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"Children are like wet cement, whatever falls on them makes an impression.”

Haim Ginott

Embracing the essence of this quote, the Directorate of Education, GNCT of
Delhi is unwavering in its commitment to its core mission of delivering high-guality
education to all its students. With this objective in mind, DoE annually develops

support materials meticulously tallored to suit the learning needs of students from
classes X to XII.

Every year, our expert faculty members shoulder the responsibility of
consistently reviewing and updating the Support Material to synchronize it with the
latest changes introduced by CBSE. This continuous effort Is aimed at empowering
students with innovative approaches and technigues, fostering their problem-solving
skills and critical thinking abilities. | am confident that this year will be no exception,
and the Support Material will greatly contribute to our students' 2eademic success,

The support material is the result of unwavering dedication of our team of
subject experts, The Support Material has been specially curated for our students, with
the belief that its thoughtful and intelligent utilization will undoubtedly elevate the

standards of learning and will continue to empower our students to excel In their
examinations.

| wish to congratulate the entire team for thelr invaluable contribution in
creating a highly beneficlal and practical Support Material for our students,

| extend my best wishes to all our students for a promising and bright future.

g A1 P}'
{Ashok Kumar)



HIMANSHU GUPTA, 1as Directorate of Education
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It brings me immense pleasure to present the support material for
students of classes IX to XII, metculously crafted by our dedicated subject
experts. Directorate of Eduecation is committed 1o empower educators and
students alike by providing these resources free of cost for students of all
government and government aided schools of Dethi,

The support material is an appreciable effort to align the content with the
latest CBSE patterns. It has been carefully designed as a resource to facilitate
the understanding, ecguisition and practice of essental skills and
competencies outlined in the curriculum.

The core of this support matenial lies in providing & framework for
adopting an analysis-based approach to leamning and preblem-solving, It aims
to prompt educators (o refllect on their teaching methodologies and create an
interactive pathway betwesn the child and the text.

In the profound words of Or A P.J. Abdul Kalam, *Educationists should
build the capacities of the spirit of inguiry, creativity, entrepreneurial
and moral leadership among students and become their role model.”

The journey of education is ongoing; it's the process, not just the
outcome, which shapes us. This support material endeavours to be that
catalyst of change for cachstudent of Directorate of Education,

Let us embark on this transformative journey together, ensuring that
every student feels equipped not anly with the knowledge but alse, with the
slills and mindsat to thrve in the 21st century,

I'wish you all the best for all your future endeavours.



Dr. RITA SHARMA Govt. of NCT of Delhi

Additional Director of Education git:jeg.nmt? ?:H I:_dDu:;ﬂ::r; i
YExam ecretariat, i=
e 4 Ph.: 23880185
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The persistent efforts of the Directorate in making the course material more
accessible and student-friendly are evident in the conscientious preparation of
the Support Material. Our team consistently adapts to the evolving educational
landscape, ensuring that the Support Material for the various subjects of classes

9 to 12 align with the latest CBSE guidelines and syllabi prescribed for the
annual examinations.

The Support Material encapsulates crucial subject-specific points and facts,
tailored to suit the students, all presented in a lucid language. It is our firm
belief that these resources will significantly augment the academic prowess of
our students, empowering them to excel in their upcoming examinations.

I extend my heartfelt congratulations to the diligent officials and teachers whose
dedication and expertise have played a pivotal role in crafting this invaluable
content/resource.

I convey my best wishes to all our students for a future brimming with success.
Remember, every page you read is a step towards an enlightened tomorrow.

L% 3

(Dr Rita Sharma)
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Constitution of India
Part IV A [(Article 51 A)

Fundamental Dufties

It shall be the duty of every citizen of India —

(a)

b}

(c)
(d)

(e)

(f)
(g)

(h}
{i}

()

*k)

toabide by the Constitution and respect its ideals and institutions.
the National Flag and the National Anthem;

to cherish and follow the noble ideals which inspired our national
strugple for freedom;

to uphold and protect the sovereignty, unity and integrity of India;
to defend the country and render national service when called
upon to do so;

to promote harmony and the spint of common brotherhood amongst
all the people of India transcending religious, linpuistic and repional
or sectional diversities; to renounce practices derogatory to the
dignity of women,

to value and preserve the rich heritage of our composite culture;
to protect and improve the natural environment including forests,
lakes. rivers, wildlife and to have compassion for living creatures;
to develop the scientific temper, humanism and the spirit of inquiry
and reform;

to safeguard public property and to abjure violence:

to strive towards excellence in all spheres of individual and
collective activity so that the nation constantly rises to higher
levels of endeavour and achievement;

whio is @ parent or guardian, to provide opportunities for education
to his child or, as the case may be, ward between the age of six
and fourteen vears.

Note:

The Article 5 1A comaining Fundamental Duties was inserted by the Constilution
(4 2md Amendment) Act, 970 (with effect from 3 January 1977),

Pl was mserted by the Constitution (86th Amendment) Act, 2002 {with
effect from 1 April 2000,

e
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b

THE CONSTITUTION OF
INDIA

PREAMBLE

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
‘[SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC] and to secure
to all its citizens :

JUSTICE, social, economic and
political;

LIBERTY of thought, expression, belief,
faith and worship;

EQUALITY of status and of opportunity:
and to promote among them all

FRATERNITY assuring the dignity of

the individual and the “[unity and
integrity of the Nation];

IN OUR CONSTITUENT ASSEMBLY |

this twenty-sixth day of November, 1949do |
HEREBY ADOPT, ENACT AND GIVE TO | .
OURSELVES THIS CONSTITUTION.

1. Subs. by the Canstitution (Forty-second Amendment] Act, 1976, Sec.2,

fior "Sovereign Democratic Republic” (w.e.l 3.1.1977)

2. Subs, by the Constitution (Forty-second Amendment] Act. 1976, Sec.2,

for "Unity of the Nation” (w.e.f, 3.1, 1977)
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ANNUAL SYLLABUS
MATHEMATICS (Code NO. 041)
Class-XlI
Session 2023-24

The Syllabus in the subject of Mathematics has undergone changes from time
to time In accordance with growth of the subject and emerging needs of the
society Senior Secondary stage is a launching stage from where the students
go either for higher academic education in Mathematics or for professional
courses like Engineering, Physical and Biological science, Commerce or Com-
puter /Applications. The present revised syllabus has been designed in accor-
dance with National Curniculum Framework 2005 and as per guidelines given
in Focus Group on Teaching of Mathematics 2005 which is to meet the emerg-
ing needs of all categories of students. Motivating the topics from real life situ-
ations and other subject areas, greater emphasis has been |aid on application
of various concepts.

Objectives
The broad objectives of teaching Mathematics at senior school stage intend to
help the students:

. to acquire knowledge and critical understanding, particularly by way of
motivation and visualization, of basic concepts, terms, principles, sym-
bols and mastery of underlying processes and skills.

. to feel the flow of reasons while proving a result or solving a problem

. to apply the knowledge and skills acquired to solve problems and wher-
ever possible, by more than one method.

. to develop positive attitude to think, analyze and articulate logically.
. to develop interest in the subject by participating in related competitions.

. to acquaint students with different aspects of Mathematics used in daily
life.



to develop an interest in students to study Mathematics as a discipline

to develop awareness of the need for naticnal integration, protection of
environment, observance of small family norms, removal of social barri-
ers, elimination of genderbiases.

to develop reverence and respect towards great Mathematicians for their
contributions to the field of Mathematics



ANNUAL SYLLABUS
CLASS XII
SUBJECT: MATHEMATICS (041)
SESSION (2023-24)

CONTENT

Unit- | : Relations and Functions
Unit-l: Relations and Functions

1. Relations and Functions

Types of relations: reflexive, symmetnc, transitive and equivalence relations. One toone
and onto functions.

2. Inverse Trigonometric Functions

Definition, range, domain, principal value branch. Graphs of inverse trigonometric functions
Unit-Il: Algebra
1. Matrices

Concept, nofation, order, equality, types of matnices, zero and identity matnx, transpose
of a matrix, symmetric and skew symmetnc matrces. Operation on matrices: Addition
and multiplication and multiplication with a scalar. Simple properties of addition,
multiplication and scalar multiplication. On-commutativity of multiphication of matrices
and existence of non-zero matrices whose product is the zero matnix (restnct to square
matrices of order 2). Invertible matrices and procf ofthe unigueness of inverse, if itexists;
(Here all matnces will have real entries).

2. Determinants

Determinant of a square matric (up to 3 x 3 matnces), minors, co-factors and applications
of determinants in finding the area of a tnangle. Adjoint and inverse of a2 square matnx,
Consistency, inconsisiency and number of solutions of system of inear equations by
examples, solving system of linear equations in two or three vanables (having unigue
solution) using inverse of a matrix.

Unit-lll: Caleulus
1. Continuity and Differentiability

Continuity and differentiability, chainrule, denvative of inverse tngonometnc functions, ke
sin~'x, cos™'x and tan'x, derivative of implicit functions. Concept of exponential and
logarithmic functions. Derivatives of logarithmic and exponential functions. Logarithmic
differentiation, derivative of functions expressed in parametric forms. Second order
denvatives.



2. Applications of Derivatives

Applications of derivatives: rate of change of quantities | increasing/decreasing functiens,
maxima and minima (first denvative test motivated geometnically and second denvative
test given as a provable tool). Simple problems (that illustrate basic principles and
understanding of the subject as well as real- life situations)

3. Integrals

Integration as inverse process of differentiation. Integration of a variety of functions by

subshitution, by partial fractions and by parts, Evaluation of simple integrals of the following
types and problems based on them

.[ dx J' dx i dx I' dx j dx
X xrat  xtEat v fat _x? Caxt +bx+c 7 fax? +bx+c

sl SO

b ] mdxf-}a‘ :x‘de'xlrax‘ +bx+cdx

Fundamental Theorem of Calculus (without proof). Basic properties of definite integrals and
evaluation of definite integrals

4. Applications of the Integrals:

Applications in finding the area under simple curves, especially lines, circles/parabolas/
ellipses (in standard farm only)

§. Differential Equations

Definition, order and degree, general and particular solutions of a differential equation
Solution of differential equations by method of separation of vanables, solutions of
homogeneous differential equations of first order and first degree. Solutions of linear
differential equation of the type Solutions of linear differential equation of the type:

dy

dx PY = 4. where p and q are functions of ¥ or conztant

dx

—

dy PX =10. where p and q are functions of y or constant



COMPLETION OF MID TERM SYLLABUSBY 15" SEPTEMBER 2023
REVISION

Mid Term Exam
Discussion of Mid Term Question Paper

Unit-IV: Vectors and Three-Dimensional Geometry

1

. Vectors

Vectors and scalars, magnitude and direction of a vector. Direction cosines and direction
ratios of a vector. Types of vectors (equal, umit, zero, parallel and coliinear vectors),
position vector of a point, negative of a vector, components of a vector, addition of vectors,
multiplication of a vector by a scalar, position vector of a point dividing a line segmentin
a given ratio. Definition, Geometrical Interpretation, properties and application of scalar
{dot) product of vectors, veclor (cross) product of vectors

Three - dimensional Geometry

Diirection cosines and direction ratios of a line joining two points. Cartesian equation and
vector equation of a line, skew lines, shortest distance between two lines_Angle between
twa lines.

Unit-V: Linear Programming

g F

Linear Programming

Introduction, related terminology such as constraints, objective function, optimization,
graphical method of solution for problems in two variables, feasible and infeasible regions
(bounded or unbounded), feasible and infeasible solutions, optimal feasible solutions (up
to three non-trivial constraints)

Unit-Vi: Probability

1.

Probability

Conditional probability, mulfiplication theorem on probability, independent events, total
probability, Bayes' theorem, Random variable and its probability distribution, mean of
random varnable.

Note-Syllabus must be completed by 15 th December 2023
Preparation for Pre Board Examination (2023-24)

Pre Board Examination

BOARD EXAM 2023-24

For further Information Kindly refer to CB5E guidelines

hitps://cbseacademic.nic.in/

https://chseacademic.nic.in/web_material/CurriculumMain23/SrSec/
Maths_SrSee_2022-23.pdf







Contents

5. No. Chapter Name Page MNo.
L Relations and Functions 19-36
2 Inverse Trigonometric Functions I7-52
3 Matrices 53-70
4. Determinants 71-88
5 Continuity and Differentiability 29106
6. Application of Derivatives 107122
Fi Imtegrals 123-151
B. Application of Integrals 152-161
9 Differential Equations 162-178
10 Vectors 1791588
11 Three-dimensional Geometry 199-215
12 Linear Programming 216231
13: Frobability 232-251

® Practice Papers 252283
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{FUNCEFT MAP OF CONTINUITY AND DIFFERENTIABI(TY
o

Noteworthy Results on Continuous Functions

* A constant Function f(x)=k is continuous everywhere.

* [dentity Function f{x)=x is continuous everywhere,

-+ Polynomial Function f{x)}= flx)=a+a, x+a; '+, .a.x" . neEN xeR IS continuous
everywhere.

*The modulus function f{x)=|x| is continuous everywhere.

*The logarithmic function f(x)=x is continuous in its domain

* The exponential function f(x)= &".0=0 is continnous everywhere,

* The sine function f(x)=sinx and cosine function f(x) =cosx are everywhere
continuous .

*The tangent function, cotangent function, secant function and cosecant function
are continuous in their respective domains.

*All the six inverse trigonometric functions are continuous in their respective
domains,

*A rational function f(x)=g(x)/h(x) , h{(x)not equal to zero is continuous at every
point of its domain.

* Sum , difference product and quotient of of two continuous function is a
continuous function.

A function f may fail to be continuous at x=0 for any of the following reasons.
{1] f is not defined at x= a, i.e,f{a) does not exist
(2)Either tim flx) does not eéxist or Umfix) does not exist,

whg xra'

(3) tim {(x)lim 1)

(4) lim fix)=fim f{z]=fla]

[Class Xl : Maths]
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Increasing & Decreasing Functions
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SECOND FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS S

Let f be a continuous function of 1 defined on s
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i—f[:ﬁ fx v domain of . therf f(xhx =[F(x)+T =F(F)-F(u) This s calld the
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b] and let F be another tunction such that
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INTEGRATION OF SOME SPECIAL FUNCTIONS

( ¥ -5
—z==I0

(i) -[x‘ =2 9 at¢
dx Tige-=y

o =

(i) -l-xz—a" 5 i a ¢

[ gz SN —+¢
/B Y e 3

SOME STANDARD INTEGRALS

X.r.!—1

n+1

(i) J-x"dx=
(i) [cos ¥xdx=s8inx +¢

i) [sec?xdx=tanx+¢

(i) |secxianxc[={=sec Xx+c

(i) Jde;—; =sin'x+t¢
1%
dx »
(%) _{,sz =tan ' x+c

(xii) [e*dx=e* < ¢

{xiv) j—ix—
¥ajxt =1

1
(xw1) F; dx=log x| +¢g

=gec” Xx+0

INTEGRATICN BY PARTS

+ ¢ n=-—1 like

I::“ | ﬂd'x n—ih}g—.e_ 2 &
W 1777323 "la—4|
[ df—=EDgx— ¥ —al+c
W 12
dx 2 9
(i) [ xl_az=lng‘x+1l|'x +8°|+C
Fdx:xﬂ_':

(] [sjnxdxz —COS ¥+ ¢

{v) |1:usec‘ xadx=—colx+c

{vii) |cnsesx cotxdy=—cosec x+¢

dx 3
{LKJ[ ==¢os X+
TYl-x
) [ dx _ ——
{)CI:I‘T_!_XE =Cos X+ L
a.l
adt=—-— +
{xrn}nj 53 %
di

(xv) | ——=— =—cosec x +¢
- x1.||'x‘ -1

- d =
_Iﬁ[x} £ (x)dx = fi(x) jf:{Xde = Jaﬁm [ fof ¢ o

INTEGRATICN BY PARTIAL FRACTIONS

Pix)
A ratienal function of the form m (Qx1=0)=Tx)+

Py(x)

Qi x)

. P.{x} has degres less than that

10
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P.(x
of Qx) We canintegrate ‘"L(—} by expressing it in the following forms:

Cix)
: pr+q fe A + =
(i) {r—a:{x—b}_x—a'x—b'aib
) px+q _ A ~ B
(ir} (x+af} x—-2 (x-af
pregEsy . A . 8 . @
iit) (x +a)(x-b}{x-c) x-a x-b x-¢
pxt sgrer A B c

(v) 7 i E e ek
(x+a){x-b) x—a (¥x-ay x-b

, px*+gx=r A Bx +C
(v) ¥

(x—a)(x® +bx+g) X—a8 x> +bx+c

INTEGRATION BY PARTIAL FRACTIONS

(1) JF-JXZ <5 dx = %-in -8 - 32—:|59|x st =2’ |+e
(i} j-«.;'xz +a° de= -‘_2{1||'x2 -5+ %:—Ing ¥+ %%+ 8% |26
(i) [a* - x* ox = %-“llaz —x% s ‘z—:sin-‘ -

a

FIRST FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS

Let the area functions be defined by A(x) = _L?f[x}dxh = g, where fis continuous on [3, b]
then A{x) = flx)x v = [a, Bl

SECOND FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS

Let f be a confinuous functions of x defined on [&, 5] and et F be another function such that

d &, i
o F{x)=f(x) v x = domain of f_then L f(x)dx=[F(x) + ¢]° =Fib)— F(a). This a called the

definite integral of f over the range [z, b] where a and b are called the imis of integration, a
being the lower limit and b be the upper limit
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CHAPTER-1
RELATIONS AND FUNCTIONS

ey
L bea ' et =
A thermometer measuring a 5 : A thermometer measuring a
temperature of 22° Celsius is = temperature of
shown here. = | " 72° Fahrenheit s shown here.
= (1] a0
= B0
On the Celsius scale, water =1 ™ e On the Fahrenheit scale,
freezes at 0° and boils at = g | P water freezes at 32" and boils
100, = (™| e | |- at 212°,
(1] ™
E =
5 s
= N o | sinr irnmenn P
- o
= i i
= L-]
= is
—_— L —

Celzius Fabrmmheit

By looking at the the two thermometers shown, you can make some general comparisons
between the scales. For example. many pecple tend to be comfortable in outdoor tempera-
tures between 50°F and 80°F (or between 10°C and 25°C). If @ meteorologist predicts an
average temperature of 0°C (or 32°F), then it is a safe bet that you will need a winter jacket

Sometimes, it is necessary to convert a Celsius measurement to its exact Fahrenhelt mea-
surement or vice versa

For example, what if you want to know the temperature of your child in Fahrenheit,
and the only thermometer you have measures temperature in Celsius measurement?
Converting temperature between the systems is a straightforward process. Using the function

9
F=AC)= c C + 32, any temperature in Celsius can be converted into Fahrenheit scale.

TOPIC TO BE COVERED A5 PER CBSE LATEST CURRICULUM 2023-24
Types of relations: reflexave, symmetric, transitrve and equivalence relafions.

One to one and onto funchons

Arelation inasetAis a subsetof A= A
Thus Risarelationin asetA=H A=A

if (3, b) e R then we say that ais related to b and write, aR b

If (3, b) e in R then we say that 3 is not related to b and write, a2 B b,
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If number of elements in set A and set B are p and g respectively, Means n{A)=p.n(B} =g,
then

No.

Mo,
No.

Mo,

Mo,
No. of NON-EMPTY Relation of A= B = No. of Relation of B = A= (27 —1)

of Relation af A = A= 27

of Relation of B = B = 2%
of Relation of A= B= Mo. of Relation of B x A= 2%

of NON EMPTY Relation of A= A= (27 —1),

of NON EMPTY RelatonofB=EB= [2‘?; =1}

Q.1
B

Ans,

Q2

Ans.

IfA={a b c}and B={1 2} find the number of Relation R on (i) A=A (i) B =B (i) A=

AsnfA)=3 n(B)=2 50

Mo of Relaton R on A= A=23"8=22 =512
No of Relation RonBx B=2*"2=2¢=15
Mo of Relabton Ron A= B =23 =22 =4

A=[d o e}and B = [22, 23] find the number of Non-empty Relation R on (i) &= A (i1}
B=B

Asn(A)=3 nlB)=2, =0
Mo, of Relation Non-empty relations RonA=A=2""1-1=2"-1=5011
Mo. of Relation Mon-empty RonB=B=221-9=2"-1=1%
Different types of relations
Empty Relation Or Void Relation

A relation R in a set A s called an empty relation, if no element of A 1= related to any
element of A and we denote such a relation by 4.

Example: LetA={1,2 3, 4] and let R be arelationin&, given by R ={{a, ) a +b=20}.
Universal Relation

A relation R in a set Ais called an universal relation, i each element of A is related to
every element of A

Example: LetA={12 3 4} and let R be arelationinA, givenbyR={(a b} a+ b >0}
Identity Relation
A relation R in a set A s called an identity relation, where R = [(a &), 2 = Al

Example : LetA=1{1, 2. 3, 4} and let R be a relation in A, given by R ={(1, 1), (2, 2),
(3.3), (4. 4)}

20
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- Reflexive Relation
Arelation Rin a setAis called a Reflexive relation, if (., a) e R, foralla e A
Example : LetA=1{1, 2, 3, 4] and let R be a relation in A, given by
R={{1, 1), (2 2),{3,3). (4, 4}
R={(1,1),(22), (3, 3), (4, 4),(1,2).
R={{1. 1), (2:2}, (3, 3), (4, 4), (2, 3), (1, 3), {3, 1))
»  Symmetric Relation

A relation Rin a set Ais called a symmetric relation, if (5, &) = R, then (b, )= R for all
g h=A

Example : LetA={1 2, 3, 4] and let R be a relation in A, given by
R={{1,1).(2 2),{3,3))
R={(1,2),(2.1), (3.3))
R={{1,1).(2 2, (3.3),{4,4),(2,3), (1, 3), (3,1), (3, 2)}.
. Transitive Relation
A relation Rin a setAls called a transitive relation,
if(z2.b) = Rand (b, cje Rthen (a, c)e Rforalla. b, c = A
Cir
{g. b)=Rand(b c)eRforalla b, ce= A
Example : Let {1, 2, 3, 4} and let R be a relation in A, given by
R={(1 1).(2,2), (3, 3}} (According to second condition)
R={{1.2).{2 1), (1, 1), (2. 2)}. (According to first condition)
R={{2.3).(1,3).{3. 1), (3, 2). (3. 3). (2. 2), (1, 1.
«  Equivalence Relation

Arelation R in a setAis said to be an equivalence relation if it is reflexive, symmetnc and
transitive.

lustration:

Let A be the =et of allintegers and [et R be a relation in A, defined by R ={a, b} = 5], Prove
that R is Equivalence Relation

Solution: Reflexivity - LetR bereflexve = (8, 8) e R v o =A
= a=ag, which is true

Thus, R is Heflexive Relation.

Symmetricity : Let(s, b) =R ¥a5 b=A

= a3=b

= b=a27
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s0 (b, g} = K. Thus R is symmetnc Relation
Transitivity : Let (s b)eRand (b c)e R ¥ a b c=A
= a=bandb=¢
= a=b=g¢
= &8=¢
so(a &) = B Thus R 1s transitive Relation
As, Ris reflexive, Symmetric and transitive Relation
R is an Equivalence Relation
FUNCTIONS

Functions can be easily defined with the help of concept mapping. Let X and Y be-any two
non-empty sets. “A function from X to Y is a rule or correspondence that assigns to each
element of set X, one and only one element of set YY" Let the correspondence be ' then
mathematically we write F- X — Y.

where v =f{x), xzX and ye Y. We say that 'y is the imagescf 'x' under f{or x is the pre image
afy).

. A mapping - X — Y s said io be a function if each element in the set X has its image in
set Itis also possible that there are few elements in set Y which are not the images
of any element in set X,

. Every element in set X should have one and only one image. That means itis impossible
to have more than one image for a specific element in set X.

. Functions cannot be muli-valued (A mapping that 1s mult-valued is called a relation from
Aand¥)eg

Mot Function Mol Function

Testing for a function by Vertical line Test

A relation ;4 — B s a function or not, it can be checked by 2 graph of the relation If it is
possible to draw a vertical line which cuts the given curve at more thatn one point then the
given relation is not a function and when this vertical line means line parallel to Y-axis cuts the
curve at only one point then it 1s a function. Following figures represents which 1s not a
function and which is a function.
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NOT FUNCTION NOT & FUNCTHOA

Number of Functions

LetX and Y be two finite sets having m and n elements respectively, Thus each element of
set X can be associated to any one of n elements of setY. So, total number of functions
from set XtosetYisn™

Real valued funciion” if B, be the set of real numbers and A, B are subsets of R, then the
function f - A— B is called a real function or real valued functions.

Domain, Co-Domain And Range of Function

Ifa function fis defined from a setAto set B then {if - A— B) setAis called the domain of f and
set B is called the co-domian of £

The setof all Aimages of the elements of A is called the range of £
In other words, we can say
Domain = All possible values of x for which f{x) exists.

Range = For all values of | all possible values of fix)

From the figure we observe that

Domaim=A= {3 b, c. d} Range={p. g, r}. Co-Domain=1{p. g.r, s}=8B
EQUAL FUNCTICN

Two function fand g are said to be equal functions, if and only if

(i) Domainoff=Domamofg

(i) Co-domain of f=Co-domain of g

(i) flx)=glx)forall x e their common domain
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TYPES OF FUNCTION

One-one function (injection); A function 7 A — B is said to be a one-one function or an
injection, if different elemenis of A have differentimages in B

eqg Letf-A—Bandg X —Y be two functions represented by the following diagrams

Clearly, f: A— B is a one-one function. But g : X — Y is not one-one function because two
distinct elements x, and x, have the same image under function g

Method to check the injectivity (One-One) of a function
(i) Take two arbitrary elements x. y (say) in the domain of ©

(i) Solve fx)=fy). If ix)= fy)gwvex= yonly, then - A— B 15 a one-one function {or an
injection), Otherwise not.

If function is given in the form of ordered pairs and if two ordered pairs do not have same
second element then function is one-one.

i the graph of the function v = fix)is given and each line parallel to x-axis cuts the given curve
at maximum one point then function Is cne-one. (Sirictly increasing or Sinctly Decreasing
Function). Eg

Y
\ A

\iﬂ.l}
\—-

0
¥

X

fix) =a* (0 {‘rI <1)

Mumber of one-one functions (injections) : IfAand B are finite sets having 77 and nn elements
respectively, then number of one-one functions fromAand B="P, isnzmand 0 ifn<m.

If fix) is not one-one funchion, then its Many-one function

Onto function (surjection) : Afunction 7. A — B is onto if each element of B has its pre-
image in A. In other words, Range of f= Co-domain of /. e.g. The following arrow-diagram
shows onto function.

24 [Class Xl : Maths]



Number of onto function (surjection): If A and B are two sets having m and r7 elements
n

respectively such that 1 << m, then number of onto functions fromAta Bis 2> (-1""" "¢,

r=1

r

Into function: Afunction - A— B is an into function if there exists an elementin B having no
pre-image ind.

In other words, f- A — B is an inte function if it is not an onto function e.g, The following arrow
diagram shows into function

Method to find onto or into function:
(i) Solve fix) =y by taking x as a function of y i.e., g{y){say)
(i) MNowifgly)is defined for each y = co-domain and g(y) = domain then f(x) is onto and if any
one of the above requirements is not fulfilled, then fix) is into
One-one onto function (bijection) : Afunction f: A — Bis a bijection if it is one-one as well
as onto.
In other words, a function 7; A — Bis a bijection if
(i) Itisone-oneile, fxj=Ry)ox=yforalx y= A
(i} Iltisontoie., forall v = B, there exists ¥ = Asuch thatfix)=y
Clearly, fis a bijection since it is both injective as well as surjective.
lllustration :
Letf: R — R be defined as f{x) = 7x — 5, then show that function is one-one and onto Both
Solution : Letfixi=fy) v x. y= R
= Tx-5=Ty-5
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= X¥=y 50 | f{x) iz one-one function |

Mow, As fix) = 7x — 5, is 2 polynomial function.

so it1s defined everywhere. Thus, Hange =H

As, Range = co-domain, so | fis onto funchon.

Alternative method : Graph of fix) is a line which is strictly increasing for all values of x, so
its one-one function and Range of fix) is R which is equal to R so onto funclion.

ILLUSTRATION:
If f:X — Y is defined, then show that fis neither one-one nor onto function.

Solution : As for elements 3 and 4 from set X we have same image cinset'Y, so fis not
one-one function.

Further element d has no pre -image in set X,
so fis not onto function

ILLUSTRATION:
Prove that the fiunction 7: N —= N, defined by fix) = x*+ x + 2022 is one-one.
SOLUTION : APPROACH-

Letfix)=fx) ¥ 2. x,eN==x2+x + 2027 =x2+x,+ 2022
= xitx.=xltx

= (F-x)+{x, -2 }=0

= (x,—x)+{x+x+1)=0

Thus(x. —x)=0as({x. +x+1)=0 ¥V x..x, =N

g0, fis ONE-ONE function

APPROACH-I

fAx) =+ x4+ 2022 = F'{x) = 2x+1

As xe Nso, 2x+1 >0 = f'(x)=0 (Stnctly Increasing function)
50, fis ONE-GNE function
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Type of Functions

Name of Definition Domain|Range Graph
Function
1. Identi R R
Funl:tifgn The function f: R — R defined by
fixy=x v xeR
2. Constant Thefunction 7 R — R defined by R {c} ..__1" —
i Y= el = ?‘ =
Function fixi=cvxeR L
"
3. Polynomial | The function f: R — R defined by
Function fx)=p,+px+px+__+p
where n= N and PPy By P
eR¥Yx=R
4. Rational The function f defined by fix) =
Function P(x)
C”_x] where P{x} and Q(x) are
polynomial functions, Qfx) =0
E.Modu!_us The function f: R — R defined by R [0, =)
Function (% %20 o
EB=Y S ven S
6. Signum The function 7 K — R defined by )
Function : R p.6% ~|-‘[_- e
(1] (-1 x<D =
|_' ! +-_ e N
fix)= 4 x 11- x>0 0~
| 0. x=D [0 x-=0 |
7.Greatest  [Thefuncton:R—Rdefinedby | g 7 1
Integer . ==
Function jrxel e -5
flx) = x| = {integer less than iR
._equa.-' lox xg’f = 1
8. Linear The function f- R — R defined by R R
Function fix)=mx+c x = Rwhare mand
¢ are constants
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ONE-MARK QUESTIONS

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOQSE THE COR-
RECT ALTERNATIVE

T

Consider the setA=1{1, 2 3], then wnte smallest equivalence relationon A.

(a) {] (b) {(1. 7)) {e) {(1.1).(2.2).(3.3)} (@ {3.3)

2. Consider the set A containing 5 elements, then the total number of injective functions
from A onto itself are
(@) & b)) 25 {c) 120 {d) 125
3. LetZ be the set of integers and R be the relation defined in Z such that aRb if (a— &) 15
divisible by 4, then R parfitions the set Z into how many Pairwise disjoint subsets
(a) 2 (6) 3 () 4 (d) 5
4 HA={d 0 e}then the number of relations onA = Aare
(a) 3 (b) S {c) 15 {dy 18
5 IfFA=[2023, 2024) then the number of non-empty relations on A = Aare
@ 1 b 4 {c) 8 (dy 16
6 IFA={2023, 2024)then the number of Reflexive relations on A= A are
(a) 2 b 4 {c]) 8 (d) 16
7. HA={s u v}, then the number of Symmeilnc relations cn A = Aare
(a) @ b) -9 {c) 32 {dy B4
8. LetA be the set of the Letters of the name of our country the “INDIA". Then find the
number of reflexive relations on A = 4
(a) 4096 (b) 2048 {c) 1024 (dy 16
9. LetA={x:x*<3 x= W), then the number of Symmtric relaionson A= A are
(a) 1 (b) 2 (c) 4 (d) &
10. [fthere are p elements insetA such that number of Reflexive relation on A = Aare 40596,
thenp =
(3) 4 b) & {c) 8 {dy 12
1. Tecs= g, 0,elthenTnd p'ifhe numberofSmon aerrwebdnrsoni s L am zF
() 4 b) & {c) 8 (dy 12
12. Find the maximum number of equivalence relations on the setA={1, 2, 3}
(a) 3 (B) 5 () 8 d 2
13. Ifthe function f: R—{1. -1} —» Adefined by f(x) = 1_}: 5 is Surjective, then A=
(@) R (b) R—{1.-1 () [0.1] {d) 10. =]
14. The number of injections possible from A={1,2, 3, 4jtoc B={5, 6, T} are
a) 0 by 3 c) B {dy 12
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15, If the number of one-one functions that can defined from A= {4, 8, 12, 16] to Bis 5040,

then n{B) =
& 7 B) 3 {c) 6 {d) 12

16. If the function f: R — Adefined by flx) = 3 sin x + 4cos x is Surjective, then A=
(@) 7. 7] (b) [-1.1] e} I.7] {d) [-5.5]

17. The Part of the graph of 3 MNon-Injective function f: R — Range defined by f{x) = x*—2x +
& is given below. If the domain of f{x) is modified as either (—=, b] or [b, =] then fix)
becomes the Injective function. What must be the value of {b—3).

(a) 6 (b) 5 fc) 4 {g) 0

18. The graph ofthe function f: R — Adefined by y = fix) is given below, then find Asuch that
function f{x)} is onto function

(a) (1, 5] (b) [ 5] fe) 5.1 {d R

ASSERTION-REASON BASED QUESTIONS (Q.15 & Q.20)

In the following questions, a statement of assertion (A) is followed by a statement of Reason
(R). Choose the correct answer out of the following cheices.

(a} BothAand R are true and R is the correct explanation of A,
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(b} BothAand R are ture but R is not the correct explanation of A

{c} Aistrue but R is false

(d) Ais false but Ris true

19, ASSERTION (A) -Arelaton H ={{a, b) - la— bl < 1] defined on the set

A=01,2 3 4}is Reflexive
Reason (R) (Arealtion R on the setAis said to bereflexive ffor (2, b) = R
&b, cie R, wehavela. c)=R

20. Assertion (A): Afunction £: R — R given f{x) = |x| is one-one function.
Reason (R) - Afunction 7 A— B is said to be Injective if

fla)=fp)=a=pn
TWO MARKS QUESTIONS

21. fA={a b c. dyand F={(a b), (b d). (c. &), (d ¢)}. show that fis one-one from Ato A

22 Show that the relation R on the set of all real numbers defined as R={{a, b) . a< b is
not transitive:

23, fthe function f: R'— {1, =1} —= Adefined by f(x) = : ¥ — , 15 Surjective, then find A

L x"

24 Give an example to show that the union of two equivalence relations on a set Aneed not
be an equivalence relation on A

25 How many reflexive relations are possible in a setAwhose (A) =4 Also find How many
symmetric relations are possible on a set B whose n(B) = 3.

26. LetW denote the set of words in the English dictionary. Define the relation R by R {{x, y)
=W =W such that x and v have at least one letter in common). Show that this relation R
is reflexive and symmetric, but not transitive

27, Show that the relation R in the set of all real numbers, definedas R ={{s, b)) a= )=
neither reflexive Nersymmetric.

28. Consider a function f: R_— (7, =} given by f{x) = 16x% + 24x + 7, whiere R+ is the set of
all positive real numbers. Show that function is one-one and onto both.

29 letl bethe setofalllinesinaplane. Arelation RinLisgivenby R{{L,. L.} L.and L,
intersect at exactly one point, L., L, =L}, then show that the relation R is symmetric Only.

30. Show that a relation R on setof Natural numbers is given by R = {{x. ¥); xy is a square of
an integer] i1s Transitive

THREE MARKS QUESTIONS

31. Are the following set of ordered paws functions? If so, examine whether the mapping i1s

injective or surjective.
(i) {{x. v):xis aperson, yis the mother of x}
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32,

33

34

35

37.

(i) {{2. b} ais a person, bis an ancestor of a}.

-
£

X
Shaw that the function - R — R defined byfix) = 2oy V¥Xe R, is neither one-one nor

onto:

Let R be the set of real numbers and 7 B =R be the function defined by f{x)=dx + 5.
Show that fis One-one and onto both

Show that the relation Rinthe setA={3 4,5 6, 7Tlgiven by R ={[35, b} |a—b|is divisible
by 2} is an equivalence relation. Show that all the elements of {3, 5, 7} are related to each
other and all the ements of {4, 6} are related to each other, but no elementof {3, 5, T} is
related to any element {4, B}

Check whether the relation R in the set Z of integers defined as R =({a, b):a+bis
“divisible by 27} s reflexive, symmetric, transitive or Equivalence.

Show that that following Relations B are equivalence relation in A

() LetAbe the setof all triangles in a plane and let R be a refation in A, defined by
R={(T,.T,):T, 1scongruentT.}

() LetAbe the sefof all tnangles in a plane and let R be a relation in A, defined by
R={(T.,, T,):T,, issimilar T}

(t) LetAbe the setof all lines in xy-plane and let B be a relation in A, defined by
R={(L, L, : L, isparallelicl }

[d) LetAbe thesetofall integers and let R be a relation in A, definad by
R={(a. b):{a—D)is even]

() LetAbe the setof all integers and let K be a relation in A, defined by
R={{a b):la—0b|is a muliple of 2}

il LetAbethe =setof all integers and let R be a relation in A, definad by
R ={(a b): |a - b| = a dwisible by 3}

Check whether the following Relations are Reflexive; Symmetric or Transitive.

(a) LetAbe the sst of all lines in xy-plane and let R be a relation in A, defined by
R={L. L)L, isperpendiculariol }

(6) LetAbe the set of all real numbers and let R be a relation in Adefined by
H={(a b}y a=b}

() LetAbethe setof all real numbers and let R be a relation in Adefined by
R=[{a b)a=b

[d] LetAbe the set of all real numbers and let R be a relation in A definad by
R= {{a b):az b}

() LetAbe the set of all natural numbers and let R be a relation in A defined by
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38.

39

40

41

42,

43

44,

45,

R={g b):aimsafactor b}
OR
R{(a.b): bis divisible by a}
i LetAbe the set of all real numbers and let R be a relation in A definad by
Rifab) (1+ab)>0

Let S be the set of all real numbers. Show that the relaton R={a by & +b* = 1] is
symmetric but neither reflexive nor fransitive.

Check whether relation R definedin Ras R={a 0y a2 —4ab+3F=0, 58 b =R} 5
reflexive, symmetric and transitive.

Show that the function f- (~=, 0) — (-1, 0) defined by fix)= 1_1: X = (—=, 0)is one-

| x|

one and onto.
FIVEMARKS QUESTIONS

For real numbers x and y, define x R y if and only if x— v + /2 is an irrational number.
Then check the reflexivity, Symmetricity and Transitivity of the relation R.

Determine whether the relation R defined on the set of all real numbers as
R={(a. b)-a bzRanda-b+ 35}
(Where 5 is the set of all irrational Numbers) 1s reflexive, symmetric or transitive.

Let N ba the set of all natural numbers and let R be a relation on N = N, defined by Show
that R is an equivalence relation.

M (8,b)R(c dj=sa+d=b+¢c
(M (2. b6)Rc dy=ad=bec

i NN O O I |
(i} (g8, B)R (g d)= e b
W) (3. 0)R(c dy=ad(btei=bela+d

-2
LetA=R-{1}, f-A— Ais amapping defined by fix) = i 1 show that fis one-cne and

onto.

Letf: N —= B be afunction defined as flx) = 4x* + 12x+ 15 Show that F: N —= 5, where
S is the range of 7, 18 One-Une and Onte Function.

CASE STUDIES

A person without family is not complete in this world because family is an integral part of
all of us Human deings are considered as the social animals living in group called as
family. Family plays many important roles throughout the life

Mr. D.N. Sharma s an Honest person who is living happily with his family. He has a son
Vidya and a Daughter Madhulikz. Mr_ Vidya has 2 sons Tarun and Gajender and a daugh-
ter Suman while Mrs. Madhulika has 2 sons Shashank and Pradeep and 2 daughters
Sweety and Anju_ They all Lived together and everyone shares egual responsibilities

32

[Class Xl : Maths]



within the family. Every member of the family emotionally ataches to each other in their
happiness and sadness. They help each other in their bad times which give the feeling of
security

A family provides love, warmth and security to its all members throughout the life which
makes it a complete family. A good and healthy family makes a good society and ulfi-
mately a good society involves in making a good country

On the basis of above information, answer the following questions:

Consider Relation R in the setAof members of Mr. D_N. Shamma and his family at a particular
time

C.

ia) FR={{x ¥} xand ylvein the same locality), then R show that R is reflexive Relation,

(b)) HR={{x y):xisexactly T cm taller than y}, then R show that R is not Symmetric
relation.

e} WR={{x v): xis wife of ], then show that R is Transitive only.

] ]
& O

Let Abe the Set of Male members of a Family, A= (Grand father, Father, Son}and B be
the set of their 3 Cars of different Models, B = {Model 1, Model 2, Model 3}

e L S o .\ MODEL 1
FATHER -
i i MODEL:
s0N —— =

On the basis of The above Information, answer the following questions:

{a) I m & nrepresents the total number of Relations & functions respectivelyon A= B,
then find the value of (m +n).

ib) Ifp & grepresents the fotal number of Injective function & total numbers of Surective
functions respectively on A =B, then find the value of [p—g.

An orgamization conducted bike race under two different categones—Boys & Girls.

There were 28 participants in all. Among all of them finally three from category 1 and

two from category 2 were selected for the final race. Havi forms two sets B and G with
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these Participants for his college Project.

LetB={b1 b2 b3}and G=1{g1, g2}, represents the set of Boys selected & G the set
of Girls selected for the final race

ib) Among all possiblerelations form B to G, how many functions can be formed from B
to G?

fc) LetR:B— B bedefined by
R =[x y) :x & y are studenis of same sex}. Check R is seguivalence Relation.
OR
A function f : B — G be defined by 7= {{b., g,), (b,. G.), (D5, @)}

Check if f is bijective. Justify your answer.

SELF ASSESSMENT-1
EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECTALTERNATIVE:
1. Consider the setA={1.2, 3} and R be the smallest equivalence relation on Athen R =
fa) (1.1 (b) {(1.1).(2.2)}
(e} {(1.1)42.2)(3.3)} d 9
2. Consider the set A containing n elements. Then, the total number of injective functions
from Aonlo itself is
(@) 2 ®) n
(€) n (d) nl
3. The total number of injective nappingsfrom a set with m elemeants to a set with n elements,
m=nis
ja) nl b}
. il
{c) o' {d) {'I'r—“r'”'}':'
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A

g

5

The number of injections possible fromA={1356}tcB={2511}is
fa 12 {b) 22

ey 3 {d) O

The number of one-one functions that can defined from

A ={4,812 16} to B is 5040, then n(B) =

(a) 7 (b) &
fcy 9 {d) 10
SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT CHOOSE THE COR-
RECT ALTERNATIVE.
1. ArelationRinaszetAiscalled ... {3, .38)=Rimplies(a, a)=R foralla a2e

A

{a) Reflexve (b} Simmetric

{c) Transitive {d) Eguivalence

53]

Let f- R — {01 — R — {0} be defined by f{x) = 3 7x=R Thenfis
X

fa) One-Cne b}y Many-One

ic) Notdefined {d) Moneofthese
letP={lx ¥)Ix¥*+vV=1,x y=R} ThenPis
(a) Reflexive (b} Symmetric
ic) Transiive {d} Eguralence

The function - R — R defined by fix) = [x], where [ ] is greatest integer function is
fa) One-COns (b} Many-One
ic) Onto {d) Moneofthese

The number of bijective functions {One-one and onto both) from set A to itself when A
contains 2022 elements is

(@) 2022 (B) 2022
(C) 2022 (D) 20222
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ANSWER
One Mark Questions

1. {€){(1.1).(2.2).(3.3}} 2. (c)120 3.
4 (d)512 5 (c)15 6

7. (d)64 8 (a)4096 g
10.(c) 4 1. (b)6 12.(

13 (c) [0.1] 14 (a)0 15 (d) 10
16 (d)[-5.5] 17. (a)6 18. (a)[-1.5]
19 (c) 20. (d)

Ais false but R s true
Two Mark Questions

A is true but R is false

23 A=R-[-1,0]
24 Reflexive Relations = 40596 Symmetrnc Helation = 64
Three Mark Questions

31.{a) Yesit's function, Not Injective but Surjective (b} No, its not a function

32. EQUIVALENCE RELATION
33. (a) Symmetric
{c) Meither Reflexive, Symmetnc nor Transitive

{b) Refiexive and Transitive

id) MNeither Heflexive, Symmetric nor Transitive
(e} Refiexive and Transitive
{fi Reflextive and Symmetric
34. Reflexave only
Four/Five Mark Questions
42, Reflexive only
CASE STUDIES BASED QUESTION

B.(b)D

41 Refiexive only

A [a} 512 +27 =534
C.{a)B4
(b)3
fc) Ris an Equivalence Relation OR (c) fis not Bijective
SELF ASSESSMENT-1

1. (g) 2. {d) 3 {d) 4. {d) 5 (d)
SELF ASSESSMENT-2

1 () 2 (a) 3. (b) 4. (b) 5. (b)
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CHAPTER-2

INVERSE TRIGONOMETRIC FUNCTIONS

An example of people using inverse trigonometric functions would be builders such as
consfruction workers, architects, and many others.

An example of the use would be the creation of bike ramip. You will have to find the height and
the length. Then find the angle by using the inverse of sine. Put the ength over the height to
find the angle. Architects would have to calculate the angle of a bridge and the supports
when drawing outlines. These calculations are then applied to find the safest angle. The
waorkers would then uses these calculations to build the bndge.

TOPIC TO BECOVERED ASPERCBSE LATEST CURRICULUM 2023-24

« Defintion, range, domain, principal value branch.

» (Graphs of mverse tngonometric functions.
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Function Domain Range
V=sinT -1, 1] %E'
y=cos x [-1. 1] 0. 7]

=fan x R j it
4 232
y=cot' x R (0, =)

- |-'-[.i

y=sec x H-(-1,1) [G, F[]—';é':’
V= cosec” ¥ R-(-1.1) |%-'£‘,—{ﬂ,

whenx = [-1, 1]
sin ¥4+ cos ¥ =
« whenxeR

tam x+cot ¥ =

whenx = R—[(-1,

P |

gec™ ¥ +cogsec” ¥=

sin~* (sin x) =x, when x = [—;2 |

cos” (cos¥)=x whenx = [0, 7]

fan (tanx) =2, when x = |_§5'

cot” (cotx)=x whenx = (0, =)

cosec {cosec x)=x whenx = |~

sec”’ (sec x) =x whenx = [0, 2]— -

sin (sin™ x)=x whenx = [-1, 1]

cos (cos' x)=x, whenx = [-1, 1]
« fanftan”' ¥)=x;whenx=HR

cot{cot”" x)=x whenx =R

coset (cosec ¥)j=x, whenx=R-{-1. 1)
« sec(sec'x)=xwhenx=R-{-1.1)
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=sin™ x, whenx = [-1, 1]
1.1

sin”” (—x)=
cos” (—x¥)=n—cos " x when x =
« dan{—xj=—tan"'x, whenx=R
cot” (—=x)=n—cot” x, whenx= R
cosec” (—x)=—cosec” x. whenx =R (-1, 1)
= sec” (—x)=m—sec’'x. whenx= H{-1.1)

lllustration:
: . 1 ;'x—T‘
Find the principal value of sin™’ |E| +cos™ | El
|’1 _ O ..
Solution: As. sin™’ 3 |=sin- |srnE ffee E'|_2 3
1 A1) n [=
cos™ |5 Fm-tosT 5 Fa- g lg= 0, =
2 .|IJ1-\. P .;’_1\'; T T 4 2!1' 5]2
50, 5N |§ + C08 i-?.l = E T L= E == E_T=E
llustration:

R

Find the principal value of sec™ (2} +sin™ | 3 | +tan™ =J3).

a5
Solution: As, sec~'(2) = cos” |5 |

) = - g [=m w)
tan™' (—f3 )=—tan"' (3 ) =—tan™ (tan §}=—§ _EEI 2'3
LS s
_Ii/_'-] g . /‘1_.! .\Ilr_ _'I:__'_=_E
cos \2) sin 12) +tan” (- 1—2 3”E

40
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ustration:

Find the range of the function fix) =tan™ x + cot™ x.

]

!

B

Solution: As tan’ x +cot x=

I |

so, fix)= — (A constant function)

R | =

Thus range of fx) is :L‘i

lllustration:

: , _ 2= ; )
Fsin™ x+sin y= --j-.then find the value of cos™ x +cos™
Solution: As.sinPx+coslx= E —| cos” x= = —sin" x

j ) .oy " 2n i
cosT x+cos y=n—(sinT x+sin y)=a— = =13

ustration:

Fa<2sin' x+cos' x<b, then find the value 3 and b.

Solution: We know that sin~" x + cos" x= % and _TT <sinx 3

¢

= D=isin'x)+ =<=x

K| =

= [=(sin” x)+sin” x+cos" x<=x
= [=2sin'x+cos " x<q butgiven, assin’, x+cos'x=h

IThus.a=Dandb=r |
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Iustration:
Ifsinfeot” (1 + )] = cosftan’ %], then find x

Solution: As, sinfcot” {1+ x)] = cosftan x]

L 1 ;1
= SINSINT ~—=———{= CO5|C058 ~ T
E «.I'x‘;?_x+2} ol 1.|'1+.‘*.'“']

= wWr+dy+2=1+"

= -1=[=07]

Nustration:

lftan™ x+tan™ y+tan™ z = j then prove thatxy + yz +2x =1

Solution: Let. tan” " x=A tan' y=B. tan'z=C

s0, A+B+C= 5 =A+B= E_G
tan(A+Ej=mni%—Cli =cot C

tanA+tanB 1 x+y 1

1-tanAtanB  tanC ~ 1-axy z

= xz+yz=1-xy

= |xz+yz¥azx=1 |

ONE MARK QUESTIONS

]

1. Pnncipal Value of cns'*l g

_a =1 |
+COS |— is
2 )

(@8 m (b} {c) {d) =

o=

x
3

2. Principal Value of sin'1i5ini,‘ I
. et I

42
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. : o
(@) g (b) 5 {c) 3 {d) 5
_15; 1457
3 Pnncipal value of £03 L_EUS 3 J1s
a % 14x
(@) 3 (b) 3 {c) m {d) 3
iic =3 N - -9 in,. an .
4 Fostrmeorzivane ofmaidan {tan—ﬁ—} s R Where a & b are co-prime numbers,
then{a+ b )=
@13 @ 13 ) 7 @ 5

5 Ifthe Principal value of C{}S"[EGS%H 51I‘I'1ESEH%}=S ?rthen la-bl=
(a) O (b} 1 {e) 2 {d) 4

6 Ifcos{cos™ %'Tsin‘+ X) =0, then (3x +1)=

(2) O (b} 1 {c) e (d} 4

on v ik
7. IfS!n{Sfﬂ'1-§-+C05'1X}=‘|,then|,‘5x—2}=

(@) 0 (b 1 ey 2 (dy 4
8. Domain of the function cos™' (2x—1)is
(&) R by [Fa] @ [0 @ [03]

9. Domain of the function f(x)=sin™ «/x —1is

(@[12] () 4] () 03] (d [07]

10. Principal value of sec™'(2) #5in~ {%} +tan™ {—-uﬁ] is

@) ® T e 3 O

on | =

'gl._
11. Domain of the function f(x) =cos™ ¥x+1 is
(a) [1.2] (B} [-1.0] () 0.1 () [0.2]
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12. Domain of the function f (x) = sin™" (=) is
@1012] &y 0] (€} [0A] ) [F1]
13. Domain of the function 7 (x) = sin™'(2x + 3) is
) [~2.2] (b} [2-1] (e} [0.1] {d) =1.1]
14, If Domain of the function f{x) =sin™" (x*—4) is [-h, —a] U [a, bl then the value of [&° +57%)
IS
(a) B (b} 3 fc) 5 {d) 4
15 Ifsin x, +sin~" x, =T , then the value of (x, + %) is
(@) 0 by 1 €y - @ 2
16. Ifcos"a+cos” b=21 , then the value of (a -b)?1s
(2) 0 By 1 € d 4
47 s . .
cos™ [sin{cos 5 1
x 4 . T o
By ® F © 3 @ 3
o o 34
18. Principal value of sin~' (COS 5 Jis
T -1 3 —3n
L o Dozgich} 4 e
(a) 5 (b) 10 {c) 10 (d) 10
19 Ifcot (cos™ 2—2} =% then +f/24x +2 =
(a) 1 (b) 2 () 3 (d) 4
: . 4n ; . ¢ ¢
200 Iftan x+ I;an"y:?&cnt‘ x+coty =?.lhen k=
(a) 1 by 2 € 3 d 4
023 2023
21. D cosT' x =0 thenthe velue of D, x is
't fat
a) 0 (bl 1 {e) 2023 (d) —2023
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22,

23.

2024 2024
If E sin”™’ ¥, = 1012z  then the value of » X. 15

i=1 im1

(@ 1012 (&) 2024 (g) 1012 d) —2024
If graph of f {x} 15 shown below, identify the function F (x) & find must be the value of 7
1

) e
) T
™
_ s SR -
| 1
X 5m - 2n
s B = © F @ 3

ASSERTION-REASON BASED QUESTIONS (Q.24 & @.25)

In the following questions, a statement of assertion (A) is followed by a statement of Reason

o e
(=8 o
[ sa i SRR el e

24

25

(R). Choose the correct answer out of the following choices
Both A and H are true and R is the correct explanation of A,
Both A and R are true but R is not the correct explanation of A
Ais true but R is false.

A s false but R s true.

3n
ASSERTION (A): The range of the function f(x)} = sin'x + ? ,where
T am
x g[-11], is [=,—].
SURIEES

REASON (R): The range of the principal value branch of sin-'xis [0, T ].

ASSERTION (A): All trigonometric function have theirinverses over their respective do-
mains

REASON (R): Theinverse of tan~'x exists forsome x= R
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26

2T

25

28.

30

3.

32,

33

34

35

TWO MARKS QUESTIONS

Match the following:

Ifcos"a +cos'h =2z and sin~'¢ + sin'd = n then

Column Column 2
A abcd P i)
B g+ +cd+d a 1
c (d—23)+(c—1d) R 2
D FrhFP+ct+a° s 4

£."

= ¥ -1 |. BT .| x 1
Find the value of cos| cos™ | 505? |+sin | SN |

w|'r{'

If P = tan*{sec™ 2) + cof® (cosec™ 3), then find the value of (F* + P +11)
If B=sec{tan™ 2) + cosec” (cot™ 3), then find the value of (P - 2F).
(1 AN T I 1
Find the value of sin| —cot™'| = Hint - sin & _ fl-tasl
L2 \4) 2 2
Solve forx : tan™ fx(x+1) + sinT X xs1= %

Find the value of ¥, such that sinT ¥ = %T cos™ x.

Find» ifsin"'x—cos'x= 5

Iftan™"(cot x) = 2x, find x

[

Fd
-1

-1 3:‘:-\ .
Solveforx: cos ; ccsTI+5m

48
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THREE MARKS QUESTIONS

36. Find the value of &, iF 100 sin(2 tan™" (0.75)) =k [Hint: sin26 = Zsind cosb]
37. Provethat

[ fi+sinx +f1—sinx | )

(a) cot |_J‘I+smx —1I’1—smx_|=%' x E|ﬂ )
(b) 13”_”{ Lo b e o] PR TS
\ix—1-x) 2 2
(c) tan ‘;}sm-* %i s
(d) 5in'1i:2tan“ l% | ;=3§_
38, (3) Prove that CGS[IEII‘I_1{SinfEDr1 *M = x:;’;
(b) Prove that tani:—l;-+-;—gus-1 E:‘|+tan::r_:._ %CGS_TE: - %
(c) Prove that tan{}—%tan" E_}-'rtan'l:;—%tan—? %|= 2 El_t':

(d) Prove that : tan

1w 1
._—r_1—1’+ r__I_IJ—E—EI:DS x

“Ji+cosx +-.f1—+:c:sx"‘| x

(e) Prove that tan"l Jicosx —i—cosx |

e
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-

(f) Prove that: a:ot'1i J‘l—s_mx —J!—sj.nx |= X xel0. X
Aft+sinx —4f1-sinx | 2 SRS
39. Solveforx:
(a) sin"fﬁx]— sin'f(ﬁﬁx} = :
2
(o) Solve for x- sin~'(Bx)+sin~"(By3x) = _TT
ORI 1o B EI:
(c) itan™ xJ" +{cot™ x) =
T = | ' .' -1 3
40. Solve forx: cos{tan™ x) = sin cot Al x>0
FIVE MARKS QUESTIONS
lltustration: (For Solving .41)
Ifecos” x+cos”' y+cos” z=x thenprovethatx®+ y* + 22 + 2xyz =1
Solution: Let. cos” ¥x=A4,cos” y=B,cos” z=0C
50, A+B+0=2s = A+B==x-C
Thus, cos{A +B) =cos(n—C)
= c¢osh cosB — sinA sinB = —osC
= cosA cosB— y1-cos? Ay1-cos?B =—cosC
= xy-+1-x% Ji-yt =z
= (xy+z)=v1-x° -.,J‘i—yg
Cn squaring both the sides, we get
(xy+zP ={1-2) (1-17)
= R R e
l P E e+ Iryz =1 ]
41, Provethe following
fa) If cos™'| X |+cos™ L ‘= then prove that 2% i—‘?ﬁ:mu =sin‘ o
la) v5) s5 Bt ab
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42,

43

£ e .
{b) If c05'1[ -‘; |— cos™ -":l;-] =8, then prove that 9x* + 4y* — 12xy cos6 = 36 sin"6.

!,

Prove the following:

(a) If tan~" x=tan~' y +tan 'z = & then prove that x + y + 2= xyz
(a) If cot™ x +cot™'y +cot'z =7, then prove that xy + yz + zx =1

CASE STUDIES

On National Mathematics Day, December 22, 2020,
Mathematics Teachers of DOE organized Mathematical
Rangoli Competition for the students of all DOE schools
to celebrate and remembering the contnbution of
Snnivasa Ramanujan to the field of mathematics. The
legendary Indian mathematician who was born on this - 8 %
date in 18657 i g

Team A of class Xl students made a beautiful Rangali on Trig::rrrmetr'ﬁ:: Identities as
shown in the figure Above, While Team B of class X!l students make the Rangoli on the
graph of Trigonometric and Inverse Triggnometric Functions. As shown in the following

figure:

Cn the basis of above information, Teacher asked few questions from Team B. Now you try to
answer. Those questions which are as follows:

{a) Write the domam & range (prnncipal value branch) of the function f (x)=tan~" x?
(b} If the principal branch of sec™"xis [0,x]- [k T}, then find the value of k.
{c) Draw the graph of sin™ x, where x= [-1,1]. Also write its Principal branch Range.

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOO SE THE COR-
RECT ALTERNATIVE.

s \
1. If cos| cns"§+ sin~ x {=0. then (3x—1) =0
LS o

[Class Xl : Maths] 49



(@ 0 b) 1
fey -1 (d 2

2 Domain of the function cos™ i %—1 I" is

(@ [0.2] b) 1.7]

(© [0.1] d) [0 4]

3 Kcecos'a+cos'b=2nandsin'e+sin'd=n thena+F+E+d =
(@ 0 ) 1
(e 2 (d) 4

# % s o)
4 The principal value of cos™ | cnﬁ% |1—Si|'|_1 | Si”% 15

fay O b) =
E

() 2 @ 3

(1
E. K cos™ | ; | =f, then tans =
(a) x by x*+1
) V=1 @) -1
SELFASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERMNATIVE.

1. IfsinTx+simy+sinTz= % then (x* + ¥ + 22 — 3xyz) =

(a O (b) 1
fe) -1 (d) 2
2. Principal Range of the function sin-'x is
(ay [0.a] () (D7)
=% % | [ ::\,
(c) [TEJ (d) |_2-§___.

al By af  Er)
3. Ifcos 1!cns-ﬁ—~|;5m 1|5m~§:v |=x. then x =

(@ 0 b) =
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© =

g 10
@ —

R _1i5-"_17. .
4 If sin |...-5-;+msec: [EJ_E then x =

(@ 0 {b) 1
fe) 2 dy 3
5 Rangeof fix)=sin~"'x +ian-'x +sec'x s
n 3% [J" 3R|
@ |77 ® (77
[z 3=] [z =)
© {37 © |73
ANSWER
One Mark Questions
1@ 5 b 3
4 (g) T 5 {a O
7. (b} 1 8 @ [ 2]
i
10, {d) E 1. (k) [1.0]
13.(b) [=2-11] 14 (a) 8
16 4 17 I
- (d) . {a) 6
19.(g) 2 20 {a) 1
. 21
22 (b) 2024 B @ 3
false 25

HBA>QB25C250-2P

28.(F°+ P+ 11) =143

3. x=00r-

29, (FF—2P)=195

32.

2
ip) T
& {c) 2
o ) [1.2]
12 (e) [0.1]
13 (d) 2
B o=
S Ty
21, (c) 2023

24 (c)AistruebutRis

(dy Aisfalse butRis true.

Two Marks Questions

3

8 |
E'r[}i
5

33.1
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| A

Three Marks Questions
1 =
36.-96 3. (a)x= 12 (b)x= = [c)x=-1
3
40 x = 1

CASE STUDIES BASED QUESTION

e |

43 (a) Domain=R =(—x ) Range = {?Ej (b) k=05

SELFASSESSMENT-1
1. (b} 2. |d) 3. (d) 4. (b)

ir
—

[+ R
—

SELF ASSESSMENT-2
1 (a) 2 {c) 3 (a) 4. (d)

in
—

i
e
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CHAPTER-3
MATRICES

Matrices find many applications is scientific field and apply to practical real life problem.
Matrices can be sclved physical related application and one applied in the study of electrical
circuits, quantum mechanics and optics, with the help of matrices, calculation of battery
power outputs, resistor conversion of electrical energy into another useful energy, these matrices
play a role in calculation, with the help of matrices problem related to Kirchhoff law of voltage
and current can be easily solved.

Matrices can play a vital role in the projection of three dimensional images into two dimensional
screens, creating the realistic decreeing motion Now day’s matrices are used in the ranking
of web pages in the Google search. It can also be used in generalization of analytical motion
like experimental and denvatives to their high dimensional.

Matrices are also used in geology for seismic survey and it is also used for plotting graphs.
Matrices are also used in robotics and automation in terms of base elements for the robot
movements. The movements of the robots are programmed with the calculation of matrices
‘row and column’ controlling of matrices are done by calculation of matrices.

TOPIC TO BE COVERED AS PER CBSE LATEST CURRICULUM 2023-24

= Concept notaion, order, equality, types of matrices, zero and identity matrix, transpose
of a matrix, symmetnc and skew symmetric matrices

+ Dperation on matrices: Addition and multiplication and muiltiplication with a scalar. Simple
properties of addition, multiplication and scalar multiplication. Oncommutabivity of multi-
plication of matnces and existence of non-zero matrices whose product is the zero
matrix (restrict to square matrices of order 2).

= |nvertible matrices and proof of the unigueness of inverse, if itexists; (Here all matnces
will have real entries).
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Matrices are defined as a rectangular arrangement of numbers of functions. Sinceitis a
rectangular arrangement, it is 2-dimensional

A two-dimensional matrix consists of the number of rows (m} and a number of columns ().
Horizontal ones are called Rows and Vertical ones are called columns.

M A T ——» Row1
A=|H 8§ | |——* Row?2
D O E

l

Column 1, Column 3
Column 2

—* Row 3

ORDER OF MATRIX

The order of matr 1s a relationship with the number of elements present ina matrix.

The order of 2 matrix is denoted by m = n, where m and n are the number of Eows and
Columns Respectively and the number of elements in a matrix will be equal to the product of
mand

TYPES OF MATRICES

Row Matrix

A matrix having only one row is called a row matroe

Thus A=[A], . isarow malrix ifm = 1. So, a row matirx can be representedas A =JA ]
[tis called 55 because it has only one row and the order of a row matrix will hence be 1I*< .
Forexample,

A=[1 2 3 4]isrow matrix of order 1 = 4. Ancther example of the row matrx s

B=[0 9 4]whichisofthe order 1 =3

Column Matrix

A matrix having only one column is called a column matrix. Thus, A = [A],,, s a column
matrix if n =1 '

Hence, the order is m = 1. An example of a column matrix is:

P oy

/1‘._I ';l;.'f
aA<|2|B=|®
3 1
)

%

Inthe sbove example, Aand Bare 3 =1 and 4 = 1 order matrices respactively
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Square Matrix

If the number of rows and the number of columns in a matnx are equal, then it is called a
square matrix.

Thus, A=[A]_ is a square matrix if m = n; For example is a square matrix of order 3 = 3.
1 2 3N

a=|4 58
7 & 3

ForAddiional Knowledge:

Thesum of the diagonal elements in a sguare matrix A is called the traceof matrix 4, and
which is sdenocted by tr(A);

A =a,,+a,+. +a,

Zero or Null Matrix

i in & matrix all the elements are zero then it is called a zero matrix and itis generlly denoted
by O. Thus, A=[A],. isa zero-matrix if 2= O for all rand ; For example

A= 0| B=| oo
lo) 80

Here A and B are Null matrix of order 3 = 1 and 2 = 2 respectively

Diagonal Matrix

If all the non-diagenal elements of a square matrix, are zero. then it is called a diagonal matrix.

Thus, a square matrix A = [a] 1s a diagonal matrix if aij = 0, when /=

(200 200 (00O
A-0 3 0B-/0 0 0|C=|0 00
lo o4/ DO 4 00 4

I_.rﬂ CI*-\._.

D= |
78 o)

A Band C arediagonal matrix of order 3= 3, and D 15 a diagonal matrix of order 2 = 2.
Diagonal matrix can also be denoted by A =diagonal [2 3 4]. B=diag[2 0 4], C=[0 O 4]

Imporiant things io note:

(1) A diagonal matrix is always a square matrx.

(i) The diagonal elements are characienzed by this general form: a, where i = | This
means that a matrx can have enly one diagonal. '
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Scalar Matrix

If all the elemeants in the diagonal of a diagonal matrix are equal, it 1s called a scalar matric
Thus, a square matrix A = [a ] 1s a'scalar matrog if

W

. :r—? 0
o 1)

Unit Matrix or Identity Matrix

tf all the elements of a principal diagonal in a diagonal matrix are 1, then it is called a unit
matrox.

A unit matrix of order n is denoted by /.. Thus, a square matrix A = [g ], is an identity matrix
if

0 r=J
A= =g

For example /. and /, are idenfity matrix of order 3 = 3and 2 = 2 respectively

(1 20 o g
L=10 1 0l6={ |
oot VU

« All identity matrices are scalar matrices
= All scalar matrices are diagonal matrices

» All dizgonal matrices are sguare matrices

Triangular Matrix

A square matrx is said to be a tnangular matrix if the elements above or below the pnncipal
diagenal are zero. There are two types of Trangular Matrix:

Upper Triangular Matrix
A square matrix [3 ] is called an upper tnangular matrx, if 8, = 0. when 1> .
D O E\

A= i G\\ D Q| is an upper triangular matrix of order 3 = 3
|8~ E)
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Lower Triangular Matrix

A sguare matnx is called a lower tnangular matrix, if 3, = 0, when (= |.

(O O
A= o D -i]
\E O E,
is a lower triangular matrix of order 3 = 3
Transpose of a Matrix

Let A be any matrix, then on interchanging rows and columns of A. The new matrx so obtained
iz franspose of A donated 47 or &'

[order of A=m =n, then order of A7 = 1 = m]

Properties of transpose matrices A and B are:

fa) (A7 =4 (b} (kA)" = KAT (k = constant)

fcy (A+BY=A"+8 (d) (AB)"=8" AT

Symmetric Matrix and Skew-Symmetric matrix

+ Asquare matrix A= [a ] is symmetric ifAT=Ale a ¥ /and)

« A sguare matrix A = [a;] is skew-symmetric ifAT = —-A lLe. g =—a ¥ rand]

(Al diagonal elements are zero in skew-symmetric matrix)

llustration:

A s matrix of order 2022 = 2023 and B is a matrix such that AB™ and BT A are both defined,
then find the crder of matrix B.

Solution: Let the order of matriz be R = C, So,
(Alsgagisnss (BNoe = C=2023 (As AB"is defined)
(B7)oer (A); = R=2022 |As B" A is defined)
Thus order of matrix B is {2022 = 2023}

CRX2023

lllustration:

If A 1= & skew symmetric matrie, then show that 4% is symmetric
Solution: As A is skew-symmetric, 47 =-4

(AT =(AAT=ATAT=(-4) (-A)= 4

As (A = A0

= Thus, A% is symmetric.
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llustration:

.-'1 _1".! .. 3 4‘} 'a .D b1
i |2 " | T = 5 EI_J where X = \e d} then find the value of s + e —b—d.
Solution: A (1 -0 (& b} (3 &

olution: As, |._2 3 | e d/ (5 &)

(a b |"3 41 1 =1} (31 ¢+1|
= |‘_|:.‘ d) \5 6} {2 3) 16-2 -3
|a b (2 5“-|
= & d) L3 3

Jn compairing the corresponding elements, we get,
a=2.b=5¢=3d=3

Thus,ate—b-d=5-5-3=-3

lHustration:

If 4 12 2 diagonal matrix of order 3 = 3 such that 4% = A, then find number of possible
matrices A.

Solution: As, A 15 a diagonal matrnixof order 3 =3

fa 0 0
Let A=|0 b O
'_I} 0 G
(& 0 0)
— A=|0 B D
0 0 &)
‘s 00 [ 0 0
AsAi=A = |0 b 0 =0 b 0
'._l:l | c) 0 o &2

LY o,

So,a=0or -1, similarly & and ¢ can take 2 values (0 and -1).

Thus, tetal number of possible matricesare 2 =2 =2 =8
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ONE MARK QUESTIONS

EACHOF THEFOLLOWING MCQHAS ONE OPTION CORRECT, CHOOSETHE

CORRECT ALTERNATIVE.
(0wheni = |
Fa=laho =4, . ! thenae=
; | Lwheni = |
& 5 o (Y o[ e (I
) LD 0) LD A ) I B Y
0 0 4. M - (0 N 1 1)
® lo o o In o o) @ L4
(1 0) x 0) ~
IF.A :{hz ‘U__J’:':l‘:[-:1 1i}|andﬁt—ﬁz. then x equals
(8) =1 b} 1 ) -1 (d) 2
(1 x*=2 3
Iif A :J; T 5 7 |be a symmetric matrix, then x equals
3 7 -5
@ £3 @ =2 ) 42 @ 0
[0 x*+8 1)
I A :il —5x x°*-9 7 |beaskew -symmetric matrix, then x equals
-1 =7 0
(a) =3 (d 3 e} -3 {d) 0
(2y-7T 0 O
IFA = 0 ¥ -3 0| be ascalar matrix, then (x+y) equals
Lo o 7
&) 7 ) 14 ) 16 @ 17
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7. If Ais matrix of order 2023 = 2024 and B is a matrix such that AB" and B'A both are
defined, then the orderof matrix B is
(a) 2023 = 2024 (dy 2023=2023 (c) 2024=2024 (dy 2024=2023
8. I Ais matrix of arder 2023 = 2024 and B is a malrix such that AB and BA both are
defined, then the order of matrnix B is
(a) 2023 =2024 (d) 2023x=2023 (c) 2024=2024 (d) 2024=2023
f 2 0 y—x “'1
9. KA={x+y-2 3 0 |beadiagonal matrix then (xy) equals
0 0 4 )
2 1 b 2 e} 3 d) 4
10. If all entries of a square matrix of order 2 are either 3, =3 or [, then how many Mon-zero
matrices are possible?
(a) B0 by &1 fc) 27 (d} B4
11. If all entries of a square matrx of order 3 are either 1 or 0, then how many Diagonal
matrices are possible?
(a) 512 {b) 8 b}y 6 dy 2
12. | all entnes of a square matnx of order 3 are ether 3 or . then how many Scalar matrices
are possible?
@) 1 ®) 8 (c) 6 @ 2
13. If all entries of a square matrix of order 3 are either 5 or 0, then how many [dentity
matrices are passible?
(a) 1 by & {e) 2 (d) O
14, Iftheregrefivecne’'sie 1.1, 1, 1, 1 &fourzerces e 0, 0, 0, 0, then total number of
symmetric matrices of order 3 =3 paossible?
(a) 10 by 12 ey 3 (d) 9
1. (2) (4)
15. x| |+y |= | then
2 \5/ \9)
@ x=1.y=2 b)) x=2 y=1 e}y x=1 y=1 id) x=3, y=2
[a blfa —I}“l
16. The product] : Isegual to
PO - a_Ln a ) ="
['52 +b* 0 ] [’ai +b* 0
@ 0o &@+p2) ©® \a% +b* 0)
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17

18

19.

20.

21.

22

23.

‘a+b? 0) ['1 0"
) ] J

d
0 0 9 1o 1
If Ais a square matrix such that 2=/ then (A— /" + (A # [f —TA s equal to
(3) | b} A (c) 3A—I ) A-l

If Aand B are two non-zero matrices such thatAB=A BA=Band (A+ Bf = k (A+B),
then k is egual to

(@ 1 (b} 2 (c) 4 (d) 8
If Als a square mafrix such that A = A then{d + [?-34 isequal to
(a) | by A fc) 24 idy 3
If a matrix &A= (12 3), then the matrix A A (where A Is the transpose of A) is
/3"'\.LI
@ (123),, &) (14}, € (), @ |2
1.- 3t

|f3 4
if A= t 5 9 and 2A + B is a null matrix, then B is equal to]
@) { ! ﬂ o [ “4\| OO il
a C

5 2) -5 -2, 10’ 2]

(-6 —B\‘
l.__—m 2,

[0 1y .
iF A =t i0 and (3/ +4A)(3/-44)=x*| then value of x is/are
@ +3 b) 7 () 15 @ o

2 8) _ _ ) _ i
If A =l 6 4 = +Q, where P is a symmetric and Q is a skew-symmetric matrix,

\ 4
then Q is equal to

2 B) ‘0 1) (0 2)

a b C d
@ LB 9 I S R P @)
fr _2}
2 0
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ASSERTION-REASON BASED QUESTIONS (Q .24 & Q.25)
In the following questions, a statement of assertion (A) is followed by a statement of Reason

(&
(b}
(c)

(R). Choose the correct answer out of the following choices
Both Aand R are frue and R is the correct explanation of A.
Both A and K are true but R is not the correct explanation of A
Ais true but R is false.

(d) Ais false but R s true
‘01 =2
24 ASSERTION MatrixA=|-1 1 3 |is a skew-symmetric matnix.
2 3 0
REASONING: Amatrix A is skew-symmetric if &' = A
14 (4 2
25 ASSERTION : For matrices A =[ and B =[ ]
2 3, 9 1
(A+B)(A-B)=A*-AB+BA-F
REASONING : Matrx multiplication s not commutative.
TWO MARKS QUESTIONS
26 I Ais a square matrix, then show that
(@) (A+AT)is symmetric matrix.
o) (A—AT)is symmetric matric.
(c) (AAT)is symmetric matrix.
27, Show that every square matrix can be exprassed as the sum of a symmetric and a skew-
symmetric matrix.
28, If A and B are two symmetric matrices of same order, then show that
(i) (AB — BA) is skew-symmetric Matrix.
(i) [AB + BA) s symmetnc Matrx.
‘0 & T 0 1 1) I"EI
29. (&) HA=|-6 0 8| .B=(10 2 .G=‘—2 | Verify that {A + B)C = AC + BC.
.7 -8 0] 1 20 L3
|’§ 1
10 (<1 1) 33
b) HA+B= i.j 1) and A-28= !.LD 1) then show that A = 21
\3 3,
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A4 .

(i _ oo
30 FA=| and B= | . |+ show that AB = BA
g 1) i 0

i
AEY

o Y
31. Find a matrix X, for which | % 13 |>-<=
o 1 3)

32. If Aand B are symmetric matrices, show that AB is symmetric, if AB = BA
33. Match the following:
Fossible Mumber of Matrices (A _) of order 3 = 3 with entry 0 or 1 which are

Condition No. of matrices
(1) | A, s diagenal Matrix F g
(2) | A, s uppertiangular Matnx Q 2
(3) | A, is identity Matrix R X
{4) | A, 1s scalar Matrix S z

(cosx —sinx’ fcos3x -—sin3x)

34 IfA= | then prove that A* =

\sinx cosx ) |sin3x cos3x |

35. Express the following Matrices as a sum of a symmetric and skey-symmetnc matrx.

Homwm:Fexdiand Icicanbe asked fironem 5:’-:.&;5{:' TH!NKAEIDUTTH[SJ:I
1 2 3 (1 2 5B) o 2 -3
@a=2 ° 7 ma={2 > 7| (a={2 0 4|
s e G = \5 7 -5) 3 -4 0)

2 3

36. Show that the Matrix A = | 12 satisfies the equation A2 —-44+1=0.

M1 1N
37. Findthevaluesof xand y, if A= | 1 | satisfies the equation A+ x4 + /=0

-

2 7
38. Find flA) ifA= | ~1 1/ suchthat fix) =x*—4x+7

L
|_~ h-|

)
39. Find A2 ifA= |.

[cosx —sinXx)

40 Find 242 whenx = 3 where A= | sinx cosx
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THREE MARKS QUESTIONS

M1 0 0
4T, z2eP= g ; :] and Q = [g] be two 3 = 3 matrices such that Q= F# + 1, then Prove
[ Qs+ Gy |
that|—— | =1
& R

42 Constructa 3 =3 matrix A= [a_.}] such that

II_"I e [25 i>j
j o |

(a) ;=1 ] I=] (b)ag=<irf I=]
| 7 E
li—j, 1] -3' =]
R o |21 =35

(£) @, = [+ % i (d) @, =———=L

R Y B
(e) a; _| A i where [ ] represents Greatest Interger Function

‘ces® sing)

‘cos28 isin2et
= . 2= | where i =+-1
43. IFA | ,J then prove that A | jsin2e cos2e ) where

N

_/sinB cos@

(2 3
44 A= |, | evaluate A - 44T + 4

& 5

cosx —sinx 0O

45 Iffix)=|sinx cosx 0| then provethat fx).fly)="fx+y)
g o 1)
46. IFfix)= Ul _x\| Prove that fix) fly)=7 i! x+y | Hence show that fx) f—x)
- Ji—dh—=x 1) : d+xy ) = :

=1, where |¢| < 1.

FIVE MARKS QUESTIONS

g
47 Findx yandzif A=A " and A= X ¥ =2 Alsofind how many triplets of (x, y. z)
bx -y z)

are possible. (NOTE: A A7 =A7A =)
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48,

50.

5 &
=A is a symmetric Matrix and B 1s skew-symmetnc Matrix suchthat A+ B= | 5 _1

4 =20
then show that AB = l—'f _4 J
- by ,l’a b

If A= i._g —2J anci;fuf‘:lc d | then show that(a+ b+c+ d+ 398)=0.

CASE STUDIES

(&) Two farmers Ramkishan and Gurcharan Singhcultivates only three vaneties of nce
namely Basmat, Permal and Naura. The Quantity of sale (in Kg) of these vaneties of nce
by both the farmers in the month of September and Cctober are given by the following
matrices A and B

BASMATI PERMAL NAURA
i”f{}[]ﬂ 2000 30007 mamasmisoan

| 5000 3000 1000/ SURCHARANSINGH

A{September sales) =

BASMATI PERMAL NAURA
EOOD 10000 6000 :
E(Gctober sales) = [l | RAMAKRIZHAN

\ 20000 10000 10000 GURCHARANSINGH

If Ramakrishan sell the variety of rice (per kgli.e. Basmati, Permal and Naura at Rs 30,
Rs 20 & Rs 10 respectively, While Gurcharan Singh sell the vanety of rice (per kg) ie.
Basmati, Permal and Naura at Rs_ 40, Rs. 30, & Rs 20 respectively.

Based on the above information answer the following:
{a) Find the Total selling Price received by Ramakrishan in the month of september
ib) Find the Total Selling Price received by Gurcharan Singh m the month of september,

ic) Find the Total selling Price received by Ramaknshan in the month of september &
october.
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(B) A manufacture produces three stationery products Pencil, Eraser and Sharpener which

he sells in two markets: Annual sales are indicated below

I:-IJ

Market Products (in numbers)

Pencil Eraser Sharpener
A 10,000 2000 18,000
B 600 20,000 5,00

[fthe unit Sale price of Pencil, Eraserand Sharpenerare Hs. 250, Rs. 1.50and Rs. 1.00
respectively, and unit cost of the above three commodities are Rs. 2.00, Rs. 1.00 and
Hs. 0.50 respectively, then, Based on the above information answer the following:

(a) Find the total Revenue of both the markests.

(o) Find the total Profit for both the markets.

(C) Threeschools ABC, PQR and MNO decided to organize a fair for collecting meney for
helping the flood victims. They sold handmade fans, mats and plates from recycled
material at a cost of Rs. 25 Rs 100 and Fs. 50 each respectively The numbers of

articles sold are given as

(AT
gl |

T il
IR A 1

SchoollArticle ABC BPOR MNO
Hand made fans 40 25 35
Marks 1] 40 50
Plates 20 30 40

Based on the information given above, answer the following questions.
{a} What is the total amount of money (in Rs.) collected by all the three schools ABC, PGR

& MNO?

(b} If the number of handmade fans and plates are interchanged for all the schools, then
what is the total money collected by all schools?

=1
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SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. IfAls a symmetnc matrix then which of the following 15 not Symmetric matnx,
fa) A+AT by AAT
ey A-AT dy AT
2. Suppose P, O and R are different matrices of order 3= 5 a = band ¢ = drespectively, then
value of ac + bd is, if matrix P+ 0 — R is defined
(@ 3 {b) 14
fc) 24 dy 34

3. If A and B are two square matrices of same order such that, AB = A and BA = B, then
(A+8)(A-B)=

(@ O {b) A
fc) A*-B° idy B
[1 1 1][x]| [®]
4 K|0 1 1| y|=|3| then2Zx+y—2z=
01 1)z |2
(@ 1 b} 3
fc) 5 (d) 7
5 If a matrix has 2022 elements, how many orders it can have?
(@) 6 by 2
fc) 4 (d) &

SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT -ALTERNATIVE.

1. Fmatrix A = [a,., where

a.={1' ?f 'I_;Jr.menﬁf"“'=
t00, ® i=y

fa) O by A

(e) A (dy |/

(@ A b) 34
(c) 94 (d) 274
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T 1
3 Ifa'-'|=|1 1 and A+ pA +gfl =0, then pg =
(a) O (b) 1
ey -1 dy 2
[2s=b =-2b _ . - -
2 !f!_ErE—I'f de+13d| |11 24:.’d‘:lﬁns|.'+.*_:+|:.'+|:1'—
(a) O {b) 4
ic) B {d) 10
5 If Ais a square Mairix such that A= A then [/ + A¥ — T4 is equal to
() 24+ by A+2
(c) ! (d) A+l
ANSWER
One Mark Questions
["I 0} [D ‘i“]
|
1 ®lg 4 211 o
3 (b)+1 4  (a)£3
5 (b)3 6. (d)17
7. (a)2023 = 2024 8 (d)2024 = 2023
S (a1 10. (a)80
1. (b)& 12. (d)2
13. (d)D 14, {b)12
(a®+b* 0
15, (b) x =2,y =1 16. {(a) [ 0 5 +b2,J
7. (b)A 18. (c)4
19 {a)1 20. {b)(14)
21, (d l 5 -8 22. (c)15
. 5
O _10 4 | c)
(0 1 _ _
23 (b) I 1 DJ 24 (d)Asifalse but H is frue.

25 (a) Both Aand R are true and R is the correct explanation of A

EB

[Class Xl : Maths]



i ™
4 _[-3 14
L4 17 |
i o W
12 Yo o
2
3
35.(a)|2 & 5 I 0 0
l i _EI ..__.5_ _1
o, & _,f 9
‘42 5% [0 0 O
3E.(b)|2 5 T |+|0 0 O
5 7 -5) 1000
3. x=-2 v=0
(=] )
A0, ~3)
V3 1)
1 =1 =&
42.(2)[3 1 -1
4 5 1)
1.4 7
5 5 5
1 2
= = 1|
(d) 55 |
|
3 0 3|
5 5 )
1 1
AF ¥=F—= Y =T 7 =T
2 3

50. Case Study: A
(@) Rs 1,00.000

Two Marks Questions

3B (=R (2)=85 3)-=FP 420

5)
2
1]
2
1 ﬂ|
0 0y (D
35 (c) |0 O O+ =2
0 0 D,-J |.h3
|'f|]' D\l
B 1o 0
Three Marks Questions
1 9 27
2 {b3!¢ . 2?‘
& 8 9
0o
42 (e)|2 1 0|
% 9 1_,|
é".
CASE STUDIES QUESTION

{b) Rs. 310,000

2 -3)
0 4
-4 0,

29 24)
39 | & 5

[0 5 10)
5 0 13
10 13 0,

42 (c)

|'-D D-\

M_un|

{c) Rs.5,10,000
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50. Case Study. B
(b} Rs 46000 (For MarketA) {b) Rs. 15,000 (For Market A)

Rs_ 43000 (Rer Market B} Rs. 17,000 (For Market &)
50. Case Study C: 50. {v) Option {d) 50. {v) Cption (c)
(a) Rs. 21000
Rs_ 21250
SELF ASSESSMENT-1
;v 2. (d} 3. (g} 4. {c) 5. (d)
SELF ASSESSMENT-2
1- &) 2. {d) 3 {a) 4. {d) 5 {c)
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CHAPTER-4
DETERMINANTS

Cne of the important aplications of inverse of a2 non-singular
square matrix is in cryptography.

Cryptography is an art of communication between two
people by keeping the information not known to others_ It
is based upon two factors, namely encryption and
decryption.

Encryplion means the process of transformation of an
information (plain form) inte an unreadable form (coded
transformation of the coded meé:éage_t;_a-ck into 0r|g|na1
form. Encryption and decryption require a secrettechnique
which is known only to the sender and the receiver.

This secretis talled a L’e_l,f One way of generating a key is by using 2 non-singular matrix to
encrypt 3 message by the sender The receiver decodes (decrypts) the message to retrieve
the original mesage by using the inverse of the matroe The matrix used for encryption is called
encryption matrix (encoding matrix) and that used for deceding is called decryption matrix
{decoding matrix).

TOPIC TOBE COVEREDAS PER CESE LATEST CURRICULUM 2023-24

= Dieterminant of a square matrix (up to 3 = 3 matrice], minors, co-factors and applications
of determmants in finding the area of a triangle.

= Adjoint and inverse of a sguare malnx,

» Consistency, inconsistency and number of solutions of system of linear equations by
examples, solving system of linear equations in two or three varables (having unigue
solution) using mverse of a matr

84 0

d
Complex Number Include Real Number). It denotes the complex number ad - bc

A determinant of order 2 is written as |4 = where a, b. ¢, d are complex numbers (As

Even though the value of determinnants Represented by Modulus symbol but the value of a
determinant may be positive. negative or zero,

In other words,
a b
¢ 4
= Determinant of order 1 is the number itself

|4l = = ad — be (Preoduct of diagonal elements — Product of non-diagonal elements)

= We can expand the determinants along any Row or Column, but for easier calculations we
shall expand the determinant along that row or column which contains maximum number
of zeroes.
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MINORS AND COFATORS

Minor of an Element

if we take an element of the determinant and delete/remove the row and column containing
that element, the determinant of the elements left is called the minor of that element. It is
dencted by M, For example,

Let us consider 2 Determinant |4

a b
Al=|d e f|=
P g r

I e F
d e f|:>M,= r‘[Minarnfa_;M_.}
b q rl
a_..@._.ﬂi £
d e fi:>ﬂ.=‘..=‘ - | (Minor of 2, =M,.)
P g r]
+-5-9) -
d e [|=M, 5§ (Minorofa,. =M, )
pqrl

Hence a determinant of order two will have "4 minors” and a determinant of order three will have
“G minors”

Minor of an Element:

Cofactor of the element a,is ¢, = (-1)7 M, where | and j denotes the row and column in which
the particular element lies. (Means Magnitude of Minor and Cofactor of aij are equal).

*  Property: If we multiply the elements of any row/column with their respective Cofactors of
the same row/column, then we get the value of the determinant.

For example,
|Al=a.C., +a,C,+a,C,
|A| — EE' CE' ¥ EEECEE ¥ ESECEE

= Property: If we multiply the elemeants of any rowlcolumn with their respective Cofactors of
the other row/column, then we get zero a5 a result

Forexample,

2. GZ" # E'!GJI. + a".'GE = E"-[:E'. * E'IESE * 51EGE!
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Mote that the value of a determinant of order three in term sof ‘Minor’ and 'Cofactor’ can be
written as:

Al=a. M, —a:M.+a.M,, OR |A|=a,C.+a.0,+a.C,;
Al =a_,i'3__1 ¥ a'.::cﬁz +a13c13

\_\_____________,/—-_

PROPERTIES OF DETERMINANTS

+  Thevalue of a determinant remains unaltered, if the row and solumns areinter changed.

JA] = A7)
a p X 8 b ¢
b g yl=|lpgr
& r Z X )y 2

« [fany two rows (or columns) of a determinant be interchanged, the value of determinant is
changed in sign only . e.g

a p x a x p by g
b g y|=|b gi=|la x p
c r Z c r G & T

= [fall the elements of a row (or column) are
a 0 x 0 00
B0 yl=|p g r|=0
¢ 0 =z X y Z

= [fthe all elements of a row (or column) are proporticnal (identical) to the elements sof some
other row (or column), then the determinant is zero

a ka x mp mg mr
b kb yl=|lp g r|=0
¢ ket Z X Yy F

« |f all the elements of a determinant above or below the main diagonal consist of zeros
(Trangular Matrix}, then the determinant 1s equal to the product of diagonal elements.
a 0 0 g8 x ¥ a 0 0
x b O|=|0 b z|=|0 b 0| =abe
¥z 6 00 e 00 e
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» [ all the elements of one row/column of a determinant are multiplied by “ k™ (A scalar), the
value of the new determinant is k times the original determinant

g o 8 p X i
kb g =|b g ¥ i
ke r A S
Ha kp x 8 p x
kb kg y|=K|b g ¥y
ke kr oz G r z
| ks kp kx a p x
kb kg Ry |=Ikb g
ke kr kz c T .z

|kA| = £ |4|, where n 15 the order of determinant
AREA OF A TRIANGLE
Area of a triangle whose vertices are (x,. y. ), {x,, ¥,) and (x,, ¥,) s given by

X ¥ 1
A== ¥ ¥y 1| (sq.units)
[%: ya 1

ADJOINT OF AMATRIX

LetA=[a] . be asquare matrix and G; be cofactor of g, in |Al

(Cyy Cy Cy)
Then, (adj A)=[C]] = adj 4= !G; G :‘332‘
- \Csz Coz GCya)

» A (ad] A) = (ad] A).A = |A|

» (adj AB) = (adj B) (adj &)

= |adj Al = |A~", where n is the order of a Matrix A
SINGULAR MATRIX

A Matriz A is singular if |A] = 0 and it is non-singular if |Al =0

Z 3
|A} = | 1 -i‘ =5 =10.50 A is Non-singular Matnx

2 B

'A':|1 4

‘ =8 -8=0 50 A s singular Matrix.
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INVERSE OF A MATRIX

A sguare matrix A is said to be invertible if there exists a square matrix B of the same order
such that AB = BA = [ then we write 4 = B (4™ exists only if |4 = 0)

1 - T-!C"' Ca1 Gar)
A"=|?‘I'f_5dfﬂ4?=m Ciz Gy G|
Gz Cp Gy
. (ABYi=B A
. A=A
- (AT =(ATY

- AAT=AA=]

) 1
- A=A

= |Aadj Al = JAI" (Where n is the order of Matrix A)

lHustration:

(2 10
For what value of k, the matrix 4 = | Ek—7 15|

Is singular matrix
Solution: Az, Mafrix is singular, so its determinant will be zero
|Al=2{15}—10{5k—2)=30-50&k+ 20

|Al=50—-50k=0

= E0k=50

=]

Ilustration:
0 a -b
Without expanding the determinants provethat |—a 0 -c | =0
b ¢ 0
0 a -b
Solution: Letd=|-a 0 -
b ¢ 0
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We observe here a_= —a_(A 1s skew-symmetric matrix)

= AT=-4A
= 1A= A
= A= 17 4]

Property USED: |AT] = JA], [kA] = k7|A|

Where nis the order of the determinant

= Al =4
= 2|4]=0
0 a8 -b
= l4l=|-=2 0 —|=0
| B e D
lllustration:

If A is an invertible matnx of erder 2 and |A| = 4, then write the value of |47

Solution: As we know that,

SR [
A= 1A%
UL
= |l,£|. = 4
INustration:
3 4 5
Find the inverse of the matrix |2 -1 8| and hence solve the system of equations
\o =2 T,
Ir+ 4y +5z=18
bx—-2y+Tz=20
2x—y+82=13
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3 4 §
Solutiun:Let.A::E -1 E‘

5 =& F
Cofactors are,
~ -1 8 ~ B _ 4 & ~ _ 4 5 ~
C. = 2 7 =—T+16=9 G, == 27 =38 C.= 18 =37
7 8 i 3 5
‘3-1“|5 - —(14-40}=26 C,= e =4 G = — 3 g =-14
2 - 3 4 . 3 4
Ciu= 5 _2 =-4+5=1 C:s“5 ) =26 C;= 2 _1 =-11
Gy Gy Gy (9 =38 371
G G Gy} WY 26 -T1)

|Al=4,,C., +2,,C,, +,.C, = 3(9) + 4(26) + 5(1) = 27 + 104 + 5= 136

1 re 38 3I7TH
So A7 = Tlllle'ldj aﬂu}l= e 26 -4 14
| °l1 2% -1

Given system of equation can be written as

(3 4 5Yx) [(18) 3 4 BY(x\ (18)
2 1 8lly|=|20| = |5 2 7y|=|13]
5 2 7)lz) (13} 2 -1 8)lz) (20
= AX=B8B= A AX=A"B
X=A"B = X=A"B
‘9 <38 37T)18)  (9x18-38x13+37x20)
X=15:|26 4 Ca |13 = | 2B 18- 413214520
2
1 26 1120 | 1x18+26x13-11x20 |
fx) 1"¢D8"* ‘3
X=|yl=—t136}=|1
. 136 1 |
\z 1136 |1
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ONE MARK QUESTIONS

‘cosx —sinx _ (Y (nY)
1. Ff(x) ].ﬁaendetermmantﬂf(f’ -—1_:‘: ==
( :I._smx COSX . \8. LE”
@ 0 ) 1 (©) -1 @ 3
2 Ifforasuarematrix A A°—A+1=0. thenA equal
(& A By 1+A ic) A-1 (di 1-A
¥ 3 4
3 If1 2 1=D.thenvaluec:fxi5
1 4 1
(@ 0 by 1 (c) 4 {dy 2
XLy Y+zZ Z+X
4  Thevalueof| 2Z X ¥ |is
1 1 1
(@) xyz (b} (x+y+z) (e) 2(x +y +2z) d 0
(2 2023 2024
1
5 IfA_] o 1 2022 then A (adjA) equals
0 0 8 s
(a) 2 by | c) & (d 101
!r'3 111.
6 IfA:iJg 7] then A (adi A) squals
(3 4 1 0) ( 2 0 T T =1
d
@ |4 7/ ® {5 4 © {4 zJ @ _49 1)
7. [Ifthe area of a tnangle with vertices (-3, 0), (3, 0) and (3, k) is & sq. units, then k| =
(a) 0 &) & (€) 3 @ 9
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8. [fthe area of a triangle with vertices (2, —6), (5, 4)and (k, 4)is 35sq. units, then the sum
of all possible values ofk is

(a) 2 {b) 10 fc) 12 (dy 14
(2023 1)
9. IFA=| Jfhen AT =
L2024 1™
['—2[123 1“1 (-1 1 ]
@ | 2024 - ® (2024 2023
l-’1 1) (A -1 ]
@ g ¢ @ | _op2a —2023
(k 16 _ .
10 Iff-’l.:i g kl 1= singular matrx, then sum of all possible values of ks
(a) O - ‘ by 12 {c) 10 {dy 24
'k 12)
11 Iflﬂ-:L:3 6 I is non-invertible matrix, then value of kis
() O b} 3 c) 6 (dy 12
(5 0 0)
12 IfA.{ade}zl[l 2 [}‘.HwenIAIHEDﬂHI:
0 0 5
(a) 5 {b}y 10 {c) 25 (dy 30
(2 0 -
13 1f Afadid)=|0 2 {}‘,men%=
0 0 2
a) 2 by & c) 4 (dy 16

ASSERTION-REASON BASED QUSTIONS (Q. 14 & Q.15)

In the following questions, a statement of agsertion (A) is following by a statement of Reason
(R). Choose the correct answer out of the following choices.

{a} BothAare K aretrue and R is the correct explanation of &

(b} Both Aand R are true but R is not the comrect explnantion of A
{t) Aistrue but R s false

(d) Ais false but Ris true
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14

15.

16.

(12 3

4 5 6
i 8 9/

Assertion: For Matrix A = ,value of 4C,, +3C,, +6C,, is 0.

Reasoning : The sum os the products of elements of any row of a matrix A with the co-

factors of elements of other row is always equal to Zero.
1 2 3

Assertion - If 4 =\ 4 5 54: , then determinant of matrix A s zero
7 8 9

Reasoning : The determinant of a skew-symmetric matrix of order 3 = 3 is always zero.

TWO MARKS QUESTIONS

g 2023 2021
Without expanding the determinants prove that | -2023 0 2022 | =0
2021 2022 0 |

17. Let A bea 3 = 3 matrix such that |4] = =2, then find the value of |-24-7| + 2|4
‘a b ¢ (yr—zqg cg-br bz-gy)
18 IFA=|x vy z E=;z'p—xr ar—cpg cx—az |. Find |B[if |4]=4
\f g r} \xg—-yp bp-ag ay-bx,
fa b ¢ [yr—zqg ecg—hr bz-cy
19. IfA=|x y 2|B= zp—xr ar—cp ex—az | Find|A}if|B|=25
Pp q r) \¥g-yp bp-ag ay-bx,
20, Find the Adjoint of Matrix A,
| 24:05% —?_c_'-in'—; 1
A= _ Ml
2sin— -2cos— |
sm3 |c:|::s3_.l1
THREE MARKS QUESTIONS
21. If As asquare matnix of order 3, such that |Ad) A| = 25, then find the value of
(a) 1Al (b) -2A7] (e} AT
(d) |54 (g) AAd A M |AAd Al
(@) |47
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22

23

24,

26

27.

If A is 2 square matnx of order 3, such that 4| = 5, then find the value of
(a) [34] (b} 247 (e} MA7
(d) 1Adj Al (e) AAd] A M 1AAd Al
® 1A%

1 2020 2027 {2 0 an
FA=0 ] 2022 ‘ B=| 2021 1 f ; then find the value of

.0 0 3 ) |.._2I}2D 2022 1)
(@) |AB (b) I(AB)"| {c) A5
(d) 13(AB)'| (e} |Adj (AB)
Find matrix ‘X such th t|ll-2 N7 =2 3H‘|

I =

ind matrix 'X such tha 1 2/ 1) g
Find matnx ‘X such that

:/2 3\ '-T _2‘\. .-"2 3'-.| .-"‘I.r _2‘-:
@ Xy o)ty 1) @l Xl )

(2 3 (7 —2“-|_[1 07

© {1 2 |J 1)7l0 1]

FOUR/FIVE MARKS QUESTIONS

{a) A school wants to award its students for regularity and hardwork with a total cash
award of T 6,000 If three times the award money for hardwork added to that given for
regularity amounts of ¥ 11,000 represent the above situation algebraically and find

the award money for each value, using matrix method.

(b) A shopkeeper has 3 varieties of pen A, B and C. Rohan purchased 1 pen of each
variely for total of ¥ 21, Ayush purchased 4 pens of A vanety, 3 pens of B vanety and
2 pen of C variety for T 60. While Kamal purchased 6 pens of A variety, 2pens of B

variety and 3 pen of C vanety for ¥ 70. Find cost of each varnetly of pen by Matrix

Method.
1 2 -3
Find 4~ whare A= | 2 3 2 ! . Hence use the result to solve the following system of
13 -3 -4
linear equations:
X¥+2y-3z2=+4
2x+3y+22=2
Jx—3y—4z=1
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28.

30.

1 2 -3

Find &~ where A= |2 3 2 | Hence solve the system of linear equations:
L3 -3 -4
¥+2y+3z=18
2x+3y—-3z=-3
—Sx+2y—4z=-H6
-4 4 47 M1 -1 1)
fa=T 1 3 lange=|1 "2 2| fnd AB Hence using the product solve the
15 =3 =1]) 2 1 3)
system of eq.
x—p+z=4
x—2y—2z=19
2x+y+3z=1
1 3 -2) 1 =2 -3
Find the product of matnices AB, where 4= ‘ -3 0 - | B=|-2 4 T |anduse
2 1 0} -+ & 9]

the result to solve following system of equations:
x—2y-3z=1
—2x + 4y + 5z =1
—Jx+Ty+%9z=-4

B2

[Class Xl : Maths]



CASE STUDY BASED QUESTIONS

A Afamily wanted to buy 3 home, but they wanted itto be close both to both the children's
school and the parents’ workplace. By fooking at a map, they cold find a point that is
equidistant from both the workplace and the school by finding the circumcenter of the
triangular region

If the coordinates are A(12, 5), B{20, &) and C{16, T), on the basis of this answer the
following: (Figure is for reference only, Not as per scale)

(2) Using the concept of Determinants. Find the equation of AC
(b) Wanypoint A(2, k) is collinear with point A{12, 5y and {16, 2), then find the value of

{2k — 15)
(c) Ifanypoint P(2, k}is collinear with pointA (12, 5)and 0 (16, 2), then find the value of
(2 —15).

B. For keeping Fit, X people believes in moming walk, ¥ people belisves in yoga and Z
people join Gym. Total no of people are 70. Further 20%, 30% and 40% people are
syffering from any disease who believe m moming walk, yoga and GYM respectively.
Total no. of such peopleis 21 If moming walk cost ¥ 0 Yoga cost ¥ 500/month and GYM
cost T 400/ month and total expenditure is T 23000,

Running Gy Yoga

N g d
Ré % 9
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On the basis of above information, answer the following:
11 1N
2 3 4
0 5 4]

(&) Onsclving the given situational problem using matrix method, find the total number
of person who prefer GYM.

(3) Wmatrix A= , then find A~

An amount of ¥ 600 crores is spent by the government in three schemes. Scheme A is
for saving girl child from the cruel parents who don’t want girl child and get the abortion
before her birth

Scheme E is for saving of newlywed girls from death due to dowry. Scheme C s planning
for good health for senior citizen. Now twice the amount spent on Scheme C together
with amount spenton Scheme A is T 700 crores. And three times the amount spent on
Scheme A together with amount spent on Scheme B and Scheme Cis ¥ 1200 crores.
If we assume government invest {In crores) T X, ¥ Y and ¥ Z in scheme A, Band C
respectively, Solve the above problem using Matrices and answer the following:

Gautam buys & pens, 3 pens, 3 bags & 1 instrumental box and pays a sum of Rs. 160,
From the same shop, Vikram buys 2 pens, 1 bag & 3 instrumental boxes and pays a
sum of Rs. 190. Also Ankur buys 1 pen, 2 bags & 4 instrumental boxes and pays a sum
of Rs. 250

Based on above informatin answer the following questions:

{a) Convertthe given situation into a matrix equation of the form AX=B.
(b) Find |A]
fc) Find A~

Determine P= A2 — 54

g4
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SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERMNATIVE.

1

[2 3 6]
FA=|0 1 8|, then |4]=
(0 0 5
(@ 2 ) 5
fcy & {dy 10
[1 0 0]
FA=|3 2 0} then |47 =
10 5
(@) 2 b} 5
c) & {dy 10
IF A= [“9“ “ENX hen |47 =
[ sinx cosx |
(@ 0 b} 1
fc) cosxsinx d) -1

FA= lﬁx 2 . is singular matrix, then the value of x is

2 -
@ 2 by 3
(e} 5 (d 7
Thearea of a tnangle with vertices (-3, 0), (3, 0) and (0, #)is 9 sq. units. The value of kwill
be

(@ 6 b) 9
fe) 3 dy O
SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERNATIVE

.1

Ifthe value of a third order determinantis 12, then the value of the determinant formed by
replacing each element by its co-factor will be

(@ 0 (b) 1

{cy 12 {d) 144

Ifthe points (3, —2), (¥, 2), (8, 8) are collinear, then x =
(@) 2 {b) 5

fc) 4 (d) 3
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cos1s® sinfs5® |
sin15® cos75"

(a) O {b) 1
fe) -1 (dy 2
1 2
4. The mincrof 6 Inthedeterminant | 4 &
i 8
(a) 9 (b) &
ic) B {d) 10
1
5. The cofactor of 4 in the determinant | 4
7
fay 9 (b) -6
fc) 6 {dy 10

L= = R %

L= RS T

4= = R %

Be
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ANSWER
One Mark Questions

1. (b) 1 2 (d)I-A 3. (e)4
(2 0
4 () 0 5 (d)y10f 6. {E}L{}
r 1 "‘.I

Fie) 3 8 1o 9 (02024 —2023/
10.(z) O 11: ()6 12 (d)y30
13.(b) B
14.{a) Both Aand R are true and R is the correct explanation of A

() Both Aand R are true and R is not the correct explanation of A

Two Marks Questions

170 16. 18 1935

- _1 ﬁ*.l:
20. :\—-\E 1,.|

Three Marks Questions
+54

21, (a) 5 (b} x40 ) = {d) #6825 Y E

H £125 (g)+125

B4

22 (a)1356 (b)—40 {c) g {d)25 () 5/

(f) 125 (e} 125

1
23 (a)6 (b} B {c)72 {d) 162 ()38
12 3)
24550l a4
16 -25) 11 =1 15 -1

25 (a) X =| b) X = (¢} X ==

Bx= g o) W g, @ X=3l3 12

Five Marks Questions
26 (a) Award money given for
Honesty =T 500
Regulanty =¥ 2000 and
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Hard work =¥ 3500
(b} Costofpenof
Variety A=3 5
Variety =7 8 and
Variety C=7 8
2f.x=3 y==-2 z=1 26 x=0y=1,2=2 Bx=3 y==-2 z=-1
W.x=-4 y=-1z=-1

CASE STUDIES QUESTIONS

A (g)x—-2y=2 {b) 10 sq. units (c) 10
{8 4 1)
B @A ="1-8 4 -2| m
|
\10 5 1)
I'25 3 f" "#XI\' |z15|3\'| ’_2 ~10 8“*,:
C (a)]2 1 311*“ 190 (b2 mi- -5 19 —13]'
1 2 4)\z) la2s0) 22\ 5 7 _1)
A X =
OR PART
(7 5 13
‘5 8 2‘
8 3 3,

SELF ASSESSMENT-1
1. (d) 2. {d) 3 (b) 4. (a) 5. (c)

SELF ASSESSMENT-2
1. {d) 2 (b 3@ 4. (b) 2. (g}
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CHAPTER 5

CONTINUITY AND DIFFERENTIABILITY

Many real life events, such as trajectory traced by Football where you see player hit the
soccer ball, angle and the distance covered animation on the screen is shown to the viewers
using technology can be described with the help of mathematical functions. The knowledge
of Continuity and differentiation is popularly used in finding speed, directions and cther
parameters from a given function.

Topics to be covered as per C.B.5.E. revised syllabus (2023-24)
Continuity and differstiabiiity

Chain rule

Derivative of inverse trigopnometric functions, like sin'x, cos 'xandtan"x
Derivative of implicit functions.

Concept of exponential and logarithmic function

Derivatives of loganthmic and exponential functions.

Logarithmic differentiation, derivative of functions expressed in parametric forms.

/ CONTINUITY AND DIFFERENTIABILITY /
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POINTS TO REMEMBER

A function f(x) is said to be continuous at x = iff ling f{x)=f{(c)
Le., MM fi)= M £ = o)

fix) is continuous in (& b) iff it is continuous at x =c wee (g b).
fix) is continuous in [a, b] iff

{i) fix) is continuous in (a, b)

(W lim f{x)=f(a)

(i) Hm f@) =)

z—h

Modulus functions is Continuous on R

Trigonometric functions are continuous in their respective domains.

Exponential function is continuous on R

Every polynomial function is continuous on R.
Greatest Integer function Is continuous on all non-integral real numbers

If f{x) and g (x) are two continuous functions at x = a and if ¢ € R then
(I} f (x) £ g (x) are also continuous functions at x = a.
(i) g(x) F(x), Fx)+e cfix), | f(x)| are also continuous at x = a.

(i) % is continuous at x = a, provided gfa) # 0.

A function 7 (x) is derivable or differentiable at x = ¢ in its domain iff

lim_fOO=Fi€) _ 1 FIXI-Fio)
x‘-r'%_ X=c .!\;-IEE"‘ X=p
The value of above limit is denoted by f'(c) and is called the derivative
of ix)atx=c.
du v
+ Pl iR

d
Ll

. and iz finite
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. %(u.v} = n.% + v.% {Product Rule)
] lud'_u_u d_'\r
. i(%) e (Quatient Rule)
«  Ify=f(u)and u=g(t) then & = L x M= f'(u)g'(t) (Chain Rule)
. If y =f{u), x=g(u) then.

dy dy , du  f'(u)
dr  du dx g'(u)

lllustration:
Discuss the continuity of the function f{x) given by
21 x, x<4

i) = :
(x) {4 +x, xz4

Solution: We have fix)= {

atx=4

4/ x, x<4
d+x xz=4

LHL = lim f(x)= lim (4—x)= lim 4—(4—h)=0

-2 — 0

RHL = lim fix)= lim (4+x)= lim 4+(h+4)=8+0=8
¥ d” —+4" h=0"

Here LHL # RHL
Hence fix) is not conlinuous at x= 4

Hiustration:
Show that the function fix) given by

| tanx +oosx, x=0
fix)=4 x ' is continuous at x=0
2 x=0

tan x
+oosx, x=24

Solution: We have fix) =
2 x=4

Now f0)=2  ...(i)

LHL = lim 706 = tim [ 22X 4 oos 1= fim 2B00=A), oocio = Hm[
K0 0l X , bt (0=h) e
=1 B L imcosh=1+cos0)=141=2  ..({)
h=0 h =

—lankh

+Gn‘sh]
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Ll _ e, [ 1BNX _ . tan(0+h)
RHL = IF_HS flx)= Itimu[ p +casx]—ll?|_r'r? —m+m +cos(0+ h)
= lim Iﬂ_nh+ limcosh =1+cos(0)=1+1=2 i)
0 h—0
LHL = RHL = f{0})
Hence fix) is continuous at x=0
ONE MARK QUESTIONS

Continuity and Differentiability

This section comprizes Multiple Choice Questions (MCQ) of one mark each
1. The value of k for which tne function fgiven by

[ keosx 2 T
h T XE— -
fixy=| = 2% s continuous at X =+ is:
; n 2
3. ifx ==
{a) 6 (b) 5
5
€ 5 {d) 10

2. The value of k for which

(32 +5 x=2
i"{x]'=1 o is a continuous function is
=11 B
(a) a 1]} 11
11
) 11 {d) 7

k(3% -Bx)x<0
| ' X becomes continuous 7
| cosxx=0

3. For what value of kK, may the funchion fix)}=
(a) 0 (b) 1

= |
{c) = (g) Mo value
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sinnx e
4, If fx}y=1 Bx is continuous at x = 0, then k is equal fo :
k.x=0
5 "
(@ — (b} &
(e) 1 (d} O
¥ +5-3 2
if fix)= v <2 X7 7% is continuous at x = -2 , then the value of k is equal to :
] k X ==2
2
(a) 3 {p} O
2
() 3 {d} none of these
tan{ : - x) . o
IF fix)) ' J¥ = — js continuous at x = —, then the value of k is
col2x 4 4
K L il
4
(a) 1 (b} 2
1
(c) E {d} none of these
. . , _ ) E=3x4+2
. The number of paints of discontinuity of the rational function /() ‘ﬁ Is
Tt
(&) 1 (o) 2
ey 3 {d) none of these

. The function fix) =[x], where [x] denocles the greatest integer function, is continuous
alx=

(a) -2 (b) 1

(€) 4 {d) 1.5

. The functionfix)=[z|alx=0ls:

(a) continuous but not differentiable

(b} differentiable but not continuous

(e} continuous and differentiable

(d} neither continuaus nor differantiable
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10, The function flx) = x| 4 [x-1] s :
(&) differentiable al x =0 but notal x=1
{b) differentiable at x = lbutnotatx =0
{e) neither differentiableat x = 0naratx =1
(d) differentiable al x =0 as wellas atx =1

11. The set of numbers where the function f given by fix) = |2x = 1| cos x is differentiable |s:

7
fa) R (b) R'[E]
(e} (0.} (d) none of these
A=) dy
= log| —== 1. 1 fu A
12,0t ¥ D":'l[“x,_,]“If then e
dx° .
Ea} -I_Hli l:b::l .[__ Jt.r-
1 —4x*
(c) Ay (d) T
13. The denvative of secltan-'xjwrt « is
X 1
(a) I (B) x'l'_‘f—. 7
(©) eat (d) x1ex®
A =1Y A+ 1) dy
=Cog" +ooseg’| ——| than—= .
14.1f ¥ |~\|'T+‘IJ l{?wtj gy (s equallo:
b
(@ 3 (b) O
{c) 1 (d) none of these

15. Differential of log [log (log 2] w.rt % is |

3 <]
(@) Yiegeiiegliogx’) ™ Yiogllogr®)
5x7 S
(e) log{x* Jlogflogx") (d) log{legx”)
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16.1f y = sin(msin ' x) then which of the following equations is true?

{a) L1—xz}%—xﬂ+mzy-ﬂ

dx
(b f'l—x’}%;-i: -xg'—l';-r-am’y_[]
(¢) {1—x21£%—x:—i-mfy:u
@ (-xTE x Dy o
e dYy

17.0F ¥ =1.|5iﬂx+}'.ﬂ'lena is equal to ;

Cos X COSX
@) 7y b} =2y
sinx sinx
() <2y @ 2y 1

0 no (18-22 ) are Assertion Ressocn Based questions carrying one mark each. These type
of gquestions consists of two statements |, one labelied Assertion (A ) and other labellsd
Reascn (R). Select the correct answer from the codes (a), (blic), and (d} as given
below.

{a) Bolh Assertion {A) and Reason (R)arc true and Reason (R) is the correcl explana-
tion of the Assartion (&)

{b) BothAssertion (A) and Reascn (R)arc true and Reason (R} is not the comect expla-
nation of the Assertion (A).
{c} Assertion [ A )is rue and Rcason{ R) is false,
(d) Assertion [ A )is false and Reason| R) is true
1 3

18, Let f{x)= ———

1% 1—x"‘xl1

Statement =I: The value of f{ 1 )so that f Is continuous function is 1
x+2 . : -
Statemeant-ll ; Qﬂlk}—-m is continuous funchon
Answer (d} Assertion [ A )is false and Reason{ R} is rue
18. Consider the function f(x) = x=2[ +[x =53], x =R
Statement - 1 : f'({4}=0
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Statement -l : { is continuous on [2, 5] differentiable on (2, §) and (2} = f(5)
Solution (b) Both Assertion (A) and Reason (R)are true and Reason (R) is not the corract

explanation of the Assertion (A).

1
20. Statement -l : f{x) - *"25*’1;-14"3
0,x=0
Silf'lll x=0
Statement-ll : Both h(x) = x* and g(x) = Pe oA L0
0 x=0

21. F(x) Is defined as the product of two real functions f(x) =x ¥ x ¢ Rand

xsin%.x « 0 as follows

0,x=0

Lix) =

- flx).f{x)if x=0
F{"}'{ 0.if Xx=0

Statement -I: F{x) is continuous on R
Statement-ll : f,(x) and [,{x) are continuous on R
22 Let fix) be a differentiable function such that 12)=4 and "(2)=4

Statement -I: limM =4
w -l X =2

' flx)-f{a)
Jp - =fim=—""0 21
Statement -1l ; '(a) r{rﬂ o

CASE BASED
23. A plotter made a mud vessel , where the shape of pot is based on f(x) = [x-3| + [x-2],

where f(x) represents the height of the pot.
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Based on the information given above answer the following questions
(1) When x > 4 what will be the helght in terms of x7
{2) When the value of x lies between (2, 3) then find the value of f(x).

{3) If the potter is Irying to make pot using the function f(x)=[x], will he get a pot or not?
why?
Q24. Let x=1f{t) and y=g(t) be the paramelric forms with 1 as parameter, then

dy _dy o _g'it)
dx dt dx Fit)

On the basis of the above information answer the following questions :

where ['(f) = 0

{1} Whalwill be the derivative of filanx)w rtg(secx)al ¥ = ;-T where {1 )and g'qu} =47

(2) Find the derivative of cos '(2x* —1)w.rtcos 'x

: M 2z , dy
) Hy=—u M=—x" find —
(3) Hy a and 3 then o

25 A function fix) is said to be differentiable at x=c if

. ., fe+h)—-f1
() Lefthand derivative (L.H.D) = £'(c) = lim £ 1; (©) oxists finitely.
. fle+h)= f(e
(i) Right hand derivative (R.H.D) = f(¢) = lim ¢ : ) oxists finitely.
(i) RHD =LHD, ie if the function f(x) is differentiable at x = ¢, then " {c) =
lim f{x)="Fic)
- X-C

Based on the above information answer the following :

xf(3)-9f(x)

(1) If f(x) is differentiable at x = 3. then find the value of ﬁq -3

flx+h)y=flx=-h) . .
A if it exisls.

(2) Find lim
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TWO MARKS QUESTIONS

1. Differentiate sin (x°) w. r. . e™*
. =y then find &
ax
3. Ify=#++349 find 2
ax
ML -1 dj"
4. If y=2sin™ (cosx) + 5 cosec ™ (secx). Find =
: - o dy
5, It y=e [og (x+1) = log x] find a
6. Differentiate Sin™" [x vx Jw.r. t. x.
7 Find the derivative of [x+2| w.rt. x
8. Find the domain of the continuity of f(x) = sin™"x —{x]
9, Find the derivative of cos (sin x’) w.rt x at x =J§
10. If y=e"""* Prove that g = x'(2x+3) e™.
1. Differentiate sin'(8°+1) wrt 6
12 Fina 2if yosiv [ E ), sact[ VX
dx x+1 -J; |
; dx
13. K +y=1verfythat ¥ =4
¥y = 1 verify ax iy
14. et Y ke y=106"
dx
dy

15. If y = x"find —

¥ m o)
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16. Find g if y =cos ' (sinx)

17. Iff{x)=x+7 and g(x) =x—7¥, xc R, them find [fix (fog) (x).

18. Differntiate log (7 logx) wert x

dy
19. if y = f(x') and  (x) = sinx". Find 5,

20.  Find ?'rf‘,m Join vx
x

THREE MARKS QUESTIONS

1.  Examine the continuity of the following functions al the indicated points.

3 e T
0 fe= [" e S
X' =10
y  fey={FBEE 4y
. 0
my  fo= {“’f‘l X#0 o x=0
gx+1
L] ,x=10
fz—l:ns[s[n' ix) 1
TR Sy — .
= Py 1
(V) fE=4" “fi ‘ﬂx - iﬁtx ==
7 TNz
2. For what values of constant K, the following functions are continuous at
the indicated points,
Vithre—1-kx 5
: s I AT i
(i fe) = 2241 x>0 =4
a1
Rl |
(ii) fiz) = {Ing {1+zx}x 8 atx=10
ra 0
1-fosdx
xe x=0D
iy [flx)= K x=0 atx=0
,__fif__x =0
(B4 —4
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3. Forwhat values a and b

x+2 i
Jx+ 2] @ If x< -2
flx)= a+b Ifx=-2
xr+2 ifk = =2

- 2h
FE=I
s conlinuous at x = -2

4. Find the values of a, b and ¢ for which the function

sin|(a + 1)x] + sinx

X x=40
f(x}: G =1
Ve+Dbxt—vx x>0

bngz

Is continuous atx =0

+[-x]x+0

% fox) = {Lx] i x=0

Find the value of A, fis continuous at=0 %

1=gin?x HE, "

3cosir E'I.

6. Letf(x)= @ ; x=3
B{l=sinx) T

m-zx ;3 X = 2

If f{x) is continuous at x = E, find 2 and b

. . 3 <1
-2

Is everywhere differentiable; find the value of a and b.

8. Find the relalionship between a and b so that the funclion defined by

ax+], x<3
Six) :{ }E'.E‘ continpus at x=3.

bx+3, x>3

9. Differentiate tan~* (ﬂ%“i) w.r.t cos™H(2xv1 = x%) where x = 0.
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10.

1.

12

13.

14.

15.

16.

17.

18.

18,

20.

21.

o dy
Ify=x"*, then find ==
Differentiate (x cosx)* + (xsin x}i w.rl x.
I (x+3)™*" =x™ y" then prove that % :%

x
if (x — y).e *¥ = a, prove that y[:—i] +x=2y

ifx = tan &lng y) then show that

d*y
dx*

(4575 +{2.t—ﬂ}%=ﬂ

a2y d 2
J=IJ" )

— x Sl e
Hy=xlog (a+bx) prove that x = ==y
: : ooy L+l g¥
Differentiate 5in L = {36}"] wird .

V1 —x% + 1 —y® = a(x® — y*), prove thal

gy %% [1=y®
dr 2] 1-x8’

Where =1 <x <1 and =1 <y <1 [HINT: put x = sinA and
y3 = sin B]
If flx) = Jx2 + 1, g(x) = % and h(x) = 2x — 3 find f'[h'(g'(x))].

dyr yi4q
ifx=secl —ecos8 and y = 5ec™8 — cos™G, then prove that—=n |[—4——
" Y et i dx '\||x2+4

i
Ifx¥ + y* + x* =n™  then find the value of d—i i

5 . § dty i
Ifx = acos?8, ¥y = asin’d then ﬂﬂdm ﬂTK—E
i
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23.

24.

25,

26.

—1 [V1+sinx —V1-sinx

Iy = tan Vitsinx + vV1-sinx e dscas 2 M
iyt di..'ﬂ" ey bt
if = + T 1 ,then show that =l ay

e ay logx
v¥ = gX=¥ il ... L. A
Ifx e . prove that PG (1+leg 2

l_.l’
If y‘v' + 7% = 2x then prove that (x" 1)y, +x¥, =m'y.

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

: B y=sln2x-uoazx.t!mn:':=
(a) 2sinx (b} 2cosx
(c) 2sin2x (d) —2sin2x
2. Thewvalue of "4k’ for which the function fix) is continuous at x=3.
f(x)= w when x =3
2k +1, whenx=3
{a) 4 (b) 6
(c) 11 (dy 22
3. Derivative of sinx with respect to cos x is
{a) tanx (b} —tanx
{c) cotx (d) —cotx
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4. Ky ? (x++1+x%)", then {1+x2}dd—2”'+ ¥

X dx

(a) ry (b) ny
(c) ¥ (d) —ny

a’y

5 If x = a(cosh + BsiNB), ¥ = a(sint — Bcosa) then E =
sec’ 0 sec’
(a) = (b) a0
(c) sec’s (d) esec’e
SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE

CORRECT ALTERNATIVE.

1. A Functiondefined as

f{x}={

|x]-3, whenx<0
5-|x|. whenx=0

is continuous on
(a) R (o) R-{0}
(€) [0,0) (d) f—e,0)
2. Thefunction g(x)= (sin x+ cos x) is continuous at
(a) R (o) R-{0}
© R —{%} @ R-{x)
3. Thewvalue ofthe derivative of [x—2| + |x—3| atx=2is
(a) 1 (b) 3
(c) 2 (d) O
4. Ifsiny=xcos{a+y)then Ey !
cos?(a+ y) cos®(a+y)
@) "cosa (B)  sina
sin(a—y) sin*(a+y)
(5 e sina
8- o c+a
SRR (o il ol T 4 dy _
o Hy_[x"] ‘[x"] '[x" +then dx
(a) 1 (b) abc
(c) a+b+c {d) 0
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ANSWERS

ONE MARK QUESTIONS
1. {(d)10
11
2. (d) Y
3. (d) No value
n
4. b)) —
(b) 5
-2
5. (a) =
3
6 1
. (c) 5
T- (c) 3
8. (d)15
9. (c) continuous and differentiable
10.  (c) neither differentiable at x=0noratx=1
1
11. (b) R—{j}
~4x X
12. (b) > 13. (c) \'/1+x2
14. (b)0 15. (a) 3
xlog(x”)log(log x”)
d’y _ dy
16. (b) ““"”F""a”i”:“
17. Cos X 18, i
(@) 2y —1 @) i+ x°
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ASSERTION REASONING

18.  Answer (d) Assertion (A) is false and Reason (R) is true

18.  (b) Both Assertion (A) and Reason (R) are true and Reason (R) is not
the correct explanation of the Assertion (A).

20. Solution (c)Assertion (A) and Reason (R) is false

21.  Ans(a)BothAssertion (A)is true and Reason (R) are true.

22. (a)Both Assertion (A) and Reason (R) are true and Reason (R) is the
correct explanation of the Assertion (A)

CASE BASED QUESTIONS
23. (a)f(x)=2x-5

(b) f(x) =1
(c) Since the function is not continuous he will not get a pol.
1 1E’ 1n
24.  (a) T (b) 2 (c) 57 X
25. (a)9r (3) + 6f(3) (b) 2f(x)
TWO MARKS QUESTIONS
2xcos(x”) 11. Sin [26°+2),8+0
COSJFEme
12. 0
——
x|1-ylogx] 14. 107" 10% log10(1— xlog10)
3 X" [1 + log x] + 3x% + 3 log
v 15.  x*[1-logx]
4. -7
1 16. &
5_ s
% 7. 1
3] X 1
& ite 8 oo
p. 22}
[x+2] 19.  2xsiny
B.  (~10)u(0.1) .
20. ; -
o. 0 PN EN R
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THREE MARKS QUESTIONS

1. (I}  Centinuous ()  Discontinuous
()  Not Continuous atx =10 (IV) Caontinuous
1
2. (y  K=- K= "{g
(m K=8
3. a=0, bh=-=1
4  a=2,b=R—{0} c=;
5. A=-1
= 1 —
6. B h=4
T a=3, b=5
B. Ja—-3b=2
g —
z
10, x"'x"’[(l -+ lng:cjlugx+ﬂ
11 {xcosx)*[1 —x tanx + (logx cosx)] + (xsinx) Wx [lﬂ mtx;;ugtx Eim:}
lehls.’:
16. [1+L3ﬁ]|""] log6
2
18. e
a0 L _ xlutlogx)+yxV -y logy
' de =¥ log x + ay -1
32
21, =
1
22, -3
SELF ASSESSMENT TESTA1
1..(€) 2. (C) 3.(D) - (A) 5. (B)
SELF ASSESSMENT TEST-2
1. (B) 2. (A) 3.(C) - (A) 5 (D)
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CHAPTER 6
APPLICATION OF DERIVATIVES

The sight of soap bubble produced using a bubbie wand is very exciting! One application of
derivative is finding the rate of increase of size of the bubble {dv/df) due to increasing radius,
where V is the volume of spherical bubble and ris the radius. This can be calculated by
knowing the rate of increase of radius with time (dridt).

| APPLICATION OF DERIVATIVES |
Topics to be covered as per C.B.5 .E. revised syllabus (2023-24)

=  Applications of derivatives:

= rale ofchange of quantities,

= increasing/decreasing funclions,

= maxima and minima (first denvative test motivated geometncally and second
derivative test given as a provable tool ).

=  Simple problems {that illustrate basic principles and understanding of the subject
as well as real life situations).
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POINTS TO REMEMBER

= Rate of change: Let y = f(x) be a function then the rate of change of y
d- o
with respect to x is given by ﬁ = f'(x ) where a quantity y varies with

another quantity x.

igf-} or f' (x/)represents the rate of change of y w.rt. x at x = x,.
X A = .'I]

¢ Increasing and Decreasing Function

Let f be a real-valued function and let I be any interval in the domain of f.
Then fis sald to be

a) Strictly increasingon, ifforall x;, x, € I, we have
xy <xp = flxg) < Flxg)

B} Increasingon L, if forall x;, x; € [, we have
Xy <vxs = flag) < Flx)

c) Strictly decreasing in I, if for all x; x; € I, we have
X <xz = flxg) = flxg)

d) Decreasingon L if forall zy; x, € I, we have
x; < x3 = f(x0) = fxa)

« Derivative Test: Lel | be a continuous function on [a, b] and
differentiable on (a, b). Than

a) f is strictly increasing on [a, b] if f'{x) = 0 for each x={a, b).
b) f Isincreasing on [a, b] If £'(x) = 0 for each x& (a,b).

¢} [ is strictly decreasing on [a, b] if f'(x)} < 0 for each x< (a, b).
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d} fisdecreasingon[a, b]if ["(x) =0 for each x= (u, ).
e) fis constant funclion on [a, b] if f'(x) = 0 for each x= (a,b).
« Maxima and Minima

a) Letfbe afunction and ¢ be a point in the domain of f such that either

f*(x)=0 or f '(x) does not exist are called critical points.

b) First Derivative Test: Let f be a function defined on an open interval
[, Let fbe continuous at a critical peint ¢ In interval 1.

i, f (x) changes sign from positive to negative as x increases
through o, then ¢ is called the peint of the local maxima.

i, £ (x) changes sign from negative to positive as x increases
through ¢, then ¢ is a point of focal minima.

iif. f '(x) does not change sign as x increases through c, then c is
naither a point of local maxima nor a point of lfocal minima.
Such a point is called a point of inflexion.

¢) Second Derivative Test : Lel fbe a funclion defined on an interval |
and let c € |. Let f be twice differentiable at c. Then

I x=c¢lis a point of local maxima if f'{c)=0and f""(c) <0. The
value () Is local maximum value of f.

ii. x=cisa point of local minima if £ "(¢) = 0 and f"(¢c) = 0. The
valua f () is local minimum value of £

ili. Thetestfails if F{c)=0and f{c)=0.

EXTREME VALUE OF A FUNCTION

Let y=fix) be a real function defined on an interval | and C be any pointin |. Then fis said to
have an extreme value in [if fic) is either maximum or minimum value of fin /.

Here, fic)is called the extreme value and C is called one of the extreme points.
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Hlustration:
Letfix)=(2x—1) +3.

Then, fix)=3,as (2x—1)°20
For any real number 'x'

5 (2x—1) +320+3

/
Thus, minimum value of f{x)is 3, which occurs at x = 2

Also f{x) has no maximum value as fix) s —=as|x] ==

Hlustration:

Letg{x)=—{x—1)"+10.

Then, glx)=10-{x— 1}25 10 ¥ xe Ras{x—nz is
Always greater them oregual to zero.

Thus maximum value of g(x) is 10, which occurs atx=1

Also g{x) has no minimum value of fix) ——-=as|x] — .

lliustration:

MNeither maximum nor minimum value of a function.
Let as consider a function f{x) =", xc (-1, 1)
Since this function is an increasing

function in (=1, 1), it should have Y
minimum value at a point nearest to \_/
—1 and maximum wvalue at a point
nearesito 1.

But we can not locate such points (see - 4] 1

figure)

So, fix) = x°, has neither maximum
nor-minimum valuein (—1, 1),

But, if we extend the domain of f1o [-1, 1), then the function f{x) = x" has maximum
value 1 atx =1 and minimum value -1 at x=—1

Note: Every continuous function on an closed interval has a maximum and minimum
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ONE MARK QUESTIONS

Multiple Choice Questions(MCQ)

1.

If a function - A — Ris defined by f(x) = 2x + cosx, then
(a) fhasaminimumatx=nr

(b) hasamaximum atx=0

(c) fisadecreasingfunction

(d) fisanincreasingfunction

If the radius of circle is increasing at the rate of 2ecm/sec , then the area
of circle when its radius is 20 cmis increasing at the rate of

(@) 80mnnT /sec (b)  80nT /sec
(c) 80menr /sec (d) 80cnT /sec
The maximum value of logx is:
(@) e = b) 2e

1 2
(€) e d e

Theinterval on which the function f(X)=2x"+9x*+12x -1
isdecreasingis:

(@) H, =) (B)  (—=,—2]

() 2.4) (@ [-,1)

The sides of an equilateral triangle are increasing at the rate of
2cm/sec. The rate at whixh its areaincreases, when its sideis 10 cmis:

(a) 10em®/sec (b) 10v3 em? / sec

(c) gcmz / sec (d) 3em®/sec
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The funclion f{x}= x', ¥ > o Is increasing on the interval

(a) (0. 8] {b) (0, 1a)
(e) [le, =) (d) Moene of these
7. The function f(x) = 2x* — 16x"+ 36x + & is increasing in the interval:
(@) (-, 2)U [3, =) (B} (==, 2)
(C) {00 2R3 m) {d) [3. =)
8. A point on the curve y* = 18 x at which ordinate increases twice the rate of abscissa is .
{ay {2.4) {b) (2,-4)
[—9 9] 4 [ g9 ]
€ 1832, @ 152
8. The least value of function f(x) = ax +£[x >0,a>0,b>0)is:
X
(a) ab (b) 2ab
{c} ab {d) 2ab
5n _ ) :
10 AL X = E the function f(x) = 2 sin 3x + 3cos 3x is
{2) Maximum {B) Minimum
(c) zero (d) Neither maximum nor minimum
11. The function fanx-x
{a) always increases (b} always deccreases
{c} Remains contain {d) Sometimea increases somelime decreases
12. The minimum value of X~ + ERE is:
(a) 75 (b} 85
{c) 50 {(dj 20
13. In a sphere of radius r. a right circular cone of height having maximum curved surface
area is inscribed. The expression fo! the square of curved surface of the cene Is;
(&) zfmtzm - h"} {b) EHPhr{Em 4 h?}
{c) En“r{zrh” = (d) 2n°r’(2rh - hz}
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ASSERTION REASON TYPE QUESTIONS 1 Marks

Statement | is called Assertion (A) Statements Il is called Reason K. Read the given statiments
carefully and chose the correct answer from the four options given below.

{a) Both the statement are true and statement |l is correct explantion of statement |

(b) Baoth the statmetns are treu and statement |l is not the correct explanation of state-
ment |.

(o} Statement | is true statement |l is false
(d) Statement | is false and statement || is true

(1
14. Statement | The function f{x) = x*, x > 0, is strictly increasing in LE.C‘:‘J

Statement Il - log_ x >b = x > a° ifa>1

15 Let &, b € R be such that the function f given by f(x)=log| x)+bx® +anx £r

has extreme values atx=— 1, andx =2
Statement | | f has local maximumatx=—1andx =2

Statement Il 8 =i and b= 1_
2 4

16. Let f(x)=2x" ~15x* + 36x +1

Statement | : T is strictly decreasing in [2, 3]
Statement 1 - fis strictly Increasing In (= =, 21U [3, =)
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TWO MARKS QUESTIONS

1.  The sum of the two numbers is 8, whatl will be the maximum value of
the sum of their reciprocals.

2. Find the maximum value of f(x) = 2x° — 24x + 107 in the interval [1, 3]

3 if the rate of change of Area of a circle is equal to the rate of change its
diameter. Find the radius of the circle.

4.  The sides of on equilateral triangle are increasing at the rate of 2 em/s.
Find the rate at which the area increases, when side is 10 ecm.

5. if there Is an error of a% in measuring the edge of cube, then what is the percentge
error in its surface?

6. If an error of k% iz made in measuring the radius of a sphere, then what is the
percentage error in it volume?

7 If the curves ¥ = 2e* and vy = ae™ intersect orthogonally, then find a.

8. Find the point on the curve y* = Bx for which the abscissa and ordinate ehange at the
same rate.

9, Prove that the function f{x) = tan x — 4x is strictly decreasing on [TS—N.EJ

10.  Find the point on the curve y = x% where the slope of the tangent is equal to the x co-
ardinate of the point.

11.  Use differentials lo approximale the cube rool of 66,

12.  Find the maximum and minimum values of the function f{x) = sin (sin x)

13.  Find the local maxima and minima of the function f{x) = 2% — 21x2 + 36x — 20.

14. Ify=alog x + b + x has its exteme values at x = —1 and x = 2, then find a and b.

15.  Iftheradius of the circle increases from 5 into 5.1 em, than find the Increase in area.
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THREE MARKS QUESTIONS

1. In a competition, a brave child tries to inflate a huge spherical balloon
bearing slogans against child labour at the rate of 900 cm® of gas per
sacond. Find the rate at which the radius of the balloon is increasing,
when its radius is 15 cm.

2. An inverted cone has a depth of 10 cm and a base of radius 5 cm.
Water Is poured into It at the rate nf%n.c. per minute. Find the rate al

which the level of water in the cone is rising when the depth is 4 cm.

3.  The volume of a cube is increasing al a constant rate. Prove that the
increase in its surface area varies inversely as the length of an edge of

the cube.

4. A kite is moving horizontally at a height of 151.5 meters. If the speed of
the kite is 10m/sec, how fast is the sfring baing let out when the kite is
250 m away from the boy who Is flying the kite 7 The height of the bay
is1.5m.

5. A swimming pool is to be drained for cleaning. If L represenis the
number of litres of water in the pool t seconds after the pool has been
plugged off to drain and L = 200010 — )% How fast is the water
running out at the end of 5 sec. and what is the average rate at which
the water flows oul during the first 5 seconds?

6. A man 2m tall, walk at a uniform speed of 6km/h away from a lamp
post 6m high. Find the rate at which the length of his shadow
increases.

7. A waler tank has the shape of an inverled right circular cone with its
axis vertical and vertex lower most Its semi- vertical angle is
tan~(0.5). water is poured into it at a constant rate of5m?/h. Find the
rate at which the level of the water is rising at the instant, when the
depth of Water in the tank is 4m.
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B. A spherical ball of salt is dissolving in water in such a manner that the
rate of decrease of the volume at any instant is propeortional to the
surface area, Prove that the radius is decreasing al a constant rate.

8. A conical vessel whose height is 10 meters and the radius of whose
base is half that of the height is being filled with a liguid at a uniform
rate of 1.5m* /min. find the rate at which the level of the water in the
vessel is rising when it is 3m below the top of the vessel.

10. Letx and y be the sides of two squares such thaty = x —x*. Find the
rate of change of area of the second square w.r.l. the area of the first
square.

11. The length of a rectangle Is increasing at the rate of 3.5 cm/sec. and its
breadth is decreasing at the rate of 3 cmisec. Find the rate of change
of the area of the rectangle when length is 12 cm and breadth is 8 em.

12. If the areas of a circle increases at a uniform rate, then prove that the
perimeter various inversely as the radius.

13. Show that f(x)=x*—6x*+ 18x+5 is an increasing function for
allz € R. Find its value when the rate of increase of f(x) is leasl.

[Hint: Rate of increase is least when ['(x) is least ]

14. Determine whether the following funclion is increasing or decreasing in
5

the given interval: f{x) = cos (Zx - E), 3?"-:_: XS
15. Determine for which values of x, the function y=x* — “Ts is increasing

and for which it is decreasing.

16. Find the interval of increasing and decreasing of the function
logx
) ===

17. Find the interval of increasing and decreasing of the functionf(x) =
sinx —cosx, 0 <x < 2w

18. Show that f(x) =2 * 0<x<2 is increasing in the indicated
intarval.
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19,

20.

21.

23.

24,

25,

26.

27.

28.

45inf

— # is an increasing function of
24+cos8

Frove that the function y =
1 b ]

#in [0Z]

Find the intervals in which the following functionis decreasing.

flx)=x%—8x"+2227 —24x + 21

i E
Find the interval in which the function f(x) =5xz —3x2,x >0 is
strictly decreasing.

Show that the function f(x) = tan™!(sinx + cosx),is strictly Increasing
the interval (0,%).

=
Find the interval in which the function f[x):cns-.j_(l .\:.) is

1422
increasing or decreasing.

Find the Interval In which the function given by

,(}_3.1:‘* 4x3 32+3&x+11
) =—g——5 =3+

(i) strictly increasing

(i) strictly decreasing

Show that the curves xy = a? and x% + y* = 2a® touch each other.

For the curve y = 5x — 2x™ if x increases at the rate of 2 Units/sec.
then how fast is the slope of the curve changing when x=37

If the radius of a circle increases from 5 cm to 5.1 cm, find the Increase
In area.

if the side of a cube be increased by 0.1%, find the corresponding
increase in the volume of the cube.
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29. Find the maximum and minimum values of f(x) = Eiﬂx+%ﬂﬂs 2x In
b4
[0.3]
30. Find the absolute maximum value and absolute minimum value of the
z
following question £(x) = (5 —x) +x® in[-2,2.5]

31. Find the maximum and minimum values of f{x) = x** —x%* In the
interval [0, 1]

32. Find the absolute maximum and absolute minlmum wvalue of

flr)=(x—2Wx—1 in [1.9

33. Find the difference between the greatest and least values of the
function f(x) = sin2x — x on [ %]

FIVE MARKS QUESTIONS

y Prove that the least perimeter of an isosceles triangle in which a circle
of radius r can be inscribed is 64/3 .

2. If the sum of length of hypolenuse and a side of a right angled triangle
is given, show that area of triangle is maximum, when the angle
between them is g

3 Show that semi-vertical angle of a cone of maximum velume and given
o -3 {1
slant height is cos ( ﬁj .

4. The sum of the surface areas of cubolds with sides x, 2x and j;‘and a

sphere is given to be constant. FProve that the sum of their volumes is
minimum if x = 3 radius of the sphere. Also find the minimum value of
the sum of their volumes.

5. Show that the volume of the largest cone that can be inscribed in a

sphere of radius R is -ZE_?- of the volume of the sphere.

6. Show that the cone of the greatest volume which ean be inseribed in a

given sphere has an altitude equal to -:~ of the diameter of the sphere.
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7. Prove that the radius of the right circular cylinder of greatest curved
surface area which can be Inscribed in a glven cone is half of that of
the cone.

8. Show that the volume of the greatest cylinder which can be inscribed in
a cone of height h and semi-vertical angle w is %nh*taniﬂ. Also
show that height of the cylinder is %‘

9. Find the point on the curve »* = 4x which is nearest to the point (2,1).

10.  Find the shortest distance between the line y — x = 1 and the curvex =
y2.

1. A wire of length 36 m is to be cut into two pieces. One of the pieces is
te be made into a square and the other into a circle. What should be
the length of the two pleces, so that the comblned area of the square
and the circle is minimum?

12.  Show that the height of the cylinder of maximum volume that can be
- . . "
inscribed In a sphere of radius r is ;,—g

13.  Find the area of greatest rectangle that can be inscribed in an ellipse
I! Jl,J!
= + = g [

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1.

For the curve y = 5x— 257, if x increases at the rate of 2 units/sec, then how fast is the

siope of curve changingwhen x=3

(a) 72units/sec (b) —72units/sec

{c) 54 units/sec (d) —54units’sec
. ol

The function f{x) = tan x—4x, |::n[—§,§’|l is

{a) strictly decreasing (b} strictly increasing

{c) neitherincreasing nor deceasing
{d) MNonofthese
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3. The curve ¥ = xe* has minimum value equal to
(@) 1 (b) O

1
© e @ /2

4. The sides of an equilateral triangle are increasing at the rate of 2 cmisec. The rate (in
cm’/sec)at which the area increases, when sideis 10 cmis

(a) 10 (b) 5
(©) 1043 (d) 53
5. lfab=2a+3b,a=0,b>0thentheminimum valueof abis
(a) & (b} 12
{c) 24 (di 48
SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. Ifthe function flx) = 25— Bax®+ 125" x + 1 where a > 0, altains its maximum and minimum
atpand grespectively such thatp?=q,then a=

(@ 0 (&) 1
{c) 2 (dy 3
2. Theintervalinwhich y=—x%+3x"+ 2022 Isincreasing is
(@) (—==0)w(2,=) (B) (2,=)
(c) (0.2) (d) (—==0)
3. The maximum value of the function f{x) = 4sinx.cosxis
(@) 1 (b) 2
(c) 3 (d) 4
4. Which of the following function is decreasing on | 0, g |
{a) cosx (b) sinx
{c) tanx (d) sinZx

5. Aman of height 2 metres walks at a uniform speed of 5 kmi/h away from a lamp post which
is 6 metres high. The rate atwhich the length of his shadowincreases is

(a) Skmihr (b) 2kmihr
(c) 3kmihr (d) 2.5kmihr
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Answers

ONE MARK QUESTIONS TW01MARK5 QUESTIONS
Answer i 2
1. (d) fis an increasing 2 89
1
2. (c) 80mem? /sec 3. units
3. (@1 s 10f3cntis
e 5. 2a%
4. (c) -2, -1] . A
5. (b) 10+/3cm? / sec 7. %
8. (2, 4)
B. (c)[1/e, =) 5
7. (c) (—==, 21 U [3, =) n. 4042
[9 ?] 12 sin1,—sin1
& @ 8'2 13. Local maxima atx =1

9. (b) 2v/ab

10. (d) Neither maximum
nor minimum

11. () always increases
12.(a) 75

13.(c) 27°r(2rh" —h?*)
14.(a)

15. (a)

16. (b)

14.

14

Local minima atx =6
a=2b="14%

wem

THREE MARKS QUESTIONS

1emf's
n

3
— pm S min

8

. 8 mfsec.

5. 3000 Lfs
. dkm/h

35

Py m/h

S mimin
e R in.
45x
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10. 1 —3x + 2x° 26. decrease 72 unitsfsec.
g
n.gem/ 57 e
13. 25
14. Increasing 28. 03%
T 1
15. Increasing for all x > 1 29.  max. value =], mim value =
Decreasingforallx < 1
30. ab. Max=" ab. Min. =
16. Increasing on (::r. a)
- 31, maxvalue=0,
Decreasing on [g, o)
H . I 2/3
17. Increasing on min.value = T[E]
(Q.E)u(ﬁjn] 32, ab.Max=14alx=9
4 4
. _ 5
e ab, Min.= Faatx= g
Decreasing on [?'T'T]
3. 0=
20. (-w,1]U[2,3]
21, [1,00] FIVE MARKS QUESTIONS
23. increasing on [0, e9) 4 185+ % it
Decreasing (-c2, 0] 9 (1.2)
24_ (i) Strictly increasing
3vE
[-2,1] U (3, 0) L
(ii) Strictly decreasing 1., 2,3
{-W1 .21 U [11 3] w4 w4
13.  2ab sqg. Units.
SELF ASSESSMENT TEST-1
1. (b) 2. (a) 4. (c) 5. (c)
SELF ASSESSMENT TEST-2
1. (c) 2. (c) 4. (a) 5. (d)
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CHAPTER 7
INTEGRALS

There are many applications of integration in the field such as Physics, Engineering,
Business, Economics etc. One of the important application of integration is finding the profit
function of producing a certain number of cars if the marginal cost and revenue function are
known. Companies can thus determine the maximum profit that can be eamed and in this
way plan their production, labour and other infrastructure accordingty.

| INTEGRALS |
Topics to be covered as per C.B.5.E._ revised syliabus (2023-24)
* Integration as inverse process of differentiation
+ Integration of a variety of functions by subsiitution, by partial fractions and by parts
= Evaluation of simple integrals of the following types and problems based onthem.

J- dx J’ ax j dx J’ dx J' dx
2xa?d g2 02' [2 i Yax? vbxre’ oy L pxte
pX+g px+q e ;

dx, dx, | va® + xidx, | Vx® —a® dx
ax* thx+c * Vax® ~bx+¢ xJ-u" ' ‘w -

J\u'axz +bx+c dx

Fundamental Theorem of Calculus (without proof).
= Basic properiies of definite integrals and evaluation of definite integrals.
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POINTS TO REMEMBER

. Integration or anti derivative is the reverse process of Differentiation.
L Let E F(x) = f{x) then we write [ f{x)dx=F(x) + c.

® These Integrals are called indefinite integrals and ¢ Is called constant of
integration.

- From geometrical point of view, an indefinite integral is the collection of

family of curves each of which Is obtained by translating one of the
curves parallel to itsell upwards or downwards along y-axis.

STANDARD FORMULAE

i+l
1. [x™dx = o
loga|x|4+¢c. n=-1
n+1
{ax+by UGy phgheed
2. JEx+b)Pax=q, OHB
Elnglax+bl +ec n=-—1
3 [sinxdx = —cesx+c
4. [cosxdx =sinx+c
5. [tanx.dx = —loglcosx| + ¢ = log|secx| +c.
6. [cotx dx = log|sinx| + .
7. [sec?xdx= tanx+c
8. [ cosec? xdx = —cotx+c
9. [secx tanx dx = secx+¢
10. [ cosecx cotxdy= —cosecx+¢
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1.

12.

13

14.

16.

17.

18.

19.

20.

21.

secx dx = loglsecx+tanx| 4o
&
s
10511,311 (2 + 4:}[ +e
[ cosecx dx = logleosecx — cotx| + ¢
= log |tanf| +c
2

jeSde= e +¢C

X

Ik
fa® dx =
foga

+

j"v.li—rztbc= sinix+¢,|x| <1

=—cos ix+c

et =]
lﬂ:dx tan™'x+c

= —¢cot x4

IEJEE_TI dx= sec ix+c,|x|>1

= —cosec w4

[=— dx= —log

a?=x? 2a

I,‘z‘—iﬂ,z'-"b‘: 1g|~—- +e

_{ﬁ dx =j:tan_1x+c

f ,_;];,_ sin” —+c=—rﬂs‘1f+c

fﬁdﬁ: loglx +va? + x2| + ¢
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23. fﬁd}:z luglx+u’xz—az|+c
24, [VE-xdx= V@ +Lsin X4
25. [+al+x? d:-:=§\;':iz+x2+£,;luglx+wf::|2+x2| +c
26, [VxT—adu= 3V —at — loglk + VXT— a7 + ¢
RULES OF INTEGRATION
1. SO £ ) e, £R()] dx = [FE)dx £ [ £ .. 5
[ £.(odx N

2. [kx)de=k[f(x)dx
3. [e®{f(x) + F'(x)}dx = e®f(x) + ¢

INTEGRATION BY SUBSTITUTION
1. f%dx=lﬂg|f{x}|+u
2. JIGP e =220 4

RCO N ) ik
3. .r[;{“ﬂndx_ i + ¢
INTEGRATION BY PARTS
[rix) g (x) de=F (x) [g (x) de—[[ (x) g (x) ax]
DEFINITE INTEGRALS
b
[f{x}dx = F(b)— F(a), where F(x) = f fie) dx
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DEFINITE INTEGRAL AS A LIMIT OF SUMS.

b
jf!}:}dx = ‘[ij_rﬂh[ﬂal +flath)+flat2h)+--+flatn—1h)]

Whereh =22 or [?f(x)dx = limy_,[h X2, f(a + rh)]

PROPERTIES OF DEFINITE INTEGRAL

h

a
L Jf[x}z—’.f[x]dx

b
3

b b
2. J-f(x] dx = ffﬁ-} d

b

h C
3 Jf[x}dx= ff{x}du J £ () dx.

=

b b
b @ [feodx= [ra+b-x
3 a
(i) | ) de= | fla—x)dx
o=
- &
5. J‘f{}{}dx =2 j f{x)dz, if f {x) iz even function

[ f f x)dx = 0if f (x) is an odd function

2d 4
o 2| Fx)dx, Hf(2a—x)=1{(0)
7. f f (x)dx = [ ! ££(2a—x) = —f(x)
1]

0
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llustration:
x—2
Evaluate J'E.J‘[ 4] e

4

sotution: = o+ (X2 ax - [ 12 o

x+4

=I9’ﬁ1_ =1 :x+44}“|dx

= Ie’ Flx)+1'(x)|ax, where f(x)=1- —

4
+4

xa*

x+4

E Exf{x}'l‘(::E‘x['l— 4 ]+C=

+C
x+4

lliustration:

dx

Find j -1

)"
j(x+1}2 2 1
M+‘]:|2 (x+ 17
(x+1° _2{x+1j+2dx
{x+1‘_iz

2 2
=ﬂ1_m+{x+1f}dx

=L l°9|x+1l—%+c
+

Solution: I

llustration:

]
oy

wid T
Evaluate J. — :
1 (sin® x + cos® x)*

xid - 2 x4
Solution: J _SI::-I xcc:-s&x - j
- {sin” x+ cos xF
[dividing Num and Den by cos®x]
Putz=tan® x +1,
then dz=3tan’xsec’x dx

tan® xsec? x

128
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Alsowhenx=0, z=0and when x =

2
Mo § = (dz__1[1 1y Y . 4
312 3lz), 32 6

llustration:

= 1
Solution: - Sy (Y .. e
) 42—0&52:: _i42—m52x xk4_r-‘|-r‘2—c052x &

=0+-.2 J - [Since first functionis an even function
2- * and second function is an odd function

2{1- 2sin’ X

Mlﬁ

sec” x

Y T dx [dividing num and den by cos®x]

4
s lmar
n
i
.-[ Zsin® x+1
4
2
0

M|:=|

Put z = /3 tanx, then dz =3 sec? xdx
Also when x =0, z =0, andvmenx=%.z=ﬁ

43
:.me{i:l..r=;J_jzzdi1 2}{mn*1zf
~ 5L Bt o]
55 s
_m m_ =
233 63
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ONE MARK QUESTIONS

Evaluate the following integrals:

1. Integrate E(x* + X +1)dx

15

(a) > (b) 20/5
(c) 20/3 (d) 3/20
2. j:sin’-’xdx=
n T
(@ 3 (b) 2
(c) 2n (d) 4n
cos2x -
; "-(EIHX+GD$X}E dx equal to:
1
(a) -WH? (b) loglsinx+cosxl+c

(c) (sinX + cos x)° (d) loglsinx-cosx|+¢

P LI

T+xt
(a) %11""09*'13*'&‘ (b) %{Hlogx}’ +C

(c) log(log1+x)+¢®  (d) None of these

sin® x —cos® x
j dx is equal to

sin® x.cos” x
(@) tanx +cosx +¢ (b) tanx +cosec x +¢

(€) tanx +cotx+c (d) tanx +secx +c
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dx

6. The value of |°

s 8iN2x I8
]
(a) Efng{—n (b) log {(-1)
(c) log3 (d) logy3
1F | A
7. The value of ftan X laxis
) I+ x=x 1
(a) 1 (b) O
bl i
(c) -1 (@ 3
xﬂ
—d
a. IMIJ Py X Is equal 1o
1 1Y? 1 13°
@ gil4ss) o o glavgs) ve
1 '11-4)":' 1[1 Y’
(c) ﬁ[ = %0 [l x_z+4J re

% : —
I |——=0x =91+ X" )" + b1+ x° + ¢
) J-«H I x°
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ASSERTION-REASON BASED QUESTIONS

In the following questions, a statement of ssertion (A) is followed by a state-
ment of Reason (R). Choose the correct answer out of the following choices.

(a)Both A and R are true and R is the correct explanation of A
(b)Both A and R are true but R is not the correct explanation of A
(c) A is true but R is false

(d)A is false but R is true.

: ax A
1. Assertion (A) : Im:ﬁta" _,__]T.;»

dx 1 ,[ X
. —=—tan '| — +¢
Reason (R) : jx“ G a _a]
2. Assertion (A): _[e’[slnx ~cosx]dx =e" sinx+c

Reason (R) : [e*[f(x)+F(x)ldx =" (f(x)+¢c
3. Assertion (A) : j‘_glng[ :f—ﬂdx -0

Reason (R) : fﬂf{x}dx =0if f(2a-x)

_ 3 1 _ &
4. Assertion (A) : Lsmdx =5

Reason (R) : ff{x}dx = j:.f{a +b - x)dx
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—

10.

TWO MARKS QUESTIONS

Evaluate :

[ialoatxt1-oaxlgy
[ — s
12

I sin xsin Zadx
I[§+ §+x‘ +5’1dx

5+ 3sinx

jnrzhg{5+3msxj i

dx

jfj"l‘b'

L]

| {\E-L,_]:u{r

WLy
je* 2 dx
[2%" 2% 2%dx

j sin (12 :cn“ x)

1.

12.

13.

14.

15.

16.

17.

18.

19,

20.

fxlngh dx

j'ld JiFen 2 dn

}-m * (sinx — cosx Jdx

8 Wx
d
J:'e" +xa"‘
o
e
J- sin® x + cos? x
sin x + cos” x

dx

jJtmx (1+tan'x)dx

sin2x
'r(a +beosx) o

2_
Ix ;HEED(
w41
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THREE MARKS QUESTIONS

Evaluate :
, - grasec {tan Lzt
L {r} J 14x¥
= T—x-1
OO =
1
(if) fsin{x—a] sin(x—#) dx
cos{T+m)
'.'-w} Ims{x ) dx
(v) Jcos2x cosdx cos6x dx
(viy [ tanZxtan3xtan5x dx
wiiy [ sin®xcos*x dx
(viii) [ cot®x cosec*x dx
X FinxCoSX 2.3 7 2 2
(ix) _fmdx [Hint: Put a®sin®x + b*cos®x = tort
1
(x) j- Jeos*x cosfx+a) ax
; sin®x+ cosfx
(x1) ¢ sin?xcosix
. Jrsin X+ COSX -
{x“]' W Ein 2K
134 [Class Xl : Maths]



Evaluate :

0 -rx*+:=+1

1
{”1' Ix[ﬁﬂnngz-f?lug::ﬂ] dx

1

I l."r sinx costx

(iif) dx

¥t
V) [dx

) SO —"

i (x—allx-h)
EWJ j- 33(52;.31'1
(i [ ::1+:;+1 dx
i) [ dx

(i)  [xvVT4x—x% dx
() J I dx

cosfx

(i) [vsecx— 1 dx [Hint: Multiply and divided by vsecx + 1]

Evaluate :
. dx
2 @) 'r ®xT+1)
3x45
(ii) -r e e e ]
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('E'[F] j-- slndecosd o

cos2l — easf-2

: dx

v (-1 (x2+3)
RE+u+Z

v) 'r{x-zjfxu‘l}

(vi) I{x“+l} HE+Z)

(2450 +4)

- dx
h""} f {21+1}{12+4}

[

(ix) [Wtanxdx

) [—=

sinx—sinix
4, Evaluate:
iy [x%sinx®dx
(ii) _r secix dx

(i) [ e*™cos(bx + ¢) dx

) S (25) dx [Hint: Put 3x=tan 8]

) [ cosyx dx

(viy [xPtan~txdx
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(vii) J-EZX 1+5in dx A

1+cos

(viil) j—llagx {]ugx}ﬂl dx

() [v2ax —x2dx

LK“-*.'[
0 e o X

{x) [x*sin™? (]-1{) dx

(xil) ) {Iug{lng x) + Uﬂgl ﬂ,} dx

(ki) [(6%+ 5)V6 +x —xZ dx

vy S

(xv) _ftan‘l[xm5 dx

1+5

i) [

5+4 CO5K

Evaluate the following definite integrals:

. e sinx<+cosx
&
(M) JI:I 916 Eindx d

(i) f:"'lz cors 2x log sinx dx

(i) fx A dx

1
g sintz
U/ R e~

[Hint: Put

Ingx—t
= e]
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J-“jz £in 3y
0 sin'x+ cos'x

(vi) ful sin(Etan'l ) dx

1-x

fﬂ-"lz xntsinx
0 i4cosx

(vii)
(viil) [ xlog(1+3) dx

(X) [ 2xcosme dx

(x) [ (cosax—sinbx)?dx

6. Evaluate:

() Jyllx—21+x — 3]+ x— 4] dx
() [ o 0%
i) [l e=nt [%f-fﬁi dx
(V) [y ey dx
v Sl dx
0 LR
Vi) oy W [Hintiuse [ H()dx = [ fla - x)dx
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7.  Evaluate the following Integrals:

0 Rt

w2

(i) I {siu|z{| cos !KDd}[
“#

. ECUSK

{ﬂi‘} J :E.i:l'.ls.ﬂ+ B ¢I:Igi'i
a

xtan x
SEC XK +Cosec X

o [

8. Evaluate

(v} dx

S

dx x€]0,1]

0 J sinlyx—cos 1%

sin~ x4 cos~ x

1-+%
G f 1+~.de

et
(i) f{; s

RZ

——— dx
(xsinx + cosx)?

Loy [
jsm a_l_xd*x

()
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,
sinx+ ‘:USK
) [

-.:’sm 2x

sinx
EVIDJ simdx d
2
{viii) J |% sinmx| dx

e }Jsm[x— 3]

sin{x 4+ a)

{]f{x1+4}(134 =¥

cos5x + cosdx

Gd) 1—2cos3x

FIVE MARKS QUESTIONS

Evaluate the following integrals:

(}ff‘-i'd.x

ﬂl]feﬂ EEH-F 11— 6 at

2%
{m}j fx+ 1)(x—3)% =

a }J 1+ sinx
i sing (1 +cosx)

{v}f (vtanx + veotx) dx
]

140
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1
!1—:«:2
i —d
{vljfx T bs
1]

o) J' COSX

l+vosx-sinx

10.  Evaluate the following integrals as limit of sums:

(1) J’{Ex + 1) dx
2

2
(i) | (x® 4+ 3) dx
|
3
(i) f('sx? —ix+4) dx

i

5
{iv) J.I[Ehf1 + e dx
a
1
{V} E!-fsx dx
!

{vi) f (3x* +2Zx+1) dx
[i]
11: Evaluate:

(i) J ; g

sinx = Zcosx)(22inx 4 cosx)

lng{l+x}
( }‘- 14 %2

m
12

(iii} j (2logsinx — logsin 2x) dx
o
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12. | x(tan 1 x)? dx

j

o)

2

i
13. f
o
1

14. Prove thutj tan (
1]

logsinx dx

1

1—2 4+ x2

1
J dy.= 2 J‘t:an'l:cd.?:
0

Hence or otherwise evaluale the integral ‘[mn =1 {l—x+ xz] dx.

i 2
15. Evaluate [ fa .

N E4 05X

SELF ASSESSMENT-1
EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE

CORRECT ALTERNATIVE.

1 1= O+ )0+ 03 + 00+ Yx -

¥ _14+¢

(a)

37

— —X+¢C
17

jsin{x2 —2022)d(x%) =
(@) 2xsin{x'+2022)+c

(c)

(c) sin(x*+2022)+c

1_!{11:
(b) x"—x+¢
xiﬁ
(d) -‘E —X+E

(b) —2x.cos(x’+2022)+c
(d) —cos(x*+2022)+c

o |

(a) 2
c) 5

3 7

sin’ x —cos® x
sin® x.cos® x

(a) tanx+cotx+c

dx =

- b
in
cos® x./sinx ﬂx—zsm ¥ R X

+c, then (a+b)=

(b)
(d)

4
i

tanx—cotx+c

(b)

142
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=/ 2 "
5 J. sin® xdx = % then k =
0

(a) 0.25 (b) 05
c) 1 (d) 4
SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

npi2

. | logtanxdx =
{:l 0 (b) 1
:::} x @ £
2. !:H;inxdx:
(@) 4 ®) 2
(c) = {dy 2n

3. Jlog(x® - 1)ax =
(@) xlog(x*+1)-2x+2tan'x+¢c (b) xlog(¥*+1}-2x—2tan"x+¢
() xlog(x¥*+1)+2x+2tan'x+c (d) Noneofthese

4. je“.sinxdx=
(@) E"{sinxz—msx]+u () e"l[sinxz—cusx}_

e’(/ sinx +cosx) —e”(sinx —cosx)
() 2 +e (d) 3 +C

5. Iﬂosz xdx=ax + bsin2x + ¢, then (2a+ 4b +1)=

(@) O b) 1
(c) 3 (d) -7
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Answers
ONE MARKS QUESTIONS

20
1. {c) 5

T
2. (a) 3

3. (b) loglsinx +cosx|+¢c

1 3
4. (a) 5{1—Iugx} +0
5. (c) tanx+cotx+¢c
6. (¢) log3
7. (b) O
g lr_-41|_5+c

wL il
1
=— b=—1

g a 3

INTEGRAL ASSERTION REASONS

1. Ais true and R is correct explanation of A

2. Option (d) is correct

3. Option (b) is correct

4 (a)Ais true and R is correct explanation of A

144
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TWO MARKS QUESTIONS

2 z
1. xtlogx+c 1. %mzx,%+c
3 3
2 -%[[x+2}/2—[x+1]|f5]+c
12. 1

3 —1SIN3X_ inwlee
4 1—J"r—i‘.+a'rlﬂg::.c.'|+""'rw.+—=+1::

a2 g+1 logas 14, 19

a9

. 0

["i] [*-‘] 15. tan'*e—%
6. L cb +c

tal | . 5
logrl logr ] 16. i‘f~'='.L]|*‘;;f*}'=| o
2
i
T %+M—2x+c  fr o log|secx + tan x|
o +log |cosecx—cot x|+ C

& L g%

log{2

odiZe) 18. E{tanx)z'rz-i-{:

22" 8
9. ——+C P

log 2 19. _——|logla+b +C

(log2) b2[ug_|a+ msxl+a+bcusx]
=
10. —[ms(Etan I)] ic 20. x—%lng|x2+‘*+tan”x+c
2
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THREE MARKS QUESTIONS

: Liow J(ran—1 ¥2) — 1] 4 o
1. (N ?_lnb [cusm.[tan x*) xi] +¢

(i) %(xz —xyx%— 1|I+%lug|x+\fxz —1|+¢
1 sin{x-a)

il .

(i) sin{a-bl sin{x-h) e

(iv)  xcosZa—sin2a logjsec(x —a)] + ¢

2x—Isin2x+—sindx + ¢

v §* 73 32> R

(vi) élngtsec Sx| —%Iug[s&cExl —%Iﬂglseciixl +c

(vii) 3—2[2:{+$sin2x—%sln4x—ésin 6x| + ¢
cot®x . cotty

(viii) —(ﬁ + 4}+r:

(ix) oz Va®sinx+bicos®x+c

(x) —Zcosecavcosa—tanxsina+c

(xii) tanx—cotx—3x+c

(vi) sin~l[sinx —cosx] +c

1. g (2P
2 0 ()

% Zlogx !

® log ‘Blagx e

. —2 2 an3/2 .

(iii) e + = tan*/“x + ¢
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1 1

o g Do
(v)  ZloglVx—a+vx—b|+c

( 3u+1

i) 2 2 =11
(vi) ﬁlnngx +2X+l[+-?«v’il 5

+

(vii)y % —3loglx®+6x+12|+2v3tan™ x:;) +c

vii) —Vix—x2 +4sin"* (£F) + ¢

1 1 f————= 5 . _4[RE-
i) —3+x—x*PR+o@x—1IW1+x—x*+—sin 1(%}%’:

(x) tan®x , tan’x

5 T

+c

() —lng|m5x+%+ Veos*y 4 cosx| + o

1
3. ) loglmg]t+e

= 1 x+1

(ii) Elugg -u—l-}-c

(iii)) %Elﬂgk.us 6—2| - %lugll +oosB| +c

. i 43 .
() 14 lng [2-x)? + 743 tan™ (w. 3) T
{(x—2)*

(v) x+4-lng[ = |-|-c

W) X+— tan‘l() ?ta“"()
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(vii)

{viii)

{ix)

4. (i)
(ii)
(iii)
(iv)
(v)
(i)
(vii)
(viii)
{ix)
(x)
(i)
(xii)
(xli)

i _i T 2 l _1-£
n]ugtb{+1| 1_},]u@,l}: +4|+3&tan ,+e

e
xitx+1

Elug + C

tanx —'l) 1 s |t111x—-u'2tnn'.x+l

i
—tan? ( =
Va Jitanx V2 tan x+v2 tan x+1

—-;;lnglmsx— 1| —-;-lugicnsx+ 1] +§-]ug|1 —2cosx| +¢

%[—xE cosx® +sinx?] +¢

1
- [secxtanx + loglsecx + tanx|| + ¢
2

EBI

atyb?

Zx tan~ ' 3x — glug |1+ 9%%| +c

Zlﬁsin Vi + cusw.l'r:l_{] 4+

[acos(bx + ¢) + bsin(bx + ¢)] + ¢

wt-1 =y x¥om
(E2)tanx—X 424 ¢
%sztaﬂx-F ¢

X
=
logx

-— < ! '
E) v 2ax — x¥ +E—,~sm‘1(:—ﬂ) +c

2

x?‘;l)
(=) +ie

x‘l- m—ras ¥
5 sin 1G)+KjLz*n.r';!c;z—lrl-:;:

12

¥logllogx| — % +c

~2(6+x—x2) + 8[Z BT + Pint (Z)] 4

5

148

[Class Xii

: Maths]



(xiv)
(xv)

{xvi)

(ii)
(iif)
(iv)
{v)

(v1)
{vil)

{vii)

(ix)

()

(i)
(iii)
(iv)
(v)

L 111 z _ R 2
3'lng[x+L| 6lﬂgix 1;+1|+ﬁt:m (

— 1 o
Xtan~ty - EIugll + %% =xtan"t5 4+ ¢

2. —1(& i) .
Jlan™* (Stanc) +c

SN

s T 1 .
2w +—-s5in 2am — —sin Zbw
23 b

-

2

w

g“:"r{- + e__“:-"r‘t
Zaqre
5=V3—42

2x+-1
V3

)+c
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2 . el

i) I (i) 5—

. n iy 2

7. {0 =
. wt
(i) } )
(v) am
8. () EEDgntyx+EE x4

i) —2vV1—x+costVx+Vr—xZ4c
(iii) EE“ +c

. ginx—-xCosx
{‘w} xsinx+tecosx
(v) (x+a)tan‘1ﬁ—vﬁ+c
(vi) 2sinm12

. 1 1—sinx 1 1+4Zsinx
(vif) 8 ! Il +sinx _E lo |1—-.|’Esi.ux

3 1
{viii) = + =
(ix) (cos2a)(x+a)— (sin2a)logisin(x+a)|+c
(x) -—qug|x2 + 4| -I--;ilnghi'2 +9 +¢
(xi) —(§51n2x+ sin }:)+ c

9. (i) x = 4 loglx| + %luglx -1]| + %luglx + 1] + log|x® +

(ii) 1]%1t:m'15:+c

t-1}(="-3)
iy Tog [+
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10.

11.

12.

13.

14.

1a.

iv) 2x— %lug!x-l—i] +%1ug|5 i Hf:ﬂ +c
(v) fing ::::“ 2f1 +tns } + mn% te
(vi) \% i) o
(vii)) §—>log2
o 26
M 14 W 3
(i) 28 v 3(e2-3)
i) ~(127 + ¢ (vi) 3
it
0 gloelgl e @M 58
i) 383
;I—:—E-I- 'Zl-lug:-i
_T“lngl
log 2
loelvZ +1]
SELF ASSESSMENT TEST-1
2. (d) 3. (c) 4. (a)
SELF ASSESSMENT TEST-2
2. (c) 3. (a) 4. (b)

5. (d)

5. (c)
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CHAPTER 8
APPLICATIONS OF INTEGRALS

In real life, integrations are used in various
fields such as engineering, where engineers
use integrals to find the shape of building. In
Physics, used in the centre of gravity efc. In
the field of graphical representation. Where
three-dimensional models are demonstrated.

The PETRONAS TOWERS in KUALA
LUMPUR experience high forces due to wind.
Integration was used to create this design of
building.

| APPLICATIONS OF INTEGRALS |

Topics o be covered as per C.B.S E. revised syllabus (2023-24)

*  Applications in finding the area under simple curves, especially lines, circies/
st st bamion)

POINTS TO REMEMBER
AREAS OF BOUNDED REGIONS

s Area bounded by the curve y = fix), the x axis and between the

ordinates, x = a and x = b is given by

|j" f{x}dx‘

y = fix)
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* Area bounded by the curve x = fiy), the y-axis and between the abscissas, ¥
=cgandy=dIis ghven by

|ﬂf1ﬂ¢*
S JE
x=ﬂy]§§§§§§lz ) x = fy)
%) =X Dl X

* Area bounded by two curves y = fix) and v = gix) such that 0=g(x) =fix)
for all xe [a, b] and between the ordinates x = a and x = b |s given by

¥
r

y = fix)

¥ =a(x)
X

9] a b

SIF () = g()]dx

. Area of the following shaded region =

L Xj b
Iﬂﬂdrfﬂﬂﬂ
a ,
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lllustration:

Using integration. Find the area of the region bounded by the line 2y + x = 8, the x-axis
andthelinesx=2and x=4

Solution:Required area= Areaof PORS

= Area bounded by the line 2y + x = B, x-axis and ordinates x=2, x=4

4 4B—x ¥

=Jydx=j ax t
4 2

2 2 e

1 2T 1 e
=—|8x-—| ==[(32-8)-(16-2 S

2{ 2]: 2[{ )-{ )

1 1 : o ,&nR !
=§[24-14}=5>¢1D:53q.umts (2.0) (4.0)
lllustration:

Draw a rough sketch of the curves y = sin x and y = cos x as x-varies from 0o w/2.
Find the area of the region enclosed by the curves and the x-axis.

Solution: Given curves ¥ = sin x {
and y=cosx /
Area of shaded region Y=rosK A y=siny

=4 xi2
= I sinxdx + J Cos xdx

B

a0 i B =T x

= —[msx]g““ +[5inx]":f = —[l —1]+|:1 - —1}
R /- R

-1 1 ;
= ——+1+1-—=(2-2) square units

AR :
lllustration:

Using integration, find the area of the region bounded by the parabola ¥ = 16x and the
linex=4.

Solution: Given curve y* =16x
linex=4

Area of shaded region

= 2{area of AOC)

4 4
= zjydx o zjaw?dx
Q W]

a2t 16 o 128
_.ﬂxal:x ]E.=E|_‘|B]" 3 Sq.units
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lllustration:

the line x= 1.

Solution: Circle x* + ' =4
linex=1

Area of shaded region

= 2}ydx= Eiv'rxzdx
1 1

| 2

_dn

5 ~J3 sq. units

o V3
3 2

Using integration, find the area of the smaller portion of the circle x* + y* = 4 cut off by

= 2{area bounded by the circle, the x-axis and ordinate x= 1 and x = 2)

E‘Jlil —X 4 ‘%sin"% E = 2{2.

(1.0} |o

ONE MARK QUESTIONS

Multiple Choice Questions (1 Mark Each)
Select the correct option out of the four given options:

1.
x==1,x=1is

15-:;' units
{E] 3 -

(c} 1sq. unit

The area of the region bounded by the curve y = x*, x-axis and the lines

2 .
(b) 55G. units

(d) 2 sq. units
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The area bounded by y=sin2x. 0 < x < % and coordinate axes |s

(a) -;— s0. units {b) 1 sq. unit
3
(c E sq. units (d) 2 sq. units
The area bounded by the line x + 2y=Bandtheinesx =1 and x=3is
(a8) 16 sq. units (b) B sg. units
ic) 12 sq. units (d) 6 sq. units
The area enclosed by the parabola y* = Bx and its latus rectum is
16 , 64
(&) “5- sq. units (b) _:; S0, units
(c) F—nq units (d) ﬂ sq. units
3 3
The area bounded by the curve y = cos x and x-axis betweenx=0andx=nls
(a) 0sq. unils (b) 1 sq. units
(e} 2 sg. units (d) 4 sq. units

ASSERTION-REASON BASED QUESTIONS

In the following qustions a statement of Assertion (A) is followed by a statement of Reason
(R). Choose the correct answer out of the following choices:

(a)
(b)
(c)
(d)

Both (A) and (R) are true and (R) is the correct explanation of (A)
Both (A) and (R) are true, but (R) is not the correct explanation of (A)
(A) is true and (R) is false

(A) is false, but (R) is true

Assertion (A) - Area enclosed by the curve x* + y* = 4 is given by 4 f V4 - x%dx

Reason (R) : The curve x* + y* =4 is symmetric about both the axes.
Assertion (A) - Area of the region bounded by the parabola y* = 4x and its latus rectum

is given by 2 LEJ;dx

Reason (R) : Length of the latus rectum of the parabola ¥ = 4ax is 4a.

156
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TWO MARKS QUESTIONS

Using Integration:

1. Find the area ofthe circlex™+ y’ = 16.

2 Find the area of the parabols y' = 4a x bounded by its latus rectum.

3 FindIneafeabmmcl&dbyﬂ‘temrvey’:x,x—axisandthelinesx=ﬂ,x:4_

4. Find the area bounded by the region {(x, y): X < y =[x}

5. Fin-dmeafeabnundedbymemgiﬂny=gxz,',r=1an|:|]|r=4.

6. Fin-dmeafeahnundedbymecmeyzsfnxbehﬂeenx:% andx= B%t

7. Find the area bounded by thelinesy=2x+ 3, y=0, x=2and x=4.

a. Firmdheafeaﬂfﬂmeregmnbﬂundedbyf:dx,x:1,x=4andx—aﬂsinmeﬁmt
guadrant.

9. Find the area bounded by the curves ~_.l'2 = 4ax and the lines y = 2a and y-axis:

10. Find the area of the triangle formed by the straight inesy=2x, x=0andy=2

THREE/FIVE MARKS QUESTIONS

Using Integration

1. Find the area bounded by the curve 4y = 3x" andtheline Ix—2y+12=0.

2. Find the area bounded by the curve x=yzand thelinex+y=2,

5, Find the area of the triangular region whose vertices are (1, 2), (2—2)and (4, 3).

4. Find the area bounded by the region {{x, y): X+ yzi 1=x+ ¥}

2

5 Find the area of the region bounded by the lines x—2y =1, 3x—y—-3=0and
2x+y—12=0.

6. Prove that the curve y = x"and, x = * divide the square bounded by x = 0,
y=0,x=1, v=1Into three equal parts.

f. Find the area of the smaller region enclosed between ellipseb®x? + a®y?
= ab? and the line bx + ay = ab.

8. Using integration, find the area of the triangle whose sides are given by
Zx+y=4 3x—2y=6andx -3y +5=0.

9, Using integration, find the area of the triangle whose vertices are (-1, 0),

(1,3)and (3, 2).
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100

1.

12,

13.

14.

15.

16.

17.
18.

19.

20.

Find the area of the region {(x, ¥} 2¢ + y*< 1 <x + y}.

Find the area of the region bounded by the curve x* = 4y and the line
x=4y—ZL

Using integration, find the area of the region bounded by the linex-y+2 =0
the curve x% = y and y-axis.

Using integration, find the area of the region bounded by the curve y=1+
jx+1|andlinesx=-3,x =3,y =10,

Find the area of the region enclosed between curves y = |x— 1| and ¥ =3—|x|.

2
If the area bounded by the parabola y* = 16 ax and the line y = 4 mx is T—zsq

unit then using integration find the value of m.

Find the area bounded by the circle x* + y* = 16 and the line y = x and x-axis in
first guadrant.

Find the area bounded by the parabola y* = 4x and the straight line x + y = 3.
Find the area bounded by the parabola y* = 4x and the line y = 2x — 4.
2 2
; i XY x ¥
Find th of )i s -
i e area of region {{xy] =+ 3+2‘l

Using integration, find the area of the triangle ABC, whose vertices are A(2, 5),
B(4, 7)and C(6, 2).

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

.

Area of the region bounded by the curve y* =4x, y-axis andthe line y=3is

(a) g sq. units (b) gﬁq.units

(c) % 5q. units (d) % 5g. units

Area lying in first quadrant and bounded by the circle ¥ + Y’ =4 and the lines x=0and x=

2is

{a) n =sg.units (b) % sq. units

{c) sq. units {d}) E sq,. units

ma A
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3. The area of the region bounded by the curve y=x + 1 and the lines x=2, x =3 and

x-axis is

(a) E 5Q.units {b) 4 5g.uUnits
2 2

(c) g s0.units (d) % sq.units

4. Thearea bounded by the curve y* = xand the line x=2yis
1 [ b £ units
(a) 3 Sq.units (b) 759
. i ,
{c) 1sqg.unit (d}) Esq.umts

5. The area of the region bounded by the y==sin x, y=cos xand y-axis, 0= x = ; is

(a) (+/2+1) sq.units (b) (+2-1) sq.units

() 242 sq.units (d) (22 —-1)sq.units
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ANSWERS

ONE MARKS QUESTION
(b) % sguare units 2. (a) 51 sguare units.
. 32 .
(d) Bsguareunits 4. |c) 3 Square units.
{c) 2 square units 6. (a)
(b)
TWO MARKS QUESTIONS

16 n sguare units.

3 a2 square units.

16 ;

— sguare units.

3

1 .

3 square units.

% square units.

2 sguare units.
18 square units.

8
— Square units.

2
Eazsquare units.

1 square units.

THREE/FIVE MARKS QUESTIONS

27 square units.

g9
5 square units,

13 .
El sguare units,
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10.

11.

12,

13.

14.
15.
16.

1.

18.

14.

20.

- (6

[n 2 4 Lyed

—————gT ' — }5quare units.

4 5 2 5

10 square units.
(%z:}ab square units.

3.5 sguare units.

4 square units.
[n-11 it
| #~ 3 square units.
9 .

3 square units.

10 )
E square units.

16 sguare units.
4 sguare units.
m=2.

21 sq. units
B4
— 5. units
3 sq. uni
9 sq. units
3 ;
2 (r—2) =q. units

¥ 5q. units

SELF ASSESSMENT TEST-1
2. (A) 3. (D)

4. (D)

5. (B)
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CHAPTER-S
DIFFERENTIALEQUATIONS

Sky diving is a method of transiting from a
high point in the atmosphere to the surface
of the Earth with the aid of graity. This involves -
the control of speed dunng the descent using
a parachute. Once the sky diver jumps from
an airplane, the net force expenenced by the
diver can be calculated using

DIFFERENTIAL EQUATIONS.

Anothereg.
pit)
A
Falling stone
DE. is
my" = mg

= ¥ = g = constant

where y = distance travelled by the stone at any time t

and g = acceleration due to gravity.

TOPICS TOBE COVERED ASPER CBSE LATEST CURRICULUM 2023-24
« [Definition, order and degree
» (General and particular solutions of 3 D.E
» Solutions of D.E_ using method of separation of variables.
= Solutions of homogeneous differential equations of first order and firstdegree.

= Solutions of linear differential equations of the type:

o 4] Py =g, where p and g are functions of x or constants

de

dx
E*- 2% =4, where p and g are functions of y or constants.
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KEY POINTS :

DIFFERENTIAL EQUATION : is an equation involving dernvatives of the dependent
variable w.rtindependent variables and the vanables themselves,

- ORDINARY DIFFERENTIAL EQUATION (ODE) : A.D.E involving denvatives of the

dependent variable wrtonly one independent vanable is an crdinary D E.
In class Xil ODE is referred to as D.E.

PARTIAL DIFFERENTIAL EQUATION (PDE) : A.D E involving dervatives w.rt more
than one independent vanables is called a partial D E.

ORDER of a DE : is the order of the highest order denvative oceurnngin the D .E.

DEGREE of a D.E. : is the highest power of the highest order denvative occcumng in
the D E provided D.E is a polynomial equation in its derivatives.

SOLUTION OF THE D.E : Arelation between involved variables, which satisfy the
given D.E is called its solution

Two Types of Solution of DE
|
[ I

General Solution Particular Solution
The solution which The salution free
contains as many fram arbitrary
arbitrary constants constants

as the order of the

D.E.

FORMATION OF A DIFFERENTIAL EQUATION : We differentiate the function
successively as many times as the arbitary constants in the given function and
then eliminate the arbitiary constants from these equations

ORDER of A D.E : |5 egual to the number of arbitrary constants in the general
solutionofa D E

Solution of a First Order First Degree D.E.
|

I | |

“ariable separable Homogeneous Linear Differential
method DE equation

“VARIABLE SEPARABLE METHOD" : is used to solve D.E. in which variables
can be separated completely 1.e, terms containing x should remain with dx and
terms containing y should remain with dy.

dy .
“HOMOGENEQUS DIFFERENTIAL EQUATION : D.E of the form E=F{X-}"J'

where F{x, y)is a homogeneous function of degree [
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Le. F{ix, hy)="2"

Fix.v)
or F{hx, Ly)=F{x_y)for some non-zero consiant 5
To solve this type put ¥y =wx

dx
To Solve homogenous D.E of the trype d—y‘ =G(%.¥). we make substitution x = vy

« LINEAR DIFFERENTIAL EQUATION : A D E ofthe form ?— Py =Q where P

x
and 0 are censtants or functions of x only 1s known as first order linear
differential eguation.

Its solution

v.(IF) = [Q@x(1F Jdx +C. where
|. F = Integrating factor = !

dx
Another form of Linear Differential Equation is Fx =0 where 2 and

}; are consltants or functions of y only.

Its solution is given as

x(1F )= .[D1xff-F-J dy +C, where [F=g'"

Ilustration:
Write the order and degree of the Differential Equation

=1

[T+UJ..-':I_ZJ ¥ S k}l."

Solution: Squaring both the sides
r - —|-:'! - -

[ 1+0) | =k"(")

~ OrderofDE =2
and Degreeof DE. =2
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llustration:

Selve the differential equations

(1+e%)dy + "1+ y*)ax =0, y(0)=1

_dy _-e'(1xy7)
Solution: -

Using Vanables separables mathod,

X
dy _e“—dx
Twe®

Integrating both sides we get

[ 1,d_v=—[ E’n dx
i e
. dt
=tan 'y = _-[‘1'—:2'0“ putting " =t
=—tan't

=ftany=—tan" (g9 + C
—tan~"y +ian (&) =C
Atx=0 y=1gven
~tan(1) +tan(1)=C

— %xE =k
= E= %
- Particular solution of D E is given by tan™'y + tan™'{&”) = %
lllustration:
dy
ion —_ = £

Salve (x—y) it 2y

dy x+2y -

i . = - =Tl ¥

Solution: - = {x¥)

R hx+ 2y Mx+2y)
NOWRELM™ Temny — almey) 2 ol
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Clearly, fis homogeneous function in x and y.
So, given D.E is homogenous D.E.

Mow, Puty =wx

dy xdv
= —— Sy
dx dx
xdv x=2vx
Vv —— =
dx X—x
. xdy 1+ 2v
= v+ — =
dx 1—v
_ xdv _ 1+2v —v+v?
T dy T—w
Xav 1+ +v°
— =

(1-v)dv _ ax

1+v+v° X
Integrating both sides we get

1r2v=2+1-1
=% -3 Jivu—u:_d? =loglxl+ C

T 2v+1 3
=iy —,,,d'l.-’+—
P2 I PRT S T 2 1+v =+

l

1 x4 1

= —=logli+v+v? [+ —
2 2.|_»IJ+1RI¢_|.}E..
L T2) T2

Il

A AR

- llﬂﬂ
2 -t

(2y+ x\|

e

=4 —%t0g| X +xy+y” |—-.|'r37tan"

1
—b__a__.d'l-’ =log x| + &

=V =|og |x]+ C

J =leg x|+ C

=C

166
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Ilustration:

Find the particular solution of the differential equation

j—x+xmt}r =2y =y coty(y =0) given that x = 0 when y = n/2.
i

Solution: Clearly, itis a Linear DE

d_x + Py = where
dy

P=coty, Q=2y+y coty

F==l [ ooty ek
F=e =e

=] ]

=g F i =ainy

sclution of D.E. s given by

x. {LF)= fDJFd'f + C; C is arbitrary constant
= X (siny)= J'[Ey - _vz coty) sinydy +C

= [2ysinydy =+ [y*cosydy +C

= j'Ey sy dy + y2 siny - _FZ_L* siny dy = C

= xsiny=ysny+C

Mow, x =0 when y= 5

=5 o

- i

S0, 0= — 0= D=--
e A 4

-

X siny = y* sin y — T

2

o

or |x=y - 7

COSEC
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ONE MARK QUESTIONS

1 The general solution of the D.E

ydx—xdy=0 (Givenx, y=0), is of the form.

{a) xy = ¢ (b} x = ¢y

{c) y=cx (d)y=cx

(Where ¢’ is an orbitary positive constant of integration)

o dy _A1-y° _ g

2 The differential equation E = T determines a family of circles with

(2} Vanable rady and fixed centre (0, 1)

(b} “anable radii and fixed centre (0, -1)

{c) Fixed radius 1 and vanable cenire on x-axis

(d) Fixed radius 1 and variable centre on y-axis

d 2 i
3 The solution sfthe DE. ——=6*7 +x% s
dx
£ _ ¥
(a) € Y ierig (b) 8’ =—+€" +C
3 3
¥ 3
(c) &' =?+EJ +C {d) None fthese
d'y
4 Theorderand degree ofthe D.E =+ sjn{y'”) =[] are respectively
clx
(a) 4and1 (b} 1and 2
{t) 4and 4 {d} 4 and not defined
dx  (x “'1

5  Ahomogeneous differential equation of the type E = hl ;  ean be solved by making

the substitution
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{8 y=vx

o) x=uy

{0} v=yx
() x=v

6. Integrating factorofthe DE. ﬁ : ytanx—se(:x =0

(&) cosx
{B] EL'.“I:EJ:
o2
¥. Theorderanddegreeofthe DE. —": +
alx

{a) 2and notdefined
fc) 2and3

)
dx

() secx
{d:l E'BEE =
i

- y—

+ x8 = (0, respectively are

{0} 2and2
fo} 3and3

8. Theorderofthe D.E. of a family of conves resprsented by an eguation containing four

arbitrary constants, will be
(@) 2
fc) &

(b} 4
{d} Mone of these

9. Aneguaiionwhich involves variable as well as dinvatives of the dependent variable w.rt

the independant vanabie, is known as
{a) differential equation
o) lineareguation

{0} integralequation
{d} quadaniic eguation

10. tan™' x +tan™' y = ¢ s general solution of the DE.

dy _1+y°

dx 1+ x°?

(2

©) (1+x*)dy +(1+y*)dx =0

11. The particularsolution of log E}—I'
ax

@ &* 3e* 4

fc) 37 4e 7

dy _1+x°
© a1+ y?

{d) (1+x)dx +(1+ y*)dy =0

3x 4y, y(0) 0O

(b) 4e**
{d) 4™

e 3
e 7

dy 3x-—-4y-2

12. The solution of the eguation

dx 3x—4y-3°

{a) (x—yz]—‘czi{}g{ﬂx—dlyﬂj b) x—y+c=log(3x—4y+4)

fc) (x—y+c)=log(3x—4y-3)

{d x—y+c=log(3x—4y+1)
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dy

13, Hx o vilogy —logx +1), then the solution of the equation is
X
EA ¥
@ Ylog| =-|=cx ) xlog| = |=cy
'._j"ll J XA
o b i ".I
. (Y } (2|
log| — |=cx log, — |=cy
@) log| & @ 19| |
14. Solution of D.E. xdy — ydx = 0 respresents
(a} rectangular hyperbola {b} parabola whose veriex is at orgain
(e} circle whose centre is at origin {d} stright line passing through origin
15, Family y = bx + c* of curves will correspond to a differential equation of order
(a) 3 (b) 2
fc) 1 {d} infinite
) ¢
16, Theintegrating factor of the differential equation (1— ¥ }E +yx =ay(-1<y<1)
s
1 1
@ 777 ® Ji7 1
1 1
{c) 1_}(2 {d) 1_]{.2
17. The generai solution of the differential equation xdy —(1+ x*)dx =dXx is
) x* X*
fa) Y¥=2X+—+¢ (b) ¥ =2logx +—+c¢
3 3
) ¥ X +C d) ¥ Iﬂgx+x2+c
|:_ — — ymm | ——
2 2
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ASSERTION REASON TYPE QUESTIONS

Directions : Each of these gquestions contains two statements, Assertion (A) and Reasen
(R} Choose the correct answer out of the following choices.

(a)
(bj
{c)
(d)

18.

20

Both (A) and (R} are true and (R) is the correct explantion of (A)
Both (A) and (R} are true but (R} is not the correct explanation of (A)
(&) s true 2nd (R) 1s false

(&) is false but (R is true

Assertion (A) - Order of the differential equation whose solutionisy =, 8" +¢,@"™%
s 4

Reason (R) - Order of the differential equation is equal to the number of independant
orbitrary constant mentioned in the solution of differential equation.

vl -
- f

Assertion (A) : The degree of the differential equation g—xg +3 ikg—‘:; J =x"log k jx{rl

15 not defined.

Reason (R) : If the differential equation is a polynomial in terms of its denvatives, then
its degree is defined.

- SR
Assertion (A) E-F— = x——,x}f—-:‘}r—- Is a homogeneous differential equation.
Xy—x’

Reason (R) : The function f(x y)= ﬂ is homogeneous,
; Xy -x°
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TWO MARKS QUESTIONS

. Write the general solution of the following D Egns

_ A gy 1-cosix
) Loyo 2 2 i) —

dy ¥ dx 1+ cos 2y

(i) (e +&7) dy = (e* — &7 Jdx

d g
. Given that vd“ii =™ andy=0whenx=5.

Find the value of x when y = 3.

- Mame the curve for which the slope of the tangent at any point is equal to the

ratio of the abbcissa to the ordinate of the point.

xd
. Solve —y—}’ =g"

ax

THREE MARKS QUESTIONS

5. d%y _ xdy
dx

. (1) Show that y — ™= s 3 solution of f1—"'£1? ——m’y=0

(i}Show that y = acos(log x )+ bain{log ) is a solution of

fgn_}':, = 2 .{Frg £ }.-' =0
dx= dx
(iii) Verify that y = log |y /2 _ 52 | satisfies the D.E.

{a? = x?)y"+xy' =0

. Bolve the following differential equations.

(i) xdy —(y =2x" )dx =0
(W) (1= y? Jtan " x dx+ 2y(1+x Jdy =0

- -
(i) x‘d—i =¥ xy =yt

172
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d s
(iv) % =1+x+y+x7 y=0whenx=10

(v) xoy —ydx = Jx* = y2dx,y =0 when y _ 1

3. Solve each of the following differential equations
i) (14 %22 4 2%y — 4x% = 0, y(0) =0
dx
iy (x+ 1% =267 —1y(0)=0
dx :

(iii) &*fan ydx + (2—¢* )sec® ydy =0,y (0} = ;
(iv) (x* = y*)dxx + 2xydy = 0

d 1

4. Solve the following differential equations
(1) Find the particular solution of

2y e’ dx+(y-2xe®Y Jdy =0.x=01if y=1
' " i b

(i) xcos| £ |£= y cos| Yex
Vx ) dx LX)

.l

fii:]l —— =cos (x+y)+sin(x+y)dr

[Hint: Putx +y=2]

(iv) Show that the Differential Equation ? =
x

= ishomogenous and also
Xy —X
solve it.

> dy 1
0 (YL = x|+

FIVE MARKS QUESTIONS
Q.1 Solve ¥+ difxr} = x{sinx +log x }
i

Q.2 Solve (X dy — ydx Jy s.'n| (X |— vdx + xdy,lx:ms, J'
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. d
Q. 3 Find the particular solution of the D.E. (¥ — H% =X+ 2¥ given that
y=0when y -1
Q.4 Solve dy =cosx (2~ ycosec xjdx giventhat y =2 when x=xr/2

Q.5 Find the particular solution of the D.E. (1= y )+ {x— e*‘”‘"_1-"'jd'y =0

o

giventhat y =0 when » _1

CASE STUDY QUESTIONS

1 An equation invehing derivatives of the dependent vanable wrt the independent variables

d
is called a differential equation. A differential equation of the from EE_ =f{X,¥) is said

to be homogeneous if fx, v) is a homogenecus function of degree zero, wheras a
function f{x, y) is @ homeogeneous function of degree nif flix, hy) =47 f{x, y). Tosolve a

dy (V)
homogeneous differential equation) of the type e fixy)l=g I\;; I we make the

substitution v = vx and then separate the variables.

Based on the above, answer the following guations:

(i) Showthat (x*— y*)dx + 2xydy = 0 is a differential equation of the type

(i} Solve the above equation to find its general solution.
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Self Assessment Test-1 Differential Equations
Q.1 The general solution ofthe D.E.

log |3—L =ax+ hyis

oy ax
(a) Er; = s (b)ess— e =C
a

(c) be¥ +ae¥ =C {d) none of these
.2 Thegeneral solution of the DE

x‘d—}'r =ty + i
ot Xy +yis
) [ 5)
[aﬁtarr'[—] =logx+¢ (bytan=t | = | =logx+¢
X ll.\_y_
(c)tan~ [ %; =log y+¢& {d) none of these
Q.3 The solution ofthe D.E
dy={d+)dais
[a)y=2tan (x + ¢) {b) y=2tan (2x + ¢}
(c)2y=tan(2x +c) (d) 2y =2 tan (x + )
Q. 4 Whatis the degree of the D.E
- SR - 2 w2
— d}" .'-h | d_}.-
J-"— xl‘_\_dy__.’ * 1_dx__]
(a)1 {b)3
(c)=2 (d) Diegree doesn't exist

Q. 5 Solution of LE. xdy — ydx = U represents
{a) a rectangular hyperbola
(b} @ parabola whose vertex is at the origin
(c) a straight line passing through the onigin
(d} acircle whose centre is at the origin
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2.1

Q.2

Q.3

Q.4

G5

Self Assessment Test-2

df
The solution of the D.E. x4 2y=x"Is

dx
X2 +¢ b x2
= f= —
@y="—"2 (bly=—7+c
z 4
X“+e XTTE
€)y="—35" (@y="—5
4 ;!c'2 )y :ixz
. ay . _
The solution of the g +y=e* yl)=0,is
(a)y=¢&" (x-1) (b)y=x¢
(cly=me™+1 (d)yp=xe"
XLy X
i g}i = 22—}*2 yi0)=1, then y (1) 15 equal to [JEE mains 2021]
%
(a) log. (2 + &) (b} log, (1 + &)
(c) log, (2¢) (d)log, (1+ &%)
If the solution curve of the D.E. (2x — 10y7) dy + ydx = 0 passess through the

points {0, 1) and (2, B), then B is a root of the equation
(a)y—2y-2=0 (b)2y¥—-2¢y—-1=0
(12 -y —-2=0D {dyy—y—1=10 [JEE mains 2021]

Consider a curve v = f{x) passing through the point(—2. 2) and the slope of the
tangent to the curve at any point (x, fx}) is given by

flx) + 2 (x) = x*, then,

fayx*+2xflxi—12=0 by +xfx)+12=0
(c)xi=3xfx)—4=0 (d) 2+ 2xfix)+ 4=0 (HOTS)
Answers

ONE MARK QUESTIONS

1. (e)y=cx 2. {c) 3.ied 4 (d)
5 (e)x=wy 6. (b} 7 (a) B (b)4
S (a) 10. {c) 1. (d) 12; {d)
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13.(c) 14 (d)

17.(d) 18. (d)

TWO MARKS QUESTIONS

sl

15. (b)2 16. (d)

19. (a) 20. (a)

g8 3
1.(i) y=%+%—2.’ﬂg|xi+6 (i) 2(y—x)=sin2y ~sin2x =6
() y =log, le*+e7| + €
&%+ d%y
2 3. Rectangular hyperbol 4 —+y=>0
5 ectangular hyperbola I ¥y

Joyxk=8 +0

THREE MARKS QUESTIONS

1T () y=2%"+ex

(i) tan~"| %J =log| x|+c

() Y+ ey =

4x

2 (i) 1+x®)y =

(i) tany =2 —&”

V) (14x% )y =tan "x—=/4

e =1

3.(i) ™ = ?lngly J+1
¥y
7 )

{iii} log =¥+G

1-—tar||.

= 1 ‘x—‘l‘
e )y ==logl——|+¢
(v { Y 5100 1——

FIVE MARKS QUESTIONS

2sinx 2cosx  xlogx

4 y=—-cCOSX+

4+
X x‘? 3

(i %[’tan‘Tx_Jz +log(1+y%)=¢

(v)

y = tan E.-x— 2—2\|

(i) (2—e¥)(x+1)=1

2 2

XS 1y =cx

(i)

sin{y/x)=log|x|+c

¥
=g =
{v) s gyl

X G

9 2
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—h

—h

i F "'._‘
Xy GﬂSih;_:. =G

3=

3tan™| o 1Icgl exyryl

| Bx | 2 6

—1 T
y&inx=—cos (2x}+=
2 2
1 =W 1 —tan iy
¥=—=g"" T 4+=8 &
2 2
CASE STUDY QUESTIONS
(iii) ¥* + ¥* = cx: ¢ is an arbitrary constant
SELE ASSESSMENT TEST-1
-1a) 2.{a) 3. (k)
(b) 5.(c)
SELE ASSESSMENT TEST-2
- (d) 2.(d) 3. (k)
(d) 5.(c)

178
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CHAPTER 10
VECTORS

\ectors are probably the most important tool to

learn in all of physics and engineering. Vectors

are using in daily life following are few of the

example.

= Mavigating by air and by boat is generally
done using vectors.

= Planes are given a vector to fravel, and they
use their speed lo determine how far they
need to go before tuming or landing. Flight
plans are made using a series of vectors.

= Sports insfructions are based on using
vectors.

| VECTORS |}

Topics to be covered as per C.B.S.E_revised syllabus (2023-24)

*  Magnilude and direction of a vector

*  Direction consines and direction ratios of avector.

» Typesof vectors (equal, unit, zero, parallel and collinearvectors)

* Puosition vector of a point

*  Negative of a vector

* Companenisofavector

= Addition of vectors

* Multiplication of avector by ascalar

*  Position vector of a point dividing a fine segment n a given ratio

«  Definition, Genmsirical iNlsfpretation, plopertiss and applicalion of scalar
(dot) product of vectors

= Vector (cross) product of vectors.
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POINTS TO REMEMBER

. A guantity that has magnitude as well as direction is called a vector. It
is dencted by a directed line segment.

o Two or more vectors which are parallel to same line are called collinear
vectors,
. Position vector of a point P(a, b, ¢) w.r.t. origin (0, 0, 0) is denoted by

OF where OF = at + b + ck and [0P”|= VaZ ¥ B2 F 2.

. If A(xy, vy, 2:) and B{xs,v2,22) be any two points in space, then

AB = (g — %)+ (y2 —y1)] + (22 —2y)k and

!Eﬁ| =2 —x102 + (r2 —y0)2 + (22 —2)*

. Any vector @ is called unit vector if{a] = 1 It is denoted by @

. If two vectors d and 5 are represented in magnitude and direction by

the two sides of a triangle in order, then their sum d + bis represenied
in magnitude and direction by third side of a triangle taken in opposite
order. This is called triangle law of addition of vectors.

- If d is any vector and 4 is a scalar, then A d is vector collinear with 3
and |Ad| = |A|[4].

4 -k - .
* If 2 and b are two collinear vectors, then 2 = A b where A is some
scalar.
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. Any vector d can be written as a8 = |d|3 where & is a unit vector in the
direction of d.

- if & and b be the position vectors of paints A and B, and C Is any point

which divides AF in ratio m:n internally then position vector £ of point C
mb+na

is given as € = If C divides A4F in ratio m:n externally,

mb-ngd 5 d+b
.  Cis mid pointthen C =
presyes 15 mid poin n 2

then € =

. The angles a, f and y made by T = ai + hj + ck with positive direction
of ¥, v and z-axis are called angles and cosines of these angles are
called direction cosines of7usually denoted as/=cosa. m=cosf,

n=Ccosy

b
A1sul=i,m=—,n=iand Fram+m=1

I I |7
I 2 vt
or cosn+tcosP+coosr=1

. The numbers a, b, c proportional ta |, m, n are called direction ratios.
. Scalar product or dot product of two vectors 3 and E is denoted as

i.b and is defined as a.b = |'a'l[E| cos 4, 8 is the angle between

dand b.{0< 8 < n).

. Dol product of two vectors is commutative ie. .6 =0.4
. Tb=0 < a=Corb= doral b.
. a.d= [@%s01i=1-1=kk=1

. If 2 =a,}+ a,j + a;kand b = by} + b,j + bk then

—

a.b= a‘lbl + Eghg + 3.3]}3.
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. Projection of d on b= %
. — _"‘ 'h -
Projection vector of a along b = (E—_‘}) b.

¥

. Crose product or vector product of two vectors 3 and E Is denoted as
- iy pr.4 T ot s
axband is defined asd X b= |ﬂ1|b|51n 8 . were ¢ is the angle

and

between 3 and b 0= 8 < m). And fiis a unil vector perpendicular to
both & and b such that d . b and fi from a right handed system,

. Cross product of two veclors is nol commutative le., d X b # Ex_a'.
butd x b= —(bx3).

e dxb=0&3=0b=00r b

. ixf=kixk=tkxi=randjxi=—kkxj=-tixk=—]

. If&d=a,i+ a,j+ azkand b= b;i+ byj+ bakthen

I O A
ixb=|a, a; a3
by by by

* Unit vector perpendicular o both @ and b = + (__1{5‘ xb )

|& = bl
. |El' ® E[lﬁ the area of parallelogram whose adjacent sides are d and b
. .:. |3 X Bis the area of parallelogram where diagonais are Z and b,
. if 3, b and £form a triangle, then area of the triangle
o =c|axb|=z[bxE = s[ExAEl
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lustration:

Let d=i+4]42kb=31-2j17k and c=2i-j+4k Findavector d whichis

perpendicularto both gandb and ¢-d=27
Solution:

-~ d is perpendicular to & and b both

Y R
letd=i(axb)=11 4 2
3 27

d= A (32 - j - 14k)

But c¢-d=27

oo (20 = J 4 4k) w320 - J-14k)=27
=+ A (64 +1-56)=27

= A=3

andd = 3(32] - | —14k) =96/ - 3] + 42k
Hlustration:

Vectors a, band baresuchthata+b+c=0and|aj=51b|=7andfc|=3.

Find the angle between a and ¢
Solution:
Given a+b+c=0
a+c=-b
(a+c): (a+c)=(-b) —(b)
—(af +a-c+c-a+(cF =|b[
= 2a-c=|bf~laf-cP
= 2|aljc|cos6=|b)* ~|af ~|cf®
Where '@’ be the angle between a and ¢
=2xh5x3cos8=49-725-9
15
=>msﬂ=ia

= cosf= =3 H=g

| ==

(-a-a=|af)
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lllustration:
Let aand b are two unit vectors and '@’ is the angle between them, then find
'"0'if @ + b is unit vector.

Solution:

Here|&|=|b|=1and|a+ b|=1

e+ B =1

= (a+b)-(a+b)=1 (-a-a=|af)

=(af +a-b+b-a+(B)f =1

—2|a||b|cos8=—1

=:-nusH=—1

=0

2

2=

o
ONE MARK QUESTIONS

MULTIPLE CHOICE QUESTIONS {1 Mark Each)

Select the correct option out of the four given options:

1.

{a (1,—1.3) {(B) (—7. =3, O)
{¢) 7,3, O (d) =1, 1, =2)
2. let a=-2/+j,b=i+2] andé=4i +3j, then the values of x and y such that
€ = Xa -+ yh, are,
ja) x=1y=2 by x=—1.y=2
] x=—1,y=-2 (dy x=1,y=-1
3. A unit vector in the direction of the resultant of the vector 7 - j + 3k, 2/ + [ - 2k and
f+2f—2£ is
o L4l 2] k) by — (47 —2] £ )
@ 75 ® 5
feniat d) =47 +2] ~ k)
{e] 4i-2f-k (d}) TR
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4. If 2/ +3]+k and | -2) -k are two veclors, then a vector of magnitude 5 urits

parallel to the given vectors s

(a) Ewhh (b) ——(i +5] +2K)
V2 Ja0
1 . . S,

(&) —Jﬁﬁ“ +1) (d) 5(3i + )

5 Wa=al+2j+k and b =5/ -8 -2k are perpendicular, then the value of %' Is:

. 16 16
(@) A=-¢ (B S—=g=
10

() A=4 (d) ~="g

6. The value of p for which 3{ +2j +8k ard [+ p/ -3k and parallel vector is

(a) F=-% (b p=15
_2 3
ey P=3 {dJP—E

T, I (27 + 6] +27K)= (i =3] + pk}=0, then the value of 'p’ is

20 27
@ Py b =
(c) p=0 ) p=—="

8 Valueof i.(j=k)+{i=k).] is
(@) 2 (B 1
(€) 0 {d) =2
9. Wa=5-4j+k b=-4/+3j-2kand ¢ =i -2j -2k than the value of ¢ (g« b) is

fay -5 (b} &
(c) 35 {d) 30
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10. Ifvector ij + 3] and 4/+ 3] are collinear, then the value of '\ is
(a) A=0 (b} =4
(€} A=3 (@ 1==2J3
11, A unit vector perpendicular to 2 — ] + 2k and 4/ — | + 3k is
1 = " - 1. = ]
C{-is2] 42k —(i -2 + 2K
(a) gilei=2x) (b) li ~2] +2K)
N T,
(e) Flt+2i+2k) (d) 5\ +2]-3K)
12. If & and b are two vectors such that | 5« b |= &b, then the angle between aand b is
(a) 30" (b} 45°
(c) &0° id) 90°
13. W 3+ —2k and —3f+4ﬁ: are the diagonals of a parallelagram, then the area of
the parallelogram Is
{a) 8sq units (b} o1 sq9. units
(€) 5.3 =q. units (d) 1043 sq. units
14 If scalar projection of 4j + [+ 4k on 2i +6] +3k Is 4 units, then the value of & is
fa) A=5 (b) A =-5
lc) A=-8 (d) =9
15. If a.b=3andlaxbl=33, then the angle between aand b Is
(a) ag° ib) 607
(c) 120° {d) 45°
16. Iflabd4and-3<k<2 thantherangeof 1k3| Is
(@) [0, 1] (b [8 12]
(c) [0, 8] (d) [-12, 8]
17. Wlal=4,1bl=3and|daxbl=10, thanthe value of |a.bF is
(a) 22 (b} 44
(c) 88 id) Mone of these
18. fa+b+6-0 141-31bl-4andlcl=37, thenthe angle between g and b is
n T
(a) 4 (b} &
i hLS
(c) 3 (d) 2
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19.

If (a+b) L band(a+2b) | a then

(a) (d)=21bI (b) 21@al=b
(c) (a)=(b) (d) 1a1=+21bI
Hlal=lbl=la+bl=1 thenthe value of |z_p| is

(a) 0 (b) 1

(¢) 3 (d) 2

Assertion-Reason Based Questions

In the following questions a statement of Assertion (A) is followed by a statement of
Reason (R) Choose the correct answer oul of the following couces:

21,

23.

24,

25.

(a) Both (A)and (R) are true and (R) is the correct explanation of (A)

(b) Both (A) and (R) are true, but (R) is not the correct explanation of (A)
{c) (A)is true and (R) Is false

(d) (A) is false, but (R) is true

Assertion (A)  If |&1=3,|b1=5andd.b =10,

lé=bl =125
Reason (R): |a«bF —(a.b)" =aFlbF
Assertion (A) : If Zandb are unit vector such that |4+ b1= /3, then the angle
between a‘andéts%
Reason (R) ' Angle between vectors g and b |5 given by cos 0 = l‘:;*r'lnté_!l
Assertion (A) : If |d1=4,Ibl=5and|d=xb|=20,then 4 L b
Reason (R) : Two non zero vector gand b are perpandicular if 1ax b | =1allpl
Assertion (A) : If (a+ b).(a-b)=12 and 3-2|p| then lal=4andibl=2
Reason (R) - If dand b are two vectors, then (a+b).(a-b)=lal -1 bF

Assertion (A) : If |2a+bl=12a- 61, than & parellel to b

Reason (B) : Two non zero veclor a and b are perpendicular if 4.5 =0.
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10.

11.

TWO MARK QUESTIONS

A vector ¥ s inclined to x — axis at 45° and y-axis at 60° if | 7 | = 8 units.
find r .

if|d+h| =60, |d—h|=40and h=46find |7 |

Write the projection of b+con a where

o

Fe=di-2j+kE=i+2j-20 and F=2i- j+ 4k

if the points (—1, =1, 2), (2, m, §) and (3, 11, 6) are collinear, find the
value of m.

For any three vectors a.5 and ¢ write value of the following.
Ax(BAC)+bx(E+a) 4 EX(G+E)

If (& x B + (3512 = 144 and | @ | = 4. Find the value of | & |.

if for any two vectors a and B ,

(a+5) +(@-8) =i[(a) (&) |then write the value of i .
ifa.h are two vectors such that |(@+5)| = |4 | then prove that 2a + b is

perpendicular to b .
Show that vectors a=3f- 27+
B=i-3j4+5k{=2+j-4k form a right angle triangle.

If 3.3, ¢ are three vectors such that a+b+¢ = 0 and | a | =85, |E: | =12,

|c]=13, thenfinda.b+b. ¢ +¢.d

The two vectors i+ Ifand 3;'—}-&43: represants the two sides AB and AC

raspectively of A ABC, find the length of median through A.

188
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12,

13.

14.

15.

16.

17.

18.

19.

20.

If position vectors of the points A, B and C are 3, b and 45 — 3b respectively, then
find vectors AC and BC .

If position vectors of three points A, Band Care —25+ 3b+ 5C, 2+ 2b+ 3Cand 73 -¢
respectively. Then prove that A, Band Care collinear.

If the vector | + p?+ ak is rotated through an angle 8 and is doubled in magnitude,
A
then it becomes 4i + (4p—2)| + 2k Find the value of p.

. I —
If AB=5i—2]+ 4k andAC = 3i + 4k are sides of the triangle ABC. Find the length of
median through A.

A A A
Find scalar projection of the vector 7i + | + 4k on the vecior of+ ﬁ? +3k. Also find
vector porojection

e T — A& A A it -
Leta=3i+xj—kand b = 2i + j + yk are mutually perpendicular and |aj = |b|. Find x
andy.

If 2 and b are unit vectors, find the angle between aand b so that a — «."E b
is a unil vector.

—_ A B e . ; - —
ifa:2:—21+3ﬁand I:r:2|+3]—5ﬁ. Find the angle betweend and @ =b.

Using vectors, prove that angle in a semi circle is 90°.
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THREE MARKS QUESTIONS

The points AB and C with position vectors 3{— yj + 2k, 5i—J+

i and 3xi + 3] — k are collinear. Find the values of x and y and also
the ratio in which the point B divides AC.

2. If sum of two unit vectors is a unit vector, prove that the magnitude of
their difference is 3.

3. let d=40+5/—Fk b=1—4/+5k and =31+f—Fk. Find a
vector d which is perpendicular to both & and b and satisfying dé=21

4. If & and b are unit vectors inclined at an angled then proved that

8 1 s
(1) m53=5|ﬁ+b|
@M  sin® =Ya—b
2 2
ol e, JA=E
(i) t:m2 = |ﬂ— :

B, If E,a: are three mutually perpendicular vectors of equal magnitude.
Prove that a+b+cis equally inclined with vectors a.b and ¢ . Also find
angle.

6. For any vector d prove that |d x {| + |d x jI* + |i1' X E|E = 2|d|?

2 —i2 =72 ] - 3

7. Showthat(@xB) = a5’ - (a.5) =|&4 &b

a.b b.b

8. If &, b and 7 are the position vectors of vertices A.B,C of a A ABC, show
that the area of triangle ABC is =@ x b + b x &+ & x d|. Deduce the
condition for points d, b and © to be collinear.
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10.

i

12,

13.

14.

15.

16.

17.

Let i, b and & be unit vectors such thatd.h = d.¢ = 0 and the angle
between b and c is /6, prove that & = +2(b x ).

fa, band ¢ are three vectors such that d + b + #=0.then prove that

'2!”4- 33-'1

=hxf=¢fxd.

fd=14+j4+k &=j—k are given vectors, then find a vecter b
satisfying the equations @ x b =cand d. b = 3.

Find the altitude of a parallelepiped determined by the vectors
G, b and & i the base is taken as parallelogram determined by d and b
andifd =t+j+k b=2i+4—kandd=1i+]+3k

fa=i+j+kandb=j -k finda vector ¢,suchthataxc=banda c=

IF |&] = 3,

h[ 4 and |c|] =5 such that each is perpendicular to

sum of the other two, find |d + b+ ¢

Decompose the vector 61 — 3§ — 6k in two vectors which are parallel

and perpendicular to the vector i + j + I respectively.

If d,band ¢ are vectors such that &.b=4d.c, dxb=dx¢c, a=0,

.

then show that b = ¢.

-

- - -
i &, b and fare three non zero vectors such thatd X b= fand b x & =

Prove that @, b and & are mutually at right angles and |b] = 1 and|?] =

-

||
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18- Simplify (a - B): {(b - €)% (¢ — a))

19. I r=xi + yj + zk, find the value of (r x 1) (r x J)+ xy

20. If 11,5 and € are three veclors such that d+ b+ =0 and |d] = 3,
|6 = 5, |€| =7, find the angle between d and b.

21. The maanitude of the vector product of the vector i + j + k with a unit
vector along the sum of the vector 2i+4j—35k and AT+ 2]+ 3k is

equal to vZ. Find the value of A.

22, fdxb=¢xdanddxé=5xd, prove that (d —d)ls paraliel to
(b—¢), where & # d and b = &.
23, Find a vector of magnitude 171 which is perpendicular to both of the

vectors 5:%-!—2]—31; and5=3§—;j+21:7.

24, Prove that the angle betwen two diagonais of a cube is cos i %} :

25. If G=31—] and B=2i+]j+2k then express B in the form of

é= E—l + B3, where El s parallel to ¢ and El Is perpendicular to & .

26. Find a unit vector perpendicular to plane ABC, when position vectors
of AB,Care 31 — j + 2k, £ — J — 3k and 41 — 3} + k respectively.
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27.

28.

29,

i
(i)
(iii)

Find a unit vector in XY plane which makes an angle 45 with the
vector i + j and angle of 60" with the vector 3i — 4].

Suppose d = M — 77+ 3k, b= Ai + f+ 24k. If the angle between

d and b is greater than 90°, then prove that A satisfies the
inegquality=7 < A < 1.

if & and b are two unit vectors such that [ + b] =3 then find the value of
(28-5b). (33 +b).

car gl AR AR A . ; -+ - =
LE£a=21+|—3k,E=|+]+kandﬂ=|—]+ﬂ. Find a vectord such that a.d=0,
b.d=2andEd=4.

Case Study Questions (4 Marks Each)

A farmer move along the boundary of a triangular field POR. Three vertices of the
triangutar field are P(2, 1,-2), Q(-1, 2, 1) and R{1,—4, —2) respectively.

-‘P1 )
ATTN
! 1 |
.l‘I ' l"l.
JSEEEREac
A M
/ T
rf . \'\
M
r:*ff i
On the basis of above information, answer the following questions:
Find the length of PQ.
Find the #POR
Find the area of the APOR
OR
Find projection of QPon QR.

(i)
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SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECTION
CHOOSE THE CORRECT OPTION.

1. A unit vector perpendicular to both / +f'am:f}+i;fs

(A)i+j+k (B)i —j+k
1,5 ¢ 2 § o & s
EC}EH—HH {Dlﬁ{1+1+kl
2. Ifa-b|=2 Jaxb|=4,thenthe value oi |a | b Is
(A)2 (B)6
(c)8 (D) 20

3. The projection of vectora=1 — 2] + kon vector b=4/ — 4] + Tk is

0 9
(A) 5 (B) 7=
g 19
€)% 05
4. If alsany vector, then the value of (ax ) + (@ x J* +(ax k) is
(A af B)2|af
(C)3laf D)4|af

5. fa+b+ec=0/]a|=3|b|=5]|c|=7, then the angle betwaen a and b is

n 14
{A}E (B) 3

2 ar
©75 B
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SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECTION
CHOOSE THE CORRECT OPTION.

1. Ifa, banda+ bare unit vectors. Then the valueof |a - bis
(A)0 (B)1 (C)v2 (D)3

2. lféandfiaratvmv&ctnrssuﬂﬁi'hm‘ié|=2,|E|=13ndé~5=1,than the value of
(3a - 5b) (2a + Th)ls

(A)O (B) 41 (C)29 (D)7
3. e (i +j)=2¢- (i - [)=3andc- k =0, then the vector cis
1,.- = l |
{AIE(EHJ'} IE}2{51 /)
1 3 = 17’ T
[C}E{f - 5f) {D}*E"'U +5/)

4. If the projection of 37 + A + k on i + J is /2 units, then the value A is
(A1 (B) -1 (C)0 (D)2

5. If|a|=2|b|=7and axb=3i +2] -6k, then the angle between a and b is
nE n x %
( IE {E]_‘ I:C]G ( ]E
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Answers

ONE MARK QUESTIONS

MCQ (1 Mark Each)

1 (¢} 7.3, 0%

. ¢} x==1,y=2
1

3 {d) \'.'5{4; _2.; _'E}

& 3
4. (@) (50 +])

16
=1
5 {B) 5
= (g} 213
27
f. (B) P=75
B. (c} O
9 {a} -5

10. (d) 4-2243
1. (8) -2 +4)+4k
12 (b) 45°

13. (¢} 53 sq units
14. (@) L=5

15, (b) BO"

16. {a) [0, 12]
17. (b) 44

T

18. (c} 3

19. {d) lal=v21bI

20. (¢} B
21. (¢}
22 (b)
23 (a)
24 (a)
25. (d)
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TWO MARK QUESTIONS

1. 4Zi+F+k)

2. 22
3 2
4. m=8
5. 0
6. 3
7. A=2
10.-169
11. 242
12. AC=3(F-D),BC=4(3-D)
_ &
4. p 3,2
15. 33
16. %‘%, %. (25 + 6] + 3K)
1?_ :_ﬂ :ﬂ
]}: 12 ¥4
18. 4
19, k
2
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THREE MARKS QUESTIONS

1. x=3y=3 1.2 o7 13 2. 1 -
- J
JI70 - Y170
3. d=7i—-7j—7k g M
' 2
5. cos™1 — :
s 30. d=2-]+k
8. axb+bxc+cxa=0 Case Study Questions
1. B=2t+37+%k .
: g Ty () /A0 units
T P
12. ?%a units () cos \19/
3. @ 5# | 2_; r ER (iii) %l_ﬁ"j square units
TR TR =
14. 5vZ {iii) 3 units
15.  (=i—j—k)+ (7 - 2j —5k)
SELF ASSESSMENT-1
8. 0 1.(¢)  2.(D)
3.(D) 4. (B)
19. 0 5. (B)
20. 60 SELF ASSESSMENT-2
1.(D) 2. (A)
= 3.(B) 4.(B)
2. A=1 -2
23 i-11]-7k
=y 3 y 1 2
2. f=(Gt-31)+(Gt+3/+3k)
-1 : «
26 ——(100+7j —4k)
198
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CHAPTER 11
THREE-DIMENSIONAL GEOMETRY

In the real warld, everything you see is in a three-
dimensional shape, it has length, breadth, and
height. Just simply look around and observe.
Evena thin sheet of paper has some thankless.

Applications of geometry in the real world
include the computer-aided design
(CAD)Y for construction blueprints, the
design of assembly systems in
manufacturing such as automobiles,
nanotechnology, computer graphics,
visual graphs, video game programming,
and virtual reality creation.

The next time you play a mobile game, thank three-dimension geometry for the reallstic look
to the landscape and the characters that inhabit the game's virtual world.

|/  THREE DIMENSIONAL GEOMETRY /

Topics to be covered as per C.B.S E._revised syliabus (2023-24)
« Direction cosines and direction ratios of a line joining two paints.
«  Cartesian equation and vector equation of a line.
= Skewlines
=  Shortest distance between two lines.
* Angle between two lines.
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POINTS TO REMEMBER

. Distance Formula: Distance (d) between two points{ x, , ¥y,

zy)and(xy, ¥2, 22)

d = v'r[é’fz —x )2+ (e =)+ (23— )*

- Section Formula: line segment AB is divided by P (x, v, z) in ratio m:n

(a}) Internally (b) Externally

(m Xy + MXy AV + Ay, WZ + nz,,) (m.x; —n¥y Mmy; —ny mzi_'ﬂz‘l)
m—-n ~ m—-n  m-—n

m+n 1 om4+n | om+n

. Direction ratio of a line through (x;,¥;,2; Jand (x;,y;, 2;) arex; —

XYz — Vg — 2y

. Direction cosines of a line having direction ratios as a, b, ¢ are:
P a — b g c
= vYat+hisc vaz+bi4et = Vai+bisc?

= Equation of line in space:

Vector form Cartesian form
(i) Passing through point & and (i) Passing through point
parallel o veclor b; # = & + ib ( x1, ¥, ) and having
direction ratios a, b, c;
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X=Xy __ ¥—F1 __ E—I1

o b [

{ifPassing through two points
Gandb:F=d+1(b—ad)

{iiyPassing through two points
(1, ¥121) and (x2, ¥222);

X=X
Xg—=xy

Y= EeE

Yz=¥

Eg=iy

. Angle between two lines:

Vector form

Cartesian form

ines #=da +A4b, and
-+ —_— ke ‘hl'_b'll
=a;+ b.cos-‘?:r :
T=azT i Egili’El
where '#' is the angle
between two lines.

{I} For

{iiy For lines x:“ =20 iy
1

by £y
X=Xy _ ¥—¥3 _ I—Z3
az bz Cz

cosf

lajas + bibs + ci64]

a§+b§+c%\[a§+b§_+c§

{iily Lines are perpendicular if
By By =0

(ii) Lines are perpendicular if

fyfly + .b-lbz Tyl = ]

(iv) Lines are parallel if by = kb ;

k=0

{i} Lines are parallel if

& _b_a
a; by o
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. Shortest distance betwean two skew lines

The shortest distance between
two skew lines

F= I:-il +.l'-'|-El &r‘ldF=51+_uEz Is

(dp —dy) . (51 X Ez)

= e
|by x b

If d = 0, lines are intersecting

| The shortest distance between

= = and
oy by Cy
X—Xz _ Y-V¥s _ I-%
— = —5
iz by =3
Xa—Xq9 Ya—¥V1 E&2— 5
ay by Cy
=X )
d= s b, C5
Vi
| Where

D = {{asbs — 235, ) + (byey — byey)?

+ ey — tza, 1%}

= Shortest distance between two parallel lines

thase lines
Tl
M‘ I.Iﬂ":ﬂ
(b)

If d =0, then lines coincldent.

d=

Let r = a1 + Aband r = az + ub are parallal lines then shortest distance between

lllustration 1:
Are the following lines interesting?

r=3i +2] —ak+ A (@ +2] +2k)
and r =5i — 2] + W3 + 2] + 6k)

if yes, find point of intersection.
Solution:

We can write the equations in cartesian form

202
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1 2 2
x-5 y+2 z i
ad T3 =77 g A

Any pointon line (i) P(A + 3, 20 +2, 24 —4)
Any point on line (i) Q (3p + 5, 20— 2, 6u)
Comparing x, ¥ and z coordinate respectively
A+3=3n+52A+2=2u—-2 Z2h—-4=6u
orh—3p=2,20-2u=-4 2} —6u=4
orA—3p=2h—pn=—2A—-3p=2
Solving first two, weget k= n=-2
wh=—4,p=-2 Salisfies L—3u=2

lines are intersecting
and point of interesting (-1, -6, —12)
Or
Using distance formula
If (b1 x bz) (a2 - 81)=0
then lines are intersecting

Illustration 2:

Also find the length of the perpendicular and image of P in the given lines.

Solution: We have

x+1 y-3 =z

B g A N

.-.x=21.—1,}'=—21+3_2=—l P(1, 2, -3)
Let M{Zh— 1, =2k + 3, —) be the foot of perpendicular.

DRsof PMare <24 —1—-1, -2+ 3-2, —L+ 3>

oF <2L—-2,-20+1, L+ 3> M

Find the foot of perpendicular from the point P{1, 2, —3) to the line i-;—j = y-3 =—

-2

= PM is perpendicular to the line

S22 -2)-2(-2L+ 1) - 1-L+3) =0
4 —4+43,-2+)-3=0

gL-9=0

= h=1

Qfa, b, £)

Line
L
[

z
-1
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- Foot of the perpendicular M= (1,1 —-1)
and PM = (112 —(2= 12 +(3+17 =0+1+4 =45
Let Q{a, b, c) be the image of P

As M be the mid point of PQ. (As line is plane miror)

a—1
e =1
5 = - d

E=1 = b=0

[ %]

G—3=—1 = g=1

2
- image of Pis (1,0, 1)

ONE MARK QUESTIONS

Multipta Cholce Quesstions (1 Mark Each)
Sclect the correct option out of the four given optians:

1. Miztance of the point (a, b, ) from x:-axisis

(@) Joiset (b} ye* v &

(€ Ja' b i gt Bt et
2 Angle bebéeenthe ines 2x =3y = - zand Sx=-y=-4zis

(a) 48" (b B0

(ay 80" iy 30"

3. Eguation of the line pazsing through {2, =3, 5)and paraliel to

| el s e, St T
g =g

X2 oy 3 rEb % g ¢ 3 rh
@ 5 T4 T 4

£ )
= — an perpendicular, than he value

PR = S (o L o O Sl PV _:1

I 2
of ‘218
(@) b=-2 {by h=2
e} a=1 dy k=1
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10.

Cartesian form of fine 7 = (i - /) + #(2] - k) is

X-1_y-1_2 X+1_y-1_2z
W=7 "3 5 e T
x-1_y-1_z X4 y+l 2
© 2 =530 @ 2=
The coordinates of the foot of the parpendicular drwan from the point (-2, 8 7) on the
¥z plane is
(a) (0.8 0 (b) (=2,0,7)
(€) (2.8.-7) (d) (-2.-8,7)
The length of perpendicular from the point (4, =7, 3) on the y-axis |5
(a) 3 units (b) 4 units
{c) 5 units {d} 7 units

If cosa, cosfl and cosy are direction cosimes of a line, then the value of cos 2a +
cos2p + cos2y s

(a) 1 {b) =1
c) 2 (d) -2
ftwolines x=ay+ b, z=¢cy +dand x=a'y + b, z=_'y + d are perpendicular, then
(a) ag"+cc'=1 (b)aa’'+cc’+1=0
d c a &
— p—=1 g gf=
(€) a’lc' (d) & d v

A paoint P lines on the line segment joining the points (-1, 3, 2) and (5, 0, 6), if x-
coordinate of P is 2, then its z coordinate s

(a) 8 (b) 4

() 3 (d) =1

ASSERTION-REASON BASED QUESTIONS

In the following questions a statement of Assertion (A) is followed by a statement of
Reason (R). Choose the correct answer out of the following choices:

11.

(a) Both (A) and (R) are true and (R) Is the cormect explanation of (A)

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A)

{e) (A)is true and (R) is false

(d) (A)is false, but (R) is true

Assertion (A) | The vector equation of a line passing through the points (3, 1, 2) and
(4,2, 5)is F=37+]+2k+ui +2] +3k)

Reason (R) | The vector equation of a line passing through the points with position

vector gandb is 7 =a+i(b-a)
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12

13.

14

Assertion (A) : If a line joining the points (1. 0, 4) and (3, 4, 7) is perpendicular to the
line joining the points (1, 2, -1)and (2. 3, 0), then i = =5

Reason (R) : Two lines with direction ratios (a,, b, ¢} and <a,, b,, ¢,> are parallel if

a _b ¢
a b ¢

Assertion (A) - The coordinates of the point where the line

- ® - - = - = E = 5
r=(3i + j - k)+ M-I +2f + 3k) cuts xy-plane and (*3'-3—0]
Reason (R) - The z-coordinate of any point on xy-plane is 0.

+1 2-y x-3 ndﬂ—x_y—1_z+2 int ¢ at
4 2 8§ 9NTRT Ty o eNRE

X
Assertion (A) © Lines

paint.

Reason (R) : Two lines F=a&+ib andf =4 +ub,are intersecting if
(b, xb,).(& - @)= 0.

TWO MARKS QUESTIONS

Find the equation of a line pazssing though (2, 0, 5) and which iz parallel to
line Bx —2=3y+1=22-2

2. The equation of a line are 5x -3 = 15y + 7 =3 - 10 . Write the direction
cosines of the line

3. It a line makes angle o f.y with Co-ordinate axis then what is the value of
sin® « + sin® P+ sin®y

4. Find the equation of a line passing through the point (2, 0, 1) and paralle|
to the line whose equation is F= (2 + 3+ (TA - D)+ 3A+20k

5 Find the condition that the linesx=ay+b,z=cy+dandx=a'y+b’, z=c'y + d’
may be perpendicular to each other.

B. Show thatthe lines x = —y =2z and x + 2 =2y — 1 =—z + 1 are perpendicular to
eachother.
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10.

Find the equation of the line through (2, 1, 3} and parallel io the line

2x/1 4-y z+1

T in cartesian and vector form.

Find the cartesian and vector equation of the line through the points (2, -3, 1)
and(3,—4,-5)

For what value of & and u the line joining the points (7, A, 2), (1, —2. 5) is parallel
tothe line joining the points {2, -3, 5), (-6, —15, 11)7?

Ifthe points (-1, 3, 2), (4, 2,-2)and (5, 5, L) are Collinear, find the value of i

THREE/FIVE MARKS QUESTIONS

Find vector and Cartesian equation of a line passing through a point
with position vector 2i — J + k and which Is parallel to the line joining
the points with position vectors—i + 4§ + k and § + 2j + 2F.

Find image (reflection) of the point (7, 4, —3) in the |ine§ = "2—7—1 =

z=2
3

. - 3 Z+5 x=2
Show that the lines line : == i and |inaT=—=

-6 ; :
z—Er-intarsact each other. Find the point of intersection.

Find the shoriest distance between the lines:
T o= 14 2+ 3k + p(20 + 3] + 4k) and

T = (20 + 4] + 5k) + A(31 + 4f + 5k).
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5. Find shortast distance betwaan the lines:

X+l ¥+l £41 %=3 =¥ =T
— A, — and — —
7 —b 1 1 2 1

6. Find the shortest distance between the lines:
F={1-Di+@A-2)j+ @ -2k
F=(u+ i+ @u-1)—u+ Dk
7. Find the foot of perpendicular from the point 2 — j + 5k on the line

7 = (11f — 2f — 8k) + A(10f — 4f — 11k). Also find the length of the

perpendicular.

B. A line makes angles a, £, y, & with the four diagonal of a cube. Prove

4
that cos®a + cos®f + cos®y + cos*8 = 3

9. Find the length and the equations of the line of shortest distance

x—8 _ y+9  z-10 x—15 _y—29 Z-k
between the lines opiaeer i~ and 3 B el
—1 +1 -2
10. Show thath = yT = :-:r:«nlmeﬁL = 37,3 = 2. da not intersect each
other.
+1 -1 -3 -k z
1. ifbee et teE=t S lE YR E e i e
2 3 4 1 2 1
value of k.

x=1 _¥ -2 _ z-3
3 4
and passes through the point (1,1, 1}.

12. Find the equation of the line which intersects the lines
x+2 y-3 z41
YT 24
13. Find the equations of the two lines through the origin which intersect the line

x=3 y-3 =z

and

atangle of /3.
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14.

18.

16.

17.

18.

19.

20.

21,

22,

23.

Findthe foot of perpendicular drawn from the point (2, -1, 5) tothe line
F=(117 —2] —8k) + M{10] — 4] —11k)
Also find the length of the perpendicular. Hence find the image of the point
(2,1, 5)inthe givenline.
Find the image of the point P(2, -1, 11} inthe line
7= (2F +3k)+ A(2] + 3] + 4Kk)

Find the pointis) on the line through the point P(3, 5, 8) and Q(1, 2, 3) at a
distance 14 units from the mid-point of segment PQ.

Find the shortest distance between the following pairof lines

x=1_y+1_ x+1_ y—2

2 3 zandT--T.I=2

Hence write whether the lines are intersecting or not.

Find the foot of perpendicular from the point {1, 2, 3) tothe line
F=(6f+7]+7k}+n(3] +2] —2k)
Alsofind the equation of the perpendicular and length of perpendicular.

Find the equation of the line passing through (-1, 3,—2) and perpendicular to the

lines x+13y—222+5 il x.—zzizzﬂ

1 p 3 -3 2 5
Find thie pointsontheline X2 Y41 3-2 . getance 33 fromite
point(1,2,3) v

The points P(4, 5, 10), Q(2, 3, 4) and R{1, 2, —1) are three vertices of a
parallelogram PORS. Find the vector equations of the sides PQ and QR and
also find the coordinates of point R.

Find the equation of perpendicutar from the point (3,1, 11) totheline
X_2y-4_3-z

2 5] -4
Also find the foot of the perpendicular and the length of the perpendicular.

Showthatthelines =X _¥=2_2-3 4 "'74:12'.'.}":2 are
-2 3 4 5 2
intersecting. Alsofind the point of intersection.
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24, Ferwhat value of '\, the following are Skew lines?
x-4 = 1+y = x—=1 = y-2 = z-4
5 2 3 4
25; Find the vector equation of the line passing through (2, 1, —1) and parallel to the
line 7 = (j + J)+ M2 — j + k). Alsofind the distance between these twa lines.

SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

1. Thefootof perpendicular drawn fromthe point (2,1, 5) tothe line ’-‘T‘J" = f_'f oz :f

is
(@) (2.1,3) (b) (3.1.2)
(c) (1.2,3) (@ (3,2.1)

2. The shortest distance between the lines 7 = (67 + 2 + 2k)+ Ml — 2] + 2Kk)
and F = (—4f —4k) + p(3/ =2 - 2k) Is
{a) 10units (b) 9units
(c) 12units (d) 92units

3. If the x-coordinate of a point A on the join of B(2, 2, 1) and C{5, 1, —2) is, then its z-
coordinate is

(a) -2 by —1
(c) 1 (d)y 2
4. The distance of the point M(a, b, c) from the x-axisis
(3) Vb?—¢? (b) +e?-a*
(c) Ja®—b? d) a®-b*+c?
5 The straightfine "—;—3 - 3"—1T—2 - 5;—1 s
(a) paralleitox-axis (b} paralleltoy-axis
(c) parallel to z-axis (d) perpendicular fo z-axis

210 [Class XII : Maths]



SELF ASSESSMENT-2

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE
CORRECT ALTERNATIVE.

3

1. The shortest distance between the line % = % = % and y-axisis
12 A
(a) & units (b) 5 Linits
(c) Ounits (d) 3units

-1 y+3 2458

2. The point ofintersection of the lines

3 5 7

ndx—d:y—i‘:z—ﬁis
i 3 5

=20 11 1)

o b el B!
(@) [3 3 3 (®) [3 33,

1 4 99 1 =1 =3
{E} [2* E‘EJ {} [Eifl 2}

3. Ifaline makes the same angle «, with each of the x and z axes and the angle [ with y-axis
such that 3sin’e = sin’f, then the value of cos® ieis

1 2
(@ s b) 5
3 2
(© & @ 3
) x-3 y-1 b5-z x+2 2-y =z .
L = = d = =5
4. Ifthe lines X_E ] T an Y % "& are perpendicular, then the
value of kis
(a) 1 by —1
(c) 2 (d) -2
: ; . X y-1 z-3.
5. Theimage ofthe pointP(1, 8, 4)totheline i Thae is
(a) (5,4,4) (b) (5,0.4)
{c) (9.0, 4) (d) (1,8,4)

[Class Xl : Maths] 211



Case Study Based Questions

Two birds are flying in the space along straight path L, and L,

(Meither parallel nor intersecting) where,

L, P

L, Q

Lx—=3 y-8 z-3
DT T T
_X¥3_ y+T_2-3
h="9"% 1

P and Q are the points on the path L1 and L2 respectively such that PQ s
perpendicular on both paths L1 and L2. On the basis of above information,

answer the following questions
(i}Find the length PO
(ii) Find the equation of PQ
2. A carpenter designed a Cuba of side a units and put it in 3 dimensional system
such that one vertex at origin and adjacent sides on three coordinate axes as
shown in figure

>y
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Based on the above information, answer the following questions:

(i) Write the coordinates of the vertices D, E, Fand G.

{ii) Find the direction ratios ofthe diagonal OG.
{iii} Find the direction cosines of the diagonals CE and DB

OR
{iii} Find the angle between CE and DB.

ANSWERS
ONE MARK QUESTIONS
1 @) +b®+c* 8. by 1
2. (g 90" 8
x—2 v+3 z-5 '
a (c) = =
3 4 -1 10.  (b) 4
4. (b) r=2
1. (a)
5. @ TF=I=Z 12 (b)
- 8 (c} 5 units 14, (c)
TWO MARK QUESTIONS
1 X2 Y g3 7.
1 2 3 1
62 -3
2. I
3. 2 8 1
i, 'f=f25+l':}+3ul21:+’i'j—fc}
9. A=4
5, aa'+cc’+1=0 p=3
10. A=10

(b) aa"+cc’+1=0

Xx-2 ¥y-1 ¥=3

F={21+ ]+ 3k)y+ AT =7] +2k)

x—2=y+3=z—‘:

=7

2

F=(2l 3] +k)+Mi — ] - 6k)

-1

-6
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THREE/FIVE MARK QUESTIONS

= = = ,L " = -2 1 ~1
1. F=(2—j+E)+A(2i—2j+k) and ===
5 18 43
2z (=)
1 1 3
2 G323
1
S~
5. 24/29 units
B
. I
7. (1,2,3),V14

xr=5 y=7 z-=3
9. 5D = 14 units, = - —
whlts 2 3 g

1. K=E
2

2, A=Ayl 7z
13. % E:iandi:i—i

14, (1,2,3), 414, (0,5, 1)

15. (6,7, 3)
19 /8
—, 18|12 —, -6
16. [az }[a : }
D) Mot intersecting
17. 195

=1 ¥2 Z=3

x=1 :
18. 3.5.9), L Tunits
(3.5.9) s 3

x-1_y-3_z+2
2 -7 4

19,
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56 43 11}
17°1717
21, PQ:F =(4] +5] +10k)+ M2 + 2] + 6k)
QR i F = (27 +3] +4k)+u{i + ] +5k), Point R(3,4,5)

20. (=2, =1%3)

Xx-8_y+1_2z-1

22, ! (25.7), V13 uni
3 o 7 (2.5,7), 13 units
23, (-1,-1,-1)

4. %#3

25, F=(20 4 -k)+p(2i - j+ k), E units

SELF ASSESSMENT TEST-1

1. (C) 2. (B) 3. (B) 4. (A) 5. (D)
SELF ASSESSMENT TEST-2

1. (A) 2. (D) 3. (C) 4. (B) 5. (C)

CASE STUDY BASED QUESTIONS
1. () 3430 units (ii) F=(37 +8)+3Kk)+ A2 +5] — k)
2. (i) D(a,0,a).E(a,a.0),F(0,a a) &Gla a a)
fii} =1,1,1>
1 1

)
ili) Direction cosines of CEare | —,—.——
®) <J_ 3" J3)

(93]

- <_ 3 1 _1>
TN BB B
OR

i
Angle between CE and DBE= cosg™ [

[ J

|
4
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CHAPTER-12
LINEAR PROGRAMMING

Linear programming is used to obtain optimal solutions for operations research. Using LPP,
researchers find the best, most economical solution to a problem within all of its limitations,
or constraints.

Few examples of applications of LPP

(i Food and Agriculture: In nutrition, Linear programming provides a powerful tool o aid
in ptanning for dietary needs. Here, we determine the different kinds of foods which
should be included in a diet so as to minimize the cost of the desired diet such that it
contains the minimum ameount of each nutrient.

(i) Transpertation: Systems rely upon linear programming for cost and time efficiency.

Airlines use linear programming to optimize their profits according to different s=at prices
and customer demand. Because of this only, efficiency of airlines increases and expenses
are decreaszed.

TOPICS TO BE COVERED A5 PER CBSE LATEST CURRICULUM 2023-24
Introduction, constrainis, objective function, optimization.
= Graphical method of solution for problemss in two variables.
Feasible and infeasioble region (bounded or unbounded)
» Feasible and infeasib!e.sa!ﬁﬁﬂn&

= Optimal feasible solutions (upto three non-trival constraints)
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KEY POINTS :

OPTIMISATION PROBLEM : is a problem which seeks to maximize or minimize
a function. An optimisation problem may involve maximization of profit,
minimization of transporiation cost etc, from available resources.

A LINEAR FROGRAMMING PROBLEM (LPP) : LPP deals with the optimisation
(maximisation/minimisation) of & linear function of two variables (say x and y)
known as objective function subject to the conditions that the variables are non
negative and satisfy a set of linear inequalities (called linear constraints). A LPP
is a special type of optimisation problem.

OBJECTIVE FUNCTION : Linear function z = sx + by where a and b are constants
which has to be maximised or minimised is called a finear objective function

DECISION VARIABLES : In the objective function z = ax + by, x and y are called
decision variables.

CONSTRAINTS : The linear inequalities or restricions on the vanables of an
LPP are called constraints.

The conditions x 2 0. v =20 are called non-negative constraints

FEASIBLE REGION : The common region determined by all the constraints
mecluding non-negative constraints x>0 y =0 of a LPP is called the feasible
region for the problem

FEASIBELE SOLUTION : Points within and on the boundary of the feasible region
for a LPP represent feasible solutions

INFEASIBLE SOLUTIONS : Any point outside the feasible region is called an
infeasible solution

OPTIMAL (FEASIBLE) SOLUTION : Any point in the feasible region that gives
the optimal value (maximum or minimum) of the objective function 1s called an
optimal solution.

THEQREM 1 : Let R be the feasible region {convex polygon) for 2 LPP and iet
2 = ax + by be the objective function. When z has an optimal value (maximum or
minimum ), where x and y are subject to constraints described by linear inequalities,
this optimal value must occur at a comner point {veriex) of the feasible region.

THEOREM 2 : Let R be the feasible region for a LPP & let z = ax + by be the
objective function. If R is bounded, then the objective function z has both a
maximum and a minimum value on K and each of these occur at a comer point
of R.

If the feasible region R is unbounded, then a maximum or minimum value of the
objective function may or not exist. However, if it exists it must occur at a corner
point of R
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=« MULTIPLE OPTIMAL POINTS : If two corner points of the feasible region are
optimal sclutions of the same type i.e both produce the same maximum or
minimum, then any point on the line segment joining these two points is also an

optimal solution of the same type.

llfustration:

the profit?

to maximize the profit
. Objective function Maxz=2x+ 15y
As, maximum 1000 belts of type B - 1 day

f o9 ~h
- Tbeltoftype B | -oom | ofaday
{3 b
ATQ, 1 beltof type A~ | -orr
2X - 24 = .
1000 ~ 1000 ~

—  2x+y<1000

Acompany produces two types of belts A and B. Profits on these bells are Rs. 2 and Rs.
1.50 per belt respectively. A belt of type A requires twice as much time as belt of type B.
The company can produce atmost 1000 belts of type B per day. Material for 800 belts per
day is available. Atmost 400 buckles for belts of type A and 700 for type B are available
per day. How much belis of each type should the company produce so as to maximize

Solution: Let the company proeduces x no. of belts of type A and y no. of belts of type B

y =700

L PP becomes

AB00)
Max z=2x+ 1.5y

st 2x+y< 1000 =100

wey=B00

¥+ y =800 =% B {400, 200)
x =400, y=700, x2 0,20

Here, the feasible negion is bounded fgé;:: RSl BT U g

given be region OABCDE : e

=400
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Using Corner point method

Corner Points Obj.fn.z = 2x + 1.5y
a0, 0) 0
A (400, 0) 200
B (400, 200) 1100
<C (200, 600) 1300 oA ——maxz.
D (100, 700) 1250
E (0, 700) 1050

Optimal solution is given by C{200, 600}

Le. company should produce 200 belts of type A and 600 belts of type B so-as to maximize
the profit of Rs. 1300
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ONE MARK QUESTIONS

1. The solution set of the inequation 3x + 4y < 7 is:
{a) Whole xy plane except the points lying on the line 3x + By =7
(b} Whole xy plane alogn with the points lying on the line 3x + 5y =7
{c} Open half plane containging the origin except the pointof line 3x+ 5y =7
{d) Open half plane not containging the ongin except the point of ine 3x+ 5y =7

2. Whichof the following points sclisfies both the ineguations 2x+y =10 and x + 2y = 87
(a) (-2, 4) (b} (3, 2)
{c) (-5.6) {d} (4, 2)

3 The objective function Z = ax + by of LPP has maximum value 42 at (4, §) and
minimum value 1% at (3, 2). Which of the following is trug?
(a) a=9 b=1 (bja=5b=2
fc) a=3 b=k {dja=5b=3

4 The corner points of the feasible region of a LPP are (0, 4), (7, D) and fgiﬂu@ i
z = 30x + 24y is the objective functions, then {maximum value of z-minimum value of
z) is equal to
{a) 40 (b) 96
e} 120 {d) 136

5 The minimum value of z=3x + By subject to the constramts x = 20 y2 10 and x =2 0,
y=lis
fa) B0 (b) 140
(e} D (d) 60

6. The number of corner points of the feasible region determined by the constraints
x—yz0,2y=x+2. x=0.yz0is
{a) 2 (b} 3
(c) 4 (d) &

7. The no. of feasible solutions of the L PP. given as maximise z= 15x + 30y subject the
constraints:
Ix+y =12, x+2v<10, x20, y=20is
(a) 1 (b} 2
fc} 3 {d} infinite
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B

10

1t

The feasible region of 3 linear programming problem is shown in the figure below:

Which of the following are the possible constraints?

(a) x+2yzd x+y=3,xz0,y=0

(b} x+ 2y =4 x+y=3 xz0,y=0

{c) x+2yz4, x+y23,x20,y=0

(d) x+2y24 x+y<3 x=0 y=<0

L. PP is a process of finding

fa) Maximum value of the objective function

(b) Minimum value of the objective function

(c} Optimum value of the objective function

(d} Mone of these

Which of the following statements is correct?

{a} Every LPP admits an optimal sclution

(b} ALPP admits a unigue optimal solution

(c} HfaL PP admiistwo optimal solutions, it has an infinite number of optimal soluticns
fd} The sef of all feasible solution of a L.PP is not 2 convex set
Region represented by x =0, y=01is

{a} First guadrant (b) 3econd quadrant
{c} Third quadrant {d) Fourth quadrant
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12. The feasible region for L.P P is shown shaded in the figure: Let f = 3x — 4y be the
objective function, then maximum value of fis

() 12 (b} &
fcy O {dy —18
13. The area of the feasible region fo the following constraints
Iy+x=23, 220 yv=0 wlbe
{a) Bounded (b} Unbounded

(c} Convex {d} Concave
14. Theline 5x +4y 220 x <6, y £ 4 form,

(3} Asquare (b} A rhombus
i) Atnangle {d} A qudnlateral
15. The graph of inequations x <y and y £x + 3is located in
{a) Il guadrant (b} I, Il quadrant
(e} I, Il and Il guadrant d} Ik, 1, v quadrant

ASSERTION-REASON TYPE QUESTIONS

Uirections: Each of these questions contains two statements, Assertion (A) and Reason
(R). Choose the correct answer out of the following choices

(a) Both (A) and (R} are true and (R) is the correct explanation of (A)
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(b)
(c)
(d)

1B.

1.

18.

19.

20.

Both {A) and (R} are true but (R) is not the correct explanation of (A)
(A) is true and (R) is false
(A) is false but (R) is ture

Assertion (A) : If a L.PP. admits two optional solution then it has infinitely many optimal
solution

Reason (R) : If the value of the objectrve function of a L PF. 1s same at two corners
then it is same at every point on the line segment joining the two comer pionts.

Assertion (A): The solution region satisfied by the inequalties x +y =5 x £4 y £ 4
x=0, vy =0is bounded.

Reason (R) : Aregion in x-y plane is said to be bounded if itcan be enclosed within a
circle.

Assertion (A) - Mimimize z = x* + 2xy + y*can be considered as the objective function
for the LPP

Reason (R) : Objective functien of the LP P is of this type 2 = ax + by, a and b are real
numbers i.e_zis linear function of x and y.

Assertion {(A) - The region represented by the inequalites x =6, y 22, Zx + y = 10,
xz0, yz0is empty

Reason (R) - There is no (x, y) that satisfies all the constraints.

Assertion (A) . Corner points of the feasible region for an L PP are (0. 2), (3, 0),
(6, 0}, (6, 8) and (0, 5). Let F = 4x + By be the objective function. The minimum value
of F occurs at (0, 2) only.

Reason (R) : Minimum value of F occurs at all the infinite no. points that lie on the line
segment joining (0, 2) and (3. 0).

THREE MARKS QUESTIONS

Solve the following linear programming problem graphically:
Maximise z = — 3x — 5y

subject to the constraints

—2x+y=4

X+ye3

x—2y=2

xz0 yz0
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Solve the following LPP graphically:

Maximise z = 5x + 3y
s.t the constraints
Ix+hy£15
Bx+2y =10
%, y=0
Solve the following LPP graphically
Maximize z =x + 2y
st x+ 2y 2100
2x—y=0
2x+y =200
xz0,yz=0

The objective function z = 4x + 3y of a LPP under some constraints is to be maximized
and minimized. The corner points of the feasible region are A{0, 700), B(10D, 700,
C{200, 800) and D{400, 200). Find the point at which z is maximum and the point at

which z is minimum_ Also find the coresponding maximum and minimum values of z.

Solve graphically

Minimise =—Jx + 4y
st Ix+2y =12
xyz0

Solve the following LPP graphically
Minimise: Z=60x+ 80y
st Jx+dy =8
b +2y = 11
% y=0
Solve graphically
Maximise : z = 600x + 400y
st x+dy<12
2x+y<12
x+1. 25y =5
xyzi
Solve graphically
Maximise - P =100x + 5y
st x+y=300
3x+y =600
yEx+200
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g Solve the LPP graphically

Minimize z=25x+ 10y

st x+2y=120, x+y=260 x—-2y>=0
x=0,yz0
10. Determine graphically the minimum value of the following objective function:

Zz =500x + 400y
st x+y <200

x =20

yi= dx

yz0

FIVE MARKS QUESTIONS
@1 Solve the Tollowing LPP graphically.

Maximize z = 3x + y subject to the constraints
x+2y 2100
2x—y <0
2x+yp =200
xypzi

2.2 The corner points of the feasible region determined by the system of linear
constraints are as shown below.

Lf 8(4, 10)

123 4% 6
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Q.6

Answer each of the following :
(i) Let z=3x— 4y be the objective function. Find the maximum and minimum

value of z and also the corresponding points at which the maximum and
minimum value ceccurs.

() Letz= px +gy where p.g >0 be the objective function. Find the condition

on g and g so that the maxzimum value of z occurs at B {4, 10} and C (5, 8),

Also mention the number of optimal solutions in this case.
There are two types of fertilisers A and B. A consists of 10% nitrogen and 6%
phesphorc acid and B consists of 5% nitrogen and 10% phosphoric acid. After
testing the soil conditions, a farmer finds that he needs at least 14 kg of nifrogen
and 14 kg of phosphonc acid for his crop. [fA costs Re 6 perkg and B costs Rs.
5 per kg. determine how much of each type of fertiliser should be used so that
nutrient requirements are met at minimum cost What is the minimum cost?

Aman has Rs. 1500 to purchase two types of of shares of two different companies
31 and 52. Market price of one share of 51 is Rs. 180 and 52 is Rs 120. He
wishes to purchase a maximum of ten shares only. If one share of type 51 gives
a yield of Rs 11, and of type 52 yields Rs 8 then how much shares of each type
must be purchased to get maximum profit? and what will be the maximum profit?
A company manufactures two types of lamps say Aand B. Both lamps go through
a cutter and then a finisher. Lamp A requiires 2 hours of the cutter's time and 1
hour of the finisher’s time. Lamp B required 1 hr of cutter's, 2 hrs of finisher's
time. The cufter has 100 hours and finisher has 80 hours of time availlable each
manth. Profit on one lamp Ais Rs. 7.00 and on one lamp B is Rs 13.00. Assuming
that he can sell all that he produces how many of each type of lamps should be
manufaciured to obtain maximum profit and what will be the maximum profit?

A dealer wishes to purchase a number of fans and sewing machines. He has only
Hs. 5760 to invest and has space for atmost 20 tems. A fan and sewing machine
cost Rs 360 and Rs. 240 respectively. He can sell a fan at a profit of Rs. 22 and
sewing machme at a profit of Rs. 18. Assuming that he can sell whatever he
buys, how should he invest money to maximise his profit?

A producer has 20 and 10 units of |abour and capital respectively which he can
use to produce two Kinds of goods X and Y. To produce one unit of X, 2 units of
capital and 1 unit of labour is required. To produce one unit of ¥, 3 units of labour
and 1 unit of capital is required. If X and are priced at Rs. 80 and Rs100 per unit
respectively, how should the producer use his resources to maximize revenug?

A factory owner purchases two types of machines A and B for his factory. The
requirements and limitations for the machines are as follows

Machine Area Occupled Labour Force Daily Output
{in units)
A 1000 m* 12 men 50
B 1200 m* & men 40

226
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He has maximum area of 7600 m* available and 72 skilled labourers who can
operate both the machines. How many machines of each type should he buy to
maximise the daily output?

2.9 A manufacturer makes two types of cups A and B. Three machines are
required to manufacture the cups and the time in minutes required by each in
as given below ;

Types of Cup Machines
[ Il n
A 12 18 &
B B ] 5

Each machine is available for a maximum period of & hours per day. If the profit
on each cup Ais 75 paisa and on Bis 50 paisa. find how many cups of each type
should be manufactured to maximise the profit per day.

.10 An aeroplane can carry 8 maxmum of 200 passengers. A profit of Rs. 400 15
made on each first class ticket and as profit of Rs. 300 is made on each second
class ticket The airline reserves atleast 20 seats for first class. However at least
four times as many passengers prefer to travel by second class than by first
class. Determine how many tickets of each type must be sold to maximize profit
for the airline.

Q.11 Adiet for a sick person must contains at least 4000 units of vitamins, 50 units of
minerals and 1400 units of calones. Two foods A and B are available at a cost of
Rs. & and Rs. 4 per unit respectively. One unit of food A contains 200 units of
vitamins, 1 unit of minerals and 40 units of calones whereas one unit of food B
contamns 100 units of vitamins, 2 units of minerals and 40 units of calones. Find
what combination of the food A and B should be used to have least cost but it
must satisfy the requirements of the sick person

.12 Amil wants to invest at most Rs. 12000 in bonds A and B. According to the rules,
he has to invest at least Rs. 2000 in Bond Aand at least Rs. 4000 in bond B: Ifthe
rate of interest on bond A and B are 8% and 10% per annum respectively, how
should he invest this monay for maximum interest? Formute the problem as LPP
and solve graphically.

CASE STUDY QUESTIONS

@ 1 Amanndes his metorcycle at the speed of 50 km/hr. He has to spend Rs 2/fkm on
petrol. But if he ndes it at a faster speed of 80 km/hr, the petrol cost increases to
Rs 3/km. He has atmost Rs 120 to spend on petrol and one hr's time. he wishes
to find the maximum distance that he can travel
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Based on the above information answer the following questions

(1) If he travels x km with the speed of 50 km/hr and y km with the speed of 80
km/hr, then write the chjective funchion

{2} Fidn the Maximum distance man can travel?

2.2 Two tailors A and B earn Rs 150 and Rs 200 per day respectively. Acan sticth 6
shirts and 4 pants per day, while B can stitch 10 shirts and 4 pants per day. itis
desired to produce atleast 60 shirts and 32 pants at a minimum labour cost.

LR RS S 2
Tailor A Tailor B

Based on the above information answer the following.

(1) Ifx andy are the number of days A and B work respactively then find the
objective funchion for this LPP

{2} Find the optimal solution for this LPP and the minimum labour cost?
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SELF ASSESSMENT-1

EACH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERNATIVE.

1

Objective functmof a LPP.is

{a) Aconstraint

(b} A function of be optimised

{c) A relation between the variables

(d) Mone of these

The solution set of the inequation 2x+ vy >5is

{a) Open haif plans that contains the ongion

{b) Cpen half plane not containing the ongin

ic) Whole xy-plane except the points lying on the line2x+y =5
id) None of these

Which of the following statements is correct?

(a) Ewvery L PP admits an optimal solution

(b) ALPP admits unique optimal solution

{c) Ifa LPP admits two optimal solutions, it has an infinite number of optimal solutions
{d) None of these

Solution set of iInequation x =0 is

{a) Half plane on the lefi of y-axis

{b} Half plane on the right of y-axis excluding the points on y-axis
{c) Half plane on the right of y-axis including the points on y-axis
{d) MNone of these

In 2 LPF, the constraints on the decision variables x and y are
¥=3yz0,yz0,0=x=3

The feasible region

(2) 15 notin the first quadrant

{b) is bounded in the first guadrant

{c) is unbounded in the first quadrant

{d) doesn't exist
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SELF ASSESSMENT-2

EAH OF THE FOLLOWING MCQ HAS ONE OPTION CORRECT, CHOOSE THE COR-
RECT ALTERNATIVE

1. Solution set of the inequation y<0is
{a) Half plane below the x-axis excluding the points on x-axis
{b) Half plane below the x-zxs including the points on x-axis
{c) Half plane above the x-axis
{d) MNone of these
2. Regions represented by ineguations x 20, y=01is
(a) first-quadrant
{b} second quadrant
{c) third quadrant
{d) fourth quadrant
3. The feasible region for an LPP is always
{a) concavo convex polygen
(b) concave poloygon
{c) convex polygon
{d) MNone cf these
4 If the constraints in 2 inear programming problem are changed then
(&) the problem is to be reevaluated
(b) solution not defined
i) the objective function has to be modified
id) the change in constraints is ignored
5 LPP is as follows
Minimize Z= 3dx + 50y
Subject to the constraints,
3x+By=1b
2x+3y=18
xz0 vz0
In the feasible region, the minimum value of £ occurs at
{a) aumigue point
(b} no point
{c) infinitely many points
{d) two peints only
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ANSWER
Five Marks Questions

1. {£) 2 {d) (4. 2) 3 (c)a=3 b=5%
4 (d) 136 5 (a)&D 6. (a)2

7 (d) infinite B (&) 9. (c)

10.{c) 11. {a) 12 {c) 0

13. {b) unbounded 14. {c)Atriangle 15. {c}

16 (a) 17. (a) 18. (d)

19 (a) 20. {d)

Three Marks Questions

/ S 29
1. Optimal solution | B__E:% |, maximize = 3 feasible region unbounded.
&k =

(20 451 235
Optimal solution | 35'79 ) maximize = s 123

Optimal solution (0, 200), maximize = 400
Maximize z = 2600 at C(200, 600) and minimize z i1s 2100 at A{0, 700)
Minmizez =-12at (4. 0)

Unbounded, minimize z = 160. It occurs at all the points onthe line segment joining

S R S SR

i 1'\ E- w
| 2§| and I.—-ﬂ| So, infinite optimal solutions.
1Y 4 L% J

=l

Maximize z = 4000 at {4, 4)
Maxmize z = 20,000 at (200,0)
Moamize z = 300 at (60, 0)

10. Miximize z =42000 at {20, 80)

CASE STUDIES QUESTIONS

2
1. (i maximizez=x +y (i) 54? km
2. (i) minimize z = 150x + 200y (i) {5, 3) and Rs. 1350
SELF ASSESSMENT-1
1. (b) 2 (b) 3 &) 4 {c} 5 (b)
SELF ASSESSMENT-2
1. (b) 2. (3} 3 (c) 4 (3) 6. (c)
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CHAPTER-13
PROBABILITY

Probability is the branch of mathematics that deals with assigning a2 numerical guantity
(0 = p = 1) to the happening/non happening of any event

— Weathar Forecasting

— Spors betting

RE'EJ. LET? ——» [nvesting in stock market
Applications

— Politics

— How likely a natural disasier like earthguake, hurmicane elc.
will sinke the country in a given year.

‘.

SORTS BETTING

[

R
%

Asports betting company may look at the currentrecord of two teams Aand B and determine
which team has higher probability of winning and do the sports betting accordingly.

TOPICS TO BE COVERED AS PER CBSE LATEST CURRICULUM 2023-24
» Conditional probability
Muitiphcation theorem on probability
= |ndependent events

Total probability and Baye's theorem
= Random variable and its probability distribution

= Mean of random variable
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KEY POINTS

Conditional Probability : If 4 and B are two events associated with the same sample
space of a random experiment, then the condiional prebability of the eventd under the condition
that the event B has already cccurred, written as PlA|B), is given by

PIAIB) = [i?ﬂ‘?} . P(B)=0
Properties :
(1) F(S|F)= B(FIF) = 1 where 5 denotes sample space
(2} P((A Ll B)IF) = P(AIF) + P(BIF) - P((A N B)IF)
(3} PIEIF) =1 - P(EIF)

Multiplication Rule : Let E and ~ be two events associated with a sample place of an
expenment Then

P(E I F)=P(E)F{FIE)provided P{E) =0
= P{F) P(EIF) provided P(F)=0
If E, F, G are three events associated with a2 sample space, then
PlE N F N GY=PF(E) PIFIE) P(GKE N F))

Independent Events : Let £ and F be two events, then if probability of one of them is not
affected by the occurrence of the other, then E and F are said to be independent, i e,

(a) RAE=PF). PE=0
or (b) PEIF)=PE), P(F)=0
or (c) PIEN F)=PE)AF)

Three events A B C are mutually independent i
PA N BN C)=P{A)P{B)P(C)
FlA 11 By=FPlA)P(B)
P{B I C)=F{B)P(C)
and PlA 1 C)=PlA)P(C)

Partition of 2 Sample Space : A set of events E,, E,, ... E, is said to represent a
partition of a sample space Sif

(5) E NE=¢;i=[:ij=123 .n
(b)E, UE, UE, . U E,=Sand
) Each E.=¢ie P(E)>0% /=12, . n
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Theorem of Total Probability : Let{E, £, ., E ] be a partition of the sample space 5.
Let A be the any event associated with 5, lhen

]
P(A)= 2 PIE))PAE)
i=1

Baye's Theorem : If E, E., ... E, are mutually exclusive and exhaustive events
associated with a sample space 5, and A is any event associated with £/s having non-zero
probability, then

PlALE;)P(E;)
S P(AIE)P(E)

Fm

PEJA) =

Random Variable : A (rv.)is 3 real vanable which is associated with the oulcome of a
random experiment.

Probability Distribution of a r.v. X is the system of numbers given by

X: Xy X5 X
FlX =x) Py P e,
n
where p;=0, =12 _.n Ep, =1

Meanofarv. X:

lHlustration:
5 2
Evaluate P(A u B) if 2P(A) = P(B) = 73 and P(AB) = £
5
Solution: 2P(A) = P(B) = T3
P(A) = = P(B) = —
= P(A)= 55 P(B) = 33
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(A~B)
s PIAB) = Te o)

2 P{A~B) .
= 5="En3 = g3 rTAnb
= 2 _PA~B)

13
Now, P{A ' B)= P[A) + P(B)—- P{A B)

26 13 13 16

llustration:
Prove thatif E and F are independent events, then the events E and F are also independent
Solution: P(E ~ F)=P(E} P{F) {given)
Consider, ME~F)=PE)-PE~F)
= P(E} - P(E) P(F)
= P(E) (1-P(F))
P(E n F")= P{(E)-P(F")

So, E and F" are also independent.

lustration:

A card from a pack of 52 cards is lost. From the remaining cards of the pack, two cards are
drawn. What is the probability that they both are diamonds

Solution: Let E. = lostcard is diamond
E. = lostcard is non-diamend
A = 2 diamonds cards are drawn from the remaining cards
Using Theorem of total probability
P{A) = P{AIE.) P(E.) + P(AIE,) P{E,)
12 11 38 12 13 38"
51750 “52¢ 5051 " 52"
132 468 =

17

10200 10200 18280°

il
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Ilustration:

mean of the distrnbution

Solution: Let X denates the numberof red cards

PC, 26x25x24 2 4

Three cards are drawn at random (without replacemeant) from a well shuffied pack of 52
playing cards. Find the probability distribution of number of red cards. Hance, find the

- PXE0 e T esnEn 17 HM
B, o 5
B c; €y _ o, 26225 '_EAE. 1 _13
®e, 2  52x51x50 34
PIX = ) = Cyx Cy _ 26x25x26x3x2x1_13
(X=2)= e, P59 x50 34
P(X = 3) _Ca_4
(X=3)= 2o, 3
- Probability Distribution
X P(X=x) X .P{x)
4
0 ﬂ 0
1 13 13
34 3
13 26
2 o I ==
34 34
4 4 12
34 34
Y o=1 =3 px

3 26 12 51 3

X= 2 PXi=33 31 32 342
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ONE MARK QUESTIONS

The evenis E and F are independent. If P{(E) = 0.3 and P(EUF) = 0.5, then P{EF} - P(F/
E)equals

1 2
(a) 7 (b} 5
3 1
(¢} 3¢ {4 79
Fortwo evenis A and B, if P{A) =04, P(B)=0.8. P(B/A) = 0.8, then PIAUB) is:
(a}) D.24 {b) 0.3
{c} D.48 (d) 0.96

2
If A and B are two events such that P[A/B) = 2 = P(B/A) and P{A) + P(B) = ER then
P(B) is equal to

) (b)

{c) (d)

Two events A and B will be independent, if;
(a) AandBare mutually exclusive

(6} P(A) = P(B)

(c) PIA'BY) =[1-PAN[1-P(B)]

(d) P(A)+P{B)=1

| = o P
Wl ) =

4 T
if for any two events Aand B, P{A)= = and P(A ~B) = 0 then P{B/A) is equal to
: 1 1
(@ 3 b 3
T 17
(e} 7 d 55

Frve fair coins are tossed simultanecusly. The probability of the events that atleast one
head comes up s

2T g
(@ 33 (b} 35
) 3 1
w}g§ M%ﬁ

Ashimacan hit a target 2 out of 3 times. She tried to hit the target twice. The probability
that she missed the targef exactly one i1s

| —

(& (b)

(c)

3
A
5 @

i —
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8. If sum of numbers obtained on throwing a pair of dice is 5, then the probability that
number obtained on one of the dice s 4 is
1 L
@ 3 b 5
i 1 1
& @ 5
: = & 3 .
9 XA&Yareindependenteventssuchthat p(x my )= B and P(X)= 5 _ThenP(Y)isequal
fo
2 i 2
(B 3 ) &
1 1
() 3 {di £
1 3 AR
10. HfortwoeventsAand B, P(A-B) = 5 and P(A) = 5 then P{ 2) is equal fo
1 3
@ > ) 2
2 o 2
) ¢ @ 3

1. fAand B are two events such that P(A) =0 and P{B} =1, then F’rﬁ | E]F

(a) 1-P(AIB) (b} 1-P(A |B)
1=P({A UB) P(A)
) e @ 5a
P(B) P{B)

12. A and B are events such that P(A/B) = P{B/A) then
(8) AcB (b} B=A
{c) AnB=9 (d) P{A) = P(B)

13. Twoaeroplanes | and Il bomba targetin succession. The probabilities of | and |l scoring
a hit correctly are 0.3 and 0.2 respectively. The second plane will bomb only if the first
misses the target The probability that the target 1s hit by the || plane s
fa) 02 (b) 0.7
{c) 0.06 (d) 0.14

14. P(E ~ F)isequal to
{a) P(E) P(FIE) {b) P{F).P(EF)
fc) Both(a)&(b) {d) None of these
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15

Two dice are thrown: If it is known that the sum of the numbers on the dice is less than
6, the probability of gettign a sum 3 is

1 2
(@ 3 b
1 5
() £ @ 35

In following questions Q16 to Q20, a statement of Assertion (A) is followed by a statement of
Reason (R). Choose the correct answer out of the following choices.

1B.

17

18

19

{a) Both (A)and (R)are true and (R)is the correct explanation of (A)

(b} Both (A)and (R)are true but (R) is not the correct explanation of (A)
fc) (A)istrue and (R) s false

{d} (A)is false but (R) is true

Assertion (A) : The mean of a random vanable X is alsc called the expectation of x,
denoted by E(x).

Reason (R} The mean or expectation of a random vanable X is the sum ofthe producuts
of all possible values of x by their respective probabilities.

Assertion (A) : Let A and B be two independent events. The P(A~B)=P{A)+P(B)
Heason (R) - Three events A, B and C are said to be independent if
P{A~BnC)=P(A).P{B).P(C)

Assertion (A) - Two coins are tossed simultaneously. The probabiltiy ofgetting two

"
heads, if it is known that atleast one head comes up is 3

Reason (R) : Let E and F be two events with a random experniment, then

PEE nE)

PRI

Assertion (A) - The mean of the numbers cbtained on throwing a die having written 1on
three faces, 2 on two faces and 5 onone face is 2

f

Reason (R): E(X)=meanof ¥ = Z Px;

ot
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20.

£

Assertion (A) . Bag P contains & Hed and 4 Blue balls and Bag 1 contains & red and &
Blue Balls. A ball is transferred from Bag P to bag @ and then a ball is drawn from Bag

5]
Q. The probability that the ball drawn from bag Q15 blue is TR

Reason (R) - According to the law of total probability
P{A)=PE,PP(ATE,)+PE,)FPIAIE,) where E, and E, partitions the sample space 5

and Ais any event connected with E, and E,.

TWO MARKS QUESTIONS

. A and B are two events such that P{A) = 0, then find A{B1A) if (/) A is 3 subset of B (i)

AT B=yg.

. Arandom vanable X has the following probability distribution, find &

A i 1 2z 3 4 5

1 15K -2 15K -1 1
PX) 1z K 15 " 15 15

!

. Dutof 20 consecutive integers two are chosen at random. Find the probability so that

their sum is odd.

. Assume that in a family, each child is equally likely to be a boy or a girl. A family with

three children is chosen at random. Find the probability that the eldest child 15 a girl
grven that the family has atleast one girl.

5 z. En ) i =
. A and B are such that P{A || B) = g and P{A |] B)=— thenfind P{A)+ B

3

. Prove that if A and B are independent events, then & and 5" are also independent

gvents.

. If & and B are two independent events such that A{A)=0.3, P(A || B)=0.5, then find

P(AIB) - P(BIA)

. Three faces of an ordinary dice are yellow, two faces are red and cne face isblue. The

dice is rolled 3 imes. Find the probability that yellow, red and blue face appear in the
first, second and third throw respectively.

. Find the probability that a leap vear will have 53 Fridays or 53 Saturdays.

. A person writes 4 lefters and addresses on 4 envelopas. If the letiers are placed in the

envelopes at random, then what is the probability that all the letters are not placed i
the nght envelopes.

240
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11. Find the mean of the distribution

A=x 0 1 2 3 4 5
) 1 5 . 1 1 1
il 6 18 9 g 9 18

12. In a elass Xl of 3 school, 40% of students study Mathematics, 30% of the students
study Biology and 10% of the class study both Mathematics and Biology. If a student
is selected at random from the class, then find the probability that he will be studying
Mathematics or Biclogy.

THREE MARKS QUESTIONS

1. A problem in mathematics is given to three students whose chances of solving it are

1
'3 and 3 What is the probability that the problem is solved 7

Pfod | s

2 -
Q.2 If Aand B are two independent events such that P( A 1 B)= i andPATT B)=
then find P{A) and P(EB).

1
6

Q.3. From a lot of 20 bulbs which include & defectives, a sample of 2 bulbs is drawn at
random, one by one with replacement. Find the probability distribution of the number of
defective bulbs. Also, find the mean of the distribution

Q.4 Amit and Nisha appear for an interview for two vacancies in a company. The probability
of Amit's selection is 1/5 and that of Nisha's selections is 1/6. What is the probability
that

(1) bothof them are selected?
(i} only one of them is selected?
() noneof them is selected?

.5, Inagame, a man wins a rupee for a six and looses a rupee for any other numbear when
a fair die is thrown. The man decided to throw 3 die thrice but to quit as and when he
gets 3 six. Find the expected value of the amount he wins/looses.

16. Suppose that 10% of men and 5% of women have grey hair. A grey haired person is
selected atrandom. What is the probahility that the selected person is male assuming
thatthers are 50% males and 40% females ?

Q.7. Two dice are thrown once. Find the probability of getting an even number on the first die
or atotal of 8.
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Q8.

Q.9

10

Qi

iz

Two aeropianes X and ¥ bomb atarget in succession. There probabilifies to hit comectly
are 0.3 and 0.2 respectively. The second plane will bomb anly if first miss the target.
Find the probability that target is hit by Y plane.

The random variable X can take only the values 0, 1, 2. Giventhat P(X=0) =P(X=1}
= pand that E(X%) = E(X), find the value of p

Anurn contains 4 white and 3 red balls. Let X be the number of red balls in a randem
draw of 3 balls. Find the mean of X_

A box contains 10 tickets, 2 of which carmry a prize of Rupees 8 each, & of which carry
a prize of Rupees 4 each and remaining 3 carry 2 prize of Rupees 2 each. [f one ticket
is drawn at random, find the mean value of the prize. Using the concept of probability
distribution.

The probability distribution of a random varniable X is given below:

X 1 2 3
P | K2 Ki3 | Kig

(i) Find the value of K
() Find P{(1=X < 3)
(i) Find E{X), the mean of X.

Qi3

Q14

Qs

a6

Q17

: = o F 1
A and B are independent events such that P(A ~8)=— and F(AnE}= = Find P{A)

e

and P(B}.

A pair of dice is thrown simultaneously. If X denotes the absolute difference of numbers
obtained on the pair of dice, then find the probability distribution of x7

There are two coins. One of them is a2 biased coin such that

P{Head) : P{tail)is 1 - 3 and the otheris a fair coin. A coin is selected at random and
tossed once. If the coin showed head, then find the probability that it is a biased coin

Twa nos are selected from first six even natural numbers at random without replacement
If X denctes the greater of two numbers selected, find the probability distribution of X.

Afair coin and an unbiased die are tossed. Let A be the event "Head appears on the
coin” and B’ be the event, “3 comes on the die”. Find whether Aand B are independent
or niot

242
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a1

Q.2

Q.3

Q.4

()

QB

QF

Q.8

a9

Qo

FIVE MARKS QUESTIONS

By examining the chest X-ray, the probability that TB 1s detected when a person is
actually suffering 1s 0.9, The probability of a healthy person diagnosed to have TBis
0.0801. In & certain city, 1 in 1000 people suffers from TB. A person is selected at
random and is diagnosed to have TB. What is the probability that he actually has TE ?

Three persons A, Band C apply for a job of Manager in a private company. Chances of
their selection (A, B and C) are in theratio 1- 2 : 4. The probabhilities that 4. Eand C
can intreduce charges to improve profits of the company are 0.8, 0.5 and 0.3 respectrvely
If the change doesn't take place, find the probability that it is due to the appointment
of C.

Aletter is known to have come either from TATANAGAR or from CALCUTTA. On the
envelope, just two consecutive letters TA are visible. What is the probability that the
letter came from TATANAGAR.

The probability distribution of a random variable X'is given as under -

kx® forx=123
PX=x)= (2kx forx=458
1] Otherwvise

where k15 a constant. Calculate

E(X) (i) E(3x2) (i) PUC2 4)

. Three critics review a book. Odds in favour of the book are 5 : 2, 4 -3 and 3 - 4

respectively for the three crtics. Find the probability that the majority are in favour of
the book.

Two numbers are selected at random (without replacement) from positive integers 2 3,
4 5 6, 7. Let X denotes the larger of the two numbers obtained. Find the mean of the
probability distribution of X

An urn contains five balls. Two balls are drawn and are found to be white. What is the
probability that all the balls are white?

Two cards are drawn from a well shuffled pack of 52 cards. Find the mean and variance
for the number of face cards obiained.

Acard from a pack of 52 cards is lost. From the remaining cards of the pack, twocards
are drawn at random and are found to be both clubs. Find the possibility of the lost card
being of club.

Bagl contains 3 red and 4 black balls and Bag |l contains 4 red and & black balls. One
ballis transferred from Bag | to Bag Il and then a ball is drawn from Bag |l at random.
The ball so drawn is found to be red in colour. Find the probability that the transferred
ball is black
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CASE STUDY QUESTIONS

1.1, There are different types of Yoga which involve the usage of different poses of Yoga
Asanas, Mediiation and Pranayam as shown in the figure below

e
Q Kundalinl Yoga 5,_

O Vinyasa Yogns !
‘: T Bikram Yogn 4
L
O Hathn Yogn g
II"'L\. . . o —

Tvpes of Yogn

TheVenn Diagram below represents the probabilities of three different types of Yoga, A,
B and C performed by the people of a society. Further it is given that probability of a
member performing type C Yogais 0.44.

011

On the basis of the above information, answer the following questions:
(i) Find the value of x.

(i) Find the value of y.

ey

(i) () Find P| =
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OR

(i) (b} Find the probability that a randomly selected person of the scciely does Yoga of
type Aar Bbutnot C.

Q.2. Recent studies suggest that roughly 12% of the world population is left handed.
4.4 L EST—R
[WASIEE OF & LET sAsT 0
: ** L R
_:.,-_'..l.-‘__ 5 oms
x CMMASCY 6 & LEFY A L0
RAARAAARANAT 4.4 Lommm—

ROUGHLY "7 OF THE WORLD 15 LEFT HAMDED CRANCE OF & LT WENSED Crn

Depending upon the parents, the chances of havig aleft handed child are as follows:

A When both father and mother are left handed

Chances of left handed child is 24%
E : When father is right handed and mother is left handed:

Chances of left handed child is 22%
C : When father is left handed and mother is nght handed:

Chances of left handed child is 17%
D : When baoth father and mother are nght handed:

Chances of left handed child is 9%

1
Assuming that P{A)=P(B}=P(C)=PF(D) = y and L denotes the event thatchild is left
handed.

Based on the above information, answer the following guestions:

(i) Find P{LIC)
(ii) Find P{L/A)

(iil) (a) Find P(AIL)

OR

(b} Find the probability that a randomiy selected child is left handed given that exactly
one of the parents is ieft handed.
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(1.3 An octagonal prism is a three-dimensional polyhedron bounded by two octagonal bases
and eight rectangular side faces. Ithas 24 edges and 16 vertices

AN & T
I '|I W
.'ll |III 1 "l.
|' \ \
'III .lr II|
\ / 2 .I'II
| /
Y ]
S 3 —

The prism is rolled afong the rectangular faces and number on the bottom face (fouching
the ground) 15 noted. Let X denote the number obtianed on the bottom face and the
following table give the probability distribution of X

X 1 2 3 4 6 7 g
P{X) P 2p 2p p 2p P 2p* | Tp*+p

[y

Based on the above information, answer the following questions:
(i) Findthevalueofp
(i) Flnd P(X =8}
(i) (a)Find P{x =3m), where m is a natural number
OR
(i) (b} Find the mean E{X}

24 In a birthday party, 2 magician was being invited by a parent and he had 3 bags that
contain number of red and white balls as follows:

Bag 1 contains : 3 red balls, Bag 2 contains - 2 white balls and 1 Red ball
Bag 3 contains : 3 white balls

The probability thatthe bag / will be chosen by the magician and a ball is selected from

e =138,
6

Based on the above information, answer the following questions.
fa} Whatis the probability that a red ball is selecied by the magician?
(b)  Whatis the probahility that a white ball is selected by the magician?

[c) Gven that the magician selects the white ball, what is the probability that the ball
was from Bag 2.
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Q5. In an office three employees Vinay, Sonia and lgbal process incoming copies of a
certain form. Vinay process 50% of the forms. Sonia processes 20% and Igbal the
remaining 30% of the forms. Vinay has an error rate of 0.08, Sonia has an error rate of
0.04 and |gbal has an error rate of 0.03.

- =

Based on the above information answer the following -

() Find the conditional probakility that an error s committed in processing given that
Sonia processed the form?

{if) What is probability that Sonia processed the form and committed an error?

(i) Whatis total probability of committing an error in processing the form?

SELFASSESSMENT-1

EACH OF THEFOLLOWING MCQHAS ONE OPTION CORRECT, CHOOSE THECORRECT
ALTERNATIVE,

1. IfAand B are independent events such that P(A) =04, P(B)=xand P{A _ B)=0.5, then
x="7

4 .
@ % () 01

T
{c) 5 {d} Moneofthese
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2. IfP(A) =08, P(B) =05 and P(B/A) = 0.4. then P{A/B) is
(@) 0.32 (b) 064
(c) D16 (d) 028

3. Acouple has two children. What is the probability that both are boys if it is known that one
of them is a boy?

1 _ 2
(a) 3 b) 3
© 3 @

4  The random variable X has a probability distribution P(X) of the following form, where 'k is
some number

koif x=0

Tk i x=1

PX=X=3Kk # x=2
{0 otherwise

Determine the value of x.
5 Iftwo events are independent, then
{a) they mustbe mutually exclusive
by the sum of their probabilities mustbe equalito 1
{c) {a)and (b)both are correct
{d) none of the aboveis cormrect

SELF ASSESSMENT-2

EAH OF THEFOLLOWING MCQ HASONE OPTION CORRECT, CHOOSE THE CORRECT
ALTERNATIVE,

1. Twocards are drawn from a well shuffled deck of 52 playing cards with replacement. The
probability that both cards are gueensis

34 X%
@ 33773 b 3713
. o | 1 4
© 33777 @ 3375
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The probability distnibution of a discrete random vanable X is given below:

X 2 3 4 5
b 7 g i)
Pix= = - - —
=X K k K k
Thevaluesofkis
(a) 8 ) 16
fcy 32 (d) 48
3. Three persons A, B and C fire at a target in turn, starting with A Their probability of hitting
the target are 0.4, 0.3 and 0.2 respectively. The probability of two hits is
(a) 0.024 (b) 0.188
{cy 0336 {d) 0452
4 IF4P(A) = 6P(B) = 10P(A ~ B)=1, then P{BIA) =7
2 3
@ b
i 9
© 1o @ o
5 Aletteris known o have come either from LONDON or CLIFTON, on the postmark only
the two consecutive letters ON are legible. The probability that itcame from LONDON is
5 12
i "b i
17 3
(e} 3 d g
ANSWER
One Mark Questions
1. (d = 2. (d)096 3 2 4
(d) =5 ()0 (a) g )
. 7 3 4 .
5 (&) g 6. (c) 3 7. {c) g B (8) =
_ 1 2 = _
8 (&) 3 10. (@) 3 11. (b) 1-P(A/B) 12 (d}P(A)=P(B)
1
13.{d) 014 14 (c)Both (a)& (b) 15 {c];j- 16. (a)
17, {d) 18. (a) 19. (a) 20. (3}
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10.

10

13

14

Py
(M|

16

17

. . 4 _ 15 4
l:.l}1 {rr}D 2 E 3 ﬁ 4 ?
10 1 1 3
) I 70 ¢ = % 3
23 35
54 1. B 12. 06
Three Marks Questions

§ 2 ETA-J r:!f*['E]—l ETA-‘—E r:!f’E]—i
i .,J—Ean. —ﬁﬂr.,J—Ean.(—E
1 1 il cwy 2 91
3 4. £l it 0 (i) 3 5 - 51
| 5 T 1
2 11. 42F 12, (k=1 E E
- i (i k=11 : (i) 3
%and% —and%

X 1 2 3 4

" 5 | | & | & | & =%

%) £ 36 36 36 76 36

3.
3
X 4 6 a8 10 12
1 2 3 4 5
PX) 15 5 15 15 [

Two Marks Questions

110
221

Yes, Aand B are independent.

Five Marks Questions

7

7
2. m 3.1—1

15
4. () 4.31, (i) 61.9, (i)
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209 I - 1 e85 .80
> 313 Tl Tg T3 8% =139 15

11 16
5 10, =

CASE STUDY QUESTIONS
23
1. () x=023 (i) y= 004 (W)@ 36 o (b) 046
2 (i) P{LIC) = 0.17, (i) P{L/A) = 0.76 (iil) (a) P{ML}:% or (b)0.39
1 19

T L it Plx »6)= ——
3 (i) - (i) Pl{x>6) 100

21

(i) (a) 100 or(b) E(x)=406

5 13 4
T () 18 € 33
5. () 0.04 (i 0.008 (i) 0047

SELF ASSESSMENT-1
1. (o) 2 () 3. (a) 4 k=% 5. {d)
SELF ASSESSMENT-2

1. {(a) 2. {c) 3. (b) 4. (a) 5. (b)
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PRACTICE PAPER - |
(CBSE - 2023 SAMPLE PAPER)

Session 2023-24

Mathematics [Code-{k21)

Time: 3 hours Muximum marks: 50

=]

.

General Instructions:

This Cuestion paper contains - fve sections A, B, C, D ond E. Each section is compulsory. However. there are
internal choices in some questions,

. Section A has |8 MCOQ s and 02 Assertion-Reason based questions of | mark each,

. Bection B has 5 Very Short Answer (VSARtype questions of 2 marks each.

Section C has 6 Short Answer (SARtype questions of 3 marks each

. Secthon D has 4 Long Answer [LAtype guestions of § marks each.

Section E kas 3 source based/case based/ passage based/integrated units of assessment of 4 marks cach with

sub-parts,

Section —A
{Multiple Choice Questions)

Each question carries | mark

I, whem i= | =)
o lhen A7 s

Q107 A =!“uﬁ}i5a5qu.am matrix of order 2 such thatuF—.{“ hen i
- , when i=j

“'l 0] “][1 l] “[l 1} m[l u]
) 4 ¢
_I “_L-l “ “ Lo I u 31 G I 11
QLI A and B are invertible square matrices of the same order, then which of the following is not cormeet?
N e Y a1
() jaB" |= =2 (b {AB) |=
|B| |( || B
(c) (48) ' =84 () (4+B) =B +4"

3. It the area of the triangle with vertices {—5 A ) (3,0)and [l},.l.-} is 9 sgunits, then the value's of & will

b
{a) 9 (b} £3 (€) -0 (i} 6
E, ifx<0
Q417 f{x)=1 || is combinuous af =0, then the value of & s
3, ifxz0
{a) -3 ()0 ()3 {d} any real number
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Q5. The lines 7=+ j—k+2(2i+37 -6k Jund r=2i— j—k-+p(6i+9j- 18k ) (where A& prare

scalars) are
(a) coincident (h) skew i) intersecting {d) parallel
. ¥ ‘
— . a\ [ (dr)
b, The degree of the differential equation | 14+ = = ——-;J (]
it v
3

a4 ih) 3 ()2 1) Now defined

Q7. The corner points of the bounded feasible region determined by a svatem of linear constraints are
{0.3).(t1)and (3,0), Let T = px + gy ,where p, g >0, The condition on p and ¢ so that the

minimum of Z ocoursat (3,0)and (1,1} is

ia) p=24 iby p= i) p=3g iy p=y

b |

Q8. ABCD is o rhombus whose disgonals intersect ot B Then A+ EB + EC + ED equals to

{a) 0 (hyAD (c)2BD (d) 24D

Q9. For any intexer #, the value of I: = Gind(2n+ 1) ndx is

{a) -1 (b) 0 (c) 1 (d2

0 Zx—1 Ax }
Q1. Th:vaiu:olri.:li. ir A:ll—l.t i Iu"; Jwhere xe[@Y, 1

—\'I_l‘ —Zu".? 1
() (2x+1)° {b) 0 (e (2x+1)' () (2x-1)’

Q11. The feasible region corresponding to the linear constraints of a Linear Programming Problem T given
below.

3
h

"I
||||.l'."'\\:\'|I #

[T [LE]
¥ B
w, a3
[3

Which of the lfollowing is nat aoconstraint w the piven Livear Programming Problem?

(a) x+pzl iby x+2p <10 fcpx—pzl (d) £=yp=i
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012 H';-‘=-I}+ ﬁ;’ anil E=3;'+-li.lhcnlhu vewtor fomm of the componen u.'i;alnng b i5
18~ .- 1Bj ~ =~ 1B+ .2 BBy~ o4
(a) ?[amm} (b} E{lj+4ﬁ) (<) ?pw-m] d) E[-ihﬁ;]
Q13. Given that A (s a sguere mateis of order 3 and |.-l|=—2, thin !m.f;[IAH is equal 1o
fa) -2° ib) +4 ey =2 {dy 2"
1
2’3

respectively. 1f the events of their solving the problem are independent then the probability that the

;| —
da | =

Q14 A problem in Mathematics is given to theee students whose chanees ol solving it are

problem will be solved, is

1 1 1 3
= by — 4 = 4y =
L h th) 3 ks 9~

Q15. The general solution of the differential equation ydx — ey = 05 (Given .,y = 0), is of the form
[a) xp = ¢ fh) & =gy (6) § = ¢ (d) y = it
{Wlieee "t ik o arbiivary positive constant of fitegration)

Q16 The value ol 4 for which two viectors ZE-} v 2k and 30+ ..1;‘ vk ire perpendicular i
{a)2 ib)4 fch b (d}E

Q17. The set of all peints where the function £ {x) = x + x| i differentiable, is
{a) (0.) (b} (~=.0) () (=) () {d} (=e,2)

; g | s 111
Q18. 1 the direction cosines of & ling are < —,—,— >, then
cc e

(al M<e<l hye=2 ey e ==42 H]}c=ti'w.n'I3-

ASSERTION-REASON BASED (NIESTIONS

Im the following goestions, o statement of Assertion (A) is fllowed by o stalement of Reason (R

Chaose the correct answer out of the following choices,

(1) Both (A) and (R) ave true and (R) is the corvect explanation of (A},
(b Both {A) and (R) are true bul (R s nof the correct éxplanation of (A).
(e} (A)is true but (R) is false.
il (A} is Talse bul (K} is troe.
019, L f{:r} b g polymorial function of degree 6 such that g;{f{.l.ﬂ = [.r— I }}{.T—J'}I . then

ASSERTION (A): f(x) has a minimom st x =1,

REASON (R): When ,&{ (f(x)) <07 xe(a=ha) and .if_ (£(x))= 0,9 xe(am+ k) ; where
Lo iy
'h" is an infinitesimally small positive guantity. then ¢ {x) has a minimum a x=a,

provided f( x)is conpnuons ar x =,

254 [Class Xl : Maths]



Q20. ASSERTION (A): The relation f:]1,2,3.4] - {x.y.2,p} defined by f=“l.l‘}.{2.,i-‘l.{3..‘.}} i a
hijective Tuncticn,
REASON (R): The function f:{1,.2,3} > {x, y.z.p} suchthat f={(Lx).(2,5).(3.2)} is one-onz.
Section =R

| This section comprises of very short unswer tvpe questions (VSA) of 2 marks cach|

Q21 Find the value of sin™ [ms[% ]}
OR

Find the domain of sin™ {_1" --I}I ;
2, Find the interval’s in which the function f:R —® defined by f{x)= xe”.is increasing.

: k= B then find the maximim value of f{x).

Q2. 17 f(x)=

4t +2x+1
OR

Find the maximum profit that o company can make, 1 the profil function is given by

Plx)=T2 +42x— &, where ¥ is the numbere of units and P is the profit in rupees.

Q24 Evaluae = jl log [:_IJi\'.
¥ i

Q25. Check whether the function f +E — R defined by f{x)= 2"+ x, has any eritical point's or not 7

[T wes, then find the point/s.

Section — C
| This zection comprises of short answer rype questions (SA) of 3 marks each|
2" +3
Q26. Find; [ w2,
* {.'L" + ':1}

Q27. The rendom variable X has o probability distribution P|X) of the Rallowing form, where "R* i5 some
real number:

(K, if x=0

2,0l x=1

A&, i x=2

0, otherwise

P(X)=

(11 Dretermine the value of &,

(i) Find P{X <2).
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(i) Find P(X=2).
! [ x
Q28. Fmd:juld‘t,

(1]

de: xe ().

Evaluate: LI log (1 + tam x ) dv.

029, Solve the differential equation; pe’ dy = (.m’ +7 ].rf!', {y=0).
OR

solve the ditterential equation: {ms’ t‘}% + p=Hnx; l hsx= % ];

30, Solve the following Linear Programming Problem araphically:
Minimize: g =x+2y.,
subject to the constraints: o+ 2 2 100, 2x -y <0, 2x+ p < 200, 2, p = 0,
OR
Solve the following Linear Programming Problem graphically:

Maximize: z==x+ 1y,

subject to the constraints: xz2dx+p25 x=2pz6,p 20

a ¥

I d’j' f
31 [V (@ +bxfe™ = x then prove that x—5-= "
Q { } P et La+by )

Section =0
| This section comprises of long answer type guestions (LAY of 3 marks each|

32, Make a rough skewch of the regon {{x.y:j == 4,0 rax+hllsx=< I; and find the

wren of the region, using the method of integration,

Q33 Let | be the set of all natural numbers and B ke a relation on 1 « 4 defined by

{ﬁ.b].ﬂ[r.d') = atd = be for ull l:n. b},{f.d} £ M= N, Show that R is an equivalence relation oo
T« M, Also, find the equivalence elass of {Lﬁ] L, [{l.ﬁ}].

L4134

X

L X &R s ong-pne and
]+;I|

Show that the tonction § ;B — {.:,' eRi-1<cx< ]} detined by _r(,t)=

onto Tunction,

(34, Using the marrix method, solve the fallowing system of linear equations
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Q35 Find the coordinates of the image of the point (1, 6. ]j with respect to the line
r= (;F - Zi'] + A {; + 2}'+ 3k }: where A" Is a sealar, Also. find the distance of the image from the

§ — axis,

OR
An aeroplane 15 flying along the line 7 = 1{}" j + k}1 where "A'is a scalar and another seroplane is flying

along the line F=J- j+ Inl: =1j+k }:Where " o' is @ sealar. Arwhat points on the lines should they reach, so
(hat the distance hetween them s the shortest? Find the shortest possible distames between them,

Seetion <

[This section comprises of 3 case- stuldy/passage hased questions of 4 marks cach with sub paris.
The first two case study questions have three sub parts (i), (i), (ii0) of marks 1,1,2 respectively.
The third case study question has two sub parts of 2 morks each.)
Q3. Read the following passage and answer the questions given below;
In an Office throe emplovees Javant, Sonia and Oliver process incoming copics of a certain form. Jayant
processes S0, of the forms, Sonia processes 20% and Oliver the remaining 30%, of the forms. Javant
haz an error rate of 0L06 , Sonia has an 2o rate of (W04 and Oliver has an error rate of 0,03 .

Based on the above information, answer the following questions,

(i} Find the probability that Sonia peocessed the form and commined an ceeor
(i} Fimd the tetal probability of committing an error i pricessing the form
(i) The manager of the Company wants 1o doa quality check, During inspection, he selects a:form at
random fromy the doys vutput of processed form, I the form selecied at mndom bes an ermor, fnd the
probability that the form is wot processed by Tayant.
OR
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(i} Let E be the event of committing an ervor In processing the form and let E,E and E| be the

E]
events that Jayant, Sonw and Ofiver processed the form. Find the value of EP{ E, IE}

i=1

037, Read the following passage and answer the questions given below:
Teams 4,8,¢ went for plaving a tug of war game. Teams 4, 8,C have attached a rope to a metal ring

and is trying to pull the ring intw their awn aren
Team A pulls with torce F, = o +[I} RN,
Team B pulls with force £, =—di +4j kN .

Team ¢ pulls with force F, = -30 - 3] kN,

(i) What is the magnitade of the force of Team 4 7
(i} Which team will win the game?
(i) Fird the magnitude of the resultant foree exerted by the teams.
OR
(i T what direction is the fng genting pulled?

38, Read the following passage and answer the questions given below!

The relation between the height of the plant (' " inem ) with respect 1o its exposure Lo the sunbight

. ; ; I ;
is poverned by the following equation y=4x - Ex‘ cwhere 'x' s the number of days exposed o the

sunlight, for x < 3.

(il Moes the rane of growth of the plant increase or decreuse in the first three
What will be the height of the plant alter 2 duys?

i) Find the rate of growth of the plant with respect to the number of days exposed to the sunlight.
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PRACTICE PAPER - |
(CBSE - 2023 SAMPLE PAPER)
CLASS XN
MATHEMATICS (CODE-(41)
SECTHON: A (Solotion of MCOs of 1 Mark each)

)} no. ANS HINTS/SOLUTION
! (d) 01 , [1 0
A= ‘..—4 = .
1o 01
2 @ (4B =B+ 4"
3 ib) _|—3 0ol
Ares =:— 3 0 1), given that the area =Y squnil.
e &
I -3 01
=A£9=—13 0 Nexpamding along Cyewve gel = k= =3,
& 1
4 () Sinee, £ a5 conlinuous al x =0,

therefore, LH.EL=RH.[.= f{ll}l = finite guaniiry.
lim f{x) = lim f{x)= f(0)

—kx
= lim—=lim3i=3=k=-3
ST S il

3 (d) Vietors I}+3}—ﬁi&6§+ qj—mi are purnllel and the fived poin E+}—E‘ on the

ling F=1+ ;’— k +.I{.I;'+ 3;'— ﬁi‘} does not setishy the other line

r= 2}-'_}- E*-ﬁ[ﬁ} + 'J:F— 'IHE]; where 4 & u wre sealars,

6 el

AN RECERY
The degree of the differential equation II-L{IJ = Liﬁ'—:J ir 2

7 ih) Z = px+qr ———\i)
At (30), Z=3p———(ii) and at (1,1), Z=p+g————(iii)

From (i) & (iif), 3p= p+q=2p=y.
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{a)

Given, ABCH is a rhombus whose diagonals bisect each other. Iﬁ| = |R‘i:1n-d
|ﬁ| = |ﬁ|hut since they are opposite 1o each other so they are of opposite signs
= EA=~ECund EB = -ED.

A

{'u

Adiing[ijandliii,wgetﬁ-l EB | EC 1 ED=10.

{h)

[(x)=e" "sin®(2n+1)x
8= v’ (2n 1 1)(-)
fi-x)y=—""“sin’(2n+ 1)z

 fl=x)=—=Flx)
S, .I' & " sin’ (Zn+1)x de =0

-

10

b}

Matrix 4 is a skew symmetric mutrix of odd order. = |4]= 0.

(c)

We ohserve, (l.!',ll_} does not safisfy the inequality x—y 21

So, the hall plane represented by the above inequality will not contain origin
therefore, it will not contain the shaded feasible region.

()

? b= ;—:(3ﬁ+-ﬁ}.

Weutor component aff i along b=

(d)

|ati(24)|=|(24)] = (2*|A]) =2°| ]’ =2"(-2)" =2

()

Method 1:

Let A, B.€ be the respective events of solving the problem. Then, P{4)= %1 P(B)= %

and F[F','I=;, Here, A8, C are independent events,

Problen is solved if at least one of them solves the problem.

Required probability is = P( 4. B €)= 1-P(4)P(8)P(C)

260
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G

Method 2t
The problent will be solved iF ene ar maore of them cin solve the problem. The probability is
P(ABC)+ P[4BC)= P{ABC |+ P(ABC)= P ABC )= P[ABC )+ P(ABC)
piis L3 bl dby Lt all
23 T 2 Y Ty
Methaod 3:
Let us think guantitively. Let us assume that there are 100 questions given to A, A

+

e | B

11
4

Hl—r
lhurl—l

1 : e AR
silves ix 100 = S guestions then remaining 50 guestions is given o Band Bsolves
1 ; ra 2 o
,'51}!3 = 1,67 guestions - Remaining SI'IkI guestions is given 1o Cand Csolves

I | 2
50:-(3}& = = 8.33 questions,

Therefore, number of questions solved s S0+ 16.67 + 833 =75

75, 3
Su required probability is — =—.
e T
15 icl Method 1:
_w.[r—.mﬁ-=ﬂ:>ﬂ=ﬂ:nf[£]= 0= .‘r=1y:} P =i
Y ¥ c
Methul 2:
iy = xdy = 0= iy = xily = id'l = i";: on intesrating _['-h-_ J'E
¥ X y X
log, || = log, |x|+1og,|c
simee x, vy > 0, we write log, v =log, x+log, ¢ = p=cx
It () Dot product of vwo mutually perpendicular vectins is wero,
= 2x3+(-1)A+2x1=0= i =8
17 (e Method 1:

de,xz0
fl=x+ladd= ¥
f{ } # {ll.x{ﬂ
y=2x0cz0
i y=Ux<i
A= ﬂl =X
4

There is a sharp corner at x =0, 50 f(x)is not differentiable at x = 0.

Method 2:

[Class Xl : Maths] 261




LI (0)=0& Rf (0) =2:s0. the function is not differentiable ar x =0
For x=0, fx)=2x (lincar function) & when x <0, f{x) =0 (constant function)

Hence f(x) is differentiable when x & (=o0,0)w{0,5).

I8 i) (1Y f1 LAY & =
We know, 1, +m1+ﬂl=l:1i;] "'(;J +[E] =1:>3(;J -_-I.:.'.'t:':j:ﬁ,'lj.

T (x)) = (x-1) (x-3)
Assertion : f () has a minimum at =1 is true as
i{f{x]}cﬂ.ﬁxe{l—.{r.llmd i-{f{:;}b 0,%xe(1,0+h); where,

"h'is an inliniesimally small positive quantity . which s in accordence with

ihe Beason stplement.

n {d) Assertion 18 false, As element 4 has no image under f, sorelation f js not a function,

Reason is true. The given function f:{1.2.3} — |x,y,z.p} is one - one, as for each

we il,l,j}ﬂhcm is different image in {x.f.:,pl under [

Section =R

| This section comprises of solution of very short answer tyvpe questivns (VSA) of 2 marks each|

2 f ; I
sin” m[ﬁ] =s&n"m[ﬁr+£}=sm"m[l—x]=sin"ﬂn(£—3—z]
5 5 5 275
& =
5 1
21 OR -li{xi-:l}glz:»35.r‘§5=>\l'§$|x|5\.l'?r !
=X E[—JS,—-.H]U[JJ.«."E]. Sa, required domain s [— "E.—\"'J_:ILJI:J'I.JE:I. I
332 f[x:I:.re'“:}f‘{x}:fI{.r-rl] '
When xe[-1o),(x+1)20& e“ = _,l"lf:x]zll 2~ f(x)increases in this mterval. 1
or, we can write  f [ x]= xet jfl{xize't{.r+ 1) _;.
For f(x) to be increasing, we have f (x) =" (x+1)20x2-1 s e'>h¥xeR ||
Hence. the required interval where f () increases is [~1,:2). 1
2
13 I
Method 1 : = e
! fix) 4342041
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gl 1Yod 1y 3.3 !
Lt =4 +2x+1=4| X' + 1 —+—].—=4[ +—J R, o ke
o glx)=de+2x { R RET I RY R i 2
1 :
Somaximum value of f{.\']wg. 2
Method 2 ‘r[x}:i.r’;!'z-.-.-+|' let glx)=du'+2x+1
= i[g{.t}}=g'{.t]=8x+1and glx}=0ut .J|.'=—I— also d—ltg{x}}=g'[x]l=!b 0 |
iy " 4 dx’
i
= gr( x) is minimum when .-::—r:: so, f(x) is maximumar x= -:Il- 2
. ’ [ 1 1 ¥
S maximum value of f(x)=fl-—|= - == I
T 7 A A | 1 3 by
4[——] +1[——]+1 2
.4 o
I
Method 3 : ———
¢’ /1) 4x°42x+1
=R+ 2
On differentioing wrt x we get f'{x]= _{_x__]. . i) i
(45! +2x41) 2
For maxima or minima , we put f'[xj=ll:r&t+'.'=l]:r.r=—l—. %
Apain, differentisling equation (1) w.rl xwe get
i) (' + 2+ 1) (8) (B 2)2(da® + 2w +1)(Bx 4 2) |
" ==
(4x*+2x- 1]' 5
L =S 0 &
Al x= 4‘f[ 4J-cll
i \ i
A () is maximum at ,'r=—;.
. i
- . H 1] I 4 Lo
comaximum value of fae)is £l -—|= =—
i ELII}IIL*I‘[I]EII}I‘!’ 2
T
1
Method 4: fly)=—7——
ehodd: S (¥ =P
—(8x+2
On differentisting w.et & Jwe get f'(.tj-"—:ll wall) .
(4x* + 22 +1) 2
For muxima or minima . we put f'{x)=0=8x+ 2=l}-—:u:=—%. 1
2
Whenxe ( —h- i.— :—J L Where '&" is infinitesimalby small positive quantity,
dre-l=8ra-2=8x+ 22 0=~ (8x+ 2) >0 and {4.-:’+1r+|}1:- = fix}=0
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1
and when xe(-;.—:—-;h},-ix:--—l:r&t:--l:r&t+1::ll=:r-—{ﬂx+2':|{u

and {4.1'T +1e+ lr >0 = f(x)<0 This shows that .|:=—}is the point of local maxima; 2
(1 I 4 '
S maximum value of f(x)is fl—n]— 7 ==, 1
4 1 1] 3
1(——] +1[—— 41
4 4!
X 0OR | For maxima and minima. P'x)=0=42-2x=0 1
z
= x =21 and F"‘II}—' =2«
1
So, P x)is maximum at x=21. 2
The maximum value of P(x)=T2+{42=21)-(21} =513 f.c., the maximum profitis 3513, | 1
14 fr SR
Let f =1
e flx) W[z_hl
2+x] fE—n
Webnves Fl=iteton | 235 lmdion | £ ]_ ;
e A ﬂg[z—xi ug'\,1+.|: fx)
. i ! (2-x
Se, f(x] is an odd fenction, [ fog | —].*L::l]l. 1
g V2t X,
5 Slx)=x"+x, forall xeR.
i Il
:i_{f[.r}}=j" (x)=3x"+ L forall xe R, ¥ 20= f (x)=0 2
X
Hence, no critical point exists. 11
Seetion €
[ This section comprises of solution short answer type questions (SA) of 3 marks each|
26 : 1
We have, M—:S.an Jet x? =y 2
.r][.u +9}
A+ 4 B 1 5
= —— W gl A=K B=—
He+9) TR Tl o 3 3 !
2x+3 pde Sp e L
.—.—.i[:- . o || e—— ==
-Il_rl{‘r’ +g] 3!13 3-"1'1+9 2
1 5 =1 X Vol
=——+Etan — |4, wihere "¢ Iy am avbitrary conctant of fnfepration, 1
27 i 1 1
W have, (i) EP{XJ]=E:H:+’H+H=I=>L'=E.
I
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(ii) P{A‘c;l]-—P{X:ﬂ]+P{A’=I]-—ﬁ+Ik-—-5.¢;h%=-;++
|
(i) P(X>2)=10.
I LAt % i ;_ |
x =I':>J.'=-i,t dx 2
[ x o dr !
== Y
‘l-lllll—_x"1 ¥ .i!','.'l_f— 2
; i
=—sin ' (f)+¢
r S : ” ; i
=3:din x| 4o wheve Yot s an arhitrary consiant of integration.
WOR 5
Let 1= [*log, {1+ tanx)dx ——ii)
2 s . "
= Iui ||:|-g_{1+ t:.u(:— der, l.lﬁmgi_L Sy = I“ S — xydlx 1
= 1-tanx = 2 = . .
[ [ =[ o I I
e 'I" |ﬂa,[l+l+1ﬂxJir 'I" Ing'[l+tunx_]dx .L log, 2av — T { Using (i
1
T i
F=—log 2= F=—log_ 2.
= g 1= - [H
2% a oA i i il . oA
Methad I:yr-'.-ix=[w' +5' ]d{r:}f’ (pdx—xedy) = yldr = ' MJ:@ i
L r
:f;f[i]—fﬁ 1
\F
A ¥ L ; ; = :
= It":.f{? ] = jﬂ{r =" =y, where "ot i5 am arbifrary constani af iniegrarion, )
5 it
Method 2: We have . %a““ 12t
i ya'
. 1
v x : o
::a{r_.l". J{l]- 2
#
Let .l:—!,:r:::d—t—l.-i-yﬂ* 1
‘ e dy”
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‘ i i dv f
Saequation (1) becomes 1'+_}'II=1*+ L

.

&

ﬂj.dj::{

dy

=&l dv =iy
On integrating we get. I-r'ufl':jd_'l-':::-e' =p+e=e' =g+

where "o i an arbifrary condans of imtegraiion

LR

bk | =l | = d |

WOR

The given Diffecential équation is
dy
cos’x)—+ p = tunx
(cos’x )=+

Dividing both the sides by cos’ x . we got

d_l.'+ ¥ lanx
dy  cos’x cos” x

F

% + p(see” ) = tam (s’ 1) F)

. RINRY :
Comparing with —+ Py =
paring ; =y

P=sec’y, 0= tany .sec’ x

The Integrating factor is, MF = (JM = t[ =¢

mna

i{y:"'}=t"“‘ #.nu.i:{ﬁ»i.‘l:= x) ::ad'(y.f"‘ =e !ﬂlx(sw" x}dx

On infegrating we et , pe™* = IM‘" df + e5 where, ¢ = tan x so that df = sec® vale
luia [FITNY

=te' - & +e={lanx)e"" =" +e

L p=tanx =1 -i--:'.I:E""' '}, where ‘e, ' &' are arbirary consrants of integyation

bl | =

The feasible region determined by the
constraints, X+ 22100, 2x— =0, 2e+ = 204, 2, 0 2 0, 05 given befow,

266
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n.u‘:}h

A [0 My

11| ]

LRI

The values of Z° al these comer points are given below,

A (0, 50), B (20, 40), € (50, 100)and P (0, 200)are the comer points of the feasible

Comer point 'Curm.ipnndmg wvilue of
E2=x+1y
A (0, 50) 10 Minimum
B (20, 40) 1 Minimum
€ (50, 100) 250
30 0R || 2 (0. 200) aon

and [ 20,40,

15 mven below

The mimimum value of # s LB acall the points on the line segment joinimng the points [ﬂ.ﬁﬂl]

The feasible region determmed by the constraints, x 23 x+pz5 x+3vzb. 20,

Pl |
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A
[LE
Here, it I
be seen
Lhie e
(T
¥ { -1'.’:|'|:|
-~
E
N '
feasible repion is unbounded,
The valugs of Z st corner points A (3, 2), 8 (4, 1jond € (6, 0)are given below. |
i Curmer point | Corresponding value of Z=-x+2y 2
4(3,2) L1 may or may oot be the maximuom valise)
B(4.1) =
¢ (6.0) %
Since the feasible region is unbounded, & = 1 muy or may not be the nvaximum value
Mo, we draw the graph of the inequality, —x + 2y = |, and we eheek whether the resalting
open half-plane has any points, in common with the fzasible region or not.
Here, the resulting open half plane has points in commaon with the feasible region,
Hence, # = 1 15 not the maximuom value. We conclode, & has no maximum valee,
3 . 1
¥ X
—= = log_x- i+ by oy
X [ s hy g x=lox.{ ) 2
On differentizting with respeet to v, we get
=iy,
:‘_'_41'1 ol 3 d{n‘+bx]=Lw 5 |
x X o+ by oy X w+hx
" i
:b_rﬂ-—y.—xtfll—L]: g 1
dx r a+hy! a-hy E
On differentiating again with respect o x, we get
1, ' ' +h —ixlh
Sty b b (ke ah) 1
iy’ vy dv (a+Bx) z
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1
&y | a

=0t P

— X

| =

section =1)
[This section comprises of solution of long answer fype questions (L.A) of 5 marks each|

a2

/ i T 1y "

Ta find the point of intersections of the eurve ¥ = x° +1and the line y=x+1,
wewrie S +l=x+l= x(x—t)=0=x=0,1
Sa, the point of intersections P{0,1)and @(1,2).

Avren of the shaded region OPPRTSO = (Area of the region OSQPO | Ares of the region
STROS )

=[/{+*1 I].d'.r-. [ :]d.r
{51}

= Hence the required area is %wuﬂﬂh.

o |

bl | -

33 Let (a.h) be an arbitrary element of Hx M. Then, (a,b)e N« N andahesN
Wehave, ah=Mr;  (As a,b e and multiplication is commutnative on 1)
= (#.5) R{a.b). according to the definition of the relution Ron M« N

Thus (a.b)R{a.b), ¥(a.b)es M=,

Sa, W s reflexive relation on B o« B

Let (a, k), (e,d )be arbitrary elements of Nx N such that (a.b) R{ed).
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Then, (o, 6)R{c.d) = od =be = be=od;  (changing LHS and RIS}
= ch=da;  (As byl £ W oand multiplication is commutative on B )
= (e, ) R{a.b); according to the definition of the relaton Ran Fx }
Thus (a,b) R{c,d) = (e.d) H{a,h}
So, R is symmetrie relation on T = M,
Lat {a.ﬁ}.{f,d] e f ) be arbitrary elements of B« N-such that
{:r,b}ﬂ[c.d}und (c.d )R {e,j}.
(k) R{""’}:”f“}:-{udjfc:r)= (be)(de) = af = be
(ed)Rie, f)=ef =de
= {a.h}ﬂ (e, f ) tnecording to the definition of the relation Ron [ )
Thus (a.b)R{e.d)and (c.d)R(e. /) = (a.b)R{e. f)
So, R is transitive relation on M < 1 .

As the relation R is reflexive, symmetric and transitive so, it is equivalence relation on 4 = N.
[(26)]- {(5)< N {0} R2.)

=|(xy)eNxN:3x =y}

={(x3x): v e W)= {(1.3)0(206)4(3,9) oonven]

ok | = | =

33 0R

S ifxz0
We have, f{x)= L+x
X

S X<l

Mivw, we consider the Tollowing eases

Case 1: when x = @ . we have f{x}:li
+Xx

Injectivity: let xoye®’ U{ﬂ; sueh that fl:.t‘} = f{_l:l . then

X " iy =Ixld“:r—tu..xy::",'r—llr
I+x 14y Ny ;

S0, fis injective function,

Surjectivity ; when x = 0, we have f[.t]:%?:'ﬂiud flx)=1- : E 2 lasxzi
x

+X
_II

Let ye[0,1), thus for each y e [H.I]thurﬂ exists x=ﬁz Dsuch that f(x)= 1=y

270
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So. f is onto function on [0, ) to[0,1).

Case 2: when x <0, we have f(x)= -

1-x
Injectivity: Let oy €[ ie, x.y < 0, such that _f{.x:}=f[_}’],ﬁlen
X ¥
= X=X = - S X=Y
I=-x 1=y

Siv, f is ingective funelion.

o X X 1
Surjectivity ; x <0, we have f(x)= -l—-«--:ﬂulm. f[x}=i-—:—:l p——==1
—-X =X

I-x
=l< fx)<0.
Let y e (=1,0) beanarbiteary real number and there exisis xzﬁ-cﬂsuch that.
5 Y
i) 1+y
I(1]=I[ﬁ]=—:—=i"
' +¥) =
I+

8o, for pe(-1,0),there exists x= l—'lr—-{ Usuch that £ x)=p.
+ry

Henee, fisonto function on (—o,0) io(-1,0).
Case 3:
-1I

{Injectiviey): Let x> 0 & p <@ such that fx)= f{p)= I—IL:T-—
iy -

= x-XF= p+txp=x—=2x, here LHS >0 bt RIS < 0, which is inadmissible.

Henee, flxj= flp)when x= p

Henée [ is one-one and volo funetion.

54 The given system of eguations can be written i the form LY = 5,
13 | 1/x] 4
Where, A=[4 —6 5 [\X=|1/ylandB=|I
6 9 - 1z L
3 10 i
Naw, |.-11= —b 5 |=2{120—45)—3(-80—30}+ 1036+ 36) 1
6 9 -2
=2(75)=3(-100)+ 10{72) =150+ 330+ T20 = 1200 = 0 . A" exists. 1
2
5 10 M O[5 150 75
SadfA={150 -1 0 | = 0110 —1000 30 ll
5 M -4 ITD0 -
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T 180 75
Hence, 4 =if¢a'-r._‘r‘.4l=L 1o 100 30

|
A 1200 -
! | T2 -4 i
1
# 75 150 75 (4]
As, AX=B3 X=A"B=s|1 =F]m. 1o —100 30 |1 1
-; 7 0 242 2
300+150+150] | * 600 |2 i
.-_u'u H40-100-60 |=| L =_I;W = % g
288+ 01— 48 : 40| ||
z s
I
’I"I1|.1;a.l=—.l=l,—l=l Hence, x=2,r=%z=35, 1
x kpy 3 8
a5 Let P{1,6,3)be the given paint, and let *L* be the foot of the perpendicular from * P! tothe
given linge A4F {asshown inthe figurs below). The coordinates of a general point on the
given line @re given by
e
A B
1
0
=0 p= 1=2 ) : 3 2 o
II :iil-:-a =41 Bascalar, el =2, 0 =24+ Tundz=31+2
Let the coordinates of L be(2,24+1,34+2).
I
So, chirection ratios of PE ared - L2AH1-6and34 +2-3, 72, 4A-1,22-8 and 34-1. I1
Direction ratios of the given lineare 1,2 and 3, which is perpendicular to PL. I
Therefore, (A- 11 +(24-5)2+{3A-1)3=0=141-1=0=1=1
i
So, coordinates of £ are (1,3,5).
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Let @ x,.¥,.3, ) be the image of #{1,6.3)in the given ling, Then, £ is the mid-point of |
PQ.

Therefare, {x._—'l]_ ]fl-"l +6)

= 3 anl

[z +3)
2

=f=x=Ly=0and ;=7

Hence, the image of P({1,6,3)in the given line is |L0,7).

Now, the distance of the poini “.ﬂ.T} from the p—axisis v FeT = \,."',*_‘;IFI LS.

Method 1: g.‘_.'ﬁl'la‘

Iﬂ-‘l’l--l-m#}

F:.r:—n" 27 ¢i
7 H{---U M};w]‘rcrt‘ "#'is o scalur

Given thar equation of lines ane

F= A=k o 1) w0 F =0 ot ol <2 o )

The given lines are non-parallel lings as vectors }— j-l-I anil —1}‘+; are nok parallel. There 150
unique line segment PQ (P lying on Tine (i) and @ on the ather line (#7) ), which is at right
angles 1o both the lines, B¢ is the shortest distance between the lines. Hence, the shartest possible
distance between the acroplines = PQ .

et the pasition vector of the point P lving on the ling £ = .-1(; - j +k l' where *A4" is a sealor, s

bl | =

Jod | =

JI.[..‘— :F ok } , for some A ond the paosition vectar of the point @ lving on the ling

F =1.I'—:i:—p[—1}+El':where ' is a scalar, is ;‘+(—I—Ip];‘+[,u}i', for some 4.

Now, the vector PQ = U_Q—Eﬁ={I.—.ﬂ.]}+{—!—2,LH—J.}}+{#—F.].E’1 {where "€ is the
origin). is perpendicular 1o both the lines, so the vector PQ s perpendicular to both the vectors
i—j’+5 and —1}+E.

=(1=2)a+(=1=2p+ i) (=) +{u-4)1=0 &

= (1A} (-1-2u+A)(-2)+{u—-4)0=0

=243pu=-3=0 & 2+ 54-34 =0

B | = | =
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! 1
On solving the above equations., we gel 4 = 3 amnd w=M0
i, the position vector af the points. at which they shoold be so that the distance berween them s

the shortest, wre %{i—:ﬂi} el ]—:r’

w333 -8

I3
The shorest distance = "\'% umnits.
Method 2: ,-,/
/ PA-ad)

X1 _ysy ;

I] ___z = i

X y.z
The equation of twa given straight lines in the Cartesian form are ] :-_I = i---m{f} and

£=1_ ¥+ :
= =— i
; _1 e (1)
The limes are oo pnrnlll:l s direction mtios are nol proportional. Let P be o point on straight line

{#) and ¢ be a point on straight line (i) such that line P is perpendicular ta bath of the lines.
Let the coordinates of P be (A,—4,4) and that of @ be (1,-24- Ly gt )i where *A" and ' are
scalars.

Then the direction mtios of the line PQ are (A—1L,=4+2u+1,4-u)

Since PO s perpendicular o strmight lime l:i:l . we have,

(A—1)d+ (=24 2= 1)(-1)+(A— u)1=0

= 34-3u=2....(iii)

Since , PQ is perpendicular to straight line (i) . we have

0(A=1)+(=2 + 2+ 1) (=204 (A= p) 1 =0 = 3h = 5p= Lo V)
Solving (##) and (), we get u=0,4= %

Thetfore,the Coordinates of P are G --:- %J and that of ¢ are (1,~1,0)

Nk |

b [ =

—

274
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S 5 N B 1“3 F]
S, the required shorest distance % [1.——| -|-| —I+—] +['ﬂ = [— unim.
)L s N3

Section —F

[ This section comprises solution of 3 case- studs{passage based questions of 4 marks cach with two sub
parts. Solution of the first two cave stwdy guestions have three sub parts (i)(i0), (561 of marks 11,2

respectively. Solution of the third case study guestion has oo sub parts of 2 marks each. )

36| Let E,E,.E, bethe events that Javant. Sonia and Oliver processed the form, which are clearly

pairwise mutnally exelusive and exhaustive set of evenis.

1 a3
HP{E}_M ‘ 1}—m=g I'HjP{EJ ""j E.

Also, let £ be the event of committing an error,
We have. P{E | E, )= 0.06, P“E.] E, =00, P E| E,) =003
(il The prohahility that Sonia processed the form and committed an error s given by

1
P(EnE,)=P(E,).PE|E,)= 2 0.04.= 0,008,

(i} The total probability of commiting an ereor in processing the farm s given by

PE)= P{EI }‘F{'El E )+ P{EI}'P{'El‘E:}‘ P EJ-}‘ Es}
P[F}— xl}.{lﬁ+ 2 L0 %xﬂ 03 = 0,047, f
ity The probability that the form is processed by Javant given that form has an érror is given by
PIE|E = PIE
P{E||E}= [ 1 F}! [ I,:I
PIE|E,).P(E )+~ P(E|E,].P(E,)- PIE|E,).P(E,)
S0
: " 00 3 !
006x 0. 4 0x 2. 4 @03 . 47
100 100 10D
Therefore, the required prohability that the form is not processed by Tavant given thit fonm has an
|
error = P{E, | E|=1- P(E |.*;‘;_1-£=E
7 I
¥
(i) OR ZP‘E.|E:|=P{E.|E}+P[E:|E}~P{E,[E}=I
i1 i
Since, sum of the posterior probabilities is 1.
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(Wehave,Y P(E|E)=P(E | E)+P(E,|E)+P(E,|E)
f=1
_PENE)+PENE)+P(ENE)
) P(E)
P{ERE)U(ENE,)U(ENE,)) .
= - as E,&E i = j, are mutually exclusive evenls
P[L]
PIEN(E, E VE)} PIEnY) PlE
= { {5, ! "}= { :I= { ]=I: 'S being the sample space )
P(E) P(E)  P(E)
_J'."_._ﬁ":_hlve,
— R =t f 1 § s P e | 1 i = F gl
|f-,|=~.ﬁ +I¥ =ﬁk."lr'.|F,]=1||,{—-t] +4" = a2 =4«f11h.ff_,|=,4{+3] +(-3) = /18= 32N,
(i) Magnitede of furee of Team A = 6/,
(i) Since a+c = 3i— jland h=—4 {i- j)
Su.b and a = ¢ are unlike vectors having same intial peint
and |E.|=4Ji& |E+E|=3¢'E
]"km|F,|:s- |F.+ E| also F.and F.+ . are unlike
Henee B will win the game
(i) F=F 4 F+ F=6i +0j—4i +4j-3i -3j=—i+]
s ﬁ | it
LJFl= ) (1) =Tav.
|
OR
F=-i+]
| T Ar . .
Lf=r—tan i = 4 = T; where' 8" is the angle mide by the resuliant frce with the
LNLAF
fyvedirection of the x— axis.
38 |
r‘_l;——j:l'
¥ 2
{11 The rate of growth of the plant with respect (o the number ef days exposed to sunlight
w g iy 2
venhy —=4-x.
is given by 7 3
(i) Let rate of growth he represented by the function g x) = e
v
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: d(dv)
Mow, g'(x)=— — |=-1<1
ow, g'(x) lir[tﬂ'_;! <
= g x) decreases 1
So the rare of growth of the plant decreases for the first three days. 1
Height of the plant after 2 davs is y= 4!1——;{1}! = b,
[Class Xl ;: Maths] 277




PRACTICE PAPER — 2 (CBSE 2023 DELHI REGION PAPER)
CLASS XII
MATHEMATICS (CODE: 041)

Time Allowed: 3 HOURS Maximum Marks: 80

General Instructions;

1. This question paper contains FIVE sections— A, B, C, D & E, Each part is compulsory,.
However, there are internal choices in some questions.

2. Section A has 18 MCQ's and 02 Assertion-Reason based questions of 1 mark each,

3. Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.

4. Section C has 6 Short Answer (SA)-type questions of 3 marks each.

5. Section D has 4 Long Answer (LA)-type questions of 5 marks each.

6. Section E has 3 source based/case based/passage based/integrated units of
assessment (4 marks each) with sub parts.

SECTION - A
(Multiple Choice Questions)
Each question carries 1 mark
Each MCQ has four options with only one correct option, choose the correct option.

L et A= 13,3}, then number of reflexive relations on A is

(a)2 (b) 4 () 0 (d) 8
SOLUTION : Number of reflexive relations on A =2""

where n is the number of elements in set A

So. Number of reflexive relations on A =277 =2" =4 |OPTION(b)

o gL e, | | A
sm[;+sm {;}] is equal to 1

| I I
(a)l (h) = () 3 (d) 3

SOLUTION : sin[g +sin 'L{é!] = sin[¥+%] = sini:: =1 |OPTION(a)
<

- -
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If for a square matrix 4, A" — A+ 1 =0 then A~ equals

1
(a) 4 (b) A+1 (¢) I-4 (d) A=1
SOLUTION : A = A+1=0
On Multiplying by A~ both the sides, we get A™ A=A A+ A 'T=0
= A-T+A"=0  |[NOTE:A'4=1|
=A'=1-4 |OPTION (c)
0 0
If 4 :[j I]’ H—_-[Ix Jqﬂd A =E‘z,!hw1 x equals 1
(a) +1 (b) 1 (e) (d) 2
fx DY(x 0 : 10
soLution: ' =7 |7 U=l * H it
LUl ) e 2! 1
On compairing, we getx” =1&x+1=2=x=1 (Common Value)
' Gpnamc}|
@ 3 4
11 2 1= rhen the value of @ is 1
1 4 1
(a) 1 () 2 (e)3 (d) 4
¢ 304
SOLUTION |1 2 1|=0= a(-2)-3(0)+42)=0= a =4 [OPTION (d)
14 1
SHORT-CUT:
If we observe the determinant then C, & C, are identical at & =4
The derivative of x*" ward x s
(a) x (B)2x" logx  (c)2x"(I+logx)  (d)2x"(1-logx) 1
SOLUTION : Let y =x** = """ =™ :}% = gl uxl+ Inx(2))
X
:.dﬂ=zf-n+m.ﬂ
AN
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7. | The function f(x)=|x],where |x] denotes the greatest integer less than
or equal to x, is continuous ar !
(a) x=1 (h)x=13 (e)x=-2 (d)x=4
SOLUTION : We know that f(x) =] x| is discontinuous at all integral
points, so f(x) =[x] is continuous at x=1.5 JOPTION (b)
& ,
If x= Acosdt+ Bsindt, then —- is equal to !
[a}:r (b)—x (c‘]lﬁx (d)—lﬁ:r
) d .
SOLUTION :x = Acos4r + Bsindt = = =4 Asin4f +4Bcosdt
d’ : ;
drf = —16Acos 41— 16Bsin 4t = —16{Acos 4t + Bsin4r) = —16x
OPTION{(d)
9. | The interval in which the function f{x) = 2x’ +9x° +12x -1 is decreasing
1
(a)(~1Lx) (b)~2,~1) (e)(=on, -2 (d) [-L1]
SOLUTION : f(x)=2x"+9x" +12x -1
= f{x)=6{x"+3x+2)
= fix)=6(x+1)x+2)
As, fi=1.5)=6(=ve)+ve) < 0 (DECRESING)
FU0y=0& f1-3)=0
[option (a),option (¢) & option (d) rule out]
So.[OPTION(b)|
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10,

SeCcx
[ - 1
secx—lanx

(a)secx—tanx+c {h) secx+tanx+¢
(e)tan x—secx+c¢ () —(secx+tanx)+e

" s secxlsecxy+[Eny
SOLUTION : Let I = | ds=| ( )

s8¢y —tan x (secx—tlanx)secxy +tan x)

dx (NOTE:sec’ x—tan” x=1)

= I =tanx+secx+c |OPTION(Db)

sec” x +secx.tanx
= I:j

11,

j i's. x#2 isequal to 1
-1
[u) ! (h) -1 (c) 2 (d) -2
[x=2], _t=(x=2), ] '
SOLUTION : Let, T = j = _[ —dy=—[1 dv=—(x),
T - -1
We know that | x=2|=—(x—-2) whenx <2
I=—1+1}y=-2 |OPTION (d)
12. | The sum of the order & the degree of the differential equation

2{(&] o

(MISTAKE in question Paper equal to 0 or something was missing)
(a) 2 () 3 (¢) 5 (d)0

NIogr
SOLUTION - 45, [‘—fij = 3[-@ 421 9
el \ dx e ) dy

Thus,Order =2 & Degree=1= Sum=3 |Option (b)
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13.

Two vectors E;=ul?+ H:'}'-FHHE & b=h E+h,_}'+b k are collinear if
a

(a) ab, +ab, +ab, =0 {b]b b 4!'1_]

() a,=b.a;=b.,a,=b, (d)a, +a,+a,=h +h, +5,

SOLUTION : We know that when Two vecrors are collinear their

@, d,

i

N . . a
direction ratio’s are proportional, so E! =—

= OPTION (b}
b, b,

14,

The Magninude of the vector 67— 2 + 3K i
{u (b) 3 {L} 7 {d} 12
SOLUTION : Magnitude of the vector= y36 +4 19 =7 |DPTT{}N (c)

15.

If a line makes angles of 90",135" & 45" with the x, y & z axes
respectivel;«' then its direction cosines are

-1 |
{”JﬂJz J: & 5 E
= I -1

(¢) Euﬁ

(d) 0,—=.,—
SOLUTION :direction cosines are cos 90”, cos 135", cos 45"

V272

i . . i =il
= direction cosines are cos 90", —cos 43", cos 43

o 2 -1 1
= direction cosines are ﬂ,—q _E OPTION (a)
2 N
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16.

The angle between the lines 2y =3y=—z& bx=—y=-4z is

. 1
(a) 0° (5) 30' (c) 45' (d)90"
SOLUTION : As,I,:2x =3y =-z= %% o T, (On dividing by 6)
X ¥y I s
L:6x=-y=-4z > —=——=— (On dividing by 12)
) 2 =12 =3
So.Direction ratio's are <3,2,-6>& <2,-12.-3>
since, 3(2)+2(=12)=-6(-3)=6—-24+18=10
so,cos@=0=8=90" |OPTION (d)
T3 = : =
{f torany twoevents A & B, P(A)=—& P(AnB) = m,rﬁen P{E] 1
2
is equal to
1 1 7 17
= b) — ) — 1) —
(@) 35 ®) 3 3 @ 3
7
! 1 7
sorurion: p2y=PA0B 10 .7 GrTioN g
A P(A) & 8
10
18. | Five fair coins are tossed simultaneously. The probability of the
events that atleast one head comes up is 1
27 5 31 I
a) — h) — {c) — d) —
) 32 ) 32 32 ( 32
SOLUTION : P(atleast one head) =1 — P(No head) = 1 - P(5tails)
1[0} 0N T | I 31
Platleast one head) = 1—(=){=)}=}=)— =l-—=—
( ) {2){2}{2}(2}{21 32 32
OPTION (c)
ASSERTION-REASON BASED QUESTIONS (Q.19 & Q.20)
In the following questions, a statement of assertion (A) is followed by a
statement of Reason (R). Choose the correct answer out of the following
choices.
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19,

(a) Both A and R are true and R is the correct explanation of A.

(b} Bath A and R are true but R is not the correct explanation of A.
(c) A is true but R is false.

{d) A is false but R is true.

ASSERTION( Ay : Two coins are Lossed simultangously The probability

of gettling two heads, i1t is known that atleast ome head comes up. is T

REASONING(R) : Ler B & T be two events with a random experiment.
} -
then P i:l = M
I PE)
SOLUTION |

ASSERTION : F{E1= Patleast one head)=1— P{mo head)= I—:}z%

PiF)= P(two heads) ==, PF(EmF)= Pimnheudﬁl-‘:

F F{EﬁF: l
P(—) =t =t =
JE'1J PLE) T

|

REASONING also true (Basic Definition)

As.Both A and R are true and R is the corvect explanation of ALOPTION (a)

20.

ASSERTION(A): j — dr=3

REASONING(R) j' Fx)dx = If{n—h x)elx

SOLUTION : Let | = j Vib-x i o
N EI0-x SVI0-x+x

b b
(O applying If{.r}dx = Ij'{{;+b—x]t£r}

3= J'\n'lx+ 10—x
J—+ 10—x

REASONING also true (Basic Delinition)

As.Both A and R are true and R is the correct explanation of A,

OPTION (a)

m:jm:m:n:s (TRUE)
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SECTION B

This section comprises of very short answer type-questions [V5A) of 2 marks each

21.

Write the domain and range ( Principle value branch) of the
Sfollowing Function :
f(x) = tan”'x
SOLUTION : For f(x)= tan' x
x

Domain= R = (=, ). Principal Range = {?,-2*)

22,

-
=g * 7 xE
x,if x<l
then show that fis not is differentiable at x =1,
SOLUTION  LHD :Whenx=1-h
fU=h)=f) . 1-h-1_
_h h-al) _h

1

lim f {_1-!1]=L1_IE

fr20)

RHD :When x=1+h

- LTI B
lim 7 '(1+A)=lim fa+h)—F(1) = lim]+h +2h-1 =2
fh—¥0 " -4l h fiall h
Since,lLHD # RHD so function fis not differentiable at x =1 .
OR
Find the value(s) of 4, If the function
sin® Ax
. — f x=0
=i ¥
L, if x=0

SOLUTION : LHL : when x=0-h

lim £(0—h) = lim ™A _ i, SI0° A
fr—al Ji—01 [_m— fi—si f»‘”i']‘

Since, function t'is continuous atx =0

SIHL= f(0)= A" =1= |2 =]

k)

A=
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23. | Sketch the region bounded by the lines 2x+ y =8, y=2, y=4
2
& v-axis.Hence, obtain its area using integration.
SOLUTION: On plotting the line we get
As.2x+y=8= x=—8;'y ' i i |
= \ [&.4)
4
Required Shaded Area =_[ ey 1@;\
5 (0.2) [ (3.1)
4 y I 4 i \
_I-T ZE_[(B ¥y d \
1 Vi
= 2( ¥y }
| 16 4 1
=—(l6——)=—(16-6
2{ 3 )= Il )
|4 =5 squnits
24. - 5 5 3, 5 - A
If the vectors a and b are such that |a |=3,|b |= Eana’ axbis | 2
a unit vector, then find the angle between a andb.
SOLUTION : As,axb is a unit vector = [lax b =1
We know that |5><5| = |E.-||E |sin &
=1= S{E}sinﬁ'
3
=>sinf :lzsin£:> 6==
2 6 6
Thm,%is the angle between a and b.
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OR
If the area of a parallelogram whose adjacent sides are
determined by the vectors a= ;—} +3k &b=2i- T_}: +k.

SOLUTION : We know that Area of a Parallelogram = |; X 5|

- -

i k
So,axb=1 =1 3/ =i(=1+21)— j(1-6)+k(-7+2)
2 <7 1

= axb=20i+5]-5k

Now, |axb|=+/400+25+25 =450 =152

». Area of a Parallelogram = [ax B = 15v2 Sq.units

23| Find the Veetor and cartesian equation of a line that passes .
through the point A(1,2,-1) & parallel to the line
Sx-25=14-Ty =35z
SOLUTION :Given Equation 5x-25=14-T7y =35z

_ 5x-25 14-T7y 35z
can be written as = =
35 35
- x=3 » y—2 E
7 =5 ]
D.r. of the Given Line are <7,-3,1>
So.D.r. of the Required Line are <74,-54,14>
Thus,Cartesian equation of a line is I;I =2 -52 = E'IH =4
Vector equation of a line is r= ['_E+2}—E)+/I(T}"-5:.r'+ﬁ_‘j
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(This section comprises of short answer type questions (SA) of 3 marks each)

SECTION C

20.

|
If 4=|3
4

2 3

2 1

|
SOLUTION : A" = 4.4=|3
4

19 4
Now, 4= A4 A=| | 12
14 6

63

Thus, A® =234 -407 =| 69
92

=2 1 |.then show that A* =234-407 =0

2 31 2 3} (19 4 8
—11{3-21=1123
2 14 2 1) (14 6 15
81 2 3) (63 46 69
33—3|J=69—ﬁ:&
1504 2 1) 92 46 63

46 69) (23 46 69 (40 0 O
-6 23|-|69 46 23|-| 0 40 0
46 63} 192 46 23 0 0 40

00
AIAT=234—407=|0 O
00

0
01=0.
0

288

[Class Xl ;: Maths]



27

(a) Differentiate sec"(\(li‘}w.r.f sin”' (2xv1=x7).
I—-x

SOLUTION : Put x =sin p,

1
.l'l_ 2

"

Let A=sec”'( y=cos™ v1—-x’

X
A=cos” (yJ1—-sin’ p)=cos ' (cos p)=p=>|Ad=p

Let B=sin"'(2xy1—x")=sin"'(2sin py/1—sin’ p)
B =sin"'(2sin pcos p) =sin”'(sin2p) =2p =24
A 1

Thm‘,A=lB:> —=
2 dB 2

. Derivative of sec™ ( 1 YWt sin“'(Exxf'lmx: )= l

1—x 2
OR
d’y CoS X
(b) If v=tanx+secx,then prove that —-= —-
(1-sinx)
SOLUTION ;y=tanx+secx = gy— =sec” x+secxtanyx
X
dy l+sinx l+sinx 1
= —= = = — = =
dx cosx l-sin"x I-sinx
Nm@gd'f:(l—smx)ﬂ.—lf—qcnsx}: cn‘sx :
dx (1-sinx)” (1-sinx)
Thus. d y _ cﬂ.sx 1
dx”  (I-sinx)”
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28.

g |
0 l+e™

SOLUTION T = [U 1
+

(@) Evaluate : J ~x

On applying Jf{x}c.{r = I_f'{.:z— X Jebx, we get
4] M

i ] ek o 1 2r
'Iz_[“ sinf 2a-x) iff=j“ sl dx:.[“
l+e l+e -

On adding Eq. (1) and (2), we get

iy

2 - j’”" +|a’x J.Izl.rf:r:[x}g":br—{}:br

0 ]4e™
_IE-T ]
= =
h14™
OR
4
by Find :|—————
®) '[[I—”{Y‘ +I}

%t —1+1 {
(x—1)x* +1)
(x* —1){(x* +1;| I (x+1)

SOLUTION T = [

Sin

&

|+

1L
£

dX....(2)

(x=1)(x"+1) (=1 +1)
f=I{x+I)aﬁ'+ - J'U‘ +1) = (x -I}
27 (x*=1)(x" +1)
.’—i+x+- p"“_!"[i ﬁl _ 11 \e Wherex'=p
2 -1 2051 P4l = 2xdx=dp
.-'=£+J.+—|I't|p | —[ In |—|—Ian x]+¢
2 4 7 +
2 )
va .I!=L+I+l].“]x1 ][,._.lln|’_|__l[an-|x]+c
2 4 x +1 4 *+1 2
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29,

Find the area of the following region using Integration:
{(x,3):y" <2x and y = x -4}

SOLUTION : v" = 2x is a parabola open towards positive

side of x -axis and (1,0) satisfy y* < 2x, so shading is inside
the parabola.

v=x—4is a linc passing through (0, - 4)& (4.0).

Further(0,0) satisfy v = x— 4, so shading 1s towards origin.
So,common shaded area is shown in the following graph.

FOR POINT OF INTERSECTION Eqguate v =x—4& y" =2x
= (x-4Y=2x '
= (x* +16 —8x) =2x

= x =10x+16=0 = (x-2)}(x-8) =0
Thus x=2 OR x=%8

When x =2,y =x—4=-2,4(2,-2)
When x=8,y=x-4=4, B(8,4)

i)
Required Area = [ (¥, — %) A
A

£

A= [(y4+4-2
:|;U+ zlafv

! ? 16-4 64 +8
A= ay -2, s+ 4+ 2)- =

]

A=[6+24-12]=18 Sq. units.
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= (@) Find the coordinates of the foot of the perpendicular drawn from the
point P(0). 2, 3) to the line If‘ = -"';' = :;4 o
SOLUTION : Let, X3 - 2= _2+4 _,
5 2 3
Sx=51-3y=24+Lz=34—4 :
Thus, coordinates of Q) on the line are (54-3,24+1.34-4)
Now,dr. of PQare <54-3-0,24+1-234-4-3>
=ldr.of PQare <54-3,21-1.34-7>
Given that d.r. of the line are <5,2,3>
Since PQ is perpendicular to the line so,
S5A-3)+2024-1)+3(34-T7)=0
=254 -15+44-2491-21=0=3381=38= |41 =1
Thus, coordinates of Foot of the perpendicular Q are (2,3,-1).
OR
Three vectors ::}, h & ¢ satisfy the condition a+bh+c=0. Evaluate
p=ab+betca, if |al=3, |)=4 & |c| =2.
SOLUTION : As,a+b+c=0=|a+b+c|= 0]
Sla+b+e 0= (a+b+e)la+b+c)=0
Saatabtactbatbbibetcatchtec=0
=lal +|b] +lef +2ab+bc+ca)=0
=9+16+4+2u=0
=29
A =5
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E:R

Find the distance between the lines:
F=(i+27—4k)+ AQ2i+3] +6k)
F=3i+37—5k)+ pl4i +6 +12k)

SOLUTION :Second Equation can be written as
F=3i+37—5k)+2(2i +3 ] +6k)
F=(3i+37-5k)+ (20 +37+6k)

Since, d.r. of the two lines are proportional so lines are parallel.

Now, on compairing the two equations with 7 = a+Ab

— -

a,—a =i+ j—k

a =i+2j—4k,a,=3i+3j-5k=

h=2i+3j+6k=|hl=J4+9+36=7

ik
So.(dy—a)xb=[2 1 —1|=9i-14;+4k
2 3 6
Shortest Distance = {ﬂ_?_f:]xs _|9i-14j+4k]|
5] 7
S - B1+196+16
D.= :

.. |Shortest Distance =

sq.zmr'm
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(This section comprises of long answer-type questions (LA) of 5 marks each)

32. | (a) The median of an equilateral triangle is increasing at the rate
of Eﬁ cm/ s.Find the rate at which its side is increasing.
SOLUTION: Let x be the side of the Triangle.
So,AB*= AD* + BD' = x* = AD" + "*? A
2 2 I.r Fs "w-__\
L = C 3; \
S AD = - =T /
4 '1' )l,-".: I\"-,_
Thus,|AD = -J%— (Length of the Median) = 2 -
O differentiating both the sides, we get
. = N
didD)_N3dx _ ., N3 d
et 2 dt 2 dt
"
& 4 cm [ sec
dr
Side is increasing at the rate of 4 em /sec.
OR
Sum of two numbers is 5. If the sum of cubes of these number is least,
then find the sum of the squares of these numbers.
SOLUTION: Let ¥ & 5-x be the two numbers.
sum of cubes of these number, L = x +(5—x)°
L 5 . " y 5
d—= 3T =35—-x)=0=x =25+ —-1l0xr= x=—
dx 2
2 .
Now,—=6x+6{5-x)=30>0
; i 5
Thus,sum of cubes of these number is least at x = E
. , 25 25 25
So, squares of these numbers = x™ +(5—-x) = T+I "
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| ALTERNATIVE APPROACH:|

Ay it was not mentioned that we have to use derivative to evaluate
so there might be a possibility that student will follow the

below-mentioned approach. which is also Absolutely correct.

So, Student must deserve tull marks using this approach.

Stem of two numbers is 5, Il the sum of cubes of these number is least,
then find the sum of the squares of these numbers.
SOLUTION: Let x & 5—x be the two numbers.

sum of cubes of these number, L = x"+(5 - x)

L=x+125-2" +15x" = 75x =15(x* —Sx*%i}ﬂ"::—}—:-é

23
L=15(x-2) +—
(x ) a
125 125
As, 15{x——‘} }ﬂ:lﬂ{x——‘} P o
44

L 5 ‘ 5
L is minimum when x — == = |x= =~

Thus.sum of cubes of these number is least at x = %

So, squares of these numbers = x* +(5—x) = —+—=
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LA
&

Evaluate : j sin 2. tan ' (sin x)dx
1]

| =

SOLUTION : I = | sin 2x.tan”' (sin x)dx

ﬂ‘—-——_‘j.l

n

= EJ. (sin xcos x).tan™' (sin x)dx

Put |sinx = p=>cos xdx = dp

Now.,when ng,pzsingzl &when x=0,p=sin0=10

e

1 1

1 2 L
=7 an”! — an”™ p—— p—
So, 1 -j{p;..mn (p)dp =2ftan™ p.2 jz T ],
I= lan ———IHP
I tan —— (1= ),
P ﬁ l—p p Iy

=2tan" p%~—{p—mn Pl

tan 'l 1 z 1 = |
=2 =l Ed e A= e
| - 2{ an ' 1)) [S = 81 [4 2]
r=F
2

[Class Xl ;: Maths]




34. | Soive the following Linear Programming Problem Graphically:
Maximize: P=T70x +40y
Subject to:3x+2y <9,

Jx+y<9,

x20,y=0
SOLUTION : On plotting the graph of
3x+2y<93x+y<9x20,¥20
we get the following graph and

common shaded region is region ABC.

Now,

Corner points of the common shaded

region are A(G.%], B(3,0)& C(0,0)

Thus, P, = 70(0) +4n{g) =180

P, =T70(3)+40(0)=210
P.=70(0)+40(0)=0
So, Maximum Value of Pis 210 ar x=3 & y=0.
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35.

(¢t) In answering a question on a multiple choice test, a student either

3 -
knows the answer or guesses. Let Ebe the probability that he knows

;i
the answer & T be the probabilitv that he guesses. Assuming that

a student who guesses at the answer will be correct with probability
! . - x
;.Whﬂf is the probability that the student knows the answer, given

that he answered it correctly?
SOLUTION:
Let E, be the Event that Student knows the answer
E, be the Event that Student Guesses the answer

and A be the Event that Student answered it correctly

It is Given that P(E: ]l-i P(E }—E P{i}'l
. | -53 3 '5! E., "3

Now, Probahilty that Student answered it correctly Given that he

knows the answer = :”[Ei} =1 (Sure Event)
1

A
PFE].P{E.}

PEI; LP(E )+ P( qu.. ).P(E,)
| 3 9
N ST
A 3
5735 15 15
Thus probability that the student knows the answer, given that he

Now, P( h] =
A

-9 211

P

. .. 9
answered it correctly is T
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OR
(b) A box contains 10 tickets, 2 of which carry a prize of Rs. 8
each, 5 of which carry a prize of Rs. 4 each & remaining 3 carry
a prize of Rs. 2 each. If one ticket is drawn at random, find the
mean value of the prize.
SOLUTION: Let X be the Value of Prize (In Rs.)
So, possible values of X are 8, 4 or 2

2 5 3
Now. P(X =8) == P(X =4) =~ P(X =2) =~
ow, P(X =8) =0 PIX =) =15, P =2) =10

So, Probability distribution of X is

| X 8 4 2|
) 5
P(X) — — 3,
10 10 10
2
X.P(X) o 24 2.
10 10 10
164+20+6 42
Thus, Y X.P(X)=———=—=4.2
Z ) 10 10
. Mean value of the prize is Rs. 4.2
SECTION - C

This section comprises of 3 case-study/passage-based questions of 4 marks
each with two sub-parts.

First two case study questions have three sub parts (A), (B) & (C) of marks 1,1, 2
respectively.
The third case study question has two sub-parts of 2 marks each.
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36.

An organization conducted bike race under two different categories — Boys & Girls. There were
28 participants in all. Amaong all of them, finally three from category 1 and two from category
2 were selected for the final race. Ravi forms two sets B and G with these Participants for his
college Project.

Let B ={by, by, b3} and G = {g;, g1}, where B represents the set of Boys selected & G the set of
Girls selected for the final race.

Based on above information answer the following quesiions ;
(1Y How many relations are possible from B o G7

SOLUTION: As,n(B)=3.n(G) =2 son(Bx () =6

Thus, Number ol relations are possible from B to G = 2°=64

(1) Among all possible relations [om B o G, how many [unctions
can be formed from B to G7
SOLUTION:As. niB1=3.n(G} = 2 so
Number of functions from Blo G =2x2x2=8

(1) Let R:B — 8 be defined by

R = {{x,)):x & y are students of same sex}. Check R is equivalence Relation.
SOLUTION: As R is a relation from B to B (8¢t of Bovs)sox. v B

l&'mcee, r & y are students ol same 5:.'}¢|

R is reflexive, symmetric & Transitive. So R is an Uguivalence Relation.
OR

A function £: B — G be defined by = {(b.. g ).(b.. g, ) (b, g )}

Check if fis bijective. Justify your answer,

SOLUTION:As, b, & b, has same image so0 ['is not one-one function,

Thus I'is not Bijective.
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3.

Gautam buys 5 pens, 3 bags & 1 instrumental box and pays & sum of Rs.
180. From the same shop, Vikram buys 2 pens, 1 bag & 3 instrumental
boxes and pays a sum of Rs. 190. Also Ankur buys 1 pen, 2 bags & 4
instrumental boxes and pays a sum of Rs. 250.

Based on above information answer the following questions :

(/) Convert the given situation into a matrix equation of the form AX = B.
SOLUTION: Let x, ¥ & = be the price of 1 pen, 1 bag and |

Instrumental box respectively.

so.Given situation can be written into a matrix equation as

5 3 1Y x) [160Y
21 3|yi= muJ
1 2 4)\z) 250
A X =B
(I1) Find |A|.
i
SOLUTION:2 1| 3|=5(-2)-3(5) +1(3)=-22
1 2 4
(111) Find A°'.
-2 =10 8
SOLUTION: adid=|-5 19 -13|.80
3 =7 -
-2 -10
A"=|'T|{m;;';n=?; -5 19 -13
c S
OR

Determine P = A" =354,

5 3 15 3 1) (32 20 18

SOLUTION:As, A'=4.4=| 2 1 3] 2 1 3J2[15 13 17

1 2 41 2 4 13 13 23
32 20 18 /25 15 5 7 5 13)
so,P=4"-54=|15 13 l?J— 0 5 lﬁ]z 5 8 ?.J
13 13 2 5 10 20 § 3 3
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38,

An Equation involving derivatives of dependent variable with respect to |4
independent variable is called a differential Equation. A differential Equation of

the form %— Fix.1vis said to be Homogeneous is said to be Homogeneous
A

Function of order Zero whereas a function (v, v)is a Homogeneous Function of
degree nif Fiiv.lv)=4"Fix. ). To solve a Homogeneous Differential Equation of

the form % = Fix, )= gtia, we make the substitution ¥ = vx and then separate the
X X

variables.
Based on the above, answer the following guestions:

(i) Show that (x* -y dx + 2xvdy =0 is a differential equation of the type

dr
SOLUTION :(x° =y Ydx + 2xvdy =0 = (x° = v Yadr = =2xyddy
:.}ﬂ: y-x _1y x

Vo Xy dol Dxo ool
de  2xy E{; :I.‘} I{x }’} g{x}

X

. Given differential equation is of the type %: g['—v].
ey

(if) Solve the above equation to find its general solution.

socution: -1 2Ly
dc 2 x ¥
X
v ey v
Let ==v y=wm=S|==v+xr—
X dy dy|
dv 1 | av 1 1
2.(1) becomes, v+ x—=—={v—=) = r—=—=(v-—-2y
44 E I Y w2y
dv =1 1+
= —]
dv 2 W

On Separating the variables, we get J‘ dv=— J‘l dx
X

AT
¥
l+¥

= In|[1+v |==Inx+Inc OR [lnll-l- Vi=-Inx+c

b

¥4y

.T: + 'I': C 2 - £
= In| — |=In—=|(x"+3")=cx| OR simply |In|
X X

=e—Inx

=
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Time: 3 hours

PRACTICE PAPER - Il
(2023-24)
Class — X11
Mathematics (Code: 041)

neral ions :

™

S b

Maximum Marks: 80

This Question paper contains - five sections A,B,C,D,E. Each section is compulsory,

However, there are internal choices in some questions,

Section A has 180 MO)s amd 02 Azserilon-Reason based questions of 1 mark each. (20

Mlarks )

Section Bhas 5 Very Short Answer (YSA)J-type questions of 2 marks each, (10 Marks )
Section C has 6 Shori Answer [(SA)-type questons of 3 marks cach 18 Marks )
Section D has 4 Long Answer (LAJ-type questions of 5 marks each (20 Marks )

Scetion E has 3 Source based/Case based/passage based/integrated units of assessmen

{4 marks each) with sub paris.(12 Marks )

Sechon - A

Q.ND

MMarks

Wior s square matrix A, A'—TA+T=0 and A '=xd+ ol then the value ol x4y is ;

fuf -2 (b 32

ey 3 fdy-3

I |

I A=
[I 1

J and ne N, then o eqoals to:

jay b} 2nn

(el 2 ' i 2"a

Let A be 353 muatris such that fwdj Al=64, then [Alis equal (o

{al & only ‘th -5 only

ic) 64 ‘:m 8 or-8
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s Ir A=[i ':J unil 2AHH Is oonll meatrix , then B eaualks i 1
6 M it} .
m[m 4] =6 -8
—10: —4
(3] . [
i:. ] -5 -8
1o 3 —1 -3
5 = = 2 = P2 1
For whai value of K inverse does not exisis for matrix kB T
fa) I ih 33
(L idy 2
6 1
Jex"+1, x=1
=! i I = :
e fix) ¥ e ey wederfvable @i x =1 then the value ofa ks :
faj 1 bt
1eh 12 idy 2
7
Parivative of cos™' (28'= 11w F.roos 'y la:
fa} 2 2
(LN T 1
fey  1=n" {dp =g
El—y"
o 1
b Iv " iy s piven by g
@) e+ b | 2e'+C
3 E 3
L 1dy
— B *L .
ieh 2:3 { —t:“ S
|
o J2vE8, f1=x=2] "
I =| . iy [ wpedy iw s
9 AR Y] | Flapss o
() 43 (h 144
ley 47 (diy 46
i (@],
The sum of order and degree of the differential equation 1?% +|—l§] =siny lu
L dy
T [T
ey 2 (dy4
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The integrating factor of the differential Equition %"'J‘:J—:i is 1

* L
" ey
© o

A &£

12
The projection of the veetor 20— +F  om the veetor 1 —2 J+k vz
| P 5
= hy —
= 75 ' T
(L] fal}
e e T,
v v i
13 Tet & osnd & hetwo unit vectors and ¢ is angle between them . Then  G+h s
unif vector il & s equal to @
L ax
[F1] 3 (I} Y
£ i)
Ieh 2 3
A
i The vatueof (1 X1 J=(]X i)k s
[ta) 2 i
fep | (-1
15
The reflection of the point  lo, 05,3 in the xv- plane is :
(my  Lar, 1 0) b}
i e (0,1,
(b o
(=, =T, 3] (e, 3]
I& The naiber of corier polits of the feasible reglon determiined by the constralits
=yl , 2y=x+2 | x=0 , y=0 ix:
fa) 2 ih 3
lfeh 4 (dj 3
|
17

I FE-ﬁ]:U.E.PI'A,':ﬂ.d- and MMB=0H, e P'.-El Is equals s

(u) 06

(h po3

feh 0.0

i) .4
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15 1
The corner puinis of the leasible regionin the graphical represenintion of of & LPP
are (2, T2), (15, 200, and (40, 15). If =18x+%y be the objective function , then
fay # is muxiowm at (2, 72 minimum wl b 7 s maximom at (15, 200, minimwm o
(15, 200 (40, 15)
(€) 2 is maximoum at(40, 15), minimom at  [(d) z is maximum ag (40, 15), minimum ar
(1%, 20 {2, 72}
Qn:ntl'lln murrher 19 and 20 are Assertion ond Repson hoased qu:utl'nnl t'nnjrl'ng_ 1
murk ench. Two statements wre given, ooe  lnbelled  Asseriion A aod other labelled
Heason (R Select the corvect answer firom the codes (ajib)ic) and (d) given helow,
(1] Roth Asseriion Al wmal Hesson { B ) are troe ol Resson {“] is= the correci
explanation of Assertion (A),
by Both Assertion (A) and Heason ( K ) are troe and Reason (R) is not the correet
cxplanation of Assertion (A
e} Assertion (A) s true but Reason (K] is false.
() Assertion (A] is false and Reason (R) is true .
19 i )  1..3X% I
Assertion { AkThe range of the function f(x/=2s5in 'x+=~ where x&/-11| .is
i 3a
2r-2 || *
Reason | B The range of the principal value branch of sin” s [0,92]
m 1
Assertion] A} The position of a pariicle in g rectangular coordinute system is (3, 2, 5)
then its position vector will be 2745 j+ 30
Heason ( B): Displacement vector of the particle that moves from point P2 3.5) (o
point O3, 4, 5)is 14+
Seeti
This section contains = Very Short Answer (VSAivpe questions of
2 marks each. )
1, 2
|n:i i riimadd
Let [:N<=N bedefined by [lnl= foraiime N
I % {f 5 ey
Find whether function is bijective . Justify voor snswer
(i1
Find the yalue of the followimpe:
cos '{ms HE:
Iy
A% A muan of height 2m walls wl unilvrm speed of Skm/hr away from a lamp post which i ém &
high. Find the rote of which the length of his shadow incregses.
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o F
Flal dhe wnlt secior perpendicabic to eich af ghe veclors [Gl=4i+3 Frk
[Ble=2l—Faak
R
IF the lime through the polnts (4,1 2)and (5§ A U) s parallel io the lae through che podnis
(2,00 pamd 133 -0 ), liml A
4, Ir = d+ v W d+ax=0 for—l=xal, prove il HI-: = 1 - 2z
== ik [ 4xl
15, 2
IE O 08 & will veetor and (%~ G184 G =15 dhen lind  [F] .
Section C
This Section Contains & Short Answer (SA)xType Questions of 3
Mrks Fach.

26, g dx |

'Fl.d T s el uict
J Vix—allx—b)

2. 3
Mag I containa 3 red and 4 hlack balls amd bap [T contains 4 red and 5 Mack balls . One bhall is
transferred from bag 1 o bag 11 withowt seeing s colowr - A ball ks then drawn from bag 11
IF ihe deaswn ball s ved in colonr Gl dthe prolmbdliy that iransferved ball b blavk.

e
Three cards are deawn of Fandem (withowl replacemendifrom a well shuMed pack of 52
playing corls - Fin the probability distribation of oomber ol red cocds. lence find the mesn
of distrilve fion,

IR . -]t .? 3
Evaloate j. ——}-ﬂﬂ—- dx

1 P, ot L
R
J -5l

9, - 3

Solve the differentiol equation  ydy—{ x+2 v | dy=10
Lkl
solve the diiTerentisd equation | x— v Ldy—| 5+ ¢ | de=A1

k1T Salve the following LI graphically: E
Mimimize £=Svs Ly
Subject (o constrrings x+ 0 y S 170, v+ y=60, a—2 p=0, 0, p=0

Al Find

3
_r +¢h
®|x"=1h
(SECTION D )
This section contains four Long Answer (LARivpe guestions of
Smarks cach.

iz, Make u sketeh of vegion |5, w02 p=x #3005y 22440, 05023 wend Timd §is sren 5
using integration .

A3, 5

Shaw thar the relation B in the
sel Ac=l0, 208, d, 5] griven by B[, Bsja-b] s divisible by 1) b oan eguiyalence olatbon.
LAIES
Ceiven A=[2, 5, 4], B= [, 5 &, T Construct an exnmiple af encl of foellowing
(ki njective mapping from A o B
(b A mapping from A 1o B which is nil injective
L dekA mapping Trom B b A
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3.
Fing the shoriest distance between the nes given by 7={1—1 i +(1—2)j+3—21 Ik amd
F=lstljivlds—1]j—1ds+1 )k

R
B=x- - 1=Z
Find the foat of perpendicular from the point (1, 3, -] o the ling ——= e Alsn
fiisdl the perpeadicilar diastainee Troa the gives pobit o e line.
35, &

e =3 8
WA=|3 2 —a| then find the value of A . Using A" solve the system of linear

B =32
equations 2x -Iy+5g =11, Ix +2y-dr=—F and x +v-1z=3

(Scction E)

Source based/Case based/passage based/integrated uniis of assessment
(uecstions

A tnmls us shown o the figure below |, formed wsing o combinaiion of 4 evlinder and a cone ,
offers better drainuge as compaived (o a Ogl botlomed tnak,

Adap i connected to sich a tonk whose comibeal part s Tall of witer Water b diipping ot
Fromm w tnge ai the hottom ai the aniform rate of 2em®s, The semi vertical angle of the conical
ik B iy 457,

O the basis of ghven informition , answer the fllowing guestions @

(ipFind the velume ol witter o the tunk in teros il is radios e, 1
(i) Fimd The rute of change of radins ot an instaonl when radios r=2+ 7 om. :
(k) fa}Find rhe rare aewhich wer surface of the comieal tank is decreasing it an instant when

ridins. r=24v2 om 2

OR
(i) Find ihe rafe of change of height *h' ai an insdant when slant beight is dem.
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.

The m]l,l;lllinn al the |'|;I|l frmeeil |'l[|- o riller —conster s E;i'll B ||I1|r the pn'l_l.'llumlll

fix = aix+9p e 1 )x=3), IT the roller-coaster crusses yv=pxis ot hte point (0,=1), onswer
the following:

(i} Find the value of "a’.

{iipF infd {x) at x=1

AR,

There are different typues of Yoga which invalve the usage of different poses of Yogn  Aaanss,
Aleditadinn ond Pramayam is shovwn in the fgore bebw =

Q -
Q FR amesan=x=leell o= & W =g

s

A . B e .
- - ———

Cagr—

_— - &

TYPES OF YOGA

The Venn diageam helow vepresents the peolvabilitiess)’ three diffecent types of Yoga A, B
anil O performed by the people of a society . Forther, it is given that prohahility of 0 member

perlorming Ivpe 0 Yoarn i 0,44
iH-
S e
» @ LI I>
-

Nl

A pag

x
i

LN |

{0 the bsis of (he above information , answer the follvwing guestinms:
{ipbind ihe valoe of w
(i) Find the valoe of v.
St p
F BPi=
i) Fimel 5
R

Find the probability that a randomly selected person of the saclety does Yoga of type A or B
bt mat €.
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