)
Then the direction ratios of PL are proportional to 1
(4-2A-2,6A—3,1-31+8)
or (2-=22,6A—3,9-34)
1
1
1
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Also direction ratios of line are -2, 6, -3.
Since, Plis perpendicular to the given line
—2(2—-22)+6(64-3)-3(9-34)=0
=> —4+4A+36A—-18—-27+9A=0
=> 49A=49
=> A=1 Sothe coordinates of L are
L(4—2/l,6)t,1—3/1)5(2,6,—2)
Also length of PL = \/(2—2)2+(6—3)2+(—2+8)2 = J0+9+36 = 345 units.

35.
2 -3 5
We have A=|3 2 —4|--mme- (i)
1 1 -2
|A]=3(-2)+5(1)=—1#0
Now A,=0,A,=—(-2)=2,A,=1
A21:71:A22:79;A23:75
A,=2,A,=23,A;,=13
0 -1 2

~ adjA=[2 -9 23
1 -5 13

0 1 -2
=> Al=[_» 9 —23| Also we have system of equations as
-1 5 —13
2x — 3y+5z =11
3x +2y -4z=5
and x+y-2z=7
in the form of AX=B,=> X=A'B
X 0o 1 -2 11
ylIF [-2 9 23 -5
z -1 5 —-13 -3

On solving we get x=1,y=2, z=3 1
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(Section E)
36. Sol(i)Area = length x breadth 1+1+2
=>A=xy
Since P=2(x+y)
- P2x
2
2
(ii) We have Azipx_;x
dA _1 P e _P
x5 (P4X)=0 = P—4x=0 = x=7
2A
Clearly at ng %272<0
. ) p
therefore area is maximum at XZZ
(iii)) We have y=P_22X=§—§=§ or
P pP_P
A=xy=—x—=—
VT,
37 1) x¥=1024 1
1
(i) C=10x*+10xy
(iii) C=10x+19240
X
OR 2
(v)1920
38. E, :Seedofthetype A,
E, :Seedofthetype A,
E, :Seedofthetype A,
A Seed germinates.
1
) A A A 4 45 4 60 2 35 1 =
P(A)= P(E,)P(—)+P(E,)P(—)+P(E,)P(—) = —X—+—X—+—X—+ =
OO PLEP(5 1+ P(E)PIE I+ PIEPIE) = X gt X 16X 1o 2
180+240+70 _ 490 _ 49
1000 © 1000 ~ 100
1/2
A
P(EZ)P(_)
b P(22)= =
A P(A)
4 60 1
107700 240
T T a0 a0 M .
1000
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Time Allowed: 3 HOURS

DIRECTORATE OF EDUCATION, GNCT OF DELHI
PRACTICE PAPER -2
(SESSION 2022 - 23)
CLASS Xl
MATHEMATICS (CODE: 041)

General Instructions:

1. This question paper contains FIVE sections — A, B, C, D & E. Each part is compulsory.

O b W N

However, there are internal choices in some questions.
. Section A has 18 MCQ’s and 02 Assertion-Reason based questions of 1 mark each.
. Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.

. Section C has 6 Short Answer (SA)-type questions of 3 marks each.

. Section D has 4 Long Answer (LA)-type questions of 5 marks each.

. Section E has 3 source based/case based/passage based/integrated units of
assessment (4 marks each) with sub parts.

Maximum Marks: 80

SECTION - A
(Multiple Choice Questions)
Each question carries 1 mark

Each MCQ has four options with only one correct option, choose the correct option.

1. | A set of values of decision variables that satisfies the linear
constraints and non— negativity conditions of an L.P.P. is called its : 1
(a)Unbounded solution
(b) Feasible solution
(¢) Optimum solution
(d) None of these
2.
The value of the expression cosec (2) + cos™' (%) + tan"'(-1) is 1
7 T Vs Vs
z b) = - d) =
(a) 2 (b) 3 (c) 5 (d) 2
3] 1
1 2 0 1 S 1
If A= ,B=4 |&C= ,then order of Matrix P is,
2 1 3 2
0
where P = ACB
(a) 2x1 (b) 2x3 (c) 2x2 (d) 3x2
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4. | If Ais square matrix of order 3x 3 such that |adj A| =16, such that
(|2A|)2=2p,then the p = !
(a) 4 (b) 5 (c)8 (d) 10

5. | For an L.P.P. the objective function is Z = 400x + 300y, and the feasible
region determined by a set of constraints (linear inequations) is shown in the 1
graph.Coordinates at which the objective function is maximum is
(a) (20, 0) (b) (40, 0) (¢) (40, 160) (d) (20, 180)

° If A and B are two independent events with P(A) = %& P(B) =g, then 1
9P(ANB) =
(a) 1 () 2 (¢) 3 (d) 4

7. Ichis a unit vector and (X +a).(X—d)= 15,then |5c’| = .
(a) 1 () 2 (c) 3 (d) 4

8 Suppose P, Q and R are different matrices of order 3 x 5, a x b 1
and cx d respectively, then value of ac + bd is, if matrix
2P + 30 — 4Ris defined
(a) 9 (b) 30 (c) 34 (d) 15

9. | If Ais a symmetric matrix then which of the following is not
Symmetric matrix, 1
(a)4 + A" (b)4.4" ()4 - A" (d) A"

° If yi = a,thenﬂz 1

dx

(a)y (b) ay (c)ax (d) y(log, a)
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11\ If a non— singular Matrix A satisfy 2A°+ A —1= O, then A" ' = .
()24 - 1 (b) 24 +1 (c) 44 + 21 (d) 24 — 41
" if|a|=13.[p| =1 ana|a k| = 12,then |axb|= .
(a) 5 () 4 (¢) 1 (d) 3
13. | The sum of order & degree of the differential equation
1
P 3
4|4 )2/ =01s
dx |\ dx
(a) 5 () 4 (¢) 2 (d) 3
14. | If the sum of the two unit vectors is a unit vector,then the magnitude
of their difference is 1
(a) 3 ®) 3 ()1 (d) V2
15. If (2f+6j'+9l€)><(f+p}+ql€):6,thenp+2q: 1
(a)10 (O)11 (o)12 (d)3
16. | If a line makes an angle o, [, y with the axes respectively, then
cos2a +cos2f+cosy = !
(a) -1 (b) 0 (o) 1 (d) 2
17. . : . . _dx  x .
The general solution of the differential equation - =—1s 1
vy
(a)x:y+c b)x—y=c (c)xy=c (d)ﬁzc
Y
18.

What 1s the shaded Area (in sq. units)

shown in the figure given :

16 32 8 4
(@) ? () ? (¢) 5 (d) E
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ASSERTION-REASON BASED QUESTIONS (Q.19 & Q.20)

In the following questions, a statement of assertion (A) is followed by a
statement of Reason (R). Choose the correct answer out of the following
choices.

(a) Both A and R are true and R is the correct explanation of A.

(b) Both A and R are true but R is not the correct explanation of A.

(c) A'is true but R is false.

(d) Ais false but R is true.

T

19, 2 1
ASSERTION(A): j (' +5in*Px + 1)dx = 0
2
t ( 2| f)dx,if f(=x)= f(x
REASONING(R): j f(x)dx =1 lf( Jxif 0= 1)
- o ire0=—rw
20. dy 1
ASSERTION (A) :If sin(x+ y)+cos(x+y) =1, thend— =-1
X
REASONING(R) : The derivative of an odd function is always
an even function
SECTION B
This section comprises of very short answer type-questions (VSA) of 2 marks each
Find the principal value of sin™ (sin ?). 2
OR
A relation R in the set of real numbers Ris given by
R= {(a, b):a >b, such that a,be R}.
Check the Transitivity of Relation R.
22| For the curve y =5x — 2x°,if x increases at the rate of ,
2 units / sec,then how fast is the slope of curve changing
when x = 37
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23.

: : dy sin’(a+
If sin y = xsin(a+ y),then prove that Y sin (a+y) .

dx sina
OR
X y x+y dy y—x
If 5+ 5" = 57, then prove that |—=-5""|
dx

24 [fa =i+ 2;‘—lAcandB =i } —k ,then Find a unit vector 5

OPPOSITE to the direction of (2 +5).
25. _ _ _

Find the Direction cosines of the line -1 = 2y4 6 = 4 " = 2

SECTION C

(This section comprises of short answer type questions (SA) of 3 marks each)
26. | Solve the following Differential Equation: 5

(x2 —yz)dx+ 2xy dy=0

OR

Find the general solution of the differential equation

ydx—(x+ 2y2)dy =0
27| Find the intervals in which f'(x)=sinx+ cosx,xe [0,27] is ;

(a) strictly Increasing
(b) strictly Decreasing

28.

If x".y?"=(x+y)’™, Prove that @v_y 3

dx  x
OR
-1
If x\1+y+ yJ1+x =0,x # y,then prove that ﬂ: =
dx (I1+Xx)
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29. x4
Evaluate : [ = Ize—x 3
e’ —4e" +5

OR

5
Evaluate : I = J|x—2|dx
-3

Solve the following Linear Programming Problem graphically:
30. 3
Minimise Z = 13x —15y subject to the constraints

x+y=7,2x-3y+6>20,x=>20,y>0

31. | In a group of 50 scouts in a camp, 30 are well trained in first aid
techniques while the remaining are well trained in hospitality but
not in first aid. Two scouts are selected at random from the group.

Find the probability distribution of number of selected scouts who

are well trained in first aid.
OR
In a hostel, 60% of the students read Hindi newspaper, 40% read English
newspaper and 20%read both Hindi and English newspaper. A student is
selected at random.
(a) Find the probability that the student reads neither Hindi nor English
newspaper.
(b) If she reads Hindi newspaper, find the probability that she reads English
newspaper.
(c) If she reads English newspaper, find the probability that she reads Hindi

newspaper.

SECTION D

(This section comprises of long answer-type questions (LA) of 5 marks each)

32. | Show that each of the relation R in the set 4 = {xe Z:0< x <12},
given by R ={(a,b):|a—>b| is a multiple of 5}

Find the set of all elements related to 1 in each case.
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OR
Let A=R —{ 3} and B=R —{ 1}. Consider the function
f:A— B defined byf(x)z Al . Is f one—one and onto?
Justify your answer.
33. 3 4 5"| ;
Find the inverse of the matrix |2 —1 8| and hence solve
5 =2 7
the system of equations :
3x + 4y + 5z= 18
Sx =2y + 7z = 20
2x —y + 8z=13
34. | Find the coordinates of the foot of perpendicular drawn from
point P (1, 0, 3) to the line joining the points A (4, 7, 1) and °
B (3,5, 3).
OR
What do you mean by Skew-lines. Find the shortest distance between
following skew-lines:
r=(i+2j+3k)+AG-3]+2k) and
r= (4f+ 5}'+ 6l§)+y(2§+ 3}'+l:c)
35| Find the area enclosed by the parabola 4y =3x* and the line .
2y=3x + 12.
OR
Find the area of the region bounded by the line 3x—2y+6=0,
the x—axis,x =-3 and x=12.
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SECTION - C
This section comprises of 3 case-study/passage-based questions of 4 marks
each with two sub-parts.
First two case study questions have three sub parts (A), (B) & (C) of marks 1, 1, 2
respectively. The third case study question has two sub-parts of 2 marks each.

36.
A poster is to be formed by the Government to promote the event on G-20 4
Summit in India. The top and bottom margins of a poster are each 6 cm, and the
side margins are each 4 cm. If the area of the printed material on the poster
(that is, the area between the margins) is fixed at 384 cm”.

(A) If a cm be the width and b cm be the height of the poster, then Expressed
the area of the poster in terms of a and b.

(B) If a cm be the width and b cm be the height of the poster, then Expressed
the area of the poster in terms of a only.

(C) Find the values of a & b, so that area of the poster is minimized.

37. | An owner of a car rental company have determined that if they charge 4
customers Rs x per day to rent a car, where 50 < x < 200, then number of
cars (n), they rent per day can be shown by linear function

n(x) = 1000 - 5x. If they charge Rs. 50 per day or less they will rent all
their cars. If they charge Rs. 200 or more per day they will not rent any car.
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Based on the above information, answer the following question.
(i) If R(x) denote the revenue, then find the value of x at which R(x) has
maximum value.
(i) Find the Maximum revenue collected by company.
OR
Find the number of cars rented per day, when x = 75.

38.

Between students of class Xl of two schools A and B basketball match is organised.
For which, a team from each school is chosen, say T4, be the team of school A and Ty,
be the team of school B. These teams have to play two games against each other. It is
assumed that the outcomes of the two games are independent. The probability of

T4 winning, drawing and losing a game against T, are %%&é respectively.

Each team gets 2 points for a win, 1 point for a draw and 0 point for a loss in a game.

Let X and Y denote the total points scored by team A and B respectively, after two
games.

(a) Find the value of P(X >Y).

(b) Find the value of P(X + Y = 8).
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