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MATHEMATICS (Code No. 041)
CLASS XI1 (2022-23)

COURSE STRUCTURE
One Paper Max Marks: 80
No. Units Marks

I Relations and Functions 08
I Algebra 10
i Calculus 35
V. Vectors and Three - Dimensional Geometry 14
\ Linear Programming 05
VI Probability 08
Total 80
Internal Assessment 20

Unit-1: Relations and Functions

1. Relations and Functions

Types of relations: reflexive, symmetric, transitive and equivalence relations. One to one and onto
functions.

2. Inverse Trigonometric Functions
Definition, range, domain, principal value branch. Graphs of inverse trigonometric functions.

Unit-11: Algebra

1. Matrices

Concept, notation, order, equality, types of matrices, zero and identity matrix, transpose of a matrix,
symmetric and skew symmetric matrices. Operation on matrices: Addition and multiplication and
multiplication with a scalar. Simple properties of addition, multiplication and scalar multiplication. On-
commutativity of multiplication of matrices and existence of non-zero matrices whose product is the
zero matrix (restrict to square matrices of order 2). Invertible matrices and proof of the uniqueness of
inverse, if it exists; (Here all matrices will have real entries).

2. Determinants

Determinant of a square matrix (up to 3 x 3 matrices), minors, co-factors and applications of
determinants in finding the area of a triangle. Adjoint and inverse of a square matrix. Consistency,
inconsistency and number of solutions of system of linear equations by examples, solving system of
linear equations in two or three variables (having unique solution) using inverse of a matrix.

Unit-111: Calculus

1. Continuity and Differentiability

Continuity and differentiability, chain rule, derivative of inverse trigonometric functions, like sin™* x |,
cos * x and tan * x, derivative of implicit functions. Concept of exponential and logarithmic functions.
Derivatives of logarithmic and exponential functions. Logarithmic differentiation, derivative of
functions expressed in parametric forms. Second order derivatives.

2. Applications of Derivatives

Applications of derivatives: rate of change of bodies, increasing/decreasing functions, maxima and
minima (first derivative test motivated geometrically and second derivative test given as a provable
tool). Simple problems (that illustrate basic principles and understanding of the subject as well as real-
life situations).



3. Integrals Integration as inverse process of differentiation. Integration of a variety of functions by

substitution, by partial fractions and by parts, only simple integrals of the type j de 5 I\/ SX =
X xa X“ta

.[ 1 dx,J. de J- dx | J-(p2x+q)dx ’ J- (px + g)dx | _f\/mdx,
Va2 —x? ax’+bx+c Y Jax+bx +c  Cax®+bx+c’ Y Jax21bx+c

J‘\/x2 —a%dx , J‘\/ax2 +bx +cdx to be evaluated. Fundamental Theorem of Calculus (without proof).
Basic properties of definite integrals and evaluation of definite integrals.

4. Applications of the Integrals
Applications in finding the area under simple curves, especially lines, circles/ parabolas/ellipses (in
standard form only)

5. Differential Equations

Definition, order and degree, general and particular solutions of a differential equation. Solution of
differential equations by method of separation of variables, solutions of homogeneous differential
equations of first order and first degree. Solutions of linear differential equation of the type:

:—z + py =@, where p and q are functions of x or constants.

3—§ + px = g, where p and g are functions of y or constants.

Unit-1V: Vectors and Three-Dimensional Geometry

1.Vectors

Vectors and scalars, magnitude and direction of a vector. Direction cosines and direction ratios of a
vector. Types of vectors (equal, unit, zero, parallel and collinear vectors), position vector of a point,
negative of a vector, components of a vector, addition of vectors, multiplication of a vector by a scalar,
position vector of a point dividing a line segment in a given ratio. Definition, Geometrical Interpretation,
properties and application of scalar (dot) product of vectors, vector (cross) product of vectors.

2. Three - dimensional Geometry
Direction cosines and direction ratios of a line joining two points. Cartesian equation and vector
equation of a line, skew lines, shortest distance between two lines. Angle between two lines.

Unit-V: Linear Programming

1.Linear Programming

Introduction, related terminology such as constraints, objective function, optimization, graphical method
of solution for problems in two variables, feasible and infeasible regions (bounded or unbounded),
feasible and infeasible solutions, optimal feasible solutions (up to three non-trivial constraints).

Unit-VI: Probability

1.Probability 30 Periods Conditional probability, multiplication theorem on probability, independent
events, total probability, Bayes’ theorem, Random variable and its probability distribution, mean of
random variable



IMPORTANT TRIGONOMETRIC RESULTS & SUBSTITUTIONS
** Formulae for t-ratios of Allied Angles :

All T-ratio changes in giG and %Ttie while remains unchanged in ©+6 and 2n+6.

sm(ziej cosO sm(3—+6 = =c0s0 L .
2 2
co{giejzﬁine co{—Jre =+sino Il Quadrant I Quadrant
tan giejzicote tan(7+e =Fcoto sin6>0 All >0
sin(mt+6)=Fsin® sin(2n+0)=+sin@ T 0
cos(m+6)==cos0 cos(2n+0)= co tan®> 0 cos0>0
tan(n+0)= +tano tan(27c+9):i 0
I11 Quadrant | IV Quadrant
31t
** Sum and Difference formulae : )
sin(A+B) =sin Acos B +cos Asin B
sin(A—B) =sin Acos B—cos AsinB
cos(A + B) =cos Acos B—sin Asin B
cos(A —B) =cos A cos B +sin Asin B
tan(A + B) = tanA + tanB . tan(A—B) = tanA —tanB tan ToA :1+tanA,
1-tanA tanB 1+ tanAtanB 1-tanA
cotA.cotB-1 cotA.cotB+1

tan| Z—-A _1l-tnA ,COt(A+B)="—"—"""—~ cot(A-B) =
4 1+tanA cotB+cotA cotB—cotA

sin(A + B) sin(A — B) =sin’A —sin’B = cos’B — cos’A
cos(A + B) cos(A — B) = cos?A — sin?B = cos’B — sinA

**Formulae for the transformation of a product of two circular functions into algebraic sum of
two circular functions and vice-versa.

2 sinA cos B =sin (A + B) +sin(A - B)

2 cosA sin B =sin (A + B) —sin(A - B)

2 cosA cos B =cos (A + B) + cos(A - B)

2sinAsin B =cos (A —B)—cos(A + B)

) . ) D -D ) . . C-
sinC +sinD =2sin C+ cosC , S|nC—S|nD:2cosC+|:)smC D.
2 2 2 2
cos C + cos D =2 cos C;DCOSC;D , cos C — cos D =— 2 sin C;DsinC;D .
** Formulae for t-ratios of maltiple and sub-multiple angles :
sin2A =2sin Acos A = Zta—nf\.
1+tan“ A
2
cos 2A = Cos’A —sinA= 1-2sin?A=2cos’A—1= W
1+tan A



1 + cos2A = 2cos’A

tan 2A —M
1-tan’A’
sin 3A =3sin A—4sinA,
sin15° = cos75° = \/_3—_1
22

tan 15° = J3-1 =2 -3 =cot 75°

J§+1
sinl18° = E =cos 72°

4

sin36° = 10—TZ\/§ = cos 54°

0 0
tan (22% =2 -1=cot 671

2 2

1 — cos2A = 2sin’A

1+ cosA = ZCOSZ%

3tanA—tan®* A
1-3tan’A

cos 3 A =4 cos’A—3cos A

J3+1

22

tan 3A =

c0s15° = sin75° =

J3+1
J3-1
J5+1
4

\ﬂ0+2J§_ .
4

&

& tan 75° =

and cos 36° = = sin 54°,

and cos 18° = sin 72°.

0
and tan (67%) = 2 +1 =cot (

** Properties of Triangles : In any A ABC,

_a = .b = —— [Sine Formula]
sinA sinB sinC
2 2 2 2 2 2 2 2 2
CosA:m’ CosB:u’ CosC:m.
2bc 2ca 2ab
** Projection Formulae: a=bcosC+ccosB, b=ccosA+acosC,

** Some important trigonometric substitutions :

a% +x2

Putx =atan© or acot0

Vx? —a?

Put x =asec® oracosecO

Ja+x or Ja—x or both

Put x =acos26

Ja" +x" or va" —x" orboth

Putx"=a" cos20

J1+sin 20 =sin®+cosO
. T
=c0s0-sinf, 0<O<—
\J1-sin260 4

1 —CcosA = 23in2%

=2 + 3 = cot 15°.

22—
2

c=acosB+bcosA

T

=5sin0® —coso, E<(9<
4 2

**General solutions:

*c0sO=0=0=nm, neZ
*5in0 =0 = 0=(2n +1)g, nez

*tan0=0=06=nw, ne”Z

*sin@ =sina. = 0 =nn+(-1)"a, neZ
*cosO=cosa =>0=2ntta,ne”Z
*tanO=tana =06=nn+a,ne”Z




RELATIONS AND FUNCTIONS
SOME IMPORTANT RESULTS/CONCEPTS
** Relation : A relation R from a non-empty set A to a non-empty set B is a subset of A x B.
**A relation R in a set A is called
(i) Reflexive, if (a, a) € R, for every a€ A,
(i1) Symmetric, if (a, b) € R then (b, )€ R,
(i) Transitive, if (a, b) € R and (b, c)€ R then (a, c)e R.
** Equivalence Relation : R is equivalence if it is reflexive, symmetric and transitive.
** Function :A relation f : A —B is said to be a function if every element of A is correlated to unique
element in B.
* A'is domain
* B is codomain
* For any x element x € A, function f correlates it to an element in B, which is denoted by f(x) and
is called image of x under f. Again if y =f(x), then x is called as pre- image of y.
* Range = {f(x) | x €A }. Range < Codomain
* The largest possible domain of a function is called domain of definition.
**Composite function :Let two functions be definedas f: A— Bandg: B — C. Then we can define
a function gof: A —C is called the composite function of fand g.
** Different type of functions : Let f : A —B be a function.
*f is one to one (injective) mapping, if any two different elements in A is always correlated to
different elements in B, i.e. X3 # Xo= f(X1) # f(X2) or f(Xy) =f(X2) = x1=%2
*f is many one mapping, if 3 at least two elements in A such that their images are same.
*f is onto mapping (subjective), if each element in B is having at least one pre image.
*f is into mapping if range < codomain.
* fis bijective mapping if it is both one to one and onto.

SOME ILUSTRATIONS :
(a) Let A={1, 2, 3}, then
MHR={1,1),(2,2),(3,3),(1,2),(2,3) }is reflexive but neither symmetric nor transitive.
As(1,1),(2,2),(3,3) eR,(1,2) eRbut(2,1) ¢ R, and(1,2),(2,3) eRbut(1,3) ¢ R
iR={1,1),(2,2), (1,2),(2,3)}is neither reflexive nor symmetric nor transitive.
As(3,3) ¢R,(1,2) eRbut(2,1)¢ R, and(1,2),(2,3) eRbut(1,3) ¢ R
mRrR={1,1),2,2,(3,3),(1,2,(2,1),(2,3),(3,2),(1,3), (3, 1)} is reflexive, symmetric
and transitive ( Equivalence Relation) as (a, a) € R, foreverya € A, (a,b) e Rthen (b, a)eR
and (a,b) eRand (b, c)e Rthen(a, c)eR.

(b) The relation R in the set Z of integers given by R = {(a, b) : 2 divides a — b} is an equivalence
relation.
GivenR={(a, b) : 2 divides a— b}
Reflexive-- a—a=0, divisibleby 2, Vae A
. (@a,a eA Vae A =R is reflexive.

Symmetric : Let(a,b)eR = 2 dividesa—b,saya—b=2m

=b-a=-2m

= 2 dividesb —a

=(b,aeR =R is symmetric.



Transitive: Let (a, b), (b,c)eR

= 2 dividesa—b, saya—b =2m

= 2 dividesb —c,saya—b=2n

a—b+b-c=2m+2n

=a-c=2(m+n) = 2dividesa-c.

= (a ,c)eR. =R is Transitive.
-+ R is reflexive, symmetric and transitive.
-.R is an equivalence relation.

(c) Let A=R - {3} and B = R — {1}. Consider the function f : A — B defined by f (x) :(X—_zj is one-

one and onto.

Sol. f: R — R is given by, f(x) = (X—‘gj

B X1_2 _ X2_2
Let f(x) = F(x,) :(Xl_s,j—()(z_g}

:>X1X2—3X1—2X2+6:X1X2—3X2—2X1+6

= X1 =% —fisaone-one
Let y=F()=*"2 s xy-3y=x-2 = x =2

. 3y-2
Therefore,forany y e B, there exists cA

y-1
= fisonto.
. Tis one-one and onto.

SHORT ANSWER TYPE QUESTIONS
1. Let A={1, 2, 3} and consider the relation R = {1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (2,1)}. Then
determine whether R is reflexive, symmetric and transitive.
2. Let A ={1, 2, 3} and consider the relation R = {1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1,3), (3,1)}. Then
determine whether R is reflexive, symmetric and transitive.
3. Let A ={1, 2, 3} and consider the relation R = {1, 1), (2, 2), (3, 3), (1, 2), (2, 1)}. Then determine
whether R is reflexive, symmetric and transitive.
4. Let A ={1, 2, 3} and consider the relation R ={(1, 1), (1, 2), (2, 1)}. Then determine whether R is
reflexive, symmetric and transitive.
5. Let A ={1, 2, 3} and consider the relation R = {(1, 3)}. Then determine whether R is reflexive,
symmetric and transitive.
6. Let A = {1, 2, 3} and consider the relation R = {1, 1), (2, 2), (3, 3)}. Then determine whether R is
reflexive, symmetric and transitive.
7.Let A={1,2,3}and R={(1, 1), (2, 3), (1, 2)} be a relation on A, then write the minimum number of
ordered pairs to be added in R to make R reflexive and transitive.
8. Write the maximum number of equivalence relations on the set {1, 2, 3}.
9. Let R be a relation on the set N be defined by {(X, ¥) : X,y € N, 2x + y = 41}. Then determine
whether R is reflexive, symmetric and transitive.



10. Relation R in the set Z of all integers defined as R = {(X, y) : X —y is an even integer}. Determine

whether R is reflexive, symmetric and transitive.

11. Let R be the relation on the set of all real numbers defined by a R b iff [a—b| < 1. Then determine

whether R is reflexive, symmetric and transitive.

12. . RelationRintheset A={1, 2, 3,4,5,6, 7,8} as R ={(x, y) : x divides y}. Determine whether R

is reflexive, symmetric and transitive.

13. Let L denote the set of all straight lines in a plane. Let a relation R be defined by I, R I, if and only
if 11 is perpendicular to I, ,V I3, I, € L. Determine whether R is reflexive, symmetric and transitive.

14. If A ={a, b, c} then find the number of relations containing (a, b) and (a, ¢) which are reflexive and

symmetric but not transitive.

15. The relation R in the set {1, 2, 3, ..., 13, 14}is defined by R = {(x, y) : 3x —y = 0}. Determine

whether R is reflexive, symmetric and transitive.

16. The relation R in the set of natural numbers N is defined by R = {(x , y) : X > y}. Determine whether

R is reflexive, symmetric and transitive.

17. Write the condition for which the function f : X — Y is one-one (or injective).

18. Write the condition for which the function f : X — Y is said to be onto (or surjective).

19. When a function f : X — Y is said to be bijective ?

20. If a set A contains m elements and the set B contains n elements with n > m, then write the number
of bijective functions from A to B.

21. Let X ={-1,0, 1}, Y = {0, 2} and a function f : X —Y defined by y = 2x*. Is f one-one and onto?
22. Let f(x) = x? — 4x — 5. Is f one-one on R ?

23. The function f: R — R given by f(x) = x% x eR where R is the set of real numbers. Is f one-one and
onto?

1,if x>0
24. The signum function, f: R — R is given by f(x) =< 0, if x =0 . Is f one-one and onto?
-1, if x<0
3, ifx<1
25. Let f: R — R be defined by f (x) =4 x?, if 1<x <3 , then find f (- 1) + f (2) + f (4).
2X, if x>3

26. Is the greatest integer function f: R — R be defined by f(x) = [x] one-one and onto?
27. Is the function f: N — N, where N is the set of natural numbers is defined by

2 . .
f(x) = nz ’ 'T nis 0dd " e-one and onto?
n°+1 if nisewen

28. Find the total number of injective mappings from a set with m elements to a set with n elements, m <n.

ANSWERS
1. Reflexive but neither symmetric nor transitive 2. Reflexive and transitive but not symmetric
3. Reflexive, symmetric and transitive 4. Symmetric but neither reflexive nor transitive
5. Transitive only 6. Reflexive and symmetric and transitive
7.3 8.5
9. Neither reflexive nor symmetric nor transitive  10. Reflexive and symmetric and transitive
11. Reflexive and symmetric but not transitive 12. Reflexive and transitive but not symmetric
13. Symmetric only. 14.1



15. Neither reflexive nor symmetric nor transitive  16. Transitive but neither reflexive nor symmetric
17.V Xq, X2 € X, f (Xj_) =f (Xz) —=X1 = Xg, OR X1 # X23f (X1) ;éf (Xz) .
18.if Vye Y, 3 some x eX suchthaty =f(x) ORrangeof f=Y

19. If f is one-one and onto 20.0

21. onto but not one-one(many-one onto) 22. fis not one-one on R

23. neither one-one nor onto 24. neither one-one nor onto

25.9 26. neither one-one nor onto
I

27. one-one but not onto 28. n:

(n—m)!

LONG ANSWER TYPE QUESTIONS

RELATIONS
1. Let L be the set of all lines in a plane and R be the relation in L defined as
R = {(L1, L) : Ly is perpendicular to L,}. Show that R is symmetric but neither reflexive nor transitive.
2. Show that the relation R in the set Z of integers given by R = {(a, b) : 2 divides a — b} is an
equivalence relation.
3. Let R be the relation defined in the set A = {1, 2, 3, 4, 5, 6, 7} by R = {(a, b) : both a and b are either
odd or even}. Show that R is an equivalence relation. Further, show that all the elements of the subset
{1, 3, 5, 7} are related to each other and all the elements of the subset {2, 4, 6} are related to each other,
but no element of the subset {1, 3, 5, 7} is related to any element of the subset {2, 4, 6}.
4. Show that the relation R in the set R of real numbers, defined as R = {(a, b) : a < b’} is neither
reflexive nor symmetric nor transitive.
5. Check whether the relation R defined in the set {1, 2, 3, 4,5, 6} asR ={(a,b) : b=a + 1} is
reflexive, symmetric or transitive.
6. Show that the relation R in R defined as R = {(a, b) : a < b}, is reflexive and transitive but not
symmetric.
7. Check whether the relation R in R defined by R = {(a, b) : a < b’} is reflexive, symmetric or
transitive.
8. Show that the relation R in the set A = {1, 2, 3, 4, 5} given by R = {(a, b) : |a — b| is even}, is an
equivalence relation. Show that all the elements of {1, 3, 5} are related to each other and all the
elements of {2, 4} are
related to each other. But no element of {1, 3, 5} is related to any element of {2, 4}.
9. Show that each of the relation R in the set

A={x eZ:0<x<12}, given by R = {(a, b) : |a— b is a multiple of 4} is an equivalence relation.
Find the set of all elements related to 1.
10. Show that the relation R in the set A of points in a plane given by R = {(P, Q) : distance of the point
P from the origin is same as the distance of the point Q from the origin}, is an equivalence relation.
Further, show that the set of all points related to a point P # (0, 0) is the circle passing through P with
origin as centre.
11. Show that the relation R defined in the set A of all triangles as R = {(T1, Ty) : Ty is similar to T}, is
equivalence relation. Consider three right angle triangles T1 with sides 3, 4, 5, T, with sides 5, 12, 13
and T3 with sides 6, 8, 10. Which triangles among T3, T, and Tj are related?
12. Show that the relation R defined in the set A of all polygons as R = {(P1, P2) : P1 and P, have same
number of sides}, is an equivalence relation. What is the set of all elements in A related to the right
angle triangle T with sides 3, 4 and 5?
13. Let L be the set of all lines in XY plane and R be the relation in L defined as

9



R ={(L, L) : Ly is parallel to L,}. Show that R is an equivalence relation. Find the set of all lines
related to the line y = 2x + 4.
14. If Ry and R, are equivalence relations in a set A, show that R; m R is also an equivalence relation.
15. Let R be a relation on the set A of ordered pairs of positive integers defined by (x, y) R (u, v) if and
only if xv = yu. Show that R is an equivalence relation.
16. Let f: X — Y be a function. Define a relation R in X given by R = {(a, b): f(a) = f(b)}. Examine if R
IS an equivalence relation.
17. Given a non empty set X, consider P(X) which is the set of all subsets of X. Define the relation R in
P(X) as follows: For subsets A, B in P(X), ARB if and only if A <B. Is R an equivalence relation on
P(X)? Justify your answer.

FUNCTIONS

1. Prove that the Greatest Integer Function f : R— R, given by f (xX) = [x], is neither one-one nor onto,
where [x] denotes the greatest integer less than or equal to x.

2. Show that the Modulus Function f: R— R, given by f (x) = | x |, is neither one-one nor onto, where

| x | is x, if X is positive or 0 and | x | is — X, if X is negative.

3. In each of the following cases, state whether the function is one-one, onto or bijective. Justify your
answer. (i) f: R > R defined by f (X) =3-4x (i) f: R > R defined by f (x) = 1 + x°.

4. Let A and B be sets. Show that f: A x B — B x A such that f (a, b) = (b, a) is bijective function.

5. Letf: N — N be defined by

N+1 i nisodd

f(n) = n2 forallneN
> if niseven

State whether the function f is bijective. Justify your answer.

6. Let A =R {3} and B = R — {1}. Consider the function f : A — B defined by f (x) :(—X_zj_

Is f one-one and onto? Justify your answer.
7. Consider f: R = R given by f (x) = 4x + 3. Show that f is one-one and onto.
8. Consider f: R+—[-5, o) given by f (x) = 9x* + 6x — 5. Show that f is one-one and onto..

_ x+1 if xisodd
9. Show that f: N — N, given by f(x) = . is both one-one and onto.
x=1, if x isewen

10



INVERSE TRIGONOMETRIC FUNCTIONS

* Domain & Range of the Inverse Trigonometric Function:

Functions Domain Range
(Principal value Branch)
sin™? [-1,1] [-n/2,7/2]
cos™ : [-1,1] [0, 7]
cosec’ R—(-1,1) [-n/2,7/2]-{0}
sect: R-—(-1,1) [0,]—{r/2}
tan ™ : R (—n/2,7t/2)
cot™: R (0, n)
*Propertiesof Inverse Trigonometric Function
1. i sin(sinx)=x ,xe[-n/2,n/2] & sin(sm 1x) x, xel[-1,1]
ii.cos™(cosx)=x ,xe[0, n] & cos(cos lx)=x xel[-1,1]
iii.tan *(tanx)=x ,xe(-n/2,n/2) & tan(tan 1x): ., Xxe R
iv.cot *(cotx)=x ,xe(0, n) & cot(cot x) , Xxe R
v.sect(secx)=x ,x [0 , n]-n/2 & sec(sec x)_ X xeR-(-1,1)
vi.cosec™(cosecx)=x,[-n/2,n/2]-{0} & cosec(cosec‘lx): xeR-[-1,1]
2. i sin"x=cosec* & sin"x=cosec* =
X X

. _ 41 _ 41
ii.costx=sect> & seclx=cost=
X X

iii. tan! x:cot‘11 & cot™ x:tan‘11

X X
3. isin™(~x)=-sin"'x ii. tan ' (— x)=—tan " x iii. cosec™(~ x)=—cosecx
iv cos (- x)=n—cos ™ x v sec (- x)=n—secx vi cot™*(=x)=n—cot ™ x

SOME ILUSTRATIONS:

1. Domain of cos™(2x-1)is [0 , 1]

As —1<2x-1<1=0 <2x <2=0 <x <1

2. Principal value of cos—l(— ?] is equal to %ﬂ

As cos{— g] =n— cos{?] T on

.. ) \/§—1 . o8
3. Principal value of sin™ is equal to —
P [ 242 q 12

11



J2

SHORT ANSWER TYPE QUESTIONS

. Find the domain of sin™(2x -1).

1

2. Find the domain of sin™x + cosx .

3. Find the domain of sin™+/x—1.

4. Find the principal value of sec’l(— 2).

5. Find the principal value of sin‘l(cosz—;j.

6. Find the principal value of tan™| tan %J

7. Find the principal value of sec™ 25in3—n)

8. Find the principal value of cot™| tan 3%}

9. Find the principal value of cos‘l(cos%nj .
. L Y 33n
10. Find the principal value of sin (cos?j.

11. Find the principal value of sinl(sin%nj.

\/§+l
2\2 )

12. Find the principal value of cos‘l(

13. Find the value of cos(sin™x).
14. Find the value of cot(cos™x).
15. Find the value of sinl{cos(sinlg }

16. Find the value of tan‘l{Zcos(Zsin‘léj}.
17. Find the value of cotlsin*{cos(tan*1}j].

18. Find the value of tan‘l{ZSin[4cos‘1§]}.

19. Find the value of cos™ cos@)+sin‘1(sin2—;j.

=%
[

20. Find the value of tan| tan 5—”) + cos‘l(cos%j.

6

12

1 =sin* \/g.i—l.i —sinY sinZ.cos™ —cosZ.sin" | =sin sin—~
2 3 4 3 4 12



ANSWERS

3.[1, 2]

g T
4

13. V1-x?

18. L
3

13

20.0



MATRICES & DETERMINANTS

A matrix is a rectangular array of mxn numbers arranged in m rows and n columns.

all alz............aln — ROWS
A— 3.21 3.22............azn
L COLUMNS
am A e e B o o
OR

A= [aij]mxn, wherei=1,2,....m;j=1,2,....n.
* Row Matrix: A matrix which has one row is called row matrix. A =[a;;}i.n

* Column Matrix : A matrix which has one column is called column matrix. A :[aij]mxl.

* Square Matrix: A matrix in which number of rows are equal to number of columns, is called a
square matrix A =[] mxm

* Diagonal Matrix : A square matrix is called a Diagonal Matrix if all the elements, except the
diagonal elements are  zero. A=[ajj]n«n, Wherea;=0 ,i=]. a;=0,i =].

* Scalar Matrix: A square matrix is called scalar matrix it all the elements, except diagonal elements

are zero and diagonal elements are some non-zero quantity. A=[a;;]n., , Where a; =0 if i+ . and
aij =k s i= j
* ldentity or Unit Matrix : A square matrix in which all the non diagonal elements are zero and
diagonal elements are unity is called identity or unit matrix.
* Null Matrices : A matrices in which all element are zero.
* Equal Matrices : Two matrices are said to be equal if they have same order and all their
corresponding elements are equal.
* Sum of two Matrices :If A = [a;;] and B = [b;;] are two matrices of the same order, say m x n, then,
the sum of the two matrices A and B is defined as a matrix
C = [Cij]mx n, Wherecij= ajj+ bj;, for all possible values of i and j.
* Multiplication of a matrix :
KA =K [aij] mxn=[K (@j)] mxn
* Negative of a matrix is denoted by —A. We define-A = (- 1) A.
* Difference of matrices :If A = [a;], B = [bjj] are two matrices of the same order, say m x n, then
difference A — B is defined as a matrix D = [d;], where d;;= aj— bjj, for all value of i and j.
*Properties of matrix addition :
(i) Commutative Law :If A =and B are matrices of the same order, then A+ B =B + A.
(i)Associative Law :For any three matrices A, B &C of the same order, A+ B)+C=A+ (B + C).
(iii)Existence of identity: Let A be an m x n matrix and O be an m x n zero matrix,
then A+ O =0+ A =A. i.e. Oisthe additive identity for matrix addition.
(iv) Existence of inverse :Let A be any matrix, then we have another matrix as — A such that
A+ (—A)=(A)+A=0. So- Ais the additive inverse of A or negative of A.
* Properties of scalar multiplication of a matrix :If A and B be two matrices of the same order, and
k and | are scalars, then
(i) k(A +B) =k A + kB, @i (k+DA=kKA+IA @[ (k+tDA=KA+I1A

14



*Product of matrices: If A& B are two matrices, then product AB is defined, if number of column of
A = number of rows of B.

n
i.e. A=[aj]mxn, B=[bjlns then AB =[Cy]n.p, Where Cy = Z‘iaij.bjk
J:
*Properties of multiplication of matrices :
(i) Product of matrices is not commutative. i.e. AB = BA.
(i1) Product of matrices is associative. i.e A(BC) = (AB)C
(iii) Product of matrices is distributive over addition i.e. (A+B) C = AC + BC
(iv) For every square matrix A, there exist an identity matrix of same order such that 1A = Al = A.
* Transpose of matrix : If A is the given matrix, then the matrix obtained by interchanging the rows
and columns is called the transpose of a matrix.
* Properties of Transpose :
If A & B are matrices such that their sum & product are defined, then

Gi).(AT) =A (ii).(A+B)T =AT+BT  (iii).(KAT)=K.AT where K is a scalar.
(iv).(AB)" =BTAT (v).(ABC)" =CTBTAT.
* Symmetric Matrix : A square matrix is said to be symmetricif A= A" i.e. If A=[aj]n.m, then

aj =ajiforall i, j. Also elements of the symmetric matrix are symmetric about the main diagonal

* Skew symmetric Matrix : A square matrix is said to be skew symmetric if AT = — A.
If A=[ajj]mxm, then a;=-a; foralli, .

* Elementary Operation (Transformation) of a Matrix:
(i) Interchange of any two rows or two columns : Ri«~ R; ,Ci< C;.
* Multiplication of the elements of any row or column by a non zero number:
Ri— kR;, Ci— kC;, k#0
* Determinant : To every square matrix we can assign a number called determinant
If A=[a1], det. A=|A|=a.
If A= |:8.11 8.12:| , |A| = dj1dp — dp1dyo.
dy A
* Properties :
(i) The determinant of the square matrix A is unchanged when its rows and columns are
interchanged.
(ii) The determinant of a square matrix obtained by interchanging two rows(or two columns) is
negative of given determinant.
(iii) If two rows or two columns of a determinant are identical, value of the determinant is zero.
(iv) If allthe elements of a row or column of a square matrix A are multiplied by a non-zero number k,
then determinant of the new matrix is k times the determinant of A.
(v) If elements of any one column(or row) are expressed as sum of two elements each, then determinant
can be written as sum of two determinants.
(vi) Any two or more rows(or column) can be added or subtracted proportionally.
(vii) If A & B are square matrices of same order, then |AB| = |A| |B|
*Singular matrix:A square matrix ‘A’ of order ‘n’ is said to be singular, if | A| = 0.
* Non -Singular matrix : A square matrix ‘A’ of order ‘n’ is said to be non-singular, if | A| = 0.
* If A and B are nonsingular matrices of the same order, then AB and BA are also nonsingular matrices
of the same order.

15



* Let A be a square matrix of order n x n, then | KA| = K"| A|.

Xp V1
* Area of a Triangle: area of a triangle with vertices (X1, y1), (X2, ¥2) and (X3, y3) = 5 Xy Yo
X3 Y3
Xy
* Equation of a line passing through (X1, y1)&(X2, ¥2)is|X; y; 1=0
X2 Y2

*Minor of an element ajjof a determinant is the determinant obtained by deleting its i™ row and j™"
column in which element a;j lies. Minor of an element a;j is denoted by Mj;.

* Minor of an element of a determinant of order n(n > 2) is a determinant of order n — 1.

* Cofactor of an element a;;, denoted by Ajjis defined by A= (1) 'Mj;, where Mijis minor of aj;.

* If elements of a row (or column) are multiplied with cofactors of any other row (or column), then their
sum is zero.

*Adjoint of matrix :

If A=[a;;] be a square matrix then transpose of a matrix [A;], where A; is the cofactor of A;; element

of matrix A, is called the adjoint of A.

Adjointof A = Adj. A= [A;]T.

A(Adj.A) = (Adj. A)A=|A| L

* If A be any given square matrix of order n, then A(adjA) = (adjA) A = |A| |,

* |f A is a square matrix of order n, then [adj(A)| = |A" %

*Inverse of a matrix :Inverse of a square matrix A exists, if A is non-singular or square matrix A is

said to be invertible and A‘1=|_i| Adj.A
*System of Linear Equations :
ax+bhyy+ciz=d;, axX+hy+cz=d, asx+bgy+csz=ds.
a; b, ¢ |x dq
a, b, c,|yl=|d, | =>AX=B =X=A'B ; {|A]|=0}.
as by c3z dj
*Criteria of Consistency.
(i) If |A| = 0, then the system of equations is said to be consistent & has a unique solution.
(i) If |A| = 0 and (adj. A)B = 0, then the system of equations is consistent and has infinitely many
solutions.
(iii) If |A] = 0 and (adj. A)B= 0, then the system of equations is inconsistent and has no solution.

SOME ILUSTRATIONS:

3 -2 -4
Q. Express | 3 —2 —5]as the sum of a symmetric and skew symmetric matrix.
-1 1 2

16



3 —2 4 3 3 -1

Sol.LetA=| 3 -2 —5|=A=|-2 -2 1
112 4 -5 2

LetA=%(A+A’)+%(A—A’):P+Q

6 1 -5 [ 3 12 —5/2
P:%(A+A')=% 1 -4 —al=| 12 -2 -2

-5 -4 4 -5/2 -2 2
3 1/2 -5/2
PP=| 1/2 -2 -2 |=P= Pisasymmetricmatrix.
-5/2 -2 2
0 -5 -3 0 -5/2 -3/2
:—(A A)—% 0 —-6|=|5/2 0 -3
3 6 0 3/2 2 0
0 5/2 3/2
Q=|-5/2 0 3 |=-Q=Qis askewsymmetric matrix.
-3/2 -3 0
3 1/2 -5/2 0 -5/2 -3/2 3 -2 -4
P+Q=| 1/2 -2 -2 (+|5/2 0 -3 [=|3 -2 -5|=A
-5/2 -2 2 3/2 2 0 -1 1 2

2
Q. Show that A {3 A } satisfies the equation x* — 6x +17 = 0. Thus find A™.

2 -3 , |2 =-3|2 -3 -5 -18
3 4 3 4|3 4 18 7
2 -5 -18| |12 -18| |17 O 0 0
A -B6A+171= - + = =
18 7 18 24 0 17 0 0
— A satisfies the equation x*> —6x +17 =0

A2 _B6A+171=0=171=-A% + 6A
=17IA " =—AA AL+ 6AAL = —Al + 6l

| -2 3] [6 0] [4 3
—17A = A 16l =
-3 -4 0 6 -3 2
= Al= i{‘l 3

-1 1 3 1 -1
Q. Usetheproduct | -1 2 — 1 3 1 |[tosolve

-1 21|/-1 1 3
2X—y+z=-1, —x+2y z=4, X-y+2z=-3.

17



2 -1 1 '3 1 -1
Sol.LetA=|-1 2 -1|, B=|1

1 -1 2 -1 1
4 00
AB={0 4 0 =4|3:>AGB =1, .-.A—1=%B
0 0 4
Given systemof equations may be written as
2 -1 1 X -1
AX=C,whereA=|-1 2 -1|,X=|y|,C=| 4
1 -1 2 z -3
Solutionis X = A™'C = %B.C
3 1 -1|-1 4 1
1 1 3 1| 4 1 8 |=| 2
4 4
-1 1 3|-3 -4 -1
Sx=ly=2z2=-1
MATRICES

SHORT ANSWER TYPE QUESTIONS
1. Write the number of all possible matrices of order 2 x 2 with entries —1or0Oor1?
2. If a matrix has 12 elements, then write the number of possible orders it can have.

3. A matrix A = [aij} , whose elements are given by a;; = %|| —3j|2 , then find the value of CEVR

3x4 J

3X+7 5 2 y-2
4. If = , then what are the values of x and y.
y+1 2-3x 8 7

X+y 2 6 2 :
5. If = then find the values of x, yand z .
5+z xy 5 8

1 2 a 4 5 6 . s o
6. If + = , then find the value of a“ + b“.
-2 —-b 3 2 10

50 4 3 i .
7.1f 3A— B = and B = , then find matrix A .
11 2 5

8. If A is a square matrix such that A> = A, then what is the simplified value of (I — A)® + A ?

9. If A is a square matrix such that A> = A, then what is the simplified of (A — 1)* +(A + 1) — 7A?

2 3|[1 -3] [-4 6 i
10. If = , then find value of x.
15 7]|-2 4 -9 X
1 0 o] x| [1]
11.1f |0 y O -1|=2]|,thenfindx+y+z.
0 0 1] z |

18



12.

13.

14.

15.

16.

1 2 3|1

For whichvalueof x, [l x 1]4 5 6|2|=[0]?

If [2x 3{

1

-3 0

3 2 5|3

2
}@j = O, then what is the value of x?

00 . 5
IfA= , then find A” .
2 0

{3
IfA=

-3
fa+Db
i 5
0 2b

If

il

-2

6 5

2 } and A? = KA, then find the value of k.

T
2} , then what is the value of a ?

17. 3

| 3a

[0 a
2 0

b 1

18.

1.81

4. X=——,y="7

6. 20

9.A

12. 2
8

15.6

18. -2, 3

1|fA—23
SR |

1
2. Find the valueof xif [1 x 1] 2

3. LetA= [

1
3

-1
1

3
-1
-3
—1 |is a skew-symmetric matrix , then find the values a and b.
0

is a symmetric matrix , then find the values of a and b.

ANSWERS

2.6 3.2
2

5.x=4,y=2,z=00rx=2,y=4,2z=0

[} 3

10.13

8.1

11.0

3

13.0, —— 14.
2

o O
L 1

16. 4 17.

wnN
N w

LONG ANSWER TYPE QUESTIONS

2} . then show that A% — 4A+ 71 = 0. Hence find A%

=0

w o1 W
N P DN
X N B

15
—4
3

1-2n
n

—4n

, that: A" = .
} prove tha [ 1+2n}
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0 —tang

2 10 coso. —Sina
4. Let A= and | = . Provethat I+A=(1-A) . .
a 01 sina.  cosa
tan 0
2
2 -2 -4
5 Express A=|-1 3 4 | asthe sum of a symmetric and a skew-symmetric matrix.
1 -2 -3

2
6. Show that A = {3 4 } satisfies the equation x*—6x —17 = 0. Thus find A™.

3

7.01fA= {7

ﬂ ,find x and y such that A%+ xI = yA. Hence find AL,

3 2
8. For the matrix A = L J . find the numbers a and b such that A% +aA + bl = 0. Hence, find AL,

_ ) o ) _ 3 2 -11 |2 -1
9. Find the matrix P satisfying the matrix equation . P = .

5 |-1 1| |0 4
ANSWERS

~118 -93 _
1. { 31 —118} 2x=-140r-2
sl ooz 5 1 lue o s | eif*

i - '17(-3 2

~3/2 1 -3 5/2 -3 0

X=8 5/8 -1/8 a=-4 1 -2
7. AT = 8. , AT =

y=8 ~7/8 3/8 b=1 -1 3
. 16 3

24 -5

DETERMINANTS
SHORT ANSWER TYPE QUESTIONS

1. Let A be a square matrix of order 3 x 3 then find the value of |4A.

X+3 -2 .
2. 1fx e Nand =8, then find the value of x.
-3X 2
2 4 |2X )
3. If = , then find the value of x.
5 1 |6 X
X 2 3 ]
4.1FA= | and | A|® =125, then find x .
5. If A is a skew-symmetric matrix of order 3, then the value of | A | is
2 3 2
6. If [x X X[+ 3=0, then find the value of x.
4 9 1
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7. If A is a square matrix such that | A | = 5 ,then find the value of | AAT | :

8. If area of triangle is 35 sqg units with vertices (2 , — 6), (5, 4) and (k , 4). Then find k.

2 -3 5
9. If Ajj is the co-factor of the element a;; of the determinant (6 0 4 |, the value of as;. Az is
1 5 -7

10. If for any 2 x 2 square matrix A, A(adj A) :B g} , then the value of |A| is

11. If A is a square matrix of order 3 such that | adjA | = 64, then value of | A | is

12. If A is a square matrix of order 3, with |A| = 9, then the value of |2.adj A| is

2 k -3
13.1fA=[0 2 5/, then A texists if
1 1 3

14. If A and B are matrices of order 3 and |A| = 4, |B| = 5, then find then value of |[3AB|.

ANSWERS
1. 64|A| 2.2 3. £43 4. +3
5.0 6.1 7.25 8.12, -2
9.110 10.8 11. +8 12. 648

13. k ;t—g 14. 60
LONG ANSWER TYPE QUESTIONS

1. Solve the following system of equations by matrix method:
X+2y+z=7, x+3z=11, 2x-3y=1.

2. Solve the following system of equations by matrix method:
2 3 10 4 6 5 6 9 20

—4—4+—=4, ———+—-=1—+———=2,X,Y,2#0
X y z X Yy z X y z
1 2 5
3.Find A™*, where A=|1 -1 -1|. Hence solve the equations x + 2y + 5z =10, x -y —z = -2 and
2 3 -1
2X+3y-z=-11
1 1 1
4. FindA™',where A=|1 2 _3|.Hencesolve
2 -1 3

X+y+2z=0,x+2y-z=9 and x-3y+3z=-14

: . o . . 2 1 -3 2 1 2
5. Find the matrix P satisfying the matrix equation : P =
3 2 5 -3 2 -1
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1 -1 0 2 2 -4

6.Giventhat A=|2 3 4jand B = | -4 2 —4 |, find AB. Use this product to solve the
0 1 2 2 -1 5
following system of equations: x—y=3;2x+3y+4z =17; y+2z =T7.
ANSWERS
9 -3 6
1. A—1=1i 6 -2 -2 x=2y=1z=3.
-3 7 =2
75 150 75
oA=L 110 —100 30 ,X=2,y=32=5.
1200
72 0 -24
4 17 3
sAt-Ll_1 _11 6  X=-1y=-22=3.
27
5 1 -3
3 -4 -5
aAat-—Ll9 1 4| x=1y=32=-2
11 -5 3 1

25 15
5. P=
-37 =22

6.x=2,y=-l1landz=4
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CONTINUITY& DIFFERENTIABILITY

* A function f is said to be continuous at x = a if

Left hand limit = Right hand limit = value of the function at x = a

Le. lim f0)= lim f(x) =f(a)

X—a— X—a

i.e. lim f(a—h):r!irré f(a+h)=f(a).

h—0
* A function is said to be differentiable at x = a
if Lf'@)=Rf(@) ie lim @=M-T@ _ f@+h)-f@)
h—0 —h h—0 h
: d n n-1 d 1 n 1
1) — (X)=nx , — ==, _\/;z_
() < ) ) s

od o,

(i) ax (x)=1

(iv) d (@)=a* loga,a>0,a=1.
dx

a>0,a=1,x

(vi) d (logax) =,
dx x loga

wiii) -2 (loga| x |) = a>0,a%l, x#0
dx x loga

d .
— (SIn =CoS X, V R.
x) ™ (sin x) X, VX e
i) & (tan x) = sec’, ¥ x € R
dx ' '

(xiv) di (secx) =sec xtan x, V x € R.
X

Noodo g
XVl) — (SIn°X) = .
(i) - (s =

... d 1 1
— (tan = Y R
(xviii) ™ (tan™x) Tix? X €
1
xx) L (sectx) = ———.
dx | x|Vx2 -1

(xxii) % (%] :%,X?&O

.. d du dv
—(uxv)=—x—
(oav) dx( ) dx dx
Vdu udv
Nod(u) . Tdxdx
boxvi) dx [vj_ v2

SOME ILUSTRATIONS :
3ax+b, if x>1

**Q. Iff(x) = J11 if x=1
Bax—-2b, if x<1

i L@© =0, vceRr
dx
d Xy — /X
(v) d—x(e)—e-
.. d 1
— (I =—,x>0
(vir) o (log x) < X
(%) dix(|og|x|)=§,x¢o
(xi) i(cosx):—sinx vVxeR
dx ’ '
(xiii) % (cot x) = — cosec’x, V x € R.

(xv) di (cosec x) =—cosec x cot X, V X € R.
X

-1
1-x2

i) & (cosix) =
dx

- d -1 1
XIX —_ X)=_-——— VX R
( ) dx (COt ) 1+x2’ <

. d 1 1
(xxi) — (cosec™x) = ————.
dx |x|vVx2 -1
. d du
— (ku) = k—
(xxiit) dx( u) i
d _ o av du
(xxv) d—x(u.v) =u i +de

, continuous at x = 1, find the values of aand b.
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Sol. lim f(x) = lim f(x) = f1)........ (i)

x—1" x—1"
lim f(x) = limf(1—h) = lim[5a(l— h)—2b]=5a - 2b
X—1" h—0 h—0
lim f(x) = limf(1+h) = lim[3a(l+ h)+b]=3a+b
x—1* h—0 h—0

f()=11
From(i) 3a+b=5a-2b=11and solutionisa=3,b=2

ax +1

Q. Find the relationship between a and b so that the function defined by f(x) = {b 3
X +

is continuous at x = 3.
Sol. --f(x)iscont.atx=3 = Iirgf(x)z Iirglf(x)zf(S) ......... 0]
X—> X—>
lim f(x) = limf(3—h) = lim[a(3-h)+1]=3a+1
X—3" h—0 h—0
lim f(x) = limf(3+h) =lim[b(3+h)+3]=3b+3
x—3" h—0 h—0
f(3)=3a+1

From(i) 3a+1=3b+3=3a+1 —=3a+1=3b+3
= 3a-3b=2 isthe requiredrelationbetweenaand b

dy
**|f v = (log. x)* +x'°%* find

Sol. y= (|Oge X)X + XIOge X_p IOg{(l()ge x) }+ elog{x"’gex}

_e xlog{(log, x)} 4 g09. x.log, x

d_y_:exlog{(logeX)}{X_ 1+Iog(logx) }+elogex.logex|:logx+ Iogx}
dx ogx X _X

=(log, x)* {@ +log(log x)} +x10% X{z Ioﬂ}

X

d%y T
**If x =a(0—sind), y =a(l+cosd), find o 6=2
X

Sol. x=a(0—sind) = 3—)(; =a(l-cosh)

y =a(l+cosh) :g—g:a(—sine)
dy dy/do _ a(-sino) __2sin/2c0s0s0 _ .0
dx dx/dd a(l-cose) 2sin®6/2 2
d_y —cosecr2 190 _Loocecr® 1
dx? 2°2°dx 2 2" a(l—cosh)
[—yJ —cosec 7 ;:%.2.1:3
d a(l—cos;[) a a

24
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o Ify=sin(msin’lx) prove that (1—x2)g)2()2/ xg—i+m y=0
Sol.y:sin(msin‘lx) :g—i:cos(msin‘lx) —

= /1-x? j—y =m cos(m sint x)

X

Again diff.w.r.t.x, v1-x d_y+d_y£ 2X2J:—msin(msin‘lx)
1-x

1-x°2

:>(1—x )d_y_ Y__m sm(msm x) —m?y

dx? dx

= (1—x )gx—y—xji+m2y:0

SHORT ANSWER TYPE QUESTIONS

2x-3, if x<2
5x—9, if x22
2. Discuss the continuity of the greatest integer function f (x) = [x] at integral points.

1. Discuss the continuity of the function f(x) :{

3. Discuss the continuity of the identity function f(x) = x.
4. Discuss the continuity of a polynomial function.
3,if0<x<1
5. Find the points of discontinuity of the function f defined by f(x) = < 4 ,if 1<x <3
5,if 3<x<10

2
3 is discontinuous.

6. Find the number of points at which the function f (x) = 99 —
x?0 -1, if x<1

X2, if x>1

7. Discuss the continuity of f(x) = { ,atx = 1.

8. Discuss the continuity of modulus function f(x)= |x — 2|.

X .
—, ifx=0
9. Discuss the continuity of the function f(x) is defined as f(x) =1 ,/x2 ” atx =0.

0 ,if x=0

sin2x
10. Find the value of k for which f(x) :{ B5x » X#0 js continuous at x = 0.
k , x=0

X .
. - . —, ifx#0
11. Discuss the continuity of the function f(x) =< ,/y2 atx=0.

0 ,if x=0

) ) 1-cos4x . .
12. Find the value of k for which f(x) =) 5,2 x#0 s continuous at x = 0.

k , x=0
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kx .

—,if x<0 . . .
13. The value of k for which f(x) = |x| < is continuous at x =0 is :

3,if x>0

14.

Discuss the differentiability of the greatest integer function defined by f(x) =[x], 0 <x <3 at x =1.

15. Discuss the differentiability of the function f(x) = |x — 2| at x = 2.
16. Find : dix_sinz(\/cosx)] 17. Find : dix[logsin\/x2 +1]
r 1+1log, x
18. Find : 3 [2X] 19.Find: 3 |e " e
dx - dx
20. Find : & 2C°SZX} 21 Find : 2| log, tan| =+ %
dx dx 4 2
- ;. i
22, Find : | fant| Y1EX7 -1 23.Find : 4| sin L
dx X dx | J1+ X2
24. Find : —| tan™ 1+s!nx where0<x <X 25, Find : A | gy Sinx+ cosx
dx 1-sinx 4 X | J2
. d[ s . d x|
26. Find : —|x*"* 27. Find : —[xx
! dx - ] I dx J
ANSWERS

1. Continuous for all real values of x 2. Continuous everywhere
4. Continuous everywhere 51,3
7. Continuous at x = 1 8. Continuous everywhere

10. é 11. Discontinuous at x =0
13. k=-3 14. not differentiable at x = 1
16. — 2sinx.sin(~/cosx).cos(~/cosx) 17 xcosvx? +1
2(~/cosx) VX2 +1sinvx2 +1
19.e 20. — 2" J0g2.5in 2x
2. 1 23 -
2(1+x? 1+X
25.1 26. xs""‘(cosx.loge x+ﬂj
X

27. x* .XXI:(1+ logx)logx + 1}
X

LONG ANSWER TYPE QUESTIONS

26

3. Continuous everywhere
6. Exactly at two points
9. Discontinuous at x = 0

12. 4

15. not differentiable at x = 2

1
18. _2_x|092

21. sec x

2.
2



V1+kx —+/1-kx

,—1<x<0
1. Find the value of k for which f(x) = X is continuous at x = 0.
2x +1
,0<x<1
x-1
V1+kx —+/1-kx 1<x<0
2. Find the value of k for which f(x) = X C Is continuous at x =0 .
2x+1
0<x<1
x-1
(x+3) -36 %0
3. Find the value of k for which f(x) =1, _3 ' **" s continuous atx = 3.
k Jf x=0
_ i kx +1, if x<=m | ,
4. Find the value of k for which f(x) = . is continuous at X =7 .
cosx ,if x>mn

sin5x

5. Find the value of k for which f(x) :{m if x#0

is continuous at x =0 .
k+1 if x=0

3ax+h, if x>1
6. If f(x) = /11 if x=1,continuous at x = 1,find the values of aand b.

Sax-2b, if x<1

sin(a +1)x +sinx %<0
X
7. Determine a, b, ¢ so that f(x) = c , X=0 s continuous at x = 0.
Vx+bx? —x 0
bX3/2 y X >
kcosx T
8. If f(x) = { T~ 2X n2 , s continuous at x = Z, find k.
3, X =

2
x-2 ,0<x<1
9. Show that the function f defined by f(x) = {2x?-x , 1<x<2 is continuous at x = 2 but not
5X-4 , x>2
differentiable .
10. Find the relationship between a and b so that the function defined by

ax +1 Jf x<3 . .
f(x) = . IS continuous at x = 3.
bx +3 Jf x>3

AMx?-2x) ,if x<0
4x +1 JfF x>0

11. For what value of » the function f(x) = { is continuous at x = 0.
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12.

13.

14.

15.

16.

17.

18.

19.

20. If

21.

22,

23.

24,

25.

26.

217.

28.

x-4 +a, ifx<4
k-4 o |
If f(x)= a+b if x=4 iscontinuous at x =4, find a, b.

X~ +b|fx>4
-4

xZ+ax+b, ifO0O<x<?2
If the function f(x) = 3x+2, if2<x<4 iscontinuouson [0, 8], find the value of a & b.
2aXx +5b, if4<x<8
1-sin®x . T
——, if X<
3c0s” X 2
IfFfx)=4 a if x=
b(1—sinx) i
(1 —2x)? 2
Discuss the continuity of f(x) = [x-1+[x-2| atx=1&x=2.

. dy
If v=(log, x) +x"°%* find —Z.

is continuous at x = % find a, b.

v NI?—i
[a

2
If x=a(0—sind), y=a(l+cosd), find 9Y ao=T
dx? 2

Ifx=a cose+logtan9 and y=asin6findd—yat ="
2 dx 4

Ify= sm(msm x) prove that (1 x)j)z(y xd—y+my 0

dx

x=va™ t y=+a®"t show that :—y:—x.
X X

dy ny
If :(x+\/x2+a2T, rove that = = —2——
Y P dx  x2 +a?

If log, \/X? +y* =tan™ (yj prove that gy X*y,
X X

X=-y

, prove that dy -y
dx

m-+n
) X

If x™y" =(x+y

Ifx1/1+y+y\/1+x:0,—1<x<1,pr0vethatd—y:— ! 5
dx  (1+x)

1-y?
1-x2

If V1-x? +1-y® =a(x —y), showthat j—iz

If y=vx%+1 Iog(—+ /1+LJ find gy
X

If x = ausin2t(1+cos2t) and y = Bcos2t(1—cos2t),show that g—y ~Bant
X o

2
If y=+/x+1—-+/x—-1, provethat (x? 1)—y+xd—y—1y:0
X
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30. If (cosx)¥ =(siny)*, thenfindg—i.

LONG ANSWER TYPE QUESTIONS

ANSWERS
l.kz—% 2.k=-1 3. k=12
4.k=—g 5.k:§ 6.a=3,b=2
o 2
7.a=-3/2, c=1/2, bisany non - zero real number 8.k=6
10. 3a—3b=2 isthe relationbetweenaand b
11. there is no value of A for which f(x) is contonuous at 0.
12.a=1,b=-1 13.a=3,b=-2 14, a—% =
15. continuous atx =1 &x=2.  16. (Iogx)x{li+ Iog(logx)}x'ogx[ o logx
0gXx

17. 1 18.1

a
29 1 30. logsiny + ytan x

2y -1 (logcosx — xcoty)
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APPLICATION OF DERIVATIVE

** Whenever one quantity y varies with another quantity x, satisfying some rule y = f (x) , then g—z (or f
'(x)) represents the rate of change of y with respect to x and [j—z} (or f'(xg)) represents the rate of
X=Xp
change of y with respect to x at X = Xo.
** |_et | be an open interval contained in the domain of a real valued function f. Then f is said to be
(i) increasing on 1 if x3<xz in 1 = f(x3) <f(xp) forall x3, Xz€ .
(i) strictly increasing on I if x;< Xz in | = f(xy) <f (xz) forall x;, Xz¢ 1.
(iii) decreasing on l'if x;< Xz in | = f(X;) > f(x2) forall x;, xoe 1.
(iv) strictly decreasing on | if x;< Xz in | =¥ (x1) > (x2) forall X1, xoe .
** (i) fis strictly increasing in (a, b) if f'(x) > 0 for each x € (a, b)
(i) fis strictly decreasing in (a, b) if f'(x) <0 foreachx € (a, b)
(iii) A function will be increasing (decreasing) in R if it is so in every interval of R.

** Slope of the tangent to the curve y = f (x) at the point (Xo, Yo) is given by {d_y

X }(Xo Yo)
** The equation of the tangent at (o, Yo) to the curve y = f (x) is given by 'y —yo = f'(Xg) (X — Xo).

(=F(xp)).

** Slope of the normal to the curve y = f (x) at (Xo, Yo) is TP
X0

** The equation of the normal at (Xo, Yo) to the curve y = f (X) is given by y—yo = —

i) o

** If slope of the tangent line is zero, then tan 6 = 0 and so 6 = 0 which means the tangent line is parallel
to the x-axis. In this case, the equation of the tangent at the point (Xo, Yo) is given by y = yj.

T . o : .
**If0 — R then tan 6—o0, which means the tangent line is perpendicular to the x-axis, i.e., parallel to

the y-axis. In this case, the equation of the tangent at (Xo, Yo) iS given by X = X .
** Let f be a function defined on an interval I. Then
(a) fis said to have a maximum value in I, if there exists a point c in | such that
f(c)>f(x), forall xel.
The number f (c) is called the maximum value of f in I and the point c is called a point of
maximum value of fin 1.
(b) fis said to have a minimum value in |, if there exists a point ¢ in | such that
f(c)<f(x), forall xel.
The number f (c), in this case, is called the minimum value of f in I and the point c, in this case, is
called a point of minimum value of fin I.
(c) fis said to have an extreme value in | if there exists a point c in | such that f (c) is either a
maximum value or a minimum value of fin I.
The number f (c), in this case, is called an extreme value of f in | and the point c is called an
extreme point.
** Absolute maxima and minima
Let f be a function defined on the interval I and cel. Then
(@) f(c) is absolute minimum if f(x)[ > f(c) for all xe I.
(b) f(c) is absolute maximum if f(x) < f(c) for all xe .
(c) ce Iis called the critical point off if f'(c) =0
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(d) Absolute maximum or minimum value of a continuous function f on [a, b] occurs at a or b or at
critical points off (i.e. at the points where f 'is zero)
If c1,Co, ..., cq are the critical points lying in [a, b],
then absolute maximum value of f = max{f(a), f(c1), f(c2), ..., f(cn), f(b)}
and absolute minimum value of f = min{f(a), f(c1), f(c2), ..., f(cn), f(b)}.
** Local maxima and minima
(a)A function f'is said to have a local maxima or simply a maximum value at x a if fa+ h) < f(a)
for sufficiently small h
(b)A function f'is said to have a local minima or simply a minimum value at x = a if f(a = h) > f(a).
** First derivative test :A function f has a maximum at a point x = a if
(1) f'(a)=0, and
(i1) f '(x) changes sign from + ve to —Vve in the neighbourhood of ‘a’ (points taken from left to right).
However, f has a minimum at X = a, if
(1) f'(a)=0, and
(i) £'(x) changes sign from —Vve to +ve in the neighbourhood of ‘a’.
If f'(a) = 0 and ' (x) does not change sign, then f(x) has neither maximum nor minimum and the point
‘a’ is called point of inflation.
The points where f'(x) = 0 are called stationary or critical points. The stationary points at which the
function attains either maximum or minimum values are called extreme points.
** Second derivative test
(1) a function has a maxima at x =a if f'(x)3.4.b=0and f" (a) <0
(i) a function has a minima at x =a if f'(x) =0 and f "(a) > 0.

SOME ILUSTRATIONS:
Q. Find the rate of change of the volume of a sphere with respect to its surface area when the radius

is2cm.
Sol. Radius of sphere(r) = 2cm
V :ian , d_V = 4qir?
3 dr

A = 4mr? , d—A = 8mr?
dr

dv _dv/dr 4mr® v

dA dA/dr 8mr 2
[dv] 2

B ===1cm
dA Jatr=2 2

Q. A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the ground,
away from the wall, at the rate of 2 cm/s. How fast is its height on the wall decreasing when the foot of

the ladder is 4 m away from the wall?

Sol. Given ‘:'j—’t(zz cm/sec l
x*+y? =25 5ma6¢.6‘ ym
when x =4,16+y?=25=y=3 v T

AIsond—X+2yd—y=0 FUE

dt dt
:>2x><2+2yd—y=0 jﬂz_zix:ﬂ
dt dt y 3
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..rate of decrease of height on the wall = % cm/sec.
Q. Find the intervals in which the function f(x) = 5 + 36x + 3x? — 2x?is increasing or decreasing.
Sol. f(x) = 5 + 36x + 3x* — 2x°
f'(x)=36+6x —6x? =6(6 + x — x?)
=—6(X-3)(X+2)
f(x)=0=>x=-2,3
—® - -2 + 3 - ©
- f(X)isincreasingon x € (—2, 3) and f(x) is decreasingon interval X e (o0, — 2) U (3, ).

Q. Show that the semi-vertical angle of the cone of the maximum volume and of given slant height is

tan tan _1(\/5 ) .

Sol. Given I2 =r?+h? (i)
V—%nr =Zq(l” - h)h_—n(lzh—h3)
v 1 .,
12 — 3h?
P ( )
For Max.volumed—v=O:>171(I2—3h2):0:>h:L
dh 3 J3
d’v 1
75" 6h) <0, vh
e (-6h)

-V is max.when h=1//3
From (i) 3h® =r? +h? = r? = 2h? = r =/2h

In AOAB tanazﬁzgzﬁ:aztan‘lﬁ

Q. Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is % of the

volume of the sphere. A
Sol.In AOLC

R% =X +r? (i)
1

V =Znr?h :Ean(R +X)
3 3 B

= %n(R2 —x3)(R +x)

@)

= %R(Rg +R*> —Rx? - x%)

dVl

o (R2 2RX — 3X)——n(R2 3RX + Rx —3x?)
X

= %n(R ~3x)R +x)

For max. volume(;—:(/ =0 :%n(R -3x)R +x)

32



=(R-3x)=0asR+x=0 x=R

d?v 1

. Lcor-6x) =t —2r-6R =2 R <0
dx2 3 3 3) 3

-V is max. when x:%

2
v=lrrRP xR =LA RZ-RO|[R4R
3 3 9 3
18R 84 R31_8 \olume of the Sphere
3 9 3 27\ 3 27

RATE OF CHANGE OF BODIES

SHORT ANSWER TYPE QUESTIONS
1. The side of a square is increasing at the rate of 0.2 cm/s. Find the rate of increase of the perimeter of
the square.
2. The radius of a circle is increasing uniformly at the rate of 0.3 centimetre per second. At what rate is
the area increasing when the radius is 10 cm? (Take n = 3.14.)
3. A balloon which always remains spherical, is being inflated by pumping in 900 cubic centimetres of
gas per second. Find the rate at which the radius of the balloon is increasing when the radius is 15 cm.
4. A man 2 metres high walks at a uniform speed of 5 km/hr away from a lamp-post 6 metres high.
Find the rate at which the length of his shadow increases.
5. A stone is dropped into a quiet lake and waves move in circles at a speed of 4 cm/sec. At the instant
when the radius of the circular wave is 10 cm, how fast is the enclosed area increasing?
6. A particle moves along the curve y = x? + 2x. At what point(s) on the curve are the x and y
coordinates of the particle changing at the same rate?
7. The bottom of a rectangular swimming tank is 25 m by 40 m. Water is pumped into the tank at the
rate of 500 cubic metres per minute. Find the rate at which the level of water in the tank is rising.
8. A spherical ball of salt is dissolving in water in such a manner that the rate of decrease of the volume
at any instant is proportional to the surface. Prove that the radius is decreasing at a constant rate.
9. A particle moves along the curve y = x°. Find the points on the curve at which the y-coordinate
changes three times more rapidly than the x-coordinate.
10. Find the point on the curve y? = 8x for which the abscissa and ordinate change at the same rate?
11. Find an angle x which increases twice as fast as its sine.
12. The sides of an equilateral triangle are increasing at the rate of 2 cm/sec. Find the rate at which the
area is increasing when the side is 10 cm.
13. The total revenue received from the sale of x units of a product is given by R(x) = 10x? + 13x + 24
Find the marginal revenue when x = 5, where by marginal revenue we mean the rate of change of total
revenue w.r. to the number of items sold at an instant.
14. The total cost associated with the production of x units of an item is given by
C(x) = 0.007x* — 0.003x? +15x + 4000. Find the marginal cost when 17 units are produced, where by
marginal cost we mean the instantaneous rate of change of the total cost at any level of output.

ANSWERS

1. 0.8 cm/sec 2. 18.84 cm?/sec 3. icm/sec
T
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4. 2km/hr 5. 801 cm?/s 6. (_1 ,ﬁj
2 21

7. 0.5 m/minute 9.(1,1)and (-1,-1) 10. (2, 4)

11, g 12. 1043 cm?/sec 13.2 113

14, %20.967 15.16.

LONG ANSWER TYPE QUESTIONS

1. The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y is increasing at
the rate of 4cm/minute. When x =8 cm and y = 6 cm, find the rate of change of (a) the perimeter,
(b) the area of the rectangle.

2. The volume of metal in a hollow sphere is constant. If the inner radius is increasing at the rate of
1 cm/sec, find the rate of increase of the outer radius when the radii are 4 cm and 8 cm respectively.

3. A kite is moving horizontally at a height of 151.5 meters. If the speed of kite is 10m/sec, how fast is
the string being let out; when the Kite is 250 m away from the boy who is flying the kite? The height of
boy is 1.5 m.

4. Sand is pouring from a pipe at the rate of 12 cm®/s. The falling sand forms a cone on the ground in

such a way that the height of the cone is always one-sixth of the radius of the base.
How fast is the height of the sand cone increasing when the height is 4 cm?

5. A water tank has the shape of an inverted right circular cone with its axis vertical and vertex lower
most. Its semi vertical angle is tan™ (0.5) water is poured into it at a constant rate of 5cm*/hr. Find the
rate at which the level of the water is rising at the instant when the depth of water in the tank is 4m.
6. The top of a ladder 6 meters long is resting against a vertical wall on a level pavement, when the

ladder begins to slide outwards. At the moment when the foot of the ladder is 4 meters from the wall, it
is sliding away from the wall at the rate of 0.5 m/sec.

(a)How fast is the top-sliding downwards at this instance?

(b)How far is the foot from the wall when it and the top are moving at the same rate?

7. The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate of 3 cm per
second. How fast is the area decreasing when the two equal sides are equal to the base ?

8. Water is leaking from a conical funnel at the rate of 5 cm /s. If the radius of the base of funnel is 5 cm
and height 10 cm, find the rate at which the water level is dropping when it is 2.5 cm from the top.

9. A man is moving away from a tower 41.6 m high at the rate of 2 m/s. Find the rate at which the angle
of elevation of the top of tower is changing when he is at a distance of 30 m from the foot of the tower.
Assume that the eye level of the man is 1.6 m from the ground.

10. Two men A and B start with velocities v at the same time from the junction of two roads inclined at
45° to each other. If they travel by different roads, find the rate at which they are being separated.

ANSWERS
1. (@){ @ 2 cm/ minute (b) T @ 2 cm?/ minute 2. % cm/sec
3.8 m/s. 4. Lcm/sec 5. §m/h
48n 88
6. (a)——m/sec (b)3v2m 7. J3bem?/sec 8. 0 cmisec
J5 457
9. 2i5 radian /sec 10. V2—+/2 vunit/s
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INCREASING AND DECREASING FUNCTIONS
SHORT ANSWER TYPE QUESTIONS

1. If I be an open interval contained in the domain of a real valued function f and if X; <Xz in I, then
write the condition for which f is strictly increasing on 1.

2. Show that the function given by f(x) = 4x + 3, X € R is strictly increasing on R.

3. Prove that the function f(x) = loga(x) is increasing on (0 ,) if a>1 and decreasing on (0 ,)
if 0 <a<1.

4. Show that the function f (x) = x*— x + 1 is neither increasing nor decreasing in (- 1, 1).

5. Find the least value of a such that the function f given by f (x) = x* + ax + 1 is strictly increasing on
1,2).
6. Show that the function given by f (x) = x* — 3x? + 3x — 100 is increasing in R.

1 . . ) . .
7. Show that f(x) = Tl decreases in the interval [0 , o] and increases in the interval [— oo, 0].
+ X

8. Find the interval in which y = x? e * is increasing.

9. Show that the function f(x) = log(cos x) is strictly decreasing on (0 gj

10. Show that the function f(x) = cot ™* x + x increases in(—o ).

ANSWERS
1. if f(x1) <f(xp) forall x4, x; € | 5,a=-2 8.(0,2)

LONG ANSWER TYPE QUESTIONS
1. Find the intervals in which the function f(x) = 4x® — 6x* — 72x + 30 s strictly increasing or decreasing.

2. Find the intervals in which the function f(x) = — 2x®> —9x* —12x + 1is strictly increasing or decreasing.
3. Find the intervals in which the function f(x) = (x + 1)* (x —3)*® is strictly increasing or decreasing.
4. Find the intervals in which the function f(x) = sinx + cosx ,0 < X <27 s strictly increasing or
decreasing.

T
5. Find the intervals in which the function f(x) = sin 3x, x € [OE} is strictly increasing or decreasing.

. . . . . 4sinX —2X — X COSX . . . . .
6. Find the intervals in which the function f(x) = > COSX s strictly increasing or decreasing.

2+ C0SX

7. Find the intervals in which the function f(x) = x3 + ig x = 0 is strictly increasing or decreasing.
X
3
8. Find the intervals in which the function f(x): x4 —% is strictly increasing or decreasing.

9. Show that y = log(1+ x)—zz—xx, x > -1, is an increasing function of x throughout its domain.
+

4sin0
(2+cos0)

11. Show that the function f(x) = 4x>— 18x* + 27x — 7 is always increasing in R.

10. Prove that y = —0is an increasing function in [O’EJ .
2
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12. Find the intervals in which: f(x) = sin3x — cos3x, 0 < x <, is strictly increasing or strictly
decreasing.
ANSWERS

1in (—0,-2) U (3,0) and Vin (-2, 3)
in(=2,-1) and { in (—o0,—2) U (-1, )
Ain(@,3) U B, w)and Lin(-oo,—1) U (-1, 1)

. Tin[o,gju(%,&c} and { m(g%j
0.2 |ana Lin[ 2.7

. T in[o,“ju(:”’ﬂgnj and {1 in (23_’tj
2 2 2 2

7. Tin(—wo,~)U@,)and 4 in (-1, 1)
8. increasing in [1, «) and decreasing in (—oo, 1]

12. 1t in(O,Equ—n,ﬁ)and 4 (Eﬁju(ﬁ n).
4 12 12 4 12 12

MAXIMA & MINIMA
SHORT ANSWER TYPE QUESTIONS
. Find the maximum and the minimum values, if any, of the function f (x) = (3x — 1)* + 4 on R.

(621 A W DN

(2]

. Find the maximum and the minimum values, if any, of the function f (x) = — (x — 3)>+ 5 on R
. Find the maximum and the minimum values, if any, of the function f (x) = [x + 2| + 3 on R.

. Find the maximum and the minimum values, if any, of the function f (x) =3 —-|x+1|onR.

. Find the maximum and the minimum values, if any, of the function f (x) = 9x* + 12x + 2 on R.

. Find the maximum and the minimum values, if any, of the function f (x) = sin3x +4 onR.

. Find the maximum and the minimum values, if any, of the function f (x) =|sin 4x + 3| on R.

. Find the maximum and the minimum values, if any, of the function f (x) = x*~ 1 on R.

9. Find the local maxima and local minima, if any, for the function f (x) = x. Find also the local
maximum and the local minimum values, as the case may be.

10. Find the local maxima and local minima, if any, for the function f (x) = (x — 4). Find also the local
maximum and the local minimum values, as the case may be.

11. Find the local maxima and local minima, if any, for the function f (x) = sin2x —x,

—n/2 < x < n/2. Find also the local maximum and the local minimum values, as the case may be.
12. Find the local maxima and local minima, if any, for the function f (x) = sinx —cosx, 0 <x < 2x.
Find also the local maximum and the local minimum values, as the case may be.

13. Find the local maxima and local minima, if any, for the function f(x) = x*~ 9x? + 15x + 11. Find also
the local maximum and the local minimum values, as the case may be.
14. Find the local maxima and local minima, if any, for the function f (x) = x*— 62x* + 120x + 9. Find
also the local maximum and the local minimum values, as the case may be.
15. Find the absolute maximum and minimum values of the function f given by

f(x) = x>~ 12x* +36x + 17 in [1, 10] .
16. Find the absolute maximum and minimum values of the function f given by

f(x) = %x3—3x2 +5x +8 in[0, 4] .

O NO Ol WD -

17. Find the absolute maximum and minimum values of the function f given by
f(x) =sinx +cos x, X € [0, ] .
18. Find the absolute maximum and minimum values of the function f given by
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f(x) = 2cos2x — cos4x in [0, w].

19. Find the absolute maximum and minimum values of the function f given by
f(x) = sin’x — cos X, X € [0, 7].

20. Find the absolute maximum and minimum values of the function f given by
f(x) = sinx(1 + cosx), X € [0, «].

ANSWERS

Minimum Value = 5, no maximum

Maximum Value = — 2, no minimum

Maximum Value = — 2, Minimum Value =5

Local max. value is 0 at x = 4 & local min. valueisOat x =0

1. Minimum Value = 4, no maximum 2. Maximum Value = 5, no minimum

3. Minimum Value = 3, no maximum 4. Maximum Value = 3, no minimum

5. Minimum Value = — 2, no maximum 6. Maximum Value = 3, Minimum Value =5
7. Minimum = 2; Maximum = 4 8. Neither minimum nor maximum.

9. Local minimum value isOat x =0 10. Local maximum value isO at x = 4

11. Local maximum value is %—g at x =g & local minimum value is g—g— at X = —%

) . 3 . . 7
12. Local maximum value is v/2at x = Tﬂ & local minimum value is —+/2at x = _Ir

13. Local maximum value is 19 at x = 1 & local minimum value is 15 at x = 3.
14. Local maximum value is 68 at x = 1 & local minimum value is — 316 at x = 5.
15. Absolute maximum value = 177 at x =10, absolute minimum value = 17 at x = 6.

) 31 .. 4
16. Absolute maximum value = 3 at x =1, absolute minimum value = 3 at x = 4.
17. Absolute maximum value =+/2 at x = % absolute minimum value=—1atx = =.

18. Absolute maximum value = % at x =—, absolute minimum value = —3at x = g .

A3

, absolute minimum value=—-1 atx =0.

w|r§’

19. Absolute maximum value = % at X =

3J3 T

20. Absolute maximum value = T at X = § , absolute minimum value=0at x =0, =.

LONG ANSWER TYPE QUESTIONS
1. Find two numbers whose sum is 24 and whose product is as large as possible.
2. Show that the right circular cylinder of given surface and maximum volume is such that its height is
equal to the diameter of the base.
3. Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic centimetres, find the
dimensions of the can which has the minimum surface area?
4. A square piece of tin of side 18 cm is to be made into a box without top, by cutting a square from
each corner and folding up the flaps to form the box. What should be the side of the square to be cut off
so that the volume of the box is the maximum possible.
5. A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting off square
from each corner and folding up the flaps. What should be the side of the square to be cut off so that the
volume of the box is maximum ?
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6. A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a square and
the other into a circle. What should be the length of the two pieces so that the combined area of the
square and the circle is minimum?

7. Show that the right circular cone of least curved surface and given volume has an altitude equal to

V2 time the radius of the base.

8. Show that the semi-vertical angle of the cone of the maximum volume and of given slant height is tan
tan*(v/2).

9. Show that semi-vertical angle of right circular cone of given surface area and maximum volume is
sin"'(1/3).

10. A tank with rectangular base and rectangular sides, open at the top is to be constructed so that its
depth is 2 m and volume is 8 m®. If building of tank costs Rs 70 per sqmetres for the base and 45 per
square metre for sides. What is the cost of least expensive tank?

11. The sum of the perimeter of a circle and square is k, where k is some constant. Prove that the sum of
their areas is least when the side of square is double the radius of the circle.

12. A window is in the form of a rectangle surmounted by a semicircular opening. The total perimeter of
the window is 10 m. Find the dimensions of the window to admit maximum light through the whole
opening.

13. Show that of all the rectangles inscribed in a given fixed circle, the square has the maximum area.

14. Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is % of the

volume of the sphere.
15. Show that the altitude of the right circular cone of maximum volume that can be inscribed in a

sphere of radius R is?

16. Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of radius

Ris 2—R . Also find the maximum volume

J3

17. Show that height of the cylinder of greatest volume which can be inscribed in a right circular cone of

height h and semi vertical angle o is one-third that of the cone and the greatest volume of cylinder is
A i tan o
27
X2 y2
e

18. Find the maximum area of an isosceles triangle inscribed in the eIIipsea—2+ b =1 with its vertex at

one end of the major axis.
19. A point on the hypotenuse of a triangle is at distance a and b from the sides of the triangle. Show

that the maximum length of the hypotenuse is (az’3 + b2’3)3’2.

20. If the sum of the hypotenuse and a side of a right angled triangle is given, show that the area of the
triangle is maximum when the angle between them is 7t/ 3.

21. If the length of three sides of a trapezium other than the base is 10 cm each, find the area of the
trapezium, when it is maximum.

22. A window has the shape of a rectangle surmounted by an equilateral triangle. If the perimeter of the
window is 12 m, find the dimensions of the rectangle that will produce the largest area of the window.
23. Prove that the radius of the right circular cylinder of greatest curved surface area which can be
inscribed in a given cone is half of that of the cone.
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24. An open box with a square base is to be made out of a given quantity of cardboard of area c? square
3
units. Show that the maximum volume of the box is 6(\:/5 cubic units.

ANSWERS
1.12,12
1 2
TREIE
T mt \ 50
4,3cm
5.5¢cm
112 287
. cm, cm
n+4 n+4
10. 21000
12. length=2x = Am and breadth = 10 m
[TE+4] [n+4]
18. Area is max.when e=2_n and max area is ab 1+1 ﬁzﬂab
3 2)2 4
21. 753 cm?
22. Length = 12 and width = 18-6V3 m
6-+/3 6-+/3

39



INDEFINITE INTEGRALS

SOME IMPORTANT RESULTS/CONCEPTS
n+l
x“dx— +C
J n+1 *I fxzznibgiig+c,ﬁx>a
*ILwt:x+C X“—a® 2a “|x+a
dx 1 a+X
* =—1lo +C, ifx>a
*Iindxz_in+c Iaz—xz 22 a—x
Xl " *j ax —ltan‘1X+C —lcot‘1—+C
*IW=2\/§+C x2+a2 a a a a
1 X
dx =sin” —+c—-cos §+C
a

*Ildx =log,x+C
X
*'[exdx:ex+C

X

a

P
a2 +x?

YR
=log|x+vx%+a?|+C

*|a%dx = +C dx
j log, a *J'ﬁzlog|x+\/x2—a2|+c
- X —
*|sinxdx =—cosx +C
J | e % .
*Icosxdx:3|nx+C IVX +a X_EV +? ogX+VX“+a“|+
2 - 2
*Isec xdx=tanx+C *J' /XZ—ade—i / X2 _ g2 _%log‘XJr x2_a2|+C

*Icoseczx dx =—cotx+C

*J'secx.tan x dx =secx+C
*Icosecx.cotx dx = —cosecx+C

* Itan xdx =—logcosx|+ C = logjsecx|+ C

*[cotx dx = log |sinx |+ C
*Isecx dx =log|secx +tanx |+ C

X
tan| =+~
(2 4)

* Icosecx dx =log|cosecx —cot x|+ C

=log +C

=—log|cosecx +cotx|+C

+C

X
=log [tan=
g 2

2
2

*J‘\/a2 —x%dx = gx/az —x? +%sin‘1§+c

* 00+ H00 £, (x)Jdx

= [£,09dx £ [£,(X)dX ... £ [ £, (x)dlx

* jxf(x)dx =xj'f(x)dx+c

juvdx—ujv dx — I[[vdx —dx

SOME ILUSTRATIONS:

X+ 2
—dx

VX% +5X+6

2x+5 5+4
I

Q.Evaluate : j
Sol f = —d
v

x+2

N +5x+ X2 +5x+

2x+5

VX% +5X+6

[x2 +5X

_EJ\/XZ +5x+6
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_1 ﬂ_lj
20t 2 2
\/x2+5x+() _2.6
:E.2ﬁ+j dx
B R
w2 _[*
2 2
:\/xz+5x+6—%|ogx+g+\/x2+5x+6+C
Evaluate : X d
Q. Evaluate: I(x—l)(x—Z)(x—S) X
Sol X d
A=
o= 2™
2
Let X A & <

(x—1x—2\x-3) (x-1) (x-2)" (x-3)
= x? = A(x - 2)(x =3)+ B(x —1)(x =3)+ C(x - 2)(x - 3)

Putting x =1, 2, 3 successively A:% , B=-4,C :%

1, dx dx 9 dx
T TRy iy e Foaiey

=%Iog|x—]4—4|og|x—2|+§Iog|x—3|+c

2
Q.Evaluate:_[ X"+ 2x+8 X
x=1)(x-2)
2
SoI.I:I X +2x+8 jx +2x+8
(X—l)(X—Z) 3x+2
2_
=IX 32x+2+5x+6dX:J-(1+ 25x+6 jdx
X5 —3X+2 X*—3X+2
—Ildx j oX 10 dx =x+1;
xX=-D(x-2)
I 5x+6
(X-D)(x - 2)
5x+6 A B

T2 x-D) x-2)
=5X+6=A(x—-2)+B(x-1)
Putting x=1,2= A=-11 B=16

J- 5X +6
(x=1D(x-2)
| =x—11llogx -1 +16logx —2|+C

dx = -11logx —1|+16logx — 2|

Q.Evaluate : jx2tan‘1x.dx
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Soljx tan 'x.dx = tan~ xjx ax — Imx dx)dd (tan x)}dx

3 3 1 3

=tan~ xx—— X— dx =tan” x———.[
3 31+x° 1+x°
3
:tan‘lx.x——— W.dx
3 37 1+x
3 2 _
tantx oL x +12 X d
3 1+ X
3
:tan’lx.x——lj‘x.dx+1.|' 2x2_
3 3 671+x

3
X tantx— Ly +1Iog(x2 +1)+ C
3 6 6

Q. Evaluate : j(si n’lx)2 dx
Sol. I = I(sin‘lx)zdx = J'l.(sin‘lx)zdx
= (sin‘lx)zjl.dx - J'{(.[l.dx)%(sin‘lx)z}jx

(sin” x)zx [ de:x(sin—lx)z_zj-xsm X

o

=x(sintx)? =21, +C

dx =dt

I Ixsm X dx Put sinx=t= 1
L= -

V1-x2 V1-x2
= It.smt.dt = tjsint.dt +Icost.dt =—tcost+sint
=—sintxv/1-x% +x

o 1=x(sintx)? —2[—sin‘1x.\/1—x2 +x]+C

SHORT ANSWER TYPE QUESTIONS
Evaluate the following integrals :

1. je3'°gx.x4dx 2. Ii:.zii dx
4o e5;ogx _ e4Iogx

3. .[ B x 4. Ie3logx_e2logx dx

5. Icosec (3—7x)dx 6. J‘35*4X dx

7. Isec2(4—5x)dx 8. I XZS 3

X2 +4X +

elog&

) 10. d

o I X dx 0 J.1—sinx X

11. J' dx 12. j\/1+sinxdx
1-CosX
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13

15

17.

19

21.

23
25
27
29

7.

9.

11.

13.
15.
17.
19.

21.

23.

25.

. I\/I—COSZX dx
. j(1+ x Wxdx

,[-21 2 dx
SIN” XCOS X
1

) dx
I\/2X+3+\/2X—3

J'(X2 +1 dx

X +1Y
: jsinzxdx
: jsin3xdx
: I C0S2X cos4xdx

.J.cot2 X dx

x+C

X4

.—+C

X
cot(3—7x)+
7
_ tan(4-5x)
5

2Jx +C

—cotx —cosecx+C

C

+C

J2sinx+C
2312 2 512
3 5
—-2cot2x+C

%[(Zx +3)2 —(2x —3)3’2]+ C
2
=21 -——+C
x —2logx +1 1t
l(x_sin2xj+c
2 2

l(— 3COoSX + cos3x) +C
4 3

14. J\/l—sian dx, %<x <g

16. | XX+ ~dx

sin® x +cos® x
18- J.ﬁ
sin x cos® X

20. Itan‘l{ 1—s!nx }dx
1+sinXx

22. | XX+3dx

dx

24, j cos” x dx

26. _[sin4xcosSxdx
28. I tan? x dx

30. [3%%dx

ANSWERS

2. — %cosecx +C

3
4. % ¢
3

35—4X

6. ——+C
(_4)|093+

8. logx|+C

10. tanx +secx+C

12. 2(Sin§—C085J+C
2 2

14. —cosx—sinx+C
16. % X +3(x—6)+C
18. secx —cosecx+C

20. = -=+C
22. gx/x+3(x—6)+c
24, 1(x+ SInZXj+C
2 2

1 (_ COS7X

26. =

— cosxj +C
2
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g7, 1[SIN6x  sin2x) o 28. tanx—-x+C
2\ 6 2

29. —cotx—x-C 30. 9 3 +C
log3

LONG ANSWER TYPE QUESTIONS
Evaluate the following integrals :

X+2 3X+5
1. | ————dx 2. | ——dx
VX2 +5X+6 j\/x2—8x+7
3 J~ (3x+1).dx 4 J~ 5x+3 dx
J5—2x—x?2 Ix? +4x+10
X+3 6X+7
5 | ————.dx 6. dx
'[\/5—4x—x2 j\/(X—5)(X—4)
7. I(x—3 X2 +4x+3 dx 8. I(5x—1 6 +5x —2x°dx

2

X

10 J.(x—l)(x—Z)(x—B
3x-1 3x—2

1. J.(x—l)(x—2)(x—3)dx 2 J.(x+1)2(x+3) X

9. I(x—4 4+ 3x—x? dx )dx

2
13, [ XX g 14, [ dx
(x+1f(x+2) 1+X
2 2
X +Xx+1 X +2X+8
15. dx 16. | —————dx
jix2+1ix+2) j(X—l)(><—2)
4
17. [y 8 [
(x—1)x*+1 Sinx +sin2x
19, [ 220 -C0%_g, 20. [sin*x dx
6 —Ccos g —4sing
21. I cos*x.dx 22. I COSX.COS2XCOS3X.dX
23. j sin®x.cos®x.dx 24, I sin°x.dx
- .8 8
Sin®X —cos°x dx
25. dx 26.
I1—25in2x.cos2x J.asin2x+bcoszx
dx dx
27. 28.
j COSX(Sinx+ 2cosx) I 5+ 4sinx
dx dx
29, [— & 30, [ &
-[sinx+\/§cosx Isinx—\/§cosx
31 J-ZS_lnx+3cosde 32.J- dx
3sinx +4cosx 1-tanx
33. I dx 34. I x2tan~x.dx
1+ cotx
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35. I(sin‘lx)zdx 36. j(logx)zdx
X
37. Isec?’xdx 38. I xel) dx
(x+
30, I[Z+S|nzx)exdx 10 (1 smxj
1+ cos2x 1-cosx
x%+1
41. | ——=€"dx 42. Io on+ dx
Jon lstood
x-1
43, | ——e*dx 44, | —— e¥dx
J.(x +1) j(l—x)
45, Iezxsinsx dx 46. Iexsinzx dx
41. | o 48. | dx
" Jsin(x—a).sin(x—b) " J cos(x—a).cos(x—h)
49. | ax 50. | o
" J cos(x+a).cos(x+b) " Jsin(x+a).cos(x+b)
1
51, [Cosx+a) 52, (X *
J.sin(x+b)'OIX J.x +1
x*+4
53. d 54,
Ix4+16x jx +x2 +1
55. 56. |+/tanx dx
e, v
x* +x? +1
57. dx 58.
J.sm X +cos® x -[ —5x? +16
dx
59. 60. | —————
I 2x+3)\/4x+5 -[ (X? —4)Jx+1
61. 62.
j x+2)\/x +6X+5 J.(1+x )\/1 x?
ANSWERS
1. \/xz+5x+6—%logx+g+\/x2+5x+6 +C

. 6vx% —9x + 20 + 34log

X2 —8x+7 +17log‘(x—4)+\/x2 —8x+7‘+C
. —3J5-2x—x> —ZS,inl(x—Jr1

ﬁjm

5Vx% +4x+10-7 Iog‘(x+2)+ VXZ +4x +10‘+C

. —5—4x —x? +sin‘1(XT+2j+C

+C

(x—%)+\/x2 —9x+20
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9.

—%(4+3x—x2)5

: _65(6+5x—2x2)g+

3

2

21;/5{(4x—5

o=

8

4

10. %Iog|x —1-4logx 2| +%Iog|x -3+C

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

11
4

—log

X

X+3

+1| 5

2

l §x—sin 2x+lsin4x
4| 2 8

% logil+X —% Iog‘l— X+ xz‘

1
+—1tan

4 24 16 8

. 4 . 6
sinx _sin®x

4 6

2cos’x  cos’ X
—COSX + - +C
3 5

_sm2x+C

1 tan_l \/Etanx +C
Jab Jb

2 tan
3

1

tanx/2

logitan x +2|+C

J+e

J3

x—11logx -1/ +16logx — 2|+ C

C

log|x —1/—5log|x — 2|+ 4log|x — 3|+ C

[—1 j+C
X+1

—Iog|x+]4—$+3log|x+2|+c

1{

glog|x + 2|+%Iog(x2 +1)+%tan1 x+C

2x -1

J3

2Iog‘sin2 <|>—4sin<|>+5‘ +7tanY(sing—2)+C

}+C
l(3x+25in2x+sm4x)+c
8 4

X sin6x sin4dx sin2x
+ + +

73 . 4
—SIn
32

J+c

Ei 1 _ _1 2 _1 -1
2+x+2Iog|x 1 4Iog(x +1) 2tan x+C

%Iog|cosx -1 +%Iog|cosx +1) —%Iog|1+ 2cosx|+C

46

43%5j}+

3
.;@2+4X+SF—5K¥+QJVX2+4x+3—;k@b«+ﬂ+ﬂx2+4x+3}+c

]J3+5x—x2+
2

araxos s s 228
8 5

C

ﬂm



29. L

30

31.

32.

33.

34.

35.
36.

37.

38.

39.
40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

g1+\/§tanx/2|+
2 3—\/§tanx/2‘

1 X T
. —logtan| —+—
2 (2 12)‘

18, +ilog|35in X+4cosx|+C
15 25

5—llog|sinx —COsX|
2 2

x 1 .
——Zlogsinx +cosx|
2 2

3
X tantx—Lx? 4l Iog(x2 +1)+C
3 6 6

x(sintx)? — Zl—sin‘1 XA1-x? + xJ+C
x(logx )’ —2[xlogx —x]+C

1 1
Esecxtan X +§Iog|secx +tanx|+C

xlog(logx)—ﬁw

X

e

+C
(x +1)

2X

€ (2sin3x—3cos3x)+C
13

1, €& .
~e¥—~—(cos2x+2sin2x)+C
2 10
1 sinjx —b|
lo +

sin(b—a) gsin|x—a|

_ 1 0 cos{x—b|+C
sin(b—a) ~ cogx —a|

1 o cogx +4a|

C
sin(b—a) gcos|x+ b ’
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50.

51.

52.

53.

54,

55.

56.

57,

58.

59.

60.

61.

62.

1 |sm (x+a)|
coslb—a) \cos(x +b)
cos(a—b)logsinx +b|—(x +b)sin(b—a)+C

1. 4fx*-1
—tan| —— [+C
V2 ﬁxj

1 [ x*—4
——tan" | ——— [+ C
22 (ZﬁxJ
1

2

2_
X X+1+C

X% +X+1

itan_l E’ _1|og
23 J3x | 4
1t tanx -1 1 log
\/_ \/_tanx \/5

1t L[ tan?x -1 LC
V2 \/_tanx

Lo XA log
8.3 J3x | 1643
tan t\4x+5+C

2
X X+1+C

X2 +X+1

tan x —+/2tan x +1|

tan X ++/2tan x +1‘

xz—\/ﬁx+4|
5 +C
X +\/EX+4‘

L jog X1 —V3| 1
tan LUx+1+C
4\/§ \/x+1+\/_‘
sinl - L[ X+, ¢
J2 x+2
1. 4 [1-X°
——tan C
V2 2x?
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DEFINITE INTEGRALS
SOME IMPORTANT RESULTS/CONCEPTS

*Tf(x) dx = F(b) — F(a), where F(x) = Jf(x) dx
ab b
* jf(x) dx = jf(t) dx
ba ) b
*[F0x) dx =— [f(x) dx
Z c ) b
*jf(x) dx = [f(dx + [f(x)dx
\ ) °
*[f09dx = [f(a+b—x)dx
*if(x) dx = Tf(a—x) dx
0 0

a a
* '[f(x) dx = ZJ f(x)dx, if f(x)isan even function of x.
0

B 0 if f(x)isan odd functionof x

*Tf(x) o = 2.([f(x)dx, if f(2a-x) = ().
° 0 if f(2a—x) = —f(X)

SOME ILUSTRATIONS:

Q. Evaluate I Lnx dx
1+cos’x
T Xxsinx )
Sol. = | ————dx L
J‘1+coszx )
Also | J~(n x)smn x J-n xsmx x i)
1+cos 0 1+ cos? X
2I:nILX2dx Put cosx =t = —sinxdx = dt
01+cos X
X=0=t=1Xx=n=>t=-1
-1
e h t2=—7r[tan1tF:—7r[tan1(—1)—tanll]
_|_
1
__Jom n]_n T
4 4| 2 - 4
/2 -3
Q. Evaluate : I &dx

¢ sin’x +cos’x
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/2 .3

SIn™ X .

SOI. I = J‘ ﬁdx ...(I)
0 SIN” X+ COS™ X

"2 cos’x
AISO I = ‘[ ﬁdx (”)
p COS"X+SIN"X

/2

n2= [Lx=[xf"?=2
! 2

. I _ n
s1=7
T xtanx
Q.Evaluate : J.—dx
¢ SeCX+ tanx
Y
X tan x
Sol. | = I—dx
secx + tan x
T T
n X )tan(m — X T — X )tan X
Also | :J' ) ( ) dx =I¢dx
ssec(m—x)+tan(m—x)  {secx+tanx
T tanx * tanx secx —tan x
TEI th X dx
1 SECX + tan x secx +tanx secx —tanx
tan x.secx — tan® x

=T

dx = n]E (tan X.secx — tan? x)ix

sec?x —tan® x 0

=7 (tan X.S€CX —Sec” X +1)jx nfsecx —tanx + xJj

I
I

Fsecw tanm+ }—{secO—tan 0+ 0}]= n[-1+ n-1]

2]
[n-2]

1=
2
4
Q. Evaluate: J'[[x—1|+|x—2|+|x—4|]dx
1
4
Sol.jﬂx—ﬂ+|x—2|+|x—4|]dx
1

:j'x 1)dx+j X — 2)dx+_|'x 2dx+_|. X —4)dx
1

= Sloe-27f =Sl 2P G- 2]“—— -4f]

1 1 1 1
==[9-0]-=[0-1]+=[4-0]-=[0-9
! ]2[ 1+2[ -1o-9]
9 1 4 9 23
=ttt =
2 2 2 2 2

SHORT ANSWER TYPE QUESTIONS
Evaluate the following integrals :
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/2 /2
1. j cos>)<( dx 2. Isin‘r’xdx
—TE/21+e —n/2
T nl2
3. jcosSde 4. jxcos“xdx
0 -n/2
nl2 nl2
5. I(xsin4x+tan5x+1)dx 6. I|sinx|dx
—n/2 —n/2
T 1
7. j|cosx|dx 8. Ie‘x‘ dx
0 -1
nl2 1
9. '[sinzxdx 10. Ix|x|dx
—nl/2 -1
/2 .3 /2 =N
11. I%dx 12. Snm—Xan
5 Sin°x +cos’x 5 sin"x+cos"x
/2 n /2
13. M 14. J'd—x
5 sin"x +cos"x 5 1+tan"x
/2 /3
dx 1
15, | — 16. | ———=dx
{ 1+cot"x nJ;61+ Jtanx
/3 /3
17 [— 1 ax 18 [
7r/6l+tan”x n/61+cot”x
/3 - n /3 n
19, [ Sxdx 20, [ SOSXX_ g
J.sin"x+cos"x J.sin"x+cos"x
4 [ —
21. Iidx
3\/;+ 7—X
Answer
1.1 2.0 3.0
4.0 5.0 6.2
7.2 8. 2e—2 9. X
2
10.0 11. = 12. =
4 4
13. = 14. = 15. =
4 4 4
16. ~ 17. ~ 18. ~
12 12 12
19. ~ 20. =~ 21 L
12 12 2
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LONG ANSWER TYPE QUESTIONS

Evaluate the following integrals :

xtanx

/4

1. |————d 2. |log(l+t d
!secx.cosem X J‘ oglt+ anx) X
3 ”f sin’x 4 ”f X
© 5 sinx+cosx © 5 sinx+cosx
b H /2 -
5 I xsm>; dx 6. I _4sm2x i
o L+C0s"X o SIN"X+C0s'X
"2 XSiNX.COSX w2
7. J'—dx 8. Icost.Iogsinx dx
5 sin X +C0os*x oa
n /4
9. j dx 10. j V1—sin2x dx
01+smx 0
1 /2
11.I 1—_x dx 12. j( tanx + cotx)dx
5 1+X 5
/3 . T
Sinx 4+ cosx
13. | —————d 14.
E'L \/Sin2x X ;|).5+4cosx
1 4
15. [ [5x — 3ol 16. [[x -+ [x 2]+ x~4]ax
0 1
2
17. ”x2+2x—3‘dx 18. ﬂx3—x\
0 -1
3/2 3/2
19. I|xsinnx|dx 20. '|'|xc03nx|dx
-1
w2 T xtanx
21. J'[sin|x|—cos{x|]dx 22. _[
o o SECX+ tanx
/2 /2 1
23. flogsinxdx OR Ilogcosxdx 24. IZtan‘lxzdx
0 0
a T X
25. 26. d
EE a+x £a2c052x+bzsin2x X
2 n/2
27.J' 28. IZsinx.cosx.tan‘l(sinx)dx
1 X +4x+3 0
. nl4
29, _[X+S|nxdx 30, jw
0 1+cosx 5 9+16sin2x
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/2
32. J.(2Iogsinx — logsin2x)dx
0

/2 2
31. J' ZCOS X_ —dx
o COS”X+4sin”x n/2 _
OR J'(Zlogcosx—logsm2x)dx
0
T - 1
33, j[l_s'”x}ex dx 34, jw dx
i 1-cosx o 1+X
1 T COSX
35. | |og(1—1j dx 36. [ o ——soer X
0 X 169 +e
2n 1 1
37. J — 38. sz(l—x)” dx
01+e 5
1 T
39. .[x(tan’l x)2 dx 40. jlog(1+ cosx )dx
0 0
1
41, Icot 1(1—x+x2)dx
0
ANSWERS
2
1. 2. EIogZ
4 8
1 T
3. ——log(v2 +1 4. " _loglV2 +1
L o213 ERWEN
2
5. ° 6.
4 2
2
7.5 8. Tlog2-Z+1
1 4 8 4
9. 1 10. /2 -1
11. £ 1 12. 2
13 25|n‘1[\/—3—_1] 14. I
2 3
15. E 16. E
10 2
17.4 18. E
4
03,1 05 1
T T 2 T
21.0 22, g[n—Z]
T T T 1 2—\/5
23. —log2 24, —— + lo
2 2 202 292 Y242
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25.

217.

29.

31.

33.

35.

37.

39.

41.

———+=log2
16 4 2

——log2

26.

28.

30.

32. —

34.

36.

38.

40.

54

(n+1)n+2)n+3)

—mnlog2



APPLICATIONS OF THE INTEGRALS
SOME IMPORTANT RESULTS/CONCEPTS

b b b y=fx
** Area of the region PQRSP = [dA = [y dx = [f(x) dx. .
a a a
¥
x=a o
X O P dx Q X
Y 4
y=
** The area A of the region bounded by the curve x = g (y), y-axis and
d d . \
the linesy = ¢,y =dis given by A= jx dy :Ig(y) dy dy 2
c c x=g(y)
y=c
X o] X

LONG ANSWER TYPE QUESTIONS
QUESTIONS FROM NCERT BOOK
1. Find the area enclosed by the circle x> + y* = a°.

2 2
2. Find the area enclosed by the eIIipseX—2 + é =1.
a

3. Find the area of the region bounded by the curve y? = x and the lines x = 1, x = 4 and the x-axis.

4. Find the area of the region bounded by y? = 9x, x = 2, x = 4 and the x-axis in the first quadrant.
2 2

5. Find the area of the region bounded by the eIIipsei(—6 + y 1.

9

2 2

6. Find the area of the region bounded by the eIIipseXT + % =1

7. Find the area lying in the first quadrant and bounded by the circle x* + y* = 4 and the lines x = 0 and
X=2
8. Find the area of the region bounded by the curve y? = 4x, y-axis and the line y = 3

9. Find the area of the region bounded by the line y = 3x + 2, the x-axis and the ordinates x = -1 and
x=1

10. Find the area under the given curves and given lines: y = x%, x = 1, x = 2 and x-axis.

11. Find the area under the given curves and given lines: y = x* x = 1, x = 5 and x-axis.

0
12. Sketch the graph of y = |x + 3| and evaluate _[ |x + 3|dx .
-6
13. Find the area bounded by the curve y = sin x between x = 0 and x = 2.
14. Find the area bounded by the curve y = x*, the x-axis and the ordinates x = — 2 and x = 1.

15. Find the area bounded by the curve y = x | x |, x-axis and the ordinates x = — 1 and x = 1.

ANSWERS
1. 7 a° sq units. 2. m ab sq units. 3. % s units.
4.16-4+2 sq units. 5. 127 sq units. 6. 67 Sq units.

55



7. 7 sq units. 8. % s units. 9. % s units.
10. g s units. 11. 624.8 sqg units. 12. 9 sq units.

13. 4 sq units. 14, % s units. 15. % s units.
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DIFFERENTIAL EQUATIONS
SOME IMPORTANT RESULTS/CONCEPTS

** Order of Differential Equation : Order of the heighest order derivative of the given differenti al
equation is called the order of the differenti al equation.

** Degree of the Differenti al Equation : Heighest power of the heighest order derivative when powers
of all the derivative s are of the given differenti al equation is called the degree of the differenti al equatin

dy _ f.(x,y)

** Homogeneou s Differenti al Equation :
dx  f(xy)

, where f,(x, y)&T,(x, y) be the homogeneou s

function of same degree.
** Linear Differential Equation :

i. g_y + py = q,where p & be the function of x or constant.
X

Solution of the equation is : . e J'eI Pex .qdx,where eI PY i Integratin g Factor (I.F.)

ii. %Jr px =q, where p & be the function of yor constant.

Solution of the equation is: X. e _[ ej Py .gdy,where eI Py is Integratin g Factor (1.F.)

SOME ILUSTRATIONS :
Q. Solve(3xy —y?)dx + (x* + xy)dy =0.

Sol.—= dy y 3y is a homogeneous differential equation
dx  x%+xy
Puty= vx:d—y_v+xd—v
dx dx
dv vZ-3xvx  vx®-3xwx _ VvZ-3v
SVAX = =
dX  xZExvX X2 4 XWX 1+v
dv v -3v _ve vZ—3v—-v-v? _—4v
dx  1+v 1+v T 1l+4v
1+v 1 dx
o =4 —ldv+|dv=—-4|—
JET = e fov=al
—logv+v+4logx=C =logX x*+Y=C
X X

=3 xlog(x3y): Cx
Q. Show that followingdifferential equation is homogeneous, and then solweit :
2yeVdx + (y - 2xex’y}jy =0,giventhaty =1, when x =0.

dx 2xeX’y—y
Sol.2ye*Vdx + (y — 2xe*"Y 0= b —
yerax+y-2xe by 0= £ =0
xly
Let F(x , y):2xe—/y
2y.e*"Y
2™ _ay o of 2xe*Y -y )
AX, A =A =)AF(x,
i v)= 20y e 2y.e*Y (. )
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.. given Diff.Eq.ishomogeneouws. Put x = vy :>d—X:v+xd—V

dy dy
wly _ v_
:>v+xd—V:2We y 2w’ -1
dy  2yew 28"
AV 2w’ -1 - 2w'-1-2w’ 1
dy 2.e" 2.e" 2.e"

zfeVdv?fdyy = 2¢" +logy|=C = 2" +logy|=C

wy=1lwhen x=0=C=2
- requiredsol. is 2 +logy| =C

Q.Solve:xlogxg—y+y:2Iogx
X
dy dy y 2 . .. . . .
Sol. xlogx—=—+y=2logx = —+———=— isa linear differential equation.
dx dx xlogx x
) ! dx
p=_1 _ 2 F=e X100X _ glouoan) _ jog

" xlogx’ X
2
Solis y.logx = jglogxdx +C= Z.M +C
X 2
= ylogx=(logx)* +C

Q.Solve: dy + 2ytanx = sinx; y(fj =0
dx 3

Sol.d—y+ 2ytanx =sinx
dx

.[Ztanxdx _ e2|0gsecx

P=2tanx, Q=sinx, LF.=¢ =sec’x

Sol. is. y.sec?x = J.sinx.secz xdx +C = J'secx.tan xdx +C

— y.sec’ x =secx +C, y=0,x:g:>C:—2

= y.5ec’X =5eCX —2 = Y =COSX— 2C0S°X

SHORT ANSWER TYPE QUESTIONS

1. Write the order and degree, if defined, of the differential equation :
3 4
d’y dyj - (x
—= | =4 —=| +sinle” J+y=0.
[dsz (dx ( ) y
d’y

3,2 4
2. Write the order and degree, if defined, of the differential equation : (FJ —sin x(g—y] +cosy=0.
X X
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3. Write the order and degree, if defined, of the differential equation :
2
d’y) . dyj (o
—= | —sin| — [+sinle” )J+y=0.
(dxzj (dx ( ) y

4. Write the order and degree, if defined, of the differential equation : (_y —eX +y=0.

2 2 2
5. Write the order and degree, if defined, of the differential equation : (d_y = (d_yj +1
X

dx?
2 1
. o . . : d?y )3 dy )2
6. Write the order and degree, if defined, of the differential equation : ol = (y+ d—j
X X
= q 5773 d3
7. Write the order and degree, if defined, of the differential equation : 4+(d_yj } = d—g
X X

2,\° 4
8. If p and g are the degree and order of the differential equation x(:—gJ + y(d_yj +x3=0
X

respectively, then find the value of 2p —q .
9. Solve :dy +sinxsinydx =0

10. Solve : d_y =Y
dx x

11. Solve : (1 + x?) W _y
dx

12. Solve : dy =e**y

dx
13. Solve : sec” x tan y dx +sec? y tan x dy
14. Solve : d—y=1 +X+y+Xy

dx
15. Solve : Y= v 42 ¢Y

dx

16. Solve : (¥ +e7) ((jj_))/( =" -e™)

17.Solve :ylogydx—xdy =0
18. Solve : cosx(lL+cosy)dx —siny(1+sinx)dy =0

19. Solve : 3e* tan y dx + (1—e*) sec’ ydy =0
20. Solve : (x + 2)3—){ = 4x%y

21. Solve : X1+ y? dx+yV1+x?dy =0

22. Solve : j—izl+x+y+xy, y(1)=0

23. Solve : (1+e*)dy + (1+y*)e*dx =0, y(0)=1
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ANSWERS

1. Order : 2, Degree : 3 2. Order : 3 , Degree : 2
3. Order : 2, Degree : Not defined 4. Order : 2, Degree : Not defined
5. Order: 2, Degree : 3 6. Order: 2 , Degree : 4
7.Order : 3 , Degree : 3 8.4
9. e “tan % =c 10. y = kx
11.y=tan *x+c 12. —e¥V =e*+C
2
13. tanx.tany =C 14. log (1 +y) = x+X?+c
X3
15. ey:ex+?+c 16. y=loge* +e |+ C
17. y =¥ 18. (L+sinx)1+cosy)=C
2

19. (e¥-1)°*=Ctany 20. logy = 4{% —2x +4log(x + 2)} +C

\/ 2 2 X2 3
21. V1+x +\/1+y =C 22. Iog|1+y|:x+?—5

23. Ans. tanty + tanfl(ex):

N

LONG ANSWER TYPE QUESTIONS
HOMOGENEOUS DIFFERENTIAL EQUATIONS
Show that following differential equation is homogeneous and hence solve it

1. Solve (x? —y?)dx +2xydy =0, given thaty =1, when x =1.

2. Solve d_y:M giventhaty =1, when x =1.
dx x(2y+x)

3.S0lve (3xy — y?)dx + (x% + xy)dy =0.

4.Solve d—y——+coseC(X], given that y =0, when x =1.
dx X X

5.Solve xd—y = y—xtan(zj.
dx X

6. Solve (x* +y*)dy —x?ydx =0
7.S0lve x°dy + (xy +y?)dx =0, given that y =1, when x =1.

8. Show that followingdifferential equation is homogeneous and hence solve it(x - y)g—y =X+2y
X

9.Show that following diff.eq.is homogeneous, and then solve it ydx + xlog(zj —2xdy =0
X

10.Solve xdy —ydx =+/x? +y? dx
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11.Solve 2x2 Zl—y—2xy+y2 =0
X

12. Solwve xg—y—y+sin

X

jzo,given that y = mt, when x = 2.
X

13.Show that following diff.eq. is homogeneous, and then solve it
2yeVdx + (y— 2xeX’y)dy =0, given that y =1, when x =0.
14. Show that following diff.eq.is homogeneous, and then solwe it

dx X

xd—y.sin(x}rx—ysin(xj =0,given thaty:g,when x=1.
X

15. Show that following diff.eq.is homogeneots, and then solwe it

(xey’x + y}ix = xdy, given that y =1, when x =1.

16.Show that following diff.eq.is homogeneots, and then solwve it

[xsinz(zj— y}dx +xdy =0, given thaty = % ,when x =1.
X

1. X% +y? =2x

2y% —xy + X2

2.1o
g( &

3.x Iog(x3y)= C

5. xsinX=C

X

7.3x%y =y +2x

9{Iogx—1} =Cy
X

11.2X = logx|+C
y

13.2¢*Y +logly|]=C

y Y,
15e*.logx|-e* +1=0

dy

1.Solvecos® x—= +y = tan X
dx

dy

2.50lve x—=+y=xlogx;x=0
dx

J+itan‘1(4 _
\/7

ANSWERS

j+2|ogx: log2+

4.c0sX
X

6 _
—tan?t

\/7

=logx+1

[

7)

X3
6.—§+ |Og|y| =C

8. Iog‘x2 +xy+y2‘—2\/§tanl[

10.y + /X% +y? =Cx?

12.[cosec

14.cos

X:
X

Y _coty

X

logx|

y
X

J-2

16.log|x|—cot Y 11-0
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LINEAR DIFFERENTIAL EQUATIONS
Solve the following differential equations :

2y +X
J3x

-c



3.Solve (1+ xz)j—y+ y=tantx
X

4.Solve xlong—y+y: 2logx
X

5.Solve: d_y+ Yy =C0SX —Sinx
dx

6.Solve :g—y +ycotx =4xcosecx, (x #0), given that y(gj =
X

2
x? -1

7.Solve: (x? —1)d—y+ 2Xy =
dx

8. Solwve: xlogxd—y+yzglogx
dx X

9. Solve : (x? +1)j—y+2xy:\/x2 +4
X
10. Solve : xdy + (y —x*)dx =0

11.Solwe: dy + 2ytanx =sinx; y(zj =0
dx 3

12.S0lve: (1+x?)dy + 2xydx = cotxdx ; X =0

tan~tx

13.Solve : (1+ xz)d—y+ y=e
dx

-2x
e y}dx_1

1450w : | —— = |— =
{& Jx |dy

ANSWERS

1. ye™™ =e™™(tanx —1)+C

3.y=(tan" x—1) + Ce "X

5.y=cosx+Ce™

7y= 1 Iogx—1 C
Tox?-1 Tx+1 x2-1
9.(x* +1)y=§\/x2 +4 +2Iog‘x+\/x2 +4‘+C
11y = cosx —2c0s> X
etan’lx .
13y: +Ce—tan X
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X 1
2.y=—|logx—=|+C
y 2( g 2)

4.ylogx = (logx )’ +C
2
6. ysinx = 2x? —%

8.ylogx = —%[Iogx +1]+C

4
X

10xy=—+C
y 4

logsinx C
12y = +
YT 1k

14, ye?* =2Jx +C



VECTORS
SOME IMPORTANT RESULTS/CONCEPTS

* Position v ector of point A(x,y,z)=OA = xi + yj+ zk

* If A(X,,Y;,2,) and point B(X,,Y,,z,) then AB = (x, —x, )i +(y, -y, )i+ (z, =2, )k

I G- SN S S g B P RN P
If a=xi+yj+zk ;|a|l=yX"+y +2
_ > a
*Unit vector parallel to a =
a
- - —||—
* Scalar Product (dot product) between two vectors: a.b =|a|b|cos6 ; 6is angle between the vectors
a.b
a.
*C0s0 = ——
ajlb

—

- 2 A ,\ 2 A * -
*If a=aji+bj+ck and b=a,i+b,j+c,k thena.b=aa,+bb,+cc,

* If ais perpendicu lar to b thena.b =0

- - 2

*a.a=

—>

a

- -

I 2 - a.b

* Projection of a on b=-——
b

* Vector product between two vectors:

N

- —|
axb=

a

|

b{sin®@ A ; Ais the normal unit vector

- -
whid is perpendicular toboth a & b

- - - -
*If a isparallel to b thenaxb =0

* Area of triangle (whose sides are given by a and b) =% axh

* Area of parallelog ram (whose adjacent sides are given by g and B) = gxg

* Area of parallelog ram (whose diagonals are given by g and B) = % ZXE

SOME ILUSTRATIONS:

e

Q.If a+b+c=0and |a|=3, b|=5and|c|=7, show) that angle between a and b is 60°.

> o> o > > - > > -
Sol. a+b+c=0=a+b=—c=(a+b)’=(-c)?
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- o - o -> -
=(a+b)(a+b)=c.c
- - - o -
=| a|*+/bf+2a.b=|cf
-
=9+25+2a.b =49

—

- - -
=2a.b=15=2| a|b|cosb =15

=2x3x5 c0s0 = 15 = cos0 = %

= 0 =60°.
SHORT ANSWER TYPE QUESTIONS

1. Write two different vectors having same magnitude.

2. Write two different vectors having same direction.

3. Write down a unit vector in XY-plane, making an angle of 30° with the positive direction of x-axis.

4. Find the scalar and vector components of the vector with initial point (2, 1, 3) and terminal point
(-57,7).

- ~ ~ N
5. Find the unit vector in the direction of the vector a = i+2j +2k.

_)
6. Find the unit vector in the direction of vector PQ, where P and Q are the points (2, 3, 4) and (5, 6, 7),
respectively.

—> ~ ~ A —> A A A
7. For given vectors, a =3i— j +2k and b =—2i +3j — k, find the unit vector in the direction of

> o
thevector a + b .

- N A A
8. Find a vector of magnitude 4 units, and parallel to the resultant of the vectors a =3i+2 j—k and

-

b =i+2j+3 k.
9. Find a vector in the direction of vector 3i — 4] + 5k which has magnitude7 units.
10. Find the value of x for which x(i +2]j + 3k) is a unit vector.

11. Find the value of A for which the vectors 21 — 3] +4k and — 41 + 6] — % k are collinear.

- ~

> A A A ~ A
12. Find the angle between the vectors a=i—-j+k and b=i+j-k

13. Write a unit vector in the direction of vector P_(S , Where P and Q are the points (1, 3, 0) and (4, 5, 6)
respectively.

14. What is the cosine of the angle which the vector J2i+ j + k makes with y - axis?
15. Find the projection of the vector i+ 3j+ 7k on the vector 2i —3j+ 6k
16. Write the projection of vector ?+]+ k along the vector] :
e d A A A d A N A
17. Find ¢ X’ when the projectionof a = A i + j+4 K on b=2i +6j +3 K is 4 units.
18. Find the position vector of a point R which divides the line joining two points P and Q whose

position vectors are i+ 2] —k and —i+] +k respectively, internally in the ratio 2: 1

19. In a triangle OAC, if B is the mid-point of side AC and OA= a ,c_')E =1 , then what is ocC.
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20. The two vectors ] +k and 3i —] + 4k represent the two sides AB and AC, respectively of a AABC.
Find the length of the median through A.

- n A ~ —> A A N
21. Write the value of p for which @ =3i+2j+9k and b =i +pj+ 3k are parallel vectors.

- - > >
22. If 0 is the angle between two vectors & and b , then write the values of 0 for which a . b >0.

- —

23. Find the projection of Z on b if ;. B: 8and b= 2?+6]+3I2.

24. If | le V3 N E|:2and Z. E: \/§,findtheangle between gand E

25. If|g|:\/§, |B|:2and the angle between g and B is 60°, find ZE .

26. For what value of A are the vectors Zz 2?+k]+l2 and Ezi—2]+3f< perpendicular to each other?

- o - - -

27.1f a.a=0and a.b = 0, then what can be concluded about the vector b ?
- . -> - -> - . —

28.If a isaunitvectorand( x—a ).( x+ a )=80,thenfind | x |.

- . - - - - . -
29. If aisaunitvectorand (2x -3 a ).(2 x +3 a ) = 91, then write the value of | x |.
-

30. Ifa andB are perpendicular vectors, |; +B | =13 and |g | =5, find the value of |E |
31. Write the value of (i X j) K+i j .

32. Write the value of (K x J).i+].K.

33. Write the value of(f X j) k + (] x R) g,

- - - - -> o . - -
34.I1f aand b aretwo vectorssuchthat |a.b|=]a x b |, then what is the angle between a and b ?

-

% ~ A A ~ ~
35. Write a unit vector perpendicular to both the vectors a =i+ j+k and b=i+]j

N

36. Find a vector of magnitude v171 which is perpendicular to both of the vectors a = i+ 2]— 3k and

b=3i-]+2k
> -

- - - -
37. If vectors a and b are suchthat,|a|=3,|b | :gand a x b is a unit vector, then write the angle

RN

5
betweena and b .
- - -
38. For any three vectors a , b and c , write the value of the following:
- - - - - - - - =
ax(b+c)+bx(c+a)+cx(a+b) 0

- - - - 2 - - . .
39. Vectors a and b aresuchthat |a |= V3, |b|= 3 and (a x b)isaunit vector. Write the

- -
angle between aand b .
— -
40. Find the angle between two vectors a and b , with magnitudes 1 and 2 respectively and
- -
when |a x b | =3

> o> -

—> A A A - A A n - n n R
41.Find a.(b xc),ifa=2i+j+3k, b=—i+2j+k andc = 3i+j+2k
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_)
42. Find a vector a of magnitude 5V2, making an angle of% with x-axis,g with y-axis and an acute
angle 6 with z-axis.

43. Find the value of p, if (21 +6]+27k)x (i +3j+pk)= 0

- - - -
44.1f a and b are two unit vectors such that a + b is also a unit vector, then find the angle between
- —

aandb .

45.1f 4 ,b and Gare mutually perpendicular unit vectors, then find the value of |24 + b+¢ |.
- - A - A - ~
46.1f |a|=a , then find the value of the following : |a x I *+|a x j|[*+|a x k.
47. Find the area of a parallelogram whose adjacent sides are represented by the vectors 2 i —3kand
4] +2k
- o - - -> -
48. Find the valueofa . b if |a|=10,|b|=2and|ax b |=16.

-

— — . . — — — . .
49. If a and b are unit vectors, then what is the angle between a and b so that V2 a—b isaunit
vector ?

- A A~ - A ~ A - -
50. The vectors @ =3i+xj andb =2i+j+yk are mutually perpendicular. If |a |=|Db |, then find
the value of y.

- - - - - -
51.If| a | =4 ,and | b | =3 and a. b =643, then find the Valueof| axb |
52. 1f d hthat [a |[=2 . | b |= "% and | axb |-= ,thenfind |2 .b |
. t that =— = — X =— ,t . .
VECtors and are€ suc a a 5 . \/§ an a \/§ , tnen 1in a

53. Find the volume of the parallelopiped whose adjacent edges are represented by 2a ,—b and3 ¢,

where a =i— j+2kr, b =3i+4j -5k and ¢ =2i— j+3k
ANSWERS

1. 2?+3] and 3i+2] 2. ?+]+I2 and 2?+2]+2R
J3: 1.

3. —i+—]
2 2

4. Scalar components : —7, 6 and 4, Vector components : 71 , 6] ,and 4Kk .
1p F [ 14 ~ »

5 =li+2j+2k 6. —\i+j+k
Sli2j+2k) li+3+8)

7 iﬁ(?+]+f<) 8. i%(4i+4j+2ﬁ<)
7 2 A ~ 1 - ~ ~

9. —3i—4j+5k 10. +—(i+2j+3k
5\/5( J ) m( J )

11, 1 =8 12 cos‘l(—%)
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13. l(3i+2]+6f<) 14, L
7 2
15.5 16.1
17.5 18.—1i+f]+1|2
3 33
19. 2b-a 20. %\/ﬂ
21 p=2 22.0<0< ™
3 2
2.8 24. =
7 3
5
25. /3 2. %=>
-
27. b may be any vector. 28.9
29.5 30. 12
31.1 32.-1
33.2 34. T
4
I s o n
35, -+ 36. 1-11j— 7k
2772 :
37. = 38.0
6
39. = 0 =
3 3
41.-10 42. 5i +5k
3. 2 a4, 20
2 3
45. /6 46. 2a°
47. 4414 s units 48. £12
49. % 50. +2410
51. 6 52.1
53. 24

LONG ANSWER TYPE QUESTIONS

1Ifi+]j+k,21+5], 3i+2]-3k and i—6]—Kare the position vectors of the points A, B, C and D,

— - — -
find the angle between AB and CD. Deduce that AB and CD are collinear.

2.1f a=i+j+kand b=j—Kfindavector csuchthat axc=band a.c =3
3.1fa+b+c=0and | a|:3,| b|=5and|c | =7, show that angle between a and b is 60°
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4. The scalar product of the vector i+ j+ k with a unit vector along the sum of the vectors 2§ +4j—

5k and A i+2 j+3 k isequal to 1, find the value of A .

R > > - -

- > - > o - - - -
=cxd and axc=bxd,showthata—d isparallelto b— c,where a = dand b = c.

—

- > -5 - - > -5 - —
are three vectors suchthat a .b=a.cand axb=a xc, a #0, then show that b =

7.1fa=i+j+k, b=4i-2j+3k,c=i-2]j+ kfind a vector of magnitude 6 units which is

- -
parallel to the vector2a — b +3cC.

N

- A A A A A A - A A A -
8.Let a=i+4j+2k, b=3i-2j+7k and ¢ =2i- j+4k Findavector d which is perpendicular

to both gand Eand 3.5:18.

A

9.Let a=i—j, b=3j—k and ¢ =7i- k.Find a vector d which is perpendicular to both a and b
and

c.d=1

10. Find the position vector of a point R which divides the line joining two points P and Q whose

- - - -
position vectorsare (2 a+ b)and ( a—3 b) respectively, externally in the ratio 1 : 2. Also, show that
P is the mid-point of the line segment RQ.

11. If the scalar product of the vector i + 2 ] + 4 k with a unit vector along the sum of the vectors

i+2j+3kand Ai+4 ] -3k isequal toone, find the value of A.
- - - - - -
12. If two vectors a and b aresuchthat|a|=2,|b| =1and a .b =1, then find the value of

- - - -
(3a-5b).(2a+7 Db).
-> 5> > - - - - o> > -
13.Ifa, b, c are three vectors such that |a | =5,|b|=12 and|c |=13, a+b +c = 0, find the

R T

_)
valueof a.b+b.c+c.a.
14. The magnitude of the vector product of the vector i+ ] + k with a unit vector along the sum of

vectors 21 + 4 j—5kand A i +2j+ 3Kis equal to 2. Find the value of ..
- - - - 5 > - - -
15. Vectorsa ,b and ¢ aresuchthat a+b+c =0 and|a|=3,|b|=5and|c |=7.Find the angle
- -
between a and b .

- -

e d e d e d A A A
16. Find a unit vector perpendicular to each of the vectors a +b and a —b , wherea =3i +2 j+2k and
PO T
b=i+2j-2k.
- A A N D ¢ A ~ - N g 2
17. If vectors a=2i+2j+3 k, b =—i +2j+ Kk and c =3i + jaresuchthat a +A b is

5
perpendicular to c , then find the value of .
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- > =

18.If(_x> 3I+4j+5k andB 2I+j 4k, thenexpressBmtheformB Bl+[32,where[31 IS

- -
parallel to o and B2 is perpendicular to o .

- > =

19. If a 3i —jand B 2i + j 3k, then expressB in the form B =B, +B,, where [31 is parallel to

—

N
o and Bz is perpendicular to o .

20. The two adjacent sides of a parallelogram are 2i —4j +5kand i —2j— 3k. Find the unit vector
parallel to one of its diagonals. Also, find its area.

- -

2 s oA ~ - PN ~ - -
21.1f a=i—j+7k and b =5i—j+ A k, then find the value of\,sothata +b and a —b are
perpendicular vectors.

22. Using vectors, find the area of the triangle ABC, whose vertices are A (1, 2, 3), B (2, -1, 4) and
C(4,5,-1).

- - - - - - -
23.1f a and b aretwo vectorssuchthat|a +b|= |a|, then prove that vector 2a +Db
perpendicular

_)
to vector b .

- -> -

5
24. Find a vector of magnitude 6, perpendicular to each of the vectorsa + b and a —b , where

—

i+]+k and b- i+2] +3k.
- - - - - N A

25.Find a unit vector perpendicular to each of the vectors a + 2band 2a +b , where a =31 +2j+2
A - A A A
Kand b=i+2j-2k.
26. Find a unit vector perpendicular to the plane of triangle ABC, where the coordinates of its vertices
are A(3,-1,2),B(1,-1,-3)and C(4, - 3, 1).

—> A A A - A d ~
27.1f r = xi +yj +zk, find (r xi).(r x j)+xy
28. Dot product of a vector with i + j—3 k, i +3 j —2 k,and 2i + j +4 k are 0, 5, 8 respectively.
Find the vector.

- -
29. If a & b are unit vectors inclined at an angle 0, prove that

- -
. .0 12> 2 0 |a-b]
(i) smE=§|a —b| (ii) tan== —

la+b]|

- - -5 d d -
30.If a, b, c arethree mutually perpendicular vectors of equal magnitudes, prove that a + b + ¢

- - -

is equally inclined with the vectors a , b, c.

> o o > 5> 5 5
C

- -
31. Let a, b, cbeunitvectors suchthat a . b = =0 and the angle between b and ¢ is /6, prove

- - -
thata = £2(axh).

- 2> 5 - 2> 2 5 - o> o
32.1f a, b, c, dare four distinct vectors satisfying the conditions a xb =c xd and a xc =b xd,

> o> > —>—>—>_>

then prove that a .b +c . dza.c+h.
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_) A A A
33. Find the angles which the vector a =1— j+ J2k makes with the coordinate axes.

- -
1. AB||CD

4.1

8. 64i —2j— 28k

10. OR=3a+5b
12.0
14.1

16. + 217 2j7 2k
3 3 3

18 (—§?—f]—k)+(5i+9]—3f<)
5 5 5 5

20. 31— 6]+ 2k, 115 sq. units
22, —2274 Sq units
25, +2(i-3-k)

27.0

2n

33' E’_’E
3 3 4

ANSWERS

2 %(5?+2]+2f<)
7. 2i—4j+4k
1 I o) ~
9. —(i+]j+3k
4( j+3k)

11.8

13.-169
15. 60°

17.8

19. [Ei_ljj{lnéj_s@
2 2 2 2

21. £5

24. +/6(—i +2j—K)

1
165

i+ k

26. +

(—1oi—7]+4|2))

-
N
N 1>

28. 1+
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THREE DIMENSIONAL GEOMETRY
SOME IMPORTANT RESULTS/CONCEPTS

** Direction cosines and direction ratios:
If alinemakesanglesa, B and ywith X, yand z axes respectively the cosa, cospand cosy are thedirectioncosines
denotedby I, m, nrespectively and 1> + m? +n% =1
Any three numbers proportioral to direction cosines are direction ratios denoted by a,b,c
l_m_n et 8 po4_ P oy C
* Directionratiosof a line segment joining P(x;,y;,z;) and Q(X,,y,,z,) may be taken as X, —X;, Y, =V, Z, —2;
* Angle between two lines whose directioncosinesarel,,m;,n, and 1,,m,,n, isgiven by
a,a, +bb, +c.c,
\/(alz + b12 + 012 Xazz + b22 + 022)
* Forparallellinesﬂ = by -9 and
a D G
forperpendicular lines a,a, +b;b, +¢,c, =0 or ll, +mym, +n;n, =0
** STRAIGHT LINE :

cosO=Il, +mm, +n,n,=

X _ YY1 _Z-%4
b c

o_y-B_z-v

b C

* Equation of linepassing through a point(xl,yl,zl)with directioncosines a, b, c: X

is

* Equation of linepassing through a point(xl,yl,zl)and paralleltotheline: X;

X=X _¥Y=Y1_2-%4
a b c

X=X _ Y=Y _2-%4
Xo=Xy Yo=Y1 244

* Equation of linepassing through two point(x,,y;,z,)and (x,,y,,z,)is
* Equation of line (Vectorform)

Equation of line passing through a point a and in the directionof bis r =a+ b
* Equation of line passing through two points a &b and in the directionof bis r = 5+k(5—5)

* Shortestdistance between two skew lines: if linesarer = a+xﬁl r= <':1_2’+7ub~2

then Shortest distance :(;_a)(EXb—Z) :b xb, #0

buxby
: \;\)Xbl‘ b, %D, =0
1

SOME ILUSTRATIONS:

Q. Find the shortest distance between the following lines :
x—3=y—5=z—7 and x+1= y+1= z+1
1 -2 1 7 -6 1

Sol. Given lines are7:(3f+5]+7lz)+k(?—2]+lz), and
F=(i-j-k)+ @ -6+ k) = (- j-k)+ i - 6]+ k)

- ~ A A - A ~ A
a, =31+5]+7k, by=i1-2j+Kk;
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a=—i-j-k b,=7i-6]+k

A ~ —~

- 2 2 n o TR ! : X 2 n -
a,—a, =—4i—-6j-8k, byxb,=1 -2 1/=4i+6j+8k
7 -6 1

e S
(ay—ay).(byx by)

) ‘(—4? —6]—8K).(4i + 6]+ SR)‘
Elx64 - Mi+6]+8§

_|—16—36—64|_ 116 _\/m_zm
J16+36+64 /116

Q. Show that the lines X;rl: y+3 = 2+5

SD.=

and x—2:y—4:z—6
5 7 1 3

intersect. Find their point of

intersection.
X+1 y+3 z+5

Sol. Any point on =)\ is(3v -1, 513, 7\ —5)

5
Any point on X_Zzy;4zzg6:uis(p+2, 3u+4, 5u+6)
If the linesintersectthan for some A & pn
M —-1=p+2 = 3% —p=3......(1)
5L,—3=3u+4 =50 —3u="7.......(ii)
7L-5=5u+6 = 7L —5p =11.....(iii)

From (i) & (ii) A =%, u=—g which satisfies (iii)

=given lines intersectand point of intersecton is(%,—%,—gj

SHORT ANSWER TYPE QUESTIONS

1. Find the direction cosines of the line passing through the two points (1,— 2, 4) and (— 1, 1, — 2).
2. Find the direction cosines of x, y and z-axis.
3. If a line makes angles 90°, 135°, 45° with the x, y and z axes respectively, find its direction cosines.

Lt
V3 V6’

4. Find the acute angle which the line with direction-cosines < > makes with positive

direction of z-axis.

5. Find the length of the perpendicular drawn from the point (4, -7, 3) on the y-axis.

6. Find the coordinates of the foot of the perpendicular drawn from the point (2, -3, 4) on the y-axis.

7. Find the coordinates of the foot of the perpendicular drawn from the point (-2, 8, 7) on the XZ-plane.
8. Find the image of the point (2, —1, 4) in the YZ-plane.

9. Find the vector and cartesian equations for the line passing through the points (1, 2, -1) and (2, 1, 1).
10. Find the vector equation of a line passing through the point (2, 3, 2) and parallel to the line

r = (=2i +3j) + A(2i — 3]+ 6Kk).
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- ~ ~ ~ ~ ~
11. Find the angle between the lines r =(2j—3k) + A(i +2j+ 2k) and
- ~ ~ ~ ~ ~ ~
r=(2i+6j+3Kk)+A(2i +3j—6k).
12. Thetwo linesx =ay +b,z=cy+d;andx=a'y+b',z=c'y+d " are perpendicular to each other,
find the relation involving a, a', cand c'.

13. If the two lines L; : x =5, Y _z Lo 1 x=2, Y _ % e perpendicular, then find value
3—-a -2 -1 2-a

of a.

14. Find the vector equation of the line passing through the point (-1, 5, 4) and perpendicular to the

plane z = 0.

ANSWERS
1. —3,§,—§ 2.1,0,0; 0,1,0and 0,0, 1
77 7
1 1 T
3.0, il 4, =
V242 4
5. 5 units 6. (0,-3,0)
7.(=2,0,7) 8.(-2,-1, 4)
0. 7 =(i+2j-Ry+u(i—j+2ky; 2t -Xx=2_2+d
-1 2
- 2 n ~ 2 n r 4
10. r = (=2i +3j+2K) +u(2i —3j+ 6k 11. cos | —
( J+2K) +u( j+6k) (mj
12.aa'+cc' =1 13. g

- ~ ~ A
14. r =—i+5j+(4+ M)k

LONG ANSWER TYPE QUESTIONS
- A A A A A A
1. Find the shortest distance between the lines r =(i+2j+k)+A (i—j+k)and

?ZZi—]—R)+p(Zi+]+2I2)

2. Find the shortest distance between the following lines : > =3 y—25 = 217 and X;l = y;l _Z Il
3. Find the equation of a line parallel to

_r) = (i + 2]+ 312) + 7»(2? + 3] + 4R) and passing through 2i+ 4] + 5Kk . Also find the S.D. between

these lines.

4. Find the equation of the line passing through (1, -1, 1) and perpendicular to the lines joining the

points(4, 3, 2), (1,-1,0)and (1, 2, -1), (2, 2, 1).

—X_ y—-2 _ z-3 and x—1: y—1: 6-z
2\ 2 3\ 1 7

5. Find the value of A so that the lines L

are perpendicular

to each other.

x+1:y+3:z+5 and x—2:y—4:z—

0 intersect. Find their point of
3 5 7 1 3

6. Show that the lines

intersection.
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7. Find the image of the point (1, 6, 3) in the line §: yT—l = %
X+2 y+1 z-3
2
9. Find the shortest distance between the following lines and hence write whether the lines are

-1 y-1 _ x+1 y-2

intersecting or not. X z, ,Z2=2.
2 3 5 1

8. Find the point on the line at a distance 5 units from the point P(1, 3, 3).

3 y-5 z-3
2 1

and

10. A line with direction ratios < 2, 2, 1 > intersects the lines X;

Xx-1 y+1 z+

! at the points P and Q respectively. Find the length and the equation of the intercept

2 4 3

PQ.
ANSWERS

1. #units 2.2+/29 units

J5 145 x=1 y+1 z-1
3.——=or units 4. = =

J297 29 2 1 -1
5 am 2 o1 13

2 2 2
7.(4,0,7) 8.(-2, -1, 3) or (4,3,7)
9 . i .

9. —, linesare not intersecting.

/195 J
10. Length 3 units and the equation x2—1 = y2—1 = le

74



LINEAR PROGRAMMING

** An Optimisation Problem A problem which seeks to maximise or minimise a function is called an

optimisation problem. An optimisation problem may involve maximisation of profit, production etc or

minimisation of cost, from available resources etc.

** Linnear Programming Problem (LPP)

A linear programming problem deals with the optimisation (maximisation/minimisation) of a linear

function of two variables (say x and y) known as objective function subject to the conditions that the

variables are non-negative and satisfy a set of linear inequalities (called linear constraints). A linear
programming problem is a special type of optimisation problem.

** Objective Function Linear function Z = ax + by, where a and b are constants, which has to be
maximised or minimised is called a linear objective function.

** Decision Variables In the objective function Z = ax + by, x and y are called decision variables.

** Constraints The linear inequalities or restrictions on the variables of an LPP are called constraints.

The conditions x > 0, y > 0 are called non-negative constraints.

** Feasible Region The common region determined by all the constraints including non-negative
constraints X > 0, y > 0 of an LPP is called the feasible region for the problem.

** Feasible Solutions Points within and on the boundary of the feasible region for an LPP represent
feasible solutions.

** Infeasible Solutions Any Point outside feasible region is called an infeasible solution.

** Optimal (feasible) Solution Any point in the feasible region that gives the optimal value
(maximum or minimum) of the objective function is called an optimal solution.

** | et R be the feasible region (convex polygon) for an LPP and let Z = ax + by be the objective
function. When Z has an optimal value (maximum or minimum), where x and y are subject to
constraints described by linear inequalities, this optimal value must occur at a corner point (vertex)
of the feasible region.

** | et R be the feasible region for a LPP and let Z = ax + by be the objective function. If R is bounded,

then the objective function Z has both a maximum and a minimum value on R and each of these occur at

a corner point of R. If the feasible region R is unbounded, then a maximum or a minimum value of the

objective function may or may not exist. However, if it exits, it must occur at a

corner point of R.

SHORT ANSWER TYPE QUESTIONS

1. Find the maximum value of the objective function Z = 5x + 10 y subject to the constraints
x+2y<120,x+y>60,x—-2y>0,x>0,y>0.
2. Find the maximum value of Z = 3x + 4y subjected to constraints X +y <40, x+ 2y <60, x > 0 and
y=>0.
3. Find the points where the minimum value of Z occurs:
Z=6x+21y,subjecttox +2y>3,x+4y>4,3x+y>3,x>0,y>0.
4. For the following feasible region, write the linear constraints.
Y

N .

(0.6
T

0%

0 N(4.0) (11.07~

X

75



5. The feasible region for LPP is shown shaded in the figure.

Let Z =3 x — 4y be the objective function, then write the maximum

value of Z .

6. Feasible region for an LPP is shown shaded in the following figure.

Find the point where minimum of Z =4 x + 3y occurs.

7. Write the linear inequations for which the shaded area in the
Following figure is the solution set.

8. Write the linear inequations for which the shaded area in the
following figure is the solution set.

9. Write the linear inequations for which the shaded area in the
following figure is the solution set.

(0.4)
» X
QO "
00 ] (6.0)
v
r
\D 0.8)
\ Feasible
\ ce 5)Region
(4.3)

»X

Y
F. 3
"}; A
2N
3.
2 \ >
1.
' '0.1i§‘h§sié’x
k 5.
W N o,
Y!H \\
=

10. Solve the following Linear Programming Problems graphically: Maximise Z = 5x + 3y

subject to 3x + S5y <15, 5x +2y<10,x >0,y >0.
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ANSWERS

1. 600 2.140
3.(2,72) 4.x>0,y>0, 3x+ 2y >12, x +3y > 11
5.0 6. (0, 8)
7.X+2y<10,x+y>1,x-y<0,x,y>0 8. 3x + 4y <60, x +3y < 30, X >0, y>0
90.5x+4y<20,x>1,y>2
10. Maximum Zzgsa (@4—5j

19 19 19

77



PROBABILITY
SOME IMPORTANT RESULTS/CONCEPTS

** Sample Space and Events :

The set of all possible outcomes of an experiment is called the sample space of that experiment.

It is usually denoted by S. The elements of S are called events and a subset of S is called an

event.

¢ (< S) is called an impossible event and

S(c S) is called a sure event.
** Probability of an Event.

(1) If E be the event associated with an experiment, then probability of E, denoted by P(E) is
number of outcomesin E
number of total outcomesin sample space S
it being assumed that the outcomes of the experiment in reference are equally likely.
(ii) P(sure event or sample space) =P(S) = 1 and P(impossible event) = P(¢) = 0.
(i) If Eq, Ey, Es, ... ,Ex are mutually exclusive and exhaustive events associated with an experiment
(ie. if EyU EoU Esu ... UEK) =S and EinEj = ¢ for i, j € {1, 2, 3,.....k} i#]), then
P(Ey) + P(E2) + P(E3) + ...+ P(Ey) = 1.
(iv) P(E) + P(E9) = 1
** |f E and F are two events associated with the same sample space of a random experiment, the
conditional probability of the event E given that F has occurred, i.e. P (E|F) is given by
P(EIF) = P(IE(—:)F) provided P(F) #0
** Multiplication rule of probability : P(E N F) = P(E) P(F|E)
= P(F) P(E|F) provided P(E) # 0 and P(F) # 0.
** Independent Events :E and F are two events such that the probability of occurrence of one of
them is not affected by occurrence of the other.
Let E and F be two events associated with the same random experiment, then E and F are said to be

independent if P(E N F)=P(E). P (F).
** Bayes' Theorem :If Ey, E; ,..., Enare n non empty events which constitute a partition of sample
space S, i.e. E1, Ez ..., Eqare pairwise disjoint and E;u E;u ... U Ep= S andA is any event of
nonzero probability, then

p(Eijn) =P EPAE)

JZ:;,P(EJ)P(A‘EJ)

** The probability distribution of a random variable X is the system of numbers
X: X1 Xo Xn
P(X) : P1 P2 Pn

n
where, pi>0 , Zpi =1,i=1,1,2,..,
i=1
** Binomial distribution: The probability of x successes P (X = x) is also denoted by P (x) and is
N—X, X

givenby P(X)="Cxg"*p*, x=0,1,...,n.(q=1-p)

defined as P(E) =

foranyi=1,2,3, ..,n
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SOME ILUSTRATIONS:

Q. A factory has two machines A and B. Past record shows that machine A produced 60% of the items
of output and machine B produced 40% of the items. Further, 2% of the items produced by machine A
and 1% produced by machine B were defective. All the items are put into one stockpile and then one
item is chosen at random from this and is found to be defective. What is the probability that was
produced by machine B?

Sol. Let E; and E; be the respective events of items produced by machines A and B and X be the event
that the produced item was found to be defective.

SP(E) =60%=2 , P(E) =40%=>
P (XE) =2% 2 P (XIE,) —1% N
=2 =— = | Y%y = ——
(X1 =2%=150 - P XIED =1%=155
P(E.)-P(X|E,
P(EX)=— D) PIXIE)
)= ) P (XIE, )+ P (E,) P(XE)
2 1 2
5 100 _ 300
32 2 6,2
5100 5 100 S00 500
1
4

Q : Suppose a girl throws a die. If she gets a 5 or 6, she tosses a coin three times and notes the number
of heads. If she gets 1, 2, 3 or 4, she tosses a coin once and notes whether a head or tail is obtained. If
she obtained exactly one head, what is the probability that she threw 1, 2, 3 or 4 with the die?

Sol. Let E; be the event that the outcome on the die is 5 or 6 and E, be the event that the outcome on the
dieis 1, 2, 3, or 4.

21 . 4 2
P[F"}I:ﬁ:'; and HE?]:E}:'{

Let A be the event of getting exactly one head.

P(AE) =2 . P(AED) -

P(E.)-P(AIE,)

P(E,|A)=
(EalA) P(E,)}-P(AE,)+P(E,) P(AlE,)
21 1
_ 32 _ 3 _ 8
- 2 — - =
|_3+“_] |(3||| 11
38 3 2 3\ J

SHORT ANSWER TYPE QUESTIONS

1. If P(A) =0-6, P(B) = 0-5 and P(BJA) = 0-4, find P(A u B) and P(A|B).

2. Evaluate P(A U B), if 2P(A) = P(B) =5/13 and P(A/B) = 2/5.

3. If P(not A) =0-7, P(B) = 0-7 and P(B/A) = 0-5, then find P(A/B).

4. Mother, father and son line up at random for a family photo. If A and B are two events given by
A = Son on one end, B = Father in the middle, find P(B/A).
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5. A black die and a red die are rolled together. Find the conditional probability of obtaining a sum
greater than 9 given that the black die resulted in a 5.

6. A card is picked at random from a pack of 52 playing cards. Given that the picked card is a queen,
find the probability of this card to be a card of spade.

7. Given that the two numbers appearing on throwing two dice are different, find the probability of the
event ‘the sum of numbers on the dice is 10°.

8. A die marked 1, 2, 3 in red and 4, 5, 6 in green is tossed. Let A be the event “number is even” and B
be the event “number is marked red”. Find whether the events A and B are independent or not.

9. A die is thrown twice and the sum of the numbers appearing is observed to be 6. What is the
conditional probability that the number 4 has appeared at least once?

10. A die is thrown three times. Events A and B are defined as below:

A : 4 on the third throw, B : 6 on the first and 5 on the second throw.

Find the probability of A given that B has already occurred.

11. Assume that each born child is equally likely to be a boy or a girl. If a family has two children, what
is the conditional probability that both are girls given that (i) the youngest is a girl, (ii) at least one is a
girl?

12. Given that the two numbers appearing on throwing two dice are different. Find the probability of the
event ‘the sum of numbers on the dice is 4°.

13. If A and B are two independent events and P(A) = %and P(B) = % , find P(K | §).

14. If A and B are two independent events with P(A) = 1/3 and P(B) = 1/4, then P(B' | A) is equal to
15. Given two independent events A and B such that P(A) =0.3and P(B) = 0.6, find P(A' " B’). Ans.

16. If A and B are two events such that P(A) = 0.4, P(B) = 0.3 and P(A U B) = 0.6, then find P(B' N A).
17. Two cards are drawn at random and without replacement from a pack of 52 playing cards. Find the
probability that both the cards are spades.

18. Three cards are drawn successively, without replacement from a pack of 52 well shuffled cards.
What is the probability that first two cards are aces and the third card drawn is a king?

19. Two balls are drawn at random with replacement from a box containing 10 black and 8 red balls.
Find the probability that one of them is black and other is red.

20. A die is tossed thrice. Find the probability of getting an even number at least once.

21. A coin is tossed once. If head comes up, a die is thrown, but if tail comes up, the coin is tossed
again.

Find the probability of obtaining head and number 6.

22. Two cards are drawn successively without replacement from a well-shuffled pack of 52 cards. Find
the probability of getting one king and one non-king.

23. From a pack of 52 cards, 3 cards are drawn at random (without replacement). Find the probability
that they are two red cards and one black card.

24. A bag contains 3 black, 4 red and 2 green balls. If three balls are drawn simultaneously at random.
Find the probability that the balls are of different colours .

25. The probability of solving a specific question independently by A and B are% and %respectively. If
both try to solve the question independently, what is the probability that the question is solved.

. _ . 11 1 .
26. A problem is given to three students whose probabilities of solving it are 32 and ry respectively.

If the events of solving the problem are independent, find the probability that at least one of them solves
it.
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27. The probability distribution of X is:

X 0 1
P(X) 0.2 Kk Kk 2k
Write the value of k.

28. A random variable X has the following probability distribution:

X: 0O[1|2|3|4|5]| 6 7

P(X): [0k |2k |2k |3k |k | 2k* | 7k*+ Kk
Determine k .

29. The random variable X has a probability distribution P(X) of the following form, where k is some

k,if x=0

number : POy = 4 2 TX=1 0 i (x < 2)

3k, iIf x=2

0, otherwise

N
w

30. Let X represents the difference between the number of heads and the number of tails obtained when
a coin is tossed 6 times. What are possible values of X?

ANSWERS
11 5
1.P(AuUB)=0.86,P(AB)=0.48. 2. — 3. —
26 16
= 5 1 6. 1
2 3 4
1 ) 2
7. — 8. A and B are not independent. 9. —
15 5
1 1 1 1
10. — 11. (1) — (i) = 12. —
6 0 2 (i) 3 15
13. E 14. E 15.0.28
3 4
16.0.3 17. i ) —2
17 5525
109. @ 20. Z 21. i.
81 8 12
22. 2. 23. E 24. 3
221 34 7
25. 1 26. 1 27.0.2
15 12
28i 29. i 30.0,2,4
10 2

LONG ANSWER TYPE QUESTIONS

1. There are two groups of bags. The first group has 3 bags, each containing 5 red and 3 black balls. The
second group has 2 bags, each containing 2 red and 4 black balls. A ball is drawn at random from one of
the bags and is found to be red. Find the probability that this ball is from a bag of first group.

2. A bag contains 5 red and 3 black balls and another bag contains 2 red and 6 black balls. Two balls are
drawn at random (without replacement) from one of the bags and both are found to be red. Find the
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probability that balls are drawn from the first bag.

3. Of the students in a school, it is known that 30% have 100% attendance and 70% students are
irregular. Previous year results report that 70% of all students who have 100% attendance attain A
grade and 10% irregular students attain A grade in their annual examination. At the end of the year, one
student is chosen at random from the school and he was found to have an A grade. What is the
probability that the student has 100% attendance ?

4. A bag contains two coins, one biased and the other unbiased. When tossed, the biased coin has a 60%
chance of showing heads. One of the coins is selected at random and on tossing it shows tails. What is
the probability it was an unbiased coin?

5. Suppose that 5 men out of 100 and 25 women out of 1000 are good orators. Assuming that there are
equal number of men and women, find the probability of choosing a good orator.

6. A bag contains 4 red and 4 black balls, another bag contains 2 red and 6 black balls. One of the two
bags is selected at random and a ball is drawn from the bag which is found to be red. Find the
probability that the ball is drawn from the first bag.

7. Of the students in a college, it is known that 60% reside in hostel and 40% are day scholars (not
residing in hostel). Previous year results report that 30% of all students who reside in hostel attain A
grade and 20% of day scholars attain A grade in their annual examination. At the end of the year, one
student is chosen at random from the college and he has an A grade, what is the probability that the
student is hostler?

8. In answering a question on a multiple choice test, a student either knows the answer or guesses.

Let 3/4 be the probability that he knows the answer and 1/4 be the probability that he guesses. Assuming
that a student who guesses at the answer will be correct with probability 1/4 What is the probability that
the student knows the answer given that he answered it correctly?

9. A girl throws a die. If she gets a 5 or 6, she tosses a coin three times and notes the number of heads. If
she gets 1, 2, 3 or 4, she tosses a coin two times and notes the number of heads obtained. If she obtained
exactly two heads, what is the probability that she threw 1, 2, 3 or 4 with the die?

10. A laboratory blood test is 99% effective in detecting a certain disease when it is in fact, present.
However, the test also yields a false positive result for 0.5% of the healthy person tested (that is, if a
healthy person is tested, then, with probability 0.005, the test will imply he has the disease). If 0.1
percent of the population actually has the disease, what is the probability that a person has the disease
given that his test result is positive?

11. An insurance company insured 2000 scooter drivers, 4000 car drivers and 6000 truck drivers. The
probability of accidents are 0.01, 0.03 and 0.15 respectively. One of the insured persons meets with an
accident. What is the probability that he is a scooter driver?

12. A factory has two machines A and B. Past record shows that machine A produced 60% of the items
of output and machine B produced 40% of the items. Further, 2% of the items produced by machine A
and 1% produced by machine B were defective. All the items are put into one stockpile and then one
item is chosen at random from this and is found to be defective. What is the probability that was
produced by machine B?

13. Bag | contains 3 red and 4 black balls and Bag 11 contains 4 red and 5 black balls. One ball is
transferred from Bag | to Bag Il and then a ball is drawn from Bag Il. The ball so drawn is found to be

red in colour. Find the probability that the transferred ball is black.

14. Coloured balls are distributed in three bags as shown in the following table :
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Bag Colour of the ball
Black White Red
| 1 2 3
I 2 4 1
i 4 5 3

A bag is selected at random and then two balls are randomly drawn from the selected bag. They
happen to be black and red. What is the probability that they came from bag 1?
15. Three persons A, B and C apply for a job of manager in a private company. Chances of their
selection (A, B and C) are in the ratio 1 : 2 : 4. The probabilities that A, B and C can introduce
changes to improve profits of the company are 0.8, 0.5 and 0.3 respectively. If the change does
not take place, find the probability that it is due to the appointment of C.
16. A bag contains 4 balls. Two balls are drawn at random (without replacement) and are found to
be white. What is the probability that all balls in the bag are white?
17. A card from a pack of 52 cards is lost. From the remaining cards of the pack, two cards are drawn at
random and are found to be both clubs. Find the probability of the lost card being of clubs.
18. In shop A, 30 tin pure ghee and 40 tin adulterated ghee are kept for sale while in shop B, 50 tin pure
ghee and 60 tin adulterated ghee are there. One tin of ghee is purchased from one of the shops randomly
and it is found to be adulterated. Find the probability that it is purchased from shop B.
19. Three machines Ej, E,, E3 in a certain factory produce 50%, 25% and 25% respectively, of
the total daily output of electric tubes. It is known that 4% of the tube produced on each of
machines E; and E; are defective and that 5% of those produced on Eg, are defective. If one tube
is picked up at random from a day’s production, calculate the probability that it is defective.
20. There are two boxes I and II. Box I contains 3 red and 6 black balls. Box II contains 5 red and ‘n’
black balls. One of the two boxes, box | and box Il is selected at random and a ball is drawn at random.

The ball drawn is found to be red. If the probability that this red ball comes out from box |1 isg , find the

value of ‘n’.

21. Bag | contains 3 red and 4 black balls and bag Il contains 4 red and 5 black balls. Two balls are
transferred at random from bag | to bag Il and then a ball is drawn from bag Il. The ball so drawn is
found to be red in colour. Find the probability that the transferred balls were both black.

22. A bag contains 5 red and 3 black balls and another bag contains 2 red and 6 black balls. Two balls
are drawn at random (without replacement) from one of the bags and both are found to be red. Find the
probability that balls are drawn from first bag.

23. In a certain college, 4% of boys and 1% of girls are taller than 1.75 metres. Furthermore, 60% of the
students in the college are girls. A student is selected at random from the college and is found to be
taller than 1.75 metres. Find the probability that the selected student is a girl.

24. A and B throw a pair of dice alternately. A wins the game if he gets a total of 7 and B wins the game
if he gets a total of 10. If A starts the game, then find the probability that B wins.

25. A and B throw a pair of dice alternately, till one of them gets a total of 10 and wins the game. Find
their respective probabilities of winning, if A starts first.

26. A coin is biased so that the head is three times as likely to occur as tail. If the coin is tossed twice,
find the probability distribution of number of tails. Hence find the mean of the number of tails.

27. A pair of dice is thrown 4 times. If getting a doublet is considered a success, find the probability
distribution of number of successes.

28. Find the probability distribution of number of doublets in three throws of a pair of dice.
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29. Two cards are drawn successively with replacement from a well-shuffled deck of 52 cards. Find the
probability distribution of the number of kings.

30. Find the probability distribution of the number of successes in two tosses of a die, where a success is
defined as (i) number greater than 4 (ii) six appears on at least one die.

31. A coin is biased so that the head is 3 times as likely to occur as tail. If the coin is tossed twice, find
the probability distribution of number of heads.

ANSWERS
- 2. 10 3.2
61 11 4
4.2 5. > 6. 2
9 180 3
] 5 12 o &
13 13 11
0 2 s 2 1
133 52 4
13. 20 14, 22 5. L
31 551 10
16. > 17. 2 18, 2L
5 50 43
19. 2L 20.5 21 2
400 17
2. 1 23 > 2. >
11 11 17
5 12 11
23’ 23
26.
X[ 0 [ 1 ]2
PO 9 | 6 ) 1
16 | 16 | 16
27.
X[ 0 [ 1 [ 2 [ 3] 4
P(X) | 625 | 500 | 150 | 20 | 1
1296 | 1296 | 1296 | 1296 | 1296
28
X[ 0 [ 1] 23
P(X)[ 125 | 75 | 15 | 1
216 | 216 | 216 | 216
29.
X[ 0 [ 1 ]2
P(X) [ 144 | 24 | 1
169 | 169 | 169
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30.(i)

X 1 (1|2

PO 441
91919

(i)

Y 0 1

P(V) |25 |11
36 | 36

31.

X 0 1|2

ool 23] L
16 | 8 | 16
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RELATIONS AND FUNCTIONS
Multiple Choice Questions [MCQ ]

1. Let A ={1, 2, 3} and consider the relation R ={1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (2,1)}. Then R is
(a) an equivalence relation (b) reflexive and symmetric but not transitive

(c) reflexive and transitive but not symmetric (d) reflexive but neither symmetric nor transitive
2. Let A ={1, 2, 3} and consider the relation R = {1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1,3), (3, 1)}. Then
Ris

(a) an equivalence relation (b) reflexive and symmetric but not transitive

(c) reflexive and transitive but not symmetric (d) reflexive but neither symmetric nor transitive
3. Let A ={1, 2, 3} and consider the relation R ={1, 1), (2, 2), (3, 3), (1, 2), (2, 1)}.Then R is

(a) reflexive and symmetric but not transitive (b) reflexive but neither symmetric nor transitive
(c) an equivalence relation (d) reflexive and transitive but not symmetric

4. Let A = {1, 2, 3} and consider the relation R ={(1, 1), (1, 2), (2, 1)}. Then R is

(@) reflexive and symmetric but not transitive (b) symmetric but neither reflexive nor transitive

(c) reflexive but neither symmetric nor transitive  (d) reflexive and transitive but not symmetric
5. Let A={1, 2, 3} and consider the relation R ={(1, 3)}. Then R is

(a) transitive (b) symmetric

(c) reflexive (d) none of these

6. Let A ={1, 2, 3} and consider the relation R ={1, 1), (2, 2), (3, 3)}.Then R is

(a) reflexive and symmetric but not transitive (b) reflexive but neither symmetric nor transitive
(c) reflexive and symmetric and transitive (d) reflexive and transitive but not symmetric

7.Let A={1,2,3}and R = {(1, 1), (2, 3), (1, 2)} be a relation on A, then the minimum number of
ordered pairs to be added in R to make R reflexive and transitive.

(@4 (b) 2

()3 (d)1

8. The maximum number of equivalence relations on the set {1, 2, 3} is

(@6 (b) 4

()3 (d)5

9. Let R be a relation on the set N be defined by {(X, y) : X,y € N, 2x + y = 41}. Then, R is
(@) reflexive (b) symmetric

(c) transitive (d) none of these

10. Relation R in the set Z of all integers defined as R = {(X, y) : X — y is an even integer}is
(a) reflexive and transitive (b) symmetric and Transitive

(c) reflexive and symmetric (d) an equivalence relation

11. Let R be the relation on the set of all real numbers defined by aR b iff |a—b| < 1. Then, R is
(a) reflexive and transitive (b) symmetric and Transitive

(c) reflexive and symmetric (d) an equivalence relation

12. Consider the non-empty set consisting of children in a family and a relation R defined as aRb if a
is sister of b. Then R is

(a) symmetric but not transitive (b) transitive but not symmetric

(c) both symmetric and transitive (d) neither symmetric nor transitive

13. Relation R intheset A={1, 2, 3,4,5,6, 7,8} as R = {(Xx, y) : x divides y}is

(a) reflexive and symmetric but not transitive (b) reflexive and transitive but not symmetric

(c) reflexive but neither symmetric nor transitive  (d) symmetric but neither reflexive nor transitive
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14. Let L denote the set of all straight lines in a plane. Let a relation R be defined by I, R I, if and only
if I; is perpendicularto I, ,V I, I, € L. ThenR is

(a) symmetric (b) reflexive

(c) transitive (d) reflexive and symmetric

15. If A ={a, b, c} then number of relations containing (a, b) and (a, c) which are reflexive and

symmetric but not transitive is

(@4 (b) 3

()2 d)1

16. The relation R in the set {1, 2, 3, ..., 13, 14} defined by R = {(x, y) : 3x —y =0} is

(a) symmetric (b) reflexive

(c) transitive (d) none of these

17. The relation R in the set of natural numbers N defined by R ={(x,y) : x>y} is

(a) reflexive and symmetric but not transitive (b) transitive but neither reflexive nor symmetric

(c) reflexive but neither symmetric nor transitive  (d) symmetric but neither reflexive nor transitive
18. A function f: X — Y is one-one (or injective), then which of the following is true?

(@) V X1, X2 € X, f(x1) = (X2) =X1 = Xa. (b) X1 # Xo=>F (X1) #F (X2) .

(c) both (a) and (b) are true (d) none of these

19. A function f : X — Y is said to be onto (or surjective), then which of the following is true?

(@ ifvyeY,d some x eX suchthaty=f(x) (b)rangeoff=Y

(c) both (a) and (b) are true (d) none of these

20. A function f : X — Y is said to be bijective , if fis

(a) one-one only (b) onto only

(c) one-one but not onto (d) one-one and onto

21. If a set A contains m elements and the set B contains n elements with n > m, then number of
bijective functions from A to B will be:

(@ mxn (b) m"
(c)n™ (d)o
22. Which of the following functions from I(Set of Integers) to itself is a bijection?
(a) f(x) = x° (b) f(x) = x + 2
) f(x)=2x+1 (d) f(x) =X+ x
23. Let X ={- 1,0, 1}, Y = {0, 2} and a function f: X —Y defined by y = 2x* is
(a) one-one onto (b) one-one into
(c) many-one onto (d) many-one into
24. Let f(x) = x* — 4x — 5, then
(a) fisone-one on R (b) fis not one-one on R
(c) fis bijective on R (d) None of these
25. The function f: R — R given by f(x) = x, X €R when R is the set of real numbers, is
(a) one-one and onto (b) onto but not one-one
(c) neither one-one nor onto (d) one-one but not onto
1,if x>0
26. The signum function, f: R — R is given by f(x) =< 0, if x=0
-1 if x<0
(a) one-one (b) many-one
(c) onto (d) none of these
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3x, if x<1
27. Let f: R — R be defined by f (x) = x2, if l<x<3 ,thenf(-1)+f(2) +f(4)is

2X, if x>3
(@) 9 (b)3
(c)4 (d)8
28. The greatest integer function f: R — R be defined by f(x) = [x] is
(a) one-one and onto (b) onto but not one-one
(c) one-one but not onto (d) neither one-one nor onto

29. The function f: N — N, where N is the set of natural numbers is defined by
2 - -
n°, if nisodd
f)=9," .
n“+1, if nisewen

(a) one-one and onto (b) neither one-one nor onto
(c) one-one but not onto (d) onto but not one-one
30. The total number of injective mappings from a set with m elements to a set with n elements, m <n, is

(@ n" (b) m"
n!

(c) mn (d) m

ANSWERS
Q. No. 1 2 3 4 5 6 7 8 9 10
Answer (d) (©) (©) (b) (@ (c) (c) (d) (d) (d)
Q. No. 11 12 13 14 15 16 17 18 19 20
Answer (c) (b) (b) (@) (d) (d) (b) (c) (c) (d)
Q. No. 21 22 23 24 25 26 27 28 29 30
Answer (d) (b) (c) (b) (c) (b) (@) (d) (c) (d)

88



INVERSE TRIGONOMETRIC FUNCTIONS
Multiple Choice Questions [MCQ ]

1. Domain of sin™(2x —1)is

(@) [-1, 1] (b) [-1, 2]
() [1, 2] (d) [-1, 2]
2. Domain of sin™ X +cosx is
(@) [-1, 1] (b) [-1, 2]
(€)1, 2] (d) [-1, 2]
3. Domain of sinvx—1is
(a) [-1, 1] (b) [1, 2]
©) [-1, 2] (d) [-1, 2]
4. Principal value of sec™(-2)is equal to

21 51
(a) 5 (b) 5

47 21
(c) 3 (d) 3

5. Principal value of sinlﬂcosz—;j is equal to

2n o
(a) Y (b) 5

T 27
(c) % (d) 3

6. Principal value of tan‘l(tan %) is equal to

T
a)l b) ——
@ 0) -,
15n i

c) — d) —
© = OF

7. Principal value of secl(ZSin%nJ is equal to
T T
ad b) — =
@ -, (0) -,
3n 3n
g d) =
© -5 @
8. Principal value of cot‘l(tan %ﬂ is equal to

T T

a) —— b) —
@ - (0)
3n 3n
== d) =
© -7, @

9. Principal value of cosl(cos%nj is equal to
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3n T
a) — b) —
@ 3 OF
T 3n
c) —— d) ——
(c) 5 (d) 5
- I 33m ).
10 Principal value of sin (cos?j is equal to

(@ = (b) 10

© 15 @ -7

11. Principal value of sinl(sin%nj is equal to

@ 02
© - @ -2
12. Principal value of cos‘l(\/f—\/%lJ is equal to

@ ) 2
© 2 @
13. The value of cos(sin™ x) is

@ x (0) V1-x*
(@ﬁ?: O =
14. The value of cot(cos'x)is

@ (b) N1-x
(@ﬁ?: @ =
15. The value of sin‘l{cos(sin‘l @)} is

@ﬁ? ®) ~¢
© ¢ @—?
16. The value of tanl{Zco{Zsinl %)} is

@1 OE=
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1 T
(©) > (d) 2
17. The value of cotlsin*{cos(tan*1)}]is
3n
@1 ®) 5
1 s
(c) 5 (d) n
18. The value of t<31n‘1{25in(4cos‘1 73]} is
2n T
(a) 3 (b) 3
J3 n
© @ ¢
19. The value of cos‘ltcosz—;) + sin‘l(sinz—;j is
2n 4r
(a) 5 (b) ry
T
© @ 5
20. The value of tan 1[tan S—étj + cos{cos%j is
5n
@0 0 %
© = (@ 3
ANSWERS
Q. No. 1 2 3 4 5 6 7 8 9 10
Answer (c) (a) (b) (a) (c) (b) (@) (d) (b) (c)
Q. No. 11 12 13 14 15 16 17 18 19 20
Answer @) (d) (b) (d) (c) (d) (@) (b) (c) €)
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MATRICES & DETERMINANTS
MATRICES
Multiple Choice Questions [MCQ ]

1. Write the number of all possible matrices of order 2 x 2 with entries —1or0Oor1?

(a) 27 (b) 64
(c) 81 (d)54
2. If a matrix has 12 elements, the number of possible orders it can have :
(@4 (b) 8
(c)3 (d)6
3. Amatrix A= | a.. , whose elements are given by a--=1|i—3j|2 ,thena,, is:
354 ij 2 32
9 9
a) — b) —
@ - ®)
3

c) — d)2
© - (@

3X+7 5 2 y-2
4. If = , then the values of x and y are :

y+1 2-3X 8 7

5 5

a) X=——, y=5 by x=-=,y=7
@ x=-7.y () x=—2.y

5 5
) x==,y=7 d) x=-2, y=-7
©x=2y (@) x==2.y

X+y 2 6 2
5. If = the values of x, y and z are:

5+z Xy 5 8
@x=4,y=2,z=00rx=2,y=4,2=0 (byx=-4,y=-2,z=00rx=2,y=4,z=0
(c)x=4,y=-2,z=00rx=2,y=4,2z=0 (dx=4,y=2,z=00rx=2,y=-4,2=0
6. A matrix A =[a;]y.nis called scalar matrix if :
(@ a; =0if i=j. anda;=k,i=]j. (b) where a; =0 if i=]. anda;=k,i=].
(c) m=n, a; =0if i=]. anday=k,i=]. (d) m=n, a; =0if i+j. anda;=k,i=]j.

1 2 a 4| |5 6 s o
7.1f + = ,thena”+ b=

-2 —-b 3 2110
(@) 12 (b) 21
(c) 20 (d) 22

50 4 3 )
8. If 3A—- B = and B = , then the matrix A =
11 2 5

3 - e
@1, 5 ®1; 5

31 NERS
@1 @l 2

9. If A is a square matrix such that A% = A, then the simplified value of (I — A)3 + Alis equal to
(a) A (b) AZ

©]1 (d) A’

10. If A is a square matrix such that A? = A, then the simplified value of (A — 1)* +(A + 1) — 7A
is equal to

(a) A (b) A°

(c) 3A ()1
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2 3][1 -3] [-4 6 _
11.1f = , the value of x is
5 7]|-2 4| [-9 X
(@) 17 (b) 11
(c)31 (d) 13
1 0 O x| [1]
12.1f |0 y Of-1|=2|,thenx+y+z=
0 0 1| z| [1]
(@ 1 (b) 0
(c) -1 (d) -2
1 2 3|1
13. Forwhichvalue of x , [l x 1]4 5 6|2|=[0]?
3 2 5|3
9 11
Z b) — ==
@ 0) -5
9 8
-z d) ——
© -4 (@ -

1 2|x .
14.1f [2x 3 = O, then value of x is
-3 03

3 3
(@0, ~3 (b) ~3
3 2
(C) O’ E (d) 01 _g
[cosx sin x} _ .
15. IfFP(X) =| . , then which of the following is true ?
—sinX COSX
(@) P(X). P(y) =P(x-y) (b) P(x). P(y ) =P(x +y)
(€) P(X). P(y) =P(2x-y) (d) P(x). P(y ) = P(x-2y)
16. If A= {O 0] then A® =
2 0
0 O b 0 O
@164 0 ®) 13 o
0 0 d 00
© 112 o Do o
5 e |
17. If A= 3 3 and A“ = KA, then value of k is
(@3 (b) 6
(©9 (d) 81
{a+b 2} {6 ST
18. If = ,thena="?
5 bl |2 2
(@2 (b) 6
(c) 4 (d) -4
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0 2b -2
19.1f | 3 1 3 [isasymmetric matrix , then the values of a and b are

3a 3 -1
2 3 2 3
@33 O3 3
2 3 2 3
(c) 3773 (d) 375
0 a -3
20.1f |2 0 —1]isaskew-symmetric matrix , then the values of a and b are
b 1 0
(@ -2, -3 (b) -2, 3
(c) 2, -3 d) -3 3
ANSWERS
Q. No. 1 2 3 4 5 6 7 8 9 10
Answer (© (d) (a) (b) (a) (d) (© (b) (© (a)
Q. No. 11 12 13 14 15 16 17 18 19 20
Answer (d) (b) (©) (a) (b) (d) (b) (©) (a) (b)

DETERMINANTS

1. Let A be a square matrix of order 3 x 3 then |KA| is equal to

@ KLAI (b) K2A|
(©) K°|A| (d) 2KJA|
X+3 -2 .
2. 1fx e Nand =8, then find the value of x
-3X 2X

(@3 (b) 2
()7 (d)1

2 4 2x 4 .
3.If = , then value of x is

51 X
(@) 0 (b) £/2
(€1 d) ++/3

X 2 3 .

4.1FA=[ | and | A|® =125, then x is equal to
(@ £3 (b) £4
(c) £2 (d) +1
5. If A is a skew-symmetric matrix of order 3, then the value of | A | is
(@3 (b)0
©9 (d) 27

2 3 2
6.If [x x x/+3=0,then the value of x is

4 9 1
(@3 (b) 0
(-1 (d1
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7. If A is a square matrix such that | A | =5 ,then the value of | AAT | is

(@) -5 (b) 125

(c)-25 (d) 25

8. If area of triangle is 35 sq units with vertices (2, - 6), (5, 4) and (k, 4). Then k is

(a) -12,-2 (b) 12, -2

(c) -2 (d) 12
2 -3 5

9. If Ajj is the co-factor of the element a;; of the determinant 6 0 4 |, the value of as;. Az, is
1 5 -7

(@) 11 (b) 32

(c) 110 (d) 113

10. If for any 2 x 2 square matrix A, A(adj A) :B g} , then the value of |A] is

(a) 64 (b) 8
() 2+/2 (d) 1
11. If A is a square matrix of order 3 such that | adjA | = 64, then value of | A | is
(a) 4 (b)8
(c) +4 (d) +8
12. If A is a square matrix of order 3, with |A| = 9, then the value of |2.adj A| is
(a) 81 (b) 162
(c) 648 (d) 64
2 k -3
13.1fA=10 2 5], then A 'exists if
1 1 3
(a) k=2 (b)k#2
8 8
c) k=— d k=-—=
(c) c (d) c
14. If A and B are matrices of order 3 and |A| = 4, |B| =5, then |3AB| =
(@) 60 (b) 15
(c) 12 (d) 120
15. If A and B are invertible matrices, then which of the following is not correct?
(a)adj A=|Al. A (b) det(A) ™ = [det (A)]™
() (A+By*'=B'+A™ d) (AB)'=B'A?
ANSWERS
Q. No. 1 2 3 4 5 6 7 8 9 10
Answer (©) (b) (d) (a) (b) (©) (d) (b) (©) (b)
Q. No. 11 12 13 14 15
Answer (d) (c) (d) (a) ()
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CONTINUITY& DIFFERENTIABILITY
Multiple Choice Questions [MCQ ]

1. Function f(x) :{ZX_3' I X<2 s a continuous function:

5x-9, if x>2
(a) for all real value of x such that x #2. (b) for all integral value of x only.
(c) for all real value of x. (d) for x = 2 only.
2. Which of the following is not continuous for all x e R :
(a) the constant function f (x) = k (b) The identity function, i.e. f (X) = x
(c) the modulus function f given by f(x) = | x | (d) the greatest integer function f (x) = [X]
3. Which of the following is not continuous for all x € R
(@) f(x) = sinx (b) f(x) = tanx
(c) A polynomial function (d)A rational function f(x) = % ,q(x) =0
q(x
4. If f and g be two real functions continuous at a real number c. Then which of the following is not true
(a) f+ g is continuous at x = c. (b) f— g is continuous at x = c.
(c) f. gis not continuous at x = c. (d)i is continuous at X = ¢, (provided g (c)#£0).
g
3,if0<x<1
5. All the points of discontinuity of the function f defined by f(x) =< 4 ,if 1<x<3
5,if 3<x<10
@1,3,10 (b) 3,10
(0,1,3 (d)1,3
. _9-x% .
6. The function f (x) = o 5 IS
(a) discontinuous at only one point (b) discontinuous at exactly two points
(c) discontinuous at exactly three points (d) none of these
x0-1, if x<1 . A
7.1Ff(x) = ' , then which of the following is not true
X2, if x>1
(a) continuous at all points x, such that x < 1 (b) continuous at all points x, such that x > 1
(c) continuous at x =1 (d) continuous at x = 2
1-cos4x
8. The value of k for which f(x) =)~z — * X~ 0 is continuous at x = 0 is :
k , x=0
@k=1 (b)yk=2
(€ k=0 (d k=4
V14 kx —+/1—kx _1<x<0
9. The value of k for which f(x) = X is continuous atx =0 is :
2x+1
,0<x<1
x-1
1
@k=0 (b) k= >
1
(C)k=—5 (dk=2
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V1+kx —+/1-kx

—1<x<0
10. The value of k for which f(x) = X s is continuous at x =0 is :
2x+1 0<x<1
x—1 T
(@) k=0 (Mk:%
©k=-1 (k=1
i —,if x<0 . . .
11. The value of k for which f(x) =1 || is continuous at x = 0 is :
3,if x>0
(@ k= -3 (b)k:%
() k=-1 (k=1
(x+3) -36 € 20
12. The value of k for which f(x) ={~  _3 *"" **" s continuous at x = 3 is :
k Jf x=0
(@ k=2 (b) k=12
(€ k=-1 (d k=6
_ kx +1, if x<m | , .
13. The value of k for which f(x) = cosxif x is continuous at X = 7 is :
, >T
(a)k:—E (b)k:g
T T
©k=n (mk:g-

k(x? —2x), if x<0

14. The value of k for which f(x) :{ is continuous at x = 0 is :

4x+1 ,if x>0
(a) 1 (b)-1
(©0 (d) none of these
SINSX_ it x40
15. The value of k for which f(x) =< x2 4 2x’ is continuous at x = 0 is :
k+1 if x=0
@1 (b) -2
3 1
o) k=— d) =
(c) > (d) >
16. The greatest integer function defined by f(x) = [x], 0 <x <3
(a) not differentiable at x = 1 only (b) ) not differentiable at x = 2 only
(c) not differentiableat x =1, x = 2 (d) differentiable at x =1, x = 2
17. The function f(x) = [x — 2| is
() neither continuous nor derivable at 2 (b) continuous but not derivable at 2
(c) continuous and derivable at 2 (d) none of these
—, ifx=0
18. If a function f(x) is defined as f(x) = \/_
0 ,if x=0

(@) f(x) is discontinuous at x = 0
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(b) f(x) is continuous as well as differentiable at x =0
(c) f(x) is continuous at x = 0 but not differentiable at x = 0

(d) none of these
d.o
19. d—x[sm (\/cosx)]:
_ 2sinx.sin(¥'cosx).COS(v/COSX )

@ 2(~/cosx)

_ 2sinx.sin(v'cosx)
2(~/cosx)

20. dix[logsin\/x2 +1]=
2xCcosvVXx? +1

JIx2 +1.sinvVx2 +1

cosvx?+1

2x2 +1.sinVx2 +1

21, %[2’(]:

(©)

(a)

1
(a)z—xlogZ
(c) 2*log2

” d e1+Iogex ~
" dx N
(@)1
() x.Iogex
23 i[zcoszle:

" dx
() 2005 X i 2x

(c) 9eos®x log2.sin2x

24. 1{Ioge tan(E + iﬂ =
dx 4 2

(@) sec x
(c) secx.tanx

25 i{[an{@]—
d X

X

V1+x?
X

(@)

X

(b) — 2.sin(~/cosx).cos(/cosx)
2(x/cosx)
) — 2sinx.sin(~/cosx).cos(~/cosx)
2
0) xcosvx? +1

2x2 +Lsinvx2 +1

XCcosvx? +1

d
@ X2 +1sinx2 +1

1
(b) —2—XlogZ

(d) -

X
2X+l

(b) 0
(d)e

(b) - 2°°32X.Iog 2.sin2x

(d) — 2% % sin? x

(b) tanx
(d) sec®

C -
© Vi+x? -1 2(1+x



1 X
b _
@ 1+ x? (b) 1+ x?
1 2X
- d) —
© 1+ x? @ 1+ x?
d 4 [1+sinX T
27. —{tan [ - H: where0 < x < =
dx 1-sinx 4
1 1
_= b) —
@ - ) 3
1+sinx 1-sinx
d
© 1-sinx @ 1+sinx
d| . _4f SInX+CoOSX
28. —|sin| —— ||=
dX[ [ J2 ﬂ
1
a) — b) V2
@ NA (b)
© 1 d) —~2

29, %[XS‘“X]:

(a) xS‘”X(cosx+wj (b) x"* cosx
X

sinx

(c) x""*(cosx.log, x +sinx) (d) xS X[cosx. log, X + —j
X

30. If (cosx)? =(siny)”, thenj—y:
X

logsiny + ytan x
(logcosx — x coty)

logsiny + tan x
(logcosx — x coty)

(b)

logsiny + ytan x logsiny + ytan x

d
© (logcosx + xcoty) @ (logcosx — coty)
31. If y* =7, then d_y:.
dx
(a) Y logy i
logy (1+1logy)
1+logy)? 1
© (I—gy) (d ;
ogy logy.(1+logy)
d X
2. —|x* |=
3 dx [X }
@ x* x<1 (b) 7
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©) x* x*[(1+logx)logx] (d) x* .xx[(1+ logx)logx + %}

2
33. If x=a(0—sing), y =a(l+cosd), then j—z ato :g is equal to
X

1
(a) a (b) -
a
1 2
c) — d) £
© (@
34 Ify= \/x+\/x+,/x+ ........ thend—y_
X
1
Q) —— b
@ 2y-1 (®) 2y+1
2
c d) —<
() —2y @ 2y -1
3B Ify= \/cosx+\/cosx+«/cosx+ ...... o ,then _
X
COSX sinx
a b
@ 1-2y (®) 1+2y
sinx coX
c d
© 1y @ =
n
36. If y:(x+\/x2 +a2) then jy
X
(&) ——=— (b) —>—
nvx“+a x?+a’
n-1
(c) 2nx(x+\/x2+a2) d) —X—
x?+a’
2
37. If x=a(cost+tsint) and y =a(sint —tcost), O<t<g, then(;T;(:
(a) a(cost—tsint) (b) atsint
(c) tsint (d) a(cost +tsint)
38. If y=acos(logx)+bsin(logx), then
2 d y dy 2 dzy dy
—+X-—=-y=0 b) X*— —x=-=+y=0
(a)x +xOI y= (b) x " xdx+y
y  dy 2 d%y  dy
c 2 dy Y =0 d) xX*— —-x—=-y=0
(© x i ax Y (d) x ax? dx
m,,n m-+n dy
39. If x™y" =(x+vy) ,then&:
(a -J (b) 2y
X X
© % Ok
y X
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40. If y=Acosnx + Bsinnx, then

o2 o2
@) dX—Z—nZy:o (b) dX—32/+n2y:O

d? d?
(©) dx—¥+y=o (d) dX—Z=n2y2

ANSWERS

Q. No. 1 2 3 4 5 6 7 8 9 10
Answer (©) (d) (b) (© (d) (b) (© (d) (© (©)
Q. No. 11 | 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19 | 20
Answer (@ (b) (@ (d) (© (© (b) (@ €] (d)
Q. No. 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30
Answer (b) (d) (b) (@) (d) (©) (b) (© (d) (@
Q. No. 31 | 32 | 33 | 34 | 3 | 3 | 37 | 38 | 39 | 40
Answer (c) (d) (b) (@) (c) (b) (@ (c) (d) (b)
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APPLICATION OF DERIVATIVE
INCREASING AND DECREASING FUNCTIONS
Multiple Choice Questions [MCQ ]

1. If I be an open interval contained in the domain of a real valued function f and if x; <X in I, then
which of the following statements is true?

(@) fis said to be increasing on I, if f(x;) <f(x;) for all X1, Xz € |

(b) fis said to be strictly increasing on |, if f(x;) < f(x2) for all X1, X, € |

(c) Both (a) and (b) are true (d) Both (a) and (b) are false

2. The function given by f (x) = cos X is

(@) strictly decreasing in (0, ) (b) strictly increasing in (7, 27),
(c) neither increasing nor decreasing in (0, 27). (d) none of the above

3. The function f(x) =4x + 3, X € Risan

(@) increasing function (b) decreasing function

(c) neither increasing nor decreasing (d) none of the above

4. Function f given by f (x) = x>~ x + 1 is

(a) strictly decreasing in (— 1, 1). (b) strictly increasing in (- 1, 1).

(c) neither increasing nor decreasing in (-1, 1). (d) none of the above

5. The least value of a such that the function f given by f (x) = x* + ax + 1 is strictly increasing on
(1,2)is

@a=-3 (bya=-2
(c)a=-2 (a=3
6. The function given by f (x) = x* — 3x? + 3x — 100 is
(@) increasing in R. (b) decreasing in R
(c) neither increasing nor decreasing in R (d) none of the above
7. The function f (x) = tanx — 4x is

. . . T T . . T T

(@) strictly increasing on [—5 '3 j (b) strictly decreasing on (—5 '3 j

(c) neither increasing nor decreasing on (—g g} (d) none of the above

8. The interval in which y = x? e * is increasing is
(@) (— 0, ) (b) (2,0
(€) (2, ) (d) (0,2)

9. The function f(x) = log(cos x) is

(@) strictly increasing on [0 gj (b) strictly decreasing on (0 gj

(c) neither increasing nor decreasing on (O gj (d) none of the above
10. The interval for which the function f(x) = cot * x + x increases is

T n T
@[03) 05 3

© (0 ,7) (d) (o0 ,0)

3
11. For which values of x, the function y = x* — % is increasing and for which values, it is decreasing.
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(@) increasing in(—o, 1] and decreasing in [1, «) (b) increasing in [1, «) and decreasing in (oo, 1]
(c) increasing in [2, o) and decreasing in (—o, 2] (d) (d) None of these
12. The interval on which the function f (x) = 2x3 + 9x2 + 12x — 1 is decreasing is

(@) [-1, =] (b) [-2, -1]
(€) [0, -2] (d) [-1, 1]
13. The values of x for which the function f(x) = 2 + 3x — x*is decreasing is
@x<-2o0rx>2 (b)x<0orx>1
(c)x<-lorx>1 (d) none of these
14. The function f(x) = 4x®— 18x% + 27x — 7 is
(a) always decreasing in R. (b) neither increasing nor decreasing in R.
(c) always increasing in R. (d) none of these
15. The function f given by f(x)=tan*(sinx+cos x) is
(@) increasing for all xe (/4 , n/2) (b) decreasing for all xe (n/4 , n/2)
(c) neither increasing nor decreasing for xe(n/4 , n/2) (d) none of these
ANSWERS
Q. No. 1 2 3 4 5 6 7 8 9 10
Answer (©) (d) (a) (©) (b) (a) (b) (d) (b) (d)
Q. No. 11 12 13 14 15
Answer (b) (b) (c) (©) (b)

MAXIMA & MINIMA
Multiple Choice Questions [MCQ ]

1. f be a function defined on an interval 1. Then, which of the following is incorrect ?

(@) fis said to have a maximum value in I, if 3 cin I such that f (c)>f(x), V x e I.

(b) f is said to have a minimum value in I, if 3 cin I such that f (c) <f (x), Vx € I.

(c) fis said to have an extreme value in I, if 3 tin I such that f (c) is either a maximum or a minimum
value of fin I.

(d) none of these

2. The maximum and minimum values of the function f (x) = (2x — 1)* + 7 are

(@) minimum Value = 5, no maximum (b) minimum Value = 7, no maximum
(¢) no maximum Value = 3, maximum=1 (d) neither minimum nor maximum

3. The maximum and minimum values of the function f (x) = 9x* + 12x + 2 are

(@) minimum Value = 23, no maximum (b) minimum Value = — 2, no maximum
(c) maximum Value = — 2, no Minimum (d) neither minimum nor maximum

4. The maximum and minimum values of the function f (x) = — (x — 1)? + 10 are

(@) minimum Value = 5, no maximum (b) maximum Value = 10, maximum=1
(c) maximum Value = 10, no minimum (d) neither minimum nor maximum

5. The maximum and minimum values of the function f(x) = |sin 4x + 3| are

(@) Minimum = 3 ; Maximum =4 (b) Minimum = 0; Maximum =4

(c) Minimum = 2; Maximum =4 (d) none of these

6. The local maxima and local minima for f(x) = x* — 3x are

(@) local minimum at x =1 is — 2, local maximumatx =—1,is 2
(b) local minimum atx =1is 2, local maximumatx =—1,is 3
(c) local minimum at x =1 is — 2, no local maximum

(d) none of these
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7. The local maxima and local minima for f(x) = x> — 6x* + 9x +15 are

(@) local minimum at x = 3 is 15, local maximum at x =1, is 19

(b) local minimum at x =1 is 2, local maximum at x = 3, is 3

(c) local minimum at x =1 is — 2 and no local maximum

(d) none of these

8. The absolute maximum value and the absolute minimum value of f(x) =sin X + cos X, X € [0, «]

(@) Absolute minimum value = 1, absolute maximum value = V2

(b) Absolute minimum value =—1, absolute maximum value = V2

(c) Absolute minimum value = — 1, absolute maximum value = 2

(d) none of these

9. The absolute maximum value and the absolute minimum value of f(x) = (x —1)*+ 3, x €[-3 , 1]
(a) Absolute minimum value = 1, absolute maximum value = 19

(b) Absolute minimum value = 1, absolute maximum value = V2
(c) Absolute minimum value =—1, absolute maximum value = 19
(d) None of these

10. The minimum and maximum value of the function sin x + cos X is

(@) Minimum = 0, maximum =2 (b) Minimum = —J2, maximum =2
(¢) Minimum = —/2, maximum =0 (d) None of these
ANSWERS
Q. No. 1 2 3 4 5 6 7 8 9 10

Answer @ [ ® | ® | © [ @©© | @/ @] ®G | @] (@0

REFERENCES
1. https://ncert.nic.in/textbook.php
2. https://www.cbse.gov.in/cbsenew/question-paper.html
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