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MATHEMATICS (Code No. 041)
CLASS XI1 (2023-24)

COURSE STRUCTURE
One Paper Max Marks: 80
No. Units Marks
I Relations and Functions 08
I Algebra 10
" Calculus 35
Y/ Vectors and Three - Dimensional Geometry 14
\Y Linear Programming 05
VI Probability 08
Total 80
Internal Assessment 20

Unit-1: Relations and Functions

1. Relations and Functions
Types of relations: reflexive, symmetric, transitive and equivalence relations. One to one and onto functions.

2. Inverse Trigonometric Functions
Definition, range, domain, principal value branch. Graphs of inverse trigonometric functions.

Unit-11: Algebra

1. Matrices

Concept, notation, order, equality, types of matrices, zero and identity matrix, transpose of a matrix,
symmetric and skew symmetric matrices. Operation on matrices: Addition and multiplication and
multiplication with a scalar. Simple properties of addition, multiplication and scalar multiplication. On-
commutativity of multiplication of matrices and existence of non-zero matrices whose product is the zero
matrix (restrict to square matrices of order 2). Invertible matrices and proof of the uniqueness of inverse, if it
exists; (Here all matrices will have real entries).

2. Determinants

Determinant of a square matrix (up to 3 x 3 matrices), minors, co-factors and applications of determinants in
finding the area of a triangle. Adjoint and inverse of a square matrix. Consistency, inconsistency and number
of solutions of system of linear equations by examples, solving system of linear equations in two or three
variables (having unique solution) using inverse of a matrix.

Unit-111: Calculus

1. Continuity and Differentiability

Continuity and differentiability, chain rule, derivative of inverse trigonometric functions, like sin ‘x , cos *x
and tanx, derivative of implicit functions. Concept of exponential and logarithmic functions. Derivatives of
logarithmic and exponential functions. Logarithmic differentiation, derivative of functions expressed in
parametric forms. Second order derivatives.

2. Applications of Derivatives

Applications of derivatives: rate of change of bodies, increasing/decreasing functions, maxima and minima
(first derivative test motivated geometrically and second derivative test given as a provable tool). Simple
problems (that illustrate basic principles and understanding of the subject as well as real-life situations).



3.Integrals Integration as inverse process of differentiation. Integration of a variety of functions by

dx J' dx

LS
1 dx dx (px +q)dx (px +q)dx [i2 12

— , |, | —— , , a“+x“dx ,

'[\/az—x2 jax2+bx+c 'f\/ax2+bx +C Iax2+bx+c '[\/ax2+bx+c j

j\/xz—az dx , I\/ax2+bx+cdx to be evaluated.

Fundamental Theorem of Calculus (without proof).Basic properties of definite integrals and evaluation
ofdefinite integrals.

substitution, by partial fractions and by parts, only simple integrals of the type j
X

4. Applications of the Integrals
Applications in finding the area under simple curves, especially lines, circles/ parabolas/ellipses (in standard
form only)

5. Differential Equations

Definition, order and degree, general and particular solutions of a differential equation. Solution of
differential equations by method of separation of variables, solutions of homogeneous differential equations
of first order and first degree. Solutions of linear differential equation of the type:

g—i + py = @, where p and g are functions of x or constants.

% + px =@, where p and g are functions of y or constants.

Unit-1V: Vectors and Three-Dimensional Geometry

1.Vectors

Vectors and scalars, magnitude and direction of a vector. Direction cosines and direction ratios of a vector.
Types of vectors (equal, unit, zero, parallel and collinear vectors), position vector of a point, negative of a
vector, components of a vector, addition of vectors, multiplication of a vector by a scalar, position vector of
a point dividing a line segment in a given ratio. Definition, Geometrical Interpretation, properties and
application of scalar (dot) product of vectors, vector (cross) product of vectors.

2. Three - dimensional Geometry
Direction cosines and direction ratios of a line joining two points. Cartesian equation and vector equation of
a line, skew lines, shortest distance between two lines. Angle between two lines.

Unit-V: Linear Programming

1.Linear Programming

Introduction, related terminology such as constraints, objective function, optimization, graphical method of
solution for problems in two variables, feasible and infeasible regions (bounded or unbounded), feasible and
infeasible solutions, optimal feasible solutions (up to three non-trivial constraints).

Unit-VI: Probability
1.Probability 30 Periods Conditional probability, multiplication theorem on probability, independent events,
total probability, Bayes’ theorem, Random variable and its probability distribution, mean of random variable



IMPORTANT TRIGONOMETRIC RESULTS & SUBSTITUTIONS
** Formulae for t-ratios of Allied Angles :

All T-ratio changes in gie and 37“19 while remains unchanged in t+6 and 27n+6.

sin| 240 |=cos0 sin 3—ni6 ==cos0 +

2 2 2

T _ 3n .
co{ai ej =Fsind co{7+ ej =4sino Il Quadrant I Quadrant
tan giej=$cot9 tan(%iej=$cote sin6>0 All >0
sin(m+0)=Fsin@ sin(2n+0)=+sin® ) g
cos(m+0)==cos0 cos(2n+0)= cosd tan0> 0 cos0>0
tan(m+0)= t+tan 0 tan(2n+0)=+tano

111 Quadrant IV Quadrant
37
** Sum and Difference formulae : v —
sin(A + B) =sin A cos B + cos Asin B
sin(A —B) =sin A cos B—cos Asin B
cos(A+B) =cos AcosB-sinAsinB
cos(A—B)=cos AcosB +sin AsinB
tanA —tanB
tan(A + B) = PRAHINB A gy = BRI (T A | tanA
1-tanA tanB 1+ tanAtanB 1-tanA

tanl T A :l—tanA ,cot(A+B):C°tA'C°tB_1 Cot(A_B):cotA.cotB+1

4 1+tan A cotB-+cotA cotB—-cotA

sin(A + B) sin(A — B) =sin’A —sin’B = cos’B — cos’A
cos(A + B) cos(A — B) = cos’A — sin?B = cos’B — sin’A

**Formulae for the transformation of a product of two circular functions into algebraic sum of two
circular functions and vice-versa.

2sinAcos B =sin (A + B) +sin(A - B)

2 cosA sin B =sin (A + B) —sin(A-B)

2 cosA cos B =cos (A + B) + cos(A - B)

2 sinAsin B =cos (A - B) —cos(A + B)

. ) . C+D C-D . ) . C-
sinC +sin D =2sin ; coS > smC—st:ZcosC;D S|nC2D.
cos C + cos D =2 cos C;DcosC;D, cos C — cos D = — 2 sin C;DsinC;D .
** Formulae for t-ratios of mualtiple and sub-multiple angles :
sin2A=2sin ACos A = 2ta—n;0\.

1+tan“ A
2
cos 2A = cos’A —sinA= 1-2sin?A=2cos’A—1= w
1+tan“ A
1 + c0S2A = 2C0s%A, 1 —Cos2A = 2sin’A, 1+ COsA = 2c052% 1 - CcosA = 25in2%
3
tan 2A = 2tan;6\ ’ tanBA=3tanA tezm A.
1-tan“ A 1-3tan“ A
sin 3A = 3sin A — 4 sin°A, cos 3 A =4 cos’A — 3 cos A



sin15° = cos75° = \/—3—_1 & cos15° =sin75° = @
242 2.2

tan 15° = V3-1 =2 -3 =cot 75° & tan 75° = ‘/§+1:2+\/3:cot15°.

V3+1 V3-1
sin18° = \/_57_1 =cos 72° & cos 36° = \/§4+1 = sin 54°.
sin36° = N—TZ\/E = cos 54° & cos 18° = —“1022\@: sin 72°.

0 o 0 0
tan (225 ] =v2 -1 = cot 67% & tan [672] = v2+1=cot[22%] .

2 2 2 2
** Properties of Triangles : In any A ABC,
_a = _b =— [Sine Formula]
sinA sinB sinC
2,2 .2 2, .2 B2 2 12 A2
COSA:M, CosB:u1 CosC:m.
2bc 2ca 2ab

** Projection Formulae: a=bcosC+ccosB, b=ccosA+acosC, c=acosB+bcosA

** Some important trigonometric substitutions :

[42 4 %2 Putx =atan0 or acot0
[ 2 _ 42 Put x =asecooracosecH
Ja+x or ya-x or both Putx =acos26
Ja" +x" or v/a" —x" orboth Put X" =a" c0s26
V1+sin 20 =sin0+coso
. T
- =Cc0S0-sinb, 0<O<—
+v1-sin26 4
=sinB—cos0, ~ <0<
4 2

**General solutions:
*c0s0=0=0=nmw, ne”Z
*sinf =0 = 0= (2n +1)g, nez
*tan0=0=0=nw, ne”Z

*sind =sina = 0 =nn+(-1)'a, neZ
*cosO=cosa=0=2ntta,ne”Z
*tanO=tano =0=nn+a,nhe”Z



RELATIONS AND FUNCTIONS

SOME IMPORTANT RESULTS/CONCEPTS
** Relation : A relation R from a non-empty set A to a non-empty set B is a subset of A x B.
**A relation R in a set A is called
(i) Reflexive, if (a, a) € R, for every a€ A,
(it) Symmetric, if (a, b) € R then (b, a)e R,
(iii) Transitive, if (a, b) € R and (b, c)€ R then (a, c)e R.
** Equivalence Relation :R is equivalence if it is reflexive, symmetric and transitive.
** Function :A relation f : A —»B is said to be a function if every element of A is correlated to unique
element in B.
* Ais domain
* B is codomain
* For any x element x € A, function f correlates it to an element in B, which is denoted by f(x) and
is called image of x under f. Again if y= f(x), then x is called as pre- image of y.
* Range = {f(x) | x €A }. Range < Codomain
* The largest possible domain of a function is called domain of definition.
**Composite function :Let two functions be definedas f: A—» Bandg: B — C. Then we can define a
function gof: A —C is called thecomposite function off and g.
** Different type of functions : Let f : A —B be a function.
*f is one to one (injective) mapping, if any two different elements in A is always correlated to different
elements in B, i.e. X1 # Xo= f(Xp) # f(X2) or f(X1) =f(x2) = x1=%2
*f is many one mapping, if 3 at least two elements in Asuch that their images are same.
*f is onto mapping (subjective), if each element in B is having at least one preimage.
*f isinto mapping if range < codomain.
*f is bijective mapping if it is both one to one and onto.

RESULTS :
1. Arelation R in a set A4, if n(A)= n then,

a) Number of relation from A to A = 2n°
b) Number of reflexive relation from A to A = 2n°n

n(n+1)

C) Number of symmetric relation from Ato A=2" 2
d) Number of relation from A to A which are not symmetric = 2(@*-1)/2

2. Let a function f : X — Y where n (X)= n & n (Y) =m.

a)  Total number of functions = m"= (no of elements in co-domain)" °F elements in domain
m .
. cnl, ifm>n
b) Total number of one-one functlons:{ ntt =
0,, ifm<n
. m®— "c.n!', ifm>n
C) Total number of many one functlons:{ ntto =
m" , ifm<n

d) Total number of onto
m" — "¢, (m-)"+"¢c,(m-2)"-"¢c,(m-3)" +...., ifm< n

functions m! ifm = n =
0 ,ifm>n
{m“ - "c,(m-1)"+"c,(m-2)"-"¢c,(m-3)" +...., ifm< n
m" , ifm>n
. . m _ n _m _ n m _ n _ : <
e) Total number of into functlons={ ¢(m-1) Co(M=2)"+7¢y(Mm=3)" —...., ifm <n
m" , ifm>n
f) Total number of one-one and onto functions= m!
9) Total number of constant functions = m
h) Total number of onto functions from the set { 1, 2, 3, ....,n} =n!
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I1) Some illustrations/examples:

I MCQ
g) Let A={1,2,3,....n}and B= {a, b}. then the number of surjections from A to B is
@ "P, (b) 2"-2 (c)2"-1 (d) none of these
2. Let f:R — R defined by f(x) = 1+ x. Choose the correct answer
(@) both one -one and onto (b)one-one but not onto
(c) onto but not one-one (d) Neither one- one nor onto

3. The maximum number of equivalence relation on the set A ={ 2, 4, 6} is/are
@1 (b2 (c) 3 (d)5
4. Let the relation R in the set A = { xe Z: 0 < x < 12}, given by R = { (a,b): |a-b| is multiple of 4 }. Then
the equivalence class of lis
(@41,59 ({0,125} (c)o d) A
Ans.1(b), 2(d) ,3(c), 4(a)

(II) Case based study: An organization conducted bike race under 2 different categories-boys and girls.
Totally there were 250 participants. Among all of them finally three from Category 1 and two from Category
2 were selected for the final

race. Ravi forms two sets B and G with these participants for his college project. Let B = {b1,b,,b3}
G={01,92} where B represents the set of boys selected and G the set of girls who were selected for the final
race. Ravi decides to explore these sets for various types of relations and functions.

1. Ravi wishes to form all the relations possible from B to G. How many such relations are possible?
2. Let R: B — G be defined by R = { (b1,91), (b2,02),(b3,01)}. Check R is/are injective/
surjective/bijective.

3. Ravi wants to find the number of injective functions from B to G. How many numbers of injective
functions are possible?

Ans . 1.2° 2. Surjective, 3.0

(ill)  Short answer type:
1. Ineach of the following cases, state whether the function is one-one , onto or bijective. Justify your
answer:
(i) f: R - R defined by f(x) = 3 — 4x
(i)  f:R — R defined by f(x) = 1 + x?
Sol. (i)f: R — R defined by f(x) = 3 — 4x

Let x; ,x, € Rbe such thatf(x;) = f(x;)
= 3—4x1 =3 —4x; = —4x; = —4X; D X =X
-~ fisone — one
Let y € Rbe any real number.
tfx)=y=>3—-4x=y

3-y



= Corresponding to every element y € R, there exists (?) such that f (?)

= fis onto.
ii) f:R > R defined by f(x) = 1 + x>
Let x; ,x, € Rbe such thatf(x;) = f(x;)
>1+x2=1+x%
=x? = x3
=X = in
=>f(xq) = f(—x1)
=fisone — one

Let y € Rbe any real number
fx)=y=21+x°=y
Asx?>0=>1+x2>21=y>1
=~ Range of f is greater than or equal to 1
=fis onto.
Thus, fis neither one-one nor onto.

y

(iV) Long answer type:

Show that the relation R in the set A={ x€ Z: 0< x < 12} given by

R={|a — b|is a multiple of 4} is an equivalence relation. And the equivalence class of 2 i.e. [2]
Sol Reflexive.|a—a| = 0 € A,

Symmetry.

let (a,b)ER

|a — b|is multiple of 4

= |—(b — a)|is multiple of 4
|(b — a)|is multiple of 4

hence (b,a)eR

Transitive:

let (a,b), (b,c) € R

then,la—b|= 4mand|b—c| =4n.

a—b= 44mandb—c= +4n
a—b+b—-—c=+4m + 4n = +4M
|a — c|is multiple of 4

hence (a,c)ER

[2]={0, 4, 8, 12}

I11. Questions for practices:

(i) wMcQ:
Q.1  LetT be the set of all triangles in the Euclidean plane, and let a relation R on T be defined as aRb if a
iscongruenttobva, beT. ThenR is

(A) reflexive but not transitive (B) transitive but not symmetric
(C) equivalence (D) none of these

Q.2. Let us define a relation R in R as aRb ifa>b. Then R is

(A) an equivalence relation (B) reflexive, transitive but not symmetric

(C) symmetric, transitive but not reflexive (D) neither transitive nor reflexive but symmetric.
Q.3. Ifthe set A contains 5 elements and the set B contains 6 elements, then the number of one-one and
onto mappings from A to B is

(A) 720 (B) 120 ©)o (D) none of these
Q4 Letf:R — Rbedefined by f(x)=1/xV x €R. Thenfis
(A) one-one (B) onto (C) bijective (D) f is not defined



Q.5 . Which of the following functions from Z into Z are bijections?

A)Fx)=x® B)f(x)=x+2 ©)f(x)=2x+1 (D)f(x)=x>+1

Q.6. Let f: [2, ) — R be the function defined by f (x) = x 2 — 4x + 5, then the range of f is

(AR B)[1,0) (C)[4,x) (D) [5, )

Q.7.. Let f: R — R be defined by f (x) =x° + 1. Then, pre-images of 17 and — 3, respectively, are

(A) o, {4’ - 4} (B) {3’ - 3}7 ¢ (C) {4’ _4}9 O (D) {4’ - 4’ {2’ - 2}

Q.8. . For real numbers x and y, define xRy if and only if x —y + +/2 is an irrational number. Then the
relation R is

(A) reflexive  (B) symmetric (C) transitive (D) none of these
Q.9. The maximum number of equivalence relations on the set A = {1, 2, 3} are
(A1 (B)2 )3 (D)5

Q.10. If the set A contains 3 elements and the set B contains 4 elements, then the number of one-one
mappings from A to B is

(A) 144 (B) 81 (C) 24 (D) 64

ASSERTION - REASON TYPE QUESTIONS:

Directions: Each of these questions contains two statements, Assertion and Reason. Each of these questions
also has four alternative choices, only one of which is the correct answer. You have to select one of the
codes (a), (b), (c) and (d) given below.

(a) Assertion is correct, Reason is correct; Reason is a correct explanation for assertion.

(b) Assertion is correct, Reason is correct; Reason is not a correct explanation for Assertion

(c) Assertion is correct, Reason is incorrect

(d) Assertion is incorrect, Reasonis correct.

Q.11. Let A={1, 2, 3, 4, 6}. If R is the relation on A defined by {(a, b) : a, b €A, b is exactly divisible by
a}. Assertion : The relation R in Roster form is {(6, 3), (6, 2), (4, 2)}.

Reason : The domain and range of R is {1, 2, 3, 4, 6}..

Q.12.Assertion : Let f and g be two real functions givenby f = {(0, 1), (2, 0), (3, -4), (4, 2), (5, 1)} and g =
{(1,0), (2, 2), (3,-1), (4, 4), (5, 3)} Then, domain of f- g is given by {2, 3, 4, 5}.

Reason : Let f and g be two real functions. Then, (f-g)(x) = f {g(X)}.

Ans: 1.C,2B, 3.C 4.0, 5B, 6.B, 7.C 8 A, 9D, 10.C11.D,12.C

(il)  Case based study.

1 Students of Grade 11, planned to plant saplings along straight lines, parallel to each other to one side
of the playground ensuring that they had enough play area. Let us assume that they planted one of the rows
of the saplings along the line y = x — 4. Let L be the set of all lines which are parallel on the ground and R
be a relation on L.

M Let f: R — R be defined by (x) = x — 4. Find the range of f(x)

(i) LetR={(L1,L,):LiisparalleltoL,andL ;:y=x-4}then write of the equation L , ?

(iii)  Let relation R be defined by R = {(L1, L,): L1 || Lo where Ly,L, € L} then show that R is equivalence
relation.

2. Raji visited the Exhibition along with her family. The Exhibition had a huge swing, which attracted
many children. Raji found that the swing traced the path of a Parabola as given by y = x°.



Answer the following questions using the above information.

0] Let f: {1,2,3,....}—{1,4,9,....} be defined by f(x) = x2. Prove it is bijective.

(i)  Check the function f: Z—Z defined by (x) = x° is injective , surjective.

(iii)  Let: N — R be defined by f(x) = x*. Write Range of the function.

(iv)  Showthat : R — R be defined by f(x) = x? is not one-one.

(v)  Let f: N — N be defined by (x) = x* . Write the domain of f.

3. Kriti and Kirat are two friends studying in class XII in a school at Chandigarh. While doing their
mathematics project on Relations and Functions they have to collect the name of five metro cities and four
cities other than metro cities of India; and present the name of cities in the form of sets. They have collected
the name of cities and write in the form of sets given as follows:

A={ five metro cities of India}= { Delhi, Mumbai, Bangalore, Calcutta, Pune}

and B = {four non metro cities of India} = { Patiala, Agra, Jaipur, Ahmedabad}

FAMOUS CITIES IN INDIA
' o d I

i ‘ . # :

1

LR y
Yy | ”& 4
- “”‘5!——_

Answer the following questions using the above information.

() How many functions exist from A to B.

(i) Riya wants to know how many relation are possible from A to B.

(iii)  Karan wants to know how many reflexive relation on set B.

(iv)  How many symmetric relation on set A.

(V) Let R : A — A defined by R = { (x, y) : Total number of vehicles in Delhi(x) is greater than total
number of vehicles in Mumbai(y)}. Show that R is neither reflexive nor symmetric.

Ans. 1. (i) R, (ii) y=x +c., 2. (ii)Neither injective nor surjective, (iii) {1,4,9,16...}, (v) N

3.(1)1024, (ii)2%, (iii) 2%, (iv)2".

(ill) short answer type:

1. Let R be the relation on the set {1, 2, 3, 4} given by R={(1,2),(2.2),(11),(13),(3.2),(3.3),(4.4)}
Check whether the function is reflexive, symmetric or transitive?

2. Show that the relation R in R is defined by R = { (a, b) : a < b } is reflexive and transitive but not
symmetric

3. Determine whether given relation in N is reflexive, symmetric and transitive where
R={(x,y):y=x+5andx <4}

10



4, Show that the relation R defined in the set A of all polygons as R = {(P1, P»): P1 and P, have same
number of sides}, is an equivalence relation. What is the set of all elements in A related to the right angle
triangle T with sides 3, 4 and 5?

5. Show that the number of equivalence relation in the set {1, 2, 3} containing (1, 2) and (2, 1) is two.
6. Prove that the function f : R — R defined by 4x* +12x+15=0is one-one.

1
7. If f: R — R be given by f(x) = (3 — x%)3, then find the value of (fof)(x)
8. Isg={(1,1),(2,3),(3,5), (4, 7)} afunction? If g is described by g (x) = ax + B, then what value
should be assigned to o and f.

9. Let f: R — R be the function defined by f (x) = ﬁ vx € R. Then, find the range of f.

10.  Give an example of mapping

(i) Which is one-one but not onto

(it) Which is not one-one but onto

(iii) Which is neither one-one nor onto

Ans.1.Reflexive and transitive only. 4. Neither reflexive nor symmetric and nor transitive
1. Reflexive, symmetric and nor transitive, 7.x, 8. a=2, p=-1,9.[1/3,1]

(1V) Long answer type:
1. Let A={1,2,3,..9}and R be the relation in AxA defined by (a, b) R (c,d)=(a+c, b +d). Show
that R is equivalence relation and also obtain the equivalent class [(2, 5)].
2. Prove that R is an equivalence relation, R:N XN—N defined as
(@, b) R (c,d) ifand only if ad(b +c) = bc(a + d).

3. Let f: W—W be defined as f = (E ; 1 llffrrllllss SSSH

4. Give an example of a relation which is

(1) Symmetric but neither reflexive nor transitive.
(i)  Transitive but neither reflexive nor symmetric.
(i)  Reflexive and symmetric but not transitive.
(iv) Reflexive and transitive but not symmetric.
(v) Symmetric and transitive but not reflexive.

Show that f is bijective, W is whole number.

5. Show that the function f: R — {x € R: -1 <x < 1} defined by f(x) = fm’x € R is one-one and
onto function.
6. Show that the function f: R — R given by f(x) = x®is injective.

7. Let A=R—{3}and = R — {1}, consider the function f: A —» B defined by f(x) = g . Is f one-
one and onto? Justify your answer.
8. If R; and R; are equivalence relations in a set A, show that R1 N R; is also an equivalence relation.

9. Show that the function f: R — R defined by f(x) = %,x € R is neither one-one nor onto function
10. LetA={-1,0,1,2},B={-4,-2,0,2} and f, g : A — B be functions definedby f(x) = x2 X, X €
Aand g(x) =2 |x — %| — 1x € A. Are fand g equal? Justify your answer.

Ans. 1. 7. Both one-one and onto. 10. Yes

11



PRACTICE PAPER (1) M.M: 20

Let f: R — R be defined by f (x) =1/x V X € R. Then f is 1
(A) one-one (B) onto (C) bijective (D) fis not defined
Let A={1,2, 3 4}, B={1,5,9 11,15, 16} and f= {(1, 5), (2, 9), (3, 1), (4, 5), (2, 11)}. 1
Then,
(@) fisarelation from Ato B (b) fis a function from Ato B
(c) Both (a) and (b) (d) None of these
3. IfA={23,4,5}and B ={3, 6,7, 10}. R is a relation defined by R = {(a, b) : a is relatively 1
prime to b, a € A and b € B}, then domain of R is
(a) {2, 3, 5} (b) {3, 5} () {2, 3,4} (d){2,3, 4, 5}
4  There are three relations R, Ry and R such that Ry = {(2, 1), (3, 1), (4, 2)}, R2 ={(2, 2), (2, 1+1
4), (3,3), (4, 9)}and R3 = {(1, 2), (2, 3), (3, 4), (4, 5), (5, 6), (6, 7)} Then,
(@) R 1 and R; are functions (b) Rz and R3 are functions
(c) R 1 and R3 are functions (d) Only Ry is a function
5 Ifg={(@1 1), (2 3),(3,5), (4, 7)} is a function described by the formula, g (X) = ax + 3 then 1+1
what values should be assigned to D and E?
@a=2, p=1 ((O)a=2, p=-1 (@) a=1l, p=-1 (d)o=3, p=-1
6. Show that the relation R defined in the set A of all polygons as R = {(P1, P,) : P; and P, have 2
same number of sides}, is an equivalence relation. What is the set of all elements in A related
to the right angle triangle T with sides 3, 4 and 5?

7 Letf:R — R be the function defined by f (x) =

N!—\,_O

1

2—cosx

vx €R. Then, find the range of f. 2

8 Show that the relation R in the set A={ xe Z: 0< x < 12} given by 5
R={]a — blis divisible by 4} is an equivalence relation. And the equivalence class of 3 i.e.[3]

The maths teacher of class Xl dictates amaths problem as follows.

"' Draw the graph of the function, f of x is equal to modulus of x plus three
minus one in the closed interval -3 to +3"'

Three students Rakesh, Sravya and Navyahaveinterpreted the same dictation in
three different ways and they have noted the function as 3= |x +3-1|, f{x)=|x|+3-1
and T(>)=|x+3|-1 respectively. All three have drawn the graphs correctly for their
respectivefunctions

[
fe-

Based on the above information answer the following.

9(i) Sravya draws the graph in"'V shape '. Write co-ordinate of vertex. 1

o(ii 1
)

/]

Observe the adjacent figure. who is draw it.
9(ii  Find the distance between the vertices of the graphs of Rakesh and Navys graphs. 2

)
Ans 1.d,2.a,3d, 4c, 5.b, 7.[1/3,1], 9(1)(0,2), 9(ii) Rakesh, 9(iii)2v2
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PRACTICE PAPER (I1)
M.M: 30

Let T be the set of all triangles in the Euclidean plane, and let a relation R on T be defined as
aRbifaiscongruenttobva, beT. ThenR is

(A) reflexive but not transitive (B) transitive but not symmetric

(C) equivalence (D) none of these

If the set A contains 5 elements and the set B contains 6 elements, then the number of one-one
and onto mappings from A to B is

(A) 720 (B) 120 ©)o (D) none of these

For real numbers x and y, define xRy if and only if x —y + /2 is an irrational number. Then the
relation R is

(A) reflexive  (B) symmetric (C) transitive (D) equivalence

IfA={2,3,4,5}and B ={3, 6, 7, 10}. R is a relation defined by R = {(a, b) : a is less than to b,

a € Aand b € B}, then domain of R is
(@) {2,3,5} (b) {3,5} (c) {2,3,4} (d){2,3,4,5}

Which of the following functions from Z into Z are bijections?
(A F(X)=x> (B)f(X)=x+2 C)f(x)=2x+1 (D)f(x)=x2+1
[he relation R defined on the set A={1.2.3.4 5}by R:{(a,b_):|a1—z:-2

< 16} 1s given by:
(@) {(1.1).(2.1).(3.1).(4.1).(2.3)} (®) {(2.2).(3.2).(4.2).(2.4)}

(© {(3.3).(4.3).(5.4).(3.4)} (d) none of these
The function f:R—Rdefinedby f(x)=(x—1){x—2)(x—3)1s:

(a) f is one-one but not onto (b) f 1s onto but not one-one

(c) f 1z both one-one and onto (d) neither one-one nor onto

Isg={(1,1),(2,3),(3,5), (4, 7)} afunction? If g is described by g (x) = ax + 3, then what
value should be assigned to o and p.
Show that the relation R in the set A of all the books in a library of a college, given by R

= {(x, ¥): x and y have same number of pages} is an equivalence relation.

Check whether the relation R in R defined as R = {(a, b): a = b*} is reflexive, symmetric
or transitive.

Show that the function f: R+ — R= defined by /| x) I_ is one-one and onto, where R= is
the set of all non-zero real numbers. Is the result true'Lr if the domain R= is replaced by N

with co-domain being same as R=?

Let A={-1,0,1,2},B={-4,-2,0,2} and f, g : A — B be functions defined by f(x) = x* — X,

x€eAand g(x) =2 |x — %| — 1x € A. Are fand g equal? Justify your answer.

Ans 1c, 2c, 3d, 4d, 5¢c, 6a,b,c, 7b, 8 a=2, p=-1 12.yes
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INVERSE TRIGONOMETRIC FUNCTIONS

* Domain & Range of the Inverse Trigonometric Function:

Functions Domain Range

(Principal value Branch)
sin™? [-1,1] [-r/2,7/2]
cos™ : [-1,1] [0, =]
cosec’: R-(-1,1) [-n/2,7/2]-{0}
sect: R—(-1,1) [0, t]—{r/2}
tan ™ : R (—n/2,n/2)
cot™t: R (0, n)

*Propertiesof Inverse Trigonometric Function

1. i sin(sinx)=x ,xe[-n/2,n/2] & sin(sin x): x, xel[-1,1]
ii.cos™(cosx)=x ,xe[0, n] & cos(cosflx): X, xe[-1,1]
iii.tan *(tanx)=x ,xe(-n/2,m/2) & tan (tan‘lx):x , xe R
iv.cot*(cotx)=x ,xe(0, n) & cot(cotflx)zx , Xe R
v.sec (secx)=x ,x [0 , n]-n/2 & sec(sec‘lx = X xeR-(-1,1)
vi.cosec(cosecx)=x,[-n/2,n/2]-{0} & cosec(cosec‘lx)z xeR-[-1,1]
| 41 o1 a1
2. i.sin"x=cosec " — & sin"" X=cosec " —
X X
PP | a1 -1 a1
Il.COS"X=sec~— & Sec X=C0S —
X X
1 -1 1 -1 -1 1
iii. tan'x=cot*= & cot*x=tan'=
X X
3. isin(—x)=-sin"x ii. tan'(— x)=—tan " x iii. cosec™!(—x)=—cosecx
iv cos (- x)=m—cos ™ x v sec (- x)=n—secx vi cot™ (- x)=n—cot*x
Examples
Multiple Choice Questions :
1) The value of tan(cos_lg + tan~! %) is
a) 176 b) 1 ¢) 3/5 d) 3/4
3.2
Solution: tan(tan_IE + tan~! E) =tan| tan™! 4+332 =17/6
* 3 13
2) The domain of sin™! 2x is
a)  [11] b) (-1, 1) ¢) [-1/2, 1/2] d) (-1/2, 1/2)
Solution: -1<2x<1 = -1/2<x<1/2
3) If cosT!x =1y, then
a) 0<y<m b) n/2<y<m/2 c)-1<y<l1 dx+y=1

Solution: The range of cos™x is [0, =]
1 E — in—1 [ _ l et
4) Sln(3 sin ( 2))
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a) -1 b) 1
Solution: sin (n/3 — (-n/6)) =sin /2 =1

o) 12 d) 0

Case Based Questions:

Ram and Mohan are students of class XII. One day their Mathematics teacher told them about Inverse
trigonometric functions. Teacher sketch the graph of y = tan™ x on the board as follows.

Ay

Based on the above information answer the following questions

i) The domain of tan™ (3x + 2) is

a) R b) R C) (-n/2, n/2) d) (0, m)
Solution: x is real, implies 3x + 2 is real. So domain is R

i) Principal value of tan™(-1) is

a) /4 b) —m/4 c)-1 d) 3n/4
Solution: tan(-n/4) = -1 implies tan™(-1) = -n/4

iii)  The principal value of tan™(tan(-6)) is

a) -6 b) 2w -6 C)6-2n d) None
Solution: tan™(tan (-6)) = tan™(- tan6) = tan™(tan(2x - 6)) =2 — 6

VSAQ/ SAQ:

1) If sin™ x + sin™ y =271/3, then find the value of cos™ x + cos™ y

Solution: (w2 —cos™x) + (w2 —cos™x) =2m/3, implies cos™ x + cos™ y = n/3

2)

Solution: -1<x?-4<1

3)

Find the domain of sin™* (x*-4)
= 3<x’<5
Find the value of sin™ (cos 33m/5)

=> xe [-V5,-V3] U [V3, V5]

Solution: sin™ (cos 33n/5) = sin™ (cos ( 6m + 31/5)) = sin™ (cos ( 31/5)) = 1/2 - cos™ (cos ( 31/5))

=7/2 -3n/5 =-n/10

Questions for Practice:

MCQs

1)
a)
2)
a)
3)
a)
4)
a)
5)
a)
6)
a)
7)
a)

If Sin?(cosx)=n/2 — X, then

—n<x<0 b)0<x<m C) -2 <x<m/2 d) —n/4 <x <3m/4
Tant1=

/2 b) /3 c) m/4 d) None
Principal value of cos™(-1/2) is

/4 b) 2 n/3 c) /2 d) w/3

The domain of sin2x + cos™2x is

R b) [-1, 1] ¢) [-1/2, 1/2] d) [1,m+1]
Range of sec’x is

[0, ] b) [0,n/2) U (n/2, w] ¢) [-n/2, n/2] d) (0, m)

If sinx = y then

0<x<m b) -n/2<y<m/2 c) -1<x<1 d) -1<y<l1
The principal value of sin™ (sin4n/5) is

41/5 b) w/5 c) -m/5 d) -4n/5
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8)  The value of cot(cos™ (7/25)) is

a)  25/24 b) 24/25 ¢) 7/24 d) 25/7
9)  SintV1-x)=
a) Sin?x b) cos™tx c) tantx d) cot™x

10) Assertion : The principal value of cos™(cos7a/6) is 51/6
Reason  :cos™(cosx) = x, forall x € [0, x]

a) Aistrue R is true and R is correct explanation for A
b) A is true R is true and R is not correct explanation for A

c) A is true but R is false d) Ais false but R is true
d)
VSAQ / SAQ:

1) Find the value of cos™ (cos 13m/6)
2)  Write cot*(1/N(x? - 1)) in the simplest form
3) Find the value of tan™ (tan 77/6)

4) If cos (sin™ % + cos™ x) = 0, then find the value of x
5) Find the domain of sin™ V(x - 1)

6) Find the domain of cos™ (-x%)

7)  Find the range of sin x + cos™ x + tan™ x

8) Find the principal value of tan™ (cot 34n/5)
9) Find the value of sin (tan™ x)

10)  Simplify: tan~! (2= —=X)

cosxX + sinx
Answers:
MCQs:
1) b 2)c 3) b 4) c 5 b 6) b b
8) b 9)c 10) a
VSAQ / SAQ:
1) a6 2) sec*x  3) w6 4) 1/2 5) [1,2] 6) [-1,1]
7) [w/4, 3m/4] 8) -3w/10  9) x/(1+x?) 10) w/4—Xx

Chapter test - 1:

Each question carries 2 marks

1) Find the principal value of cos™ (cos(-680°))
2) Find the value of tan? (sec2) + cot® (cosec™3)

3) If cos™x > sin™x, then find x
4) Find the domain of cosx + sinx
5) If sin"x + sin"'y = x, then find X208 4 2023

6)  Find the value of cot (sinx)

7) Find the value of sin(cos™(-3/5))

8) Find the value of sin™(cos(sin™ 1/2))

9) Find the domain of sin™*2x

10)  If tan™’x = n/10, then find the value of cot™x

Chapter test: 2
Each question carries 2 marks
13

1) Write the value of tan!2sinii{2 cos )

2) Prove that sce?(tan™ 2) + cosec’(cot™3) = 15

V1+x?

3) Express tan™? +_1 in the simplest form

3
4)  Write the simplest form of tan? (i:;)
. - -1 COSsX
5) Write the simplest form of tan (—1+sinx)
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6) Find the value of cot(cos™ x)

7) Find the value of cos™ (cos 10)

8) If cos™ (-5/12) = tan™ x, then find the value of x
9) Find the domain of tan™ (3x + 4)

10)  Find the principal value of 2cos™ (1) + sin™ (1/\2)
11)  The solution set of sin x < cos™ x

12)  Find the value of cos(n/3 + cos™ (-1))

13)  Find the value of sin™(sin57/3)

14)  Find the value of cos(tan™ {cot(sin™ 1/2)})

15)  Write the value of sin (/3 - sin*(-1/2))
Answers

Chapter test:1

1) 21/9 2) 11 3) xe (-1, 1A2)
6) Y1 7y 24125 8) 13

X

Chapter test: 2

1) w3 3) ﬁ% 4) Y5 tanx
6) n/4—x/2 7) 4n—10 8) No solution
11) (-1~2, 112) 12) 4n/3 13) -n/3
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4) [1, 1]
9) [-1/2, 1/2]

5) 3tan” x

10) Sm/4
14) 1/2

5) 2
10) 2n/5

15) 1



MATRICES & DETERMINANTS

A matrix is a rectangular array of mxn numbers arranged in m rows and n columns.

aqq o R - U — ROWS
A_|32 Bzl
LCOLUMNS
i Am e B Jn
OR
A:[aij]mmehere i=1,2,....m;j=1,2,....n.

* Row Matrix: A matrix which has one row is called row matrix. A=[aj;}in

* Column Matrix : A matrix which has one column is called column matrix. A =[a;j]yn.q-

* Square Matrix: A matrix in which number of rows are equal to number of columns, is called a

square matrix A =[a;;]mxm

* Diagonal Matrix : A square matrix is called a Diagonal Matrix if all the elements, except the

diagonal elements are  zero. A=[ajj]n.n, Wherea;;=0,i=j. ;=0 ,i=].

* Scalar Matrix: A square matrix is called scalar matrix it all the elements, except diagonal elements are

zero and diagonal elements are some non-zero quantity. A=[a;],., , where a; =0if i=]. anda;=k,i=
J.

* ldentity or Unit Matrix : A square matrix in which all the non-diagonal elements are zero and
diagonalelements are unity is called identity or unit matrix.

* Null Matrices : A matrices in which all element are zero.

* Equal Matrices : Two matrices are said to be equal if they have same order and all their corresponding
elements are equal.

* Sum of two Matrices :If A = [a;] and B = [b;;] are two matrices of the same order, say m x n, then, the
sum of the two matrices A and B is defined as a matrix

C = [Cijlmx n, Wherec;j= ajj+ by, for all possible values ofiand j.

* Multiplication of a matrix :

kKA =k [ai,-] mxn= [k (ai,-)] mxn

* Negative of a matrix is denoted by —A. We define-A = (- 1) A.

* Difference of matrices :If A = [a;j], B = [bj;] are two matrices of the same order, say m x n, then
difference A — B is defined as a matrix D = [d;;], where d;j= aj;— bjj,for all value of iand j.

*Properties of matrix addition :

(i) Commutative Law :If A =and B are matrices of the same order, then A+ B =B + A.

(i)Associative Law :For any three matrices A, B &C of the same order, A+ B)+C=A+ (B +C).
(iii)Existence of identity: Let A be an m x n matrix and O be an m x n zero matrix,

then A+ O =0+ A =A.i.e. Ois the additive identity for matrix addition.

(iv) Existence of inverse :Let A be any matrix, then we have another matrix as — A such that

A+ (—A)=(A)+A=0. So - A is the additive inverse of A or negative of A.

* Properties of scalar multiplication of a matrix :If A and B be two matrices of the same order, and k and
| arescalars, then

(i) k(A +B) =k A + kB, @[ k+DA=KA+ITA(i) (kt)A=KA+ITA

*Product of matrices: If A& B are two matrices, then product AB is defined, if number of column of A =
number of rows of B.

n
ie. A :[aij]mxn , B :[bjk]nxp then AB = [Cik]mxp .where Cik = Zaij.bjk
j=1
*Properties of multiplication of matrices :
(i) Product of matrices is not commutative. i.e. AB = BA.
(i) Product of matrices is associative. i.e. A(BC) = (AB)C
(iii) Product of matrices is distributive over addition i.e.(A+B) C = AC + BC
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(iv) For every square matrix A, there exist an identitymatrix of same order such that 1A = Al = A.
* Transpose of matrix : If A is the given matrix, then the matrix obtained by interchanging the rows and
columns is called the transpose of a matrix.
* Properties of Transpose :
If A & B are matrices such that their sum & product are defined, then

Gi).(AT) = A (ii).(A+B) =AT+BT (iii). (KAT)=K.AT where K is a scalar.
(iv).(AB)T =BTAT  (v).(ABC)" =CTBTAT.
* Symmetric Matrix : A square matrix is said to be symmetric if A = AT e If A =[aj]mm , then

ajy =ajiforall i, j. Also elements of the symmetric matrix are symmetric about the main diagonal

* Skew symmetric Matrix : A square matrix is said to be skew symmetric if AT= —A
If A:[aij]mxm , then ajj =i forall i, j.

* Elementary Operation (Transformation) of a Matrix:
(i) Interchange of any two rows or two columns :Rij< R; ,Ci— C;.
* Multiplication of the elements of any row or column by a non-zero number:
Ri— k R;, Ci— kC;j, k#0
* Determinant :To every square matrix we can assign a number called determinant
If A= [3.11], det. A = | A | = di1.

IfA= [all 312} , |A| = djido2 — do1d12.
dy A
* Properties :
(i) The determinant of the square matrix A is unchanged when its rows and columns are
interchanged.
(ii) The determinant of a square matrix obtained by interchanging two rows(or two columns) is negative
of given determinant.
(iii) If two rows or two columns of a determinant are identical, value of the determinant is zero.
(iv) If allthe elements of a row or column of a square matrix A are multiplied by a non-zero number k, then
determinant of the new matrix is k times the determinant of A.
(v) If elements of any one column(or row) are expressed as sum of two elements each, then determinant can
be written as sum of two determinants.
(vi) Any two or more rows(or column) can be added or subtracted proportionally.
(vii) If A & B are square matrices of same order, then |AB| = |A| B
*Singular matrix:A square matrix ‘A’ of order ‘n’ is said to be singular, if | A| = 0.
* Non -Singular matrix : A square matrix ‘A’ of order ‘n’ is said to be non-singular, if | A| = 0.
* If A and B are non-singular matrices of the same order, then AB and BA are also non-singular matrices of
the same order.
* Let A be a square matrix of order n x n, then | KA| = kK"| A|.

X
* Area of a Triangle:area of a triangle with vertices (X1, Y1), (X2, ¥2) and (X3, y3) = 5 xi 3//2
X3 Y3
Xy
* Equation of a line passing through (X1, y1)&(Xz, ¥2)is|X; y; 1=0
X2 Y2

*Minor of an element a;;of a determinant is the determinant obtained by deleting its i row and ™ column in
which elementajjlies. Minor of an element a;;is denoted by Mj;.

* Minor of an element of a determinant of order n(n > 2) is a determinant of order n — 1.

* Cofactor of an element aj;, denoted by Ajjis defined byAjj= (-1)"'Mj;, where Mjjis minor of ajj.

* If elements of a row (or column) are multiplied with cofactors of any other row (or column), then their sum
IS zero.

*Adjoint of matrix :
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If A=[a;;] be a square matrix then transpose of a matrix [A;], where A; is the cofactor of A;; element of

matrix A, is called the adjoint of A.

Adjointof A = Adj. A= [A;]T.

A(Adj.A) = (Adj. A)A=| Al L.

* If A be any given square matrix of order n, then A(adjA) = (adjA) A= |A| |,

* If A is a square matrix of order n, then |adj(A)| = |A|" L.

*Inverse of a matrix :Inverse of a square matrix A exists, if A is non-singular or square matrix A is said to

be invertible and A™- ﬁ Adj.A

*System of Linear Equations :
ax + bly +ciz=dy, ax+ bzy +Cz=dy, axx+ b3y + C3z = ds.
a; b, ¢ | X dy
a, by, c,|yl=|d, |=>AX=B =X=A'B ;{|A]|=0}.
as by c3z ds
*Criteria of Consistency.
(i) If JA] = 0, then the system of equations is said to be consistent & has a unique solution.
(i) If JA| = 0 and (adj. A)B = 0, then the system of equations is consistent and has infinitely many solutions.
(iii) If |A| = 0 and (adj. A)B= 0, then the system of equations is inconsistent and has no solution.

SOME ILLUSTRATIONS/EXAMPLES (WITH SOLUTION)
(1) Multiple Choice Questions:

Q.LIf [é 2 = P 4+ Q, where P is symmetric and Q is a skew symmetric matrix, then Q is equal to
5/2 0 — —5/2 —5/2
@5 4] ®F 7 sz "o | @5, 1]
Solution: LetA = [2 0 . A' = 3 i
Now A + A = [ 4 4 g %(A+A’)=[S/2 Sﬁz]zp
_ 0o - o1 ~_[0O -5/2
_A—[s 4 [ ] "E(A_A)_[S/z ] Q

So, Correct option is optlon (c).
Q.2. If Alis 2 x 3 matrix such that AB and AB' both are defined, then find the order of the matrix B
@2x3 (b)3x3 (©)2x2 (d) Not defined
Solution:Let order of B bem X n
-~ AB is defined, = No. of columns in A = No. of rows in B
=3=m
Order of B'=n xm
Again -.- AB' is defined, =~ No. of columns in A = No. of rows in B’
=3=n
So,orderof B=m X n =3 X 3.
=~ Correct option is (b).

2 4] _12x 4 : .
Q.?,.If|5 1 _|6 X|,then the possible value(s) of x is/are

@1 (0) ¥3 © 3 (@) V3
Solution:  Since |§ 4| = |2X 4|
=2 —20=2x?-24 =>-18+24=2x*> 22x*=6 =x=+V3

=~ Correct option is (d).
Q.4. If |A| = |kA|, where A is a square matrix of order 2, then sum of all possible values of k is

(@)1 (b)-1 (c) 2 (d)o
Solution: |A| = |kA| and n=2
Al =K |A| (KAl = K" |A])
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=>k?=1 =>k=+1 = Sumof all valuesof k=+1-1=0
=~ Correct option is (d).

0] Case Based Study Question:
Q.5.To promote the usage of house toilets in villages especially for women, an organisation tried to generate
awareness among the villagers through (i) house calls (ii) letters and (iii) announcements

The cost for each mode per attempt is (i) Rs 50 (i) Rs 20 (ii)Rs40  respectively
The number of attempts made in the villages X, Y and Z are given below:

(i) (ii) (iii)
X 400 300 100
Y 300 250 75
Z 500 400 150
Also the chance of making of toilets corresponding to one attempt of given modes is:
Q) 2% (i) 4% (iii) 20%

Let A, B, C be the cost incurred by organisation in three villages respectively.
Based on the above information answer the following questions
(A)  Form arequired matrix on the basis of the given information.
(B) Form a matrix, related to the number of toilets expected in villagers X, Y, Z after the promotion
campaign.
(C)  What is total amount spent by the organisation in all three villages X, Y and Z
OR
What are the total number of toilets expected after promotion campaign?
Solution:(A) Rs A, Rs B and Rs C are the cost incurred by the organisation for villages X, Y, Z respectively,
therefore matrix equation will be

300 250

_ 1500 400 150 _
(B) Let number of toilets expected in villagers X, Y, Z be X, y, z respectlvely

Therefore required matrix is
X7 [400 300 100 2/100
[yl 300 250 4/100

500 400 150 20/100

[400 300 100

A 400 300 1007[50 20000 + 6000 + 4000 30000
(C).|B| =300 250 75 = 115000 + 5000 + 3000| = (23000

C 500 400 150 25000 + 8000 + 6000 39000
Total money spent = 30000 + 23000 + 39000 = 92000 Rs

OR
From part (B) the required matrix for the expected number of toilets is:
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X 400 300 1007[ 2/100 8+12+ 20 40
l =300 250 4/100 6+ 10+ 15| =31
500 400 150/120/100 10+ 16 + 30 56

So, total number of toilets expected in 3 villages are = 40 + 31 + 56 = 127
(iii) Short Answer Type Questions:

Q.6.If x [g] +y [_11] = [150] then find the value of x and y.
Solution: Given X[Z] + y[—ll] _ [150]

2x 1071, [2x—y] _ [10
ol RN S B i R

So2x-y=10and3x+y=5

Onsolvingwe getx =3 andy = -
Q.7. If A is a square matrix such that A% = A, show that (I + A)> = 7A + 1.
Solution: L.H.S. = (I + A)* = I + A% + 31°A + 3|A?
=1+ AZA+3IA+3IA%= 1+ AA+3A +3IA
=1+A*+3A+3A=1+A+3A+3A

=1+7A=R.H.S. Proved.
(iv) Long Answer Type Questions:
2 2 -4 1 -1 0
Q8 IfA=|-4 2 —4 and B = [ 3 4], then find BA and use this to solve the system of
2 -1 0 1 2
equations: y+22—7 X — y 3and 2x+3y+4z-17
—1 0 —4 6 0 O 1 0 O
Solution:BA = ” ] [O 6 0 6[0 1 0] = 6]
0 0 6 0 0 1
( )_1 = B‘1=1A=1—4 ; j]
6 6 6l -1 s

The given equations can be re-writtenas, x -y =3, 2x+3y+4z=17, andy+2z=7
1 -1 0] 3
~BX=_Ci.e. [2 3 4] lyl = [17]
0 1 21z 7
X1 1[2 2 —41[3] 1[12 2
= X =B"!Ci.e. M = g[—4 2 —4] [17] = 8[_6] = [_1]
z 2 -1 s51l7 24 4

Hence,x =2,y =—1andz =4
cosx —sinx 0
Q.9.If F(x) = [sinx cosX 0] prove that F(x) F(y) = F(xty)
0 Ocosx 1—sinx 0 cosy -—siny 0
Solution: Given F(x) = [sinx COSX O] so F(y) = [siny cosy 0]
0 0 1 0 0 1
cosy —siny 0
Hence F(x).F(y) = [sinx cosx O [siny cosy 0]

0 0 1L o 0 U
[cosxcosy — sinxsiny —cosxsiny — sinxcosy 0] [cosif@x +y) —sinifk +y) 0]

cosx -sinx 0

= |sinxcosy + cosxsiny —sinxsiny + cosxcosy 0|=|sinfx +y) cosifx+y) O
0 0 1 0 0 1
Hence F(x).F(y) = F(x +y)

QUESTIONS FOR PRACTICE:

Multiple Choice Questions:

QLifa=[) !

. O]' then A? is equal to
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0 1 1 0 0 1 1
@ of ®f g , 7(‘:)[0 e
2x+y 4x] _ [ y ]
Q.2.If [Sx _ 4X] =ly x+6 then the value of x and y is

(@x=3,y=1 (b)x=2,y=3 (c)x=2,y=4 (dyx=3,y=3
Q.3. For any two matrices A and B (a) AB = BA (b) AB # BA (c) AB = O (d) None of these
Q.4. which one is not correct (a) (AB)' = B’A’'(b) A'B’ = (BA)'(c) (kA) =kA'(d) A'=A
4 1)*_13 2| _|x 3 .
Q.5.If |2 = |1 X| |_2 1|, then the value of x is:(2) 6 (b)3 ()7 (d)1 1
Q.6.I1f A is a square matrix of order 3 and |A| = 5, then |adj Alis (a) 5 (b) 25 (c) 125 (d)g
Q.7. The area of triangle with vertices (-3,0), (3,0) and (0,k) is 9 sq units. Then the value of k will be(a) 9

(b) 3 (c)-9 (d)6
cost t 1 (e
Q.8.Let f(t) = |2sint t 2t], then limtﬁot(—z) isequal to(@) 0 (b)-1 (c)2 (d) 3
sint t t

Q.9.If A is a symmetric matrix, then A% is:

(a) Symmetric Matrix (b) Skew Symmetric Matrix (c) Identity matrix (d)Row Matrix
Assertion Reason Based Question:

Q.10.For A and B square matrices of same order, choose appropriate option

Assertion (A): (A + B)?£A*+ 2AB + B?

Reason (R): Generally, AB # BA

(@) Both A & R are true & R is the correct explanation of A

(b) Both A & R are true but R is not the correct explanation of A

(©) A is true but R is false

(d)  Alisfalse but R is true

Case Study Based Questions:

Q.11.Read the following text and answer the following questions from (1 - 5) on the basis of the same:
A manufacture produces three stationery products Pencil, Eraser and Sharpener which he sells in two
markets. Annual sales are indicated below

TheLm)e ! s B
MRS =% MODERN BOOK SHOF

ST Coat Noms BOOKS & STATIONERS

Market Products (in numbers)
Pencil Eraser Sharpener
A 10000 2000 18000
B 6000 20000 8000

If the unit Sale price of Pencil, Eraser and Sharpener are Rs 2.50, Rs 1.50 and Rs 1.00 respectively, and unit
cost of the above three commodities are Rs 2.00, Rs 1.00 and Rs 0.50 respectively, then,

Answer the following questions using matrix method.

(1) Total revenue (in Rs) of market A is ....

(i) Total revenue (in Rs) of market B .....

(ili)  Cost (in Rs) incurred in market A ?

(iv)  Find profits (in Rs) in market A and B respectively.

v) Find gross profit (in Rs) in both market.

Q.12.A school wants to award its students for the values of honesty, regularity and hard work with a total
cash award of Rs 6000. Three times the award money for hard work added to that given for honesty amounts
to Rs 11000. The award money given for honesty and hard work together is double the one given for
regularity.
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Based on the above information, answer the following questions:

(1) If Rs x is awarded to honesty, Rs y to regularity and Rs z awarded to hard work, then what is the
matrix equation representing the above situation ?

(i)  What is the value of |adj A| ?

(ili)  What are the values of x, y, z respectively in this case ?

(iv)  What is the value of |A™| ?

v) What is the value of A(Adj A) ?

Q.13. Two school KV-1 and KV-2 want to award their selected students on the values of sincerity,
truthfulness and helpfulness. KV-1 wants to award Rs x each, Rs y each and Rs z each for the three
respective values to 3, 2 and 1 students respectively with a total award money of Rs 1600. KV-2 wants to
spend Rs 2300 to award its 4, 1, 3 students on the respective values (by giving the same amount of the three
values as before). The total amount of the award for one prize on each is Rs 900.

Answer the following questions using matrix:

(1) Determinex +y +z

(i)  Calculate the value of 2x +y +3 z.

(i)  What is the value of y?

(iv)  Find the value of 2x + 5y.

(v) Determine y — X.

Short Answer type Questions:

x 2 3

Q.14. Ifx=-4isarootof |1 x 1| =0, then find the sum of other two roots.
] 3 2 X
Q.15. If A = 8 é] then find A202¢

Q.16. If A is a 3x3 invertible matrix, then what will be the value of k if det (A™) = (det A),
Q.17. IFA= _41 ﬂ then find (A — 21) (A — 31).

0 1 1
Q.18.1fX=|1 0 1], then find the value of (X2 — X).
1 1 0
0 1 1
Q.19. Matrix A=|[1 0 1| isasymmetric matrix, find values of a and b.
1 1 0

Q.20. Show that the elements on the main diagonal of a skew symmetric are all zero.
: . 1 2 31_[1-7 -8 -9
Q.21. Find the matrix X so that X [ = [ ) 4 6 ]

4 5 6
1 -1 1
Q22.IfA=|1 -1 1| thenfind A°—A*—A%+A%
1 -1 1

Q.23. If Alis a square matrix of order 3, |JA’| = - 3, then find the value of |AA’.
Long Answer type Questions:
Q.24. Solve the system of the following equations:

2 3 10 Y 4 6 5 c 6 9 20
x'y z x y z X'y z
Q.25. Express the following matrix as the sum of a symmetric and skew-symmetric matrix, and verify the
3 =2 -4
result: [ 3 -2 —5].
-1 1 2
[1 -2 O 7 2 -6
Q.26.IFA=[2 1 3], B= [—2 1 —3], find AB and hence solve X—2y=
0 -2 1 -4 2 5
10, 2X+y+32=38, -2y+z=7
-3 -2 —4 1 2 0
Q27.1fA=]| 2 1 2 ] and B = [—2 -1 —2], then find AB and use it to solve the following
| 2 1 3 0 -1 1
system of equations: x—-2y=3, 2x-y-z=2, —2y+z=3.

24



1 2 0

Q28. IfFA=|-2 -1 —2], find A~*. Using A%, solve the system of linear equations: X—2y=
0 -1 1

10, 2X—-y—-2=8, —2y+z=1.

ANSWERS:
Questions for Practice: 1. (d) 2.(b) 3. (d) 4.(d) 5. (a) 6.(b) 7.(b) 8.(a) 9. (a) 10. (a) 11(i). 46000
11(ii). 53000 11(iii). 31000 11(iv). (15000, 17000) 11(v). 32000

1 1 1]1yx [6000
12(i). [1 0 3] ylz[nooo] 12(ii). 36, 12(iii). (500, 2000, 3500), 12(iv). 5, 12(v). 61, 13(i). 900
1 -2 1llz 0

13(ii). 1900 13(iii). 300 13(iv). 1900 13(v). 100 14.4, 15.0

16.-1, 17. 0, 18.21, 19.-2/3 & 3/2, 21. [; _02], 22.0, 23.9, 24.x=2,y=-3,2=5, 25

3 1/2 -5/2 0 -5/2 -3/2
[1/2 -2 -2 |+]|5/2 o -3 ] 26.x=4,y=-3,2=527.AB=l;x=1y=-1,z =
-5/2 -2 2 3/2 3 0
-3 -2 —4
1,28.A12 1 2|;x=0y=-5z= -3
2 1 3
CHAPTER TESTS
CLASS TEST -I
Max Marks: 20 Time: 40 Min
1. If A is a 2x3 matrix such that AB and AB’ both are defined, then find the order of 1
the matrix B.
2. 0 a 3 1
If the matrix [2 Db —1] is a skew symmetric matrix, find the values a, b and c.
c 1 0
3. Prove that AA’ is always a symmetric matrix for any square matrix of A. 1
4. If A and B are square matrices, each of order 2 such that |A|=3 and |B|= - 2, then 1
write the value of |3AB|.
5.  If A is a square matrix of order 3 such that [adj A| = 225, find |A"]. 1
6. 1

2x 5| _|6 -2 . .
If | 3 X| = |7 3 | then find the possible value(s) of x.

7. Find the equation of the line joining A(1,3) and B(0,0) using determinants and find 2
k if D(k,0) is a point such that area of triangle ABD is 3 sq units.

8. 4 -4 8 4 2
Find A if [1[A=[-1 2 1]
3 -3 6 3
9. 1 -1 0 2 2 -4 5
GivenA=1]2 3 4|andB= [—4 2 —4] , find BA and use it to find the
0 1 2 2 -1 5
values of X, y, z from given equations:
X—y=3, 2x+ 3y + 4z =17, y+2z=17
10. cosx —sinx 0 5
If f(x) = [sinx coSs X O], prove that: f(x)f(—y) = f(x —y)
0 0 1
CLASS TEST Il
Max Marks: 30 Time: 60 Min
1. If Aiis asquare matrix of order 3 such that A> = 2A, then find the value of |A|. 1
2. If Aisasquare matrix of order 3 and |A| = - 4, find |adj A|. 1
3 |§ ;L = |26X i| then find the possible value(s) of x. 1
“ apa=[) ] thenfind A202%. 1
5. 1

If [é Z] =P+ Q, where P is a symmetric and Q is a skew symmetric matrix, then
find Q.
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—tanZ 10 _
Let A= 0 tan2 and I={0 J. Prove that I+A=(I—A){Cosa —sin (x]

o sina.  cosa
tan— 0

7. Find the equation of the line joining P(4,0) and Q(0,2) using determinants and find 2
A if R(A,0) is a point such that area of triangle PQR is 4 sq units.

8. Showthat A= { 5 3 } satisfies the equation x* — 3x — 7 = 0. Thus find A, 2
-1 -2
9 3 -10 . 5
ExpressA=|, , 3| asthesum of a symmetric and a skew-symmetric matrix.
1 -1 2
And verify it.
10. 31 2 5
IfA=|[3 2 =3[, Find A=l Hence, solve the system of equations :
2 0 -1
3x+3y+2z=1, X+ 2y = 4, 2x—3y—z=5
11. -5 1 3 5
Find the product of two matrices A and B, where A= | 7 1 =5]
1 -1 1
1 1 2
B=|3 2 1]anduse itfor solving the equations:
2 1 3
Xx+y+2z=1, 3x+2y+z=7, 2Xx+y+3z=2
Case Study Based Question
12. 1. Two farmers Ramakishan and Gurucharan Singh cultivate only three

varieties of rice namely Basmati, Permal and Naura. The sale (in Rs) of these
varieties of rice by both the farmers in the month of September and October are
given by the following matrices A and B

September sale (in Rs)A = [;OOOO 20000 300001 Ramakishan

0000 30000 10000! Gurucharan
5000 10000 6000 1Ramakishan

October sale (in Rs)B = [20(_)00 10000 10000) Gurucharan
Answer the following questions using above information:

(i) Compute the total sales in September and October and write answer in terms of
A and B.
(if) What is the value of Ay3 ?

(iii) Determine the decrease in sales from September to October in terms of .
A and B. 1
(iv) If Ramakishan receives 2% profit on gross sales, compute his profit (in Rs) for 1
each variety sold in October using matrix method.
1
ANSWERS
CLASS TEST -1
1. 3x3 2.(a=-2,b=0,c=-3) 4.—4,5.4£15,6.46, 7.3x-y=0; k=2,
8.[-1 2 1], 9.BA=61; (x=-14/3,y =-23/3,z =37/3).
CLASS TEST -1
0 -5/2
1. 8 2163 +V3, 4.0, 5. [5/2 o ] 7. x + 2y = 4; 1=0,8,
3 1/2 1/2 0 -3/2 -1/2
8. [_21//77 _35//77] o.A=[12 0 1 |+[3,2 o 2 |
1/2 1 2 1/2 -2 0
-2 1 =7
10. At=-1/17(-3 -7 15]; (x=2,y=1,z=-4) 11. AB=BA=4l; (x=2,y=1,z=-1), 12. (i)
-4 2 3

A + B, (i) Az = 10000, (iii) A — B, (iv) Rs 100, 200, 120.
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CONTINUITY& DIFFERENTIABILITY

* A function f is said to be continuous at x = a if

Left hand limit = Right hand limit = value of the function at x = a

Le. lim f(x)= lim f(x)=f(a)
X—a~ x—at
ie. lim f(a—h)=Ilim f(a+h)=f(a).
h—0 h—0
* A function is said to be differentiable at x = a
if Lf'(a)=Rf'(a)i.e lim fla=h)-f@) _,
h—0 —h h—0

" dx L xn

() — ()= i[lj: i 9 (vx

(i) = 09=1

(iv) a (@)=a" loga,a>0,a=1.
dx

(vi) a (logax) =, L a>0,a=1,x
dx x loga

wiii) -9 (logal x |) = ,a>0,a%L, x=0
dx x loga

d .
— = v R.
(x) X (sinx)=cosx, V X
.. d p
— (t = Y R.
(xii) i (tan x) =secx, V X

(xiv) di (sec x) =sec xtanx, V x € R.
X

Lood o
xvi) — (sin™x) = .
(xvi) - (sin"x) T

V XxXeR

... d 1
- t = ,
(xviii) X (tan™x) T2

(xX) % (sec’x) =

1
Ix[Vx2-1
(xxii) dix (Ix]) =%,x¢0
(xxiv) %(uiv):j—iig—z

. d (u Vju_ujv
(XXVI)d_x(;j:%

SOME ILLUSTRATIONS:
MCQ

1. If y = log tan v/x then the value of i—i is
1 sec 2vx 2
(2)5% (b) = (c) 2sec’Vx
Ans: (d)
dy

2. If y = (cosx?)? then — i

S xnL’ dx

I,

. fla+rh)-f@)

1

i) L =0, vceRr
dx
d Xy — AX
(v) ™ (€)=¢"
(vii) % (Iogx):i,x>0
(iX) dix(log|x|):%,x¢0
(xi) dix (cosx)=-sinx, VX € R.
(xiii) dix (cot x) =— cosec’, V x € R.

(xv) di (cosec x) =—cosec x cot x, V X € R.
X

(xvii) dix (cos™x) = ﬁ

(Xix) d";x (cot™x) = _ﬁ, VxeR
. d s 1

(xxi) ™ (cosec™x) = _leﬁ'

(xxiii) dix(ku) = kj—i

(xxv) i(u.v) = ug—Z+vg—u

sec2vx
( ) 2+4/X tan x
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(a)-4xsin2x*  (b)—xsinx* (c) -2xsin2x* (d) -xcos2x?

Ans: (c)
3. If y = cot™( x2) then the value of i—i is
—2x —2x
1+4 (b) Vi+ax (c) 1+x4 (d) Vi+x2
2 (c)

SHORT ANSWER TYPE QUESTIONS
3ax+b, if x>1
**Q. L Iff(x) = J11 if x=1 ,continuousatx =1, findthe values ofaandb.

5ax—2b, if x<1
sol. lim f(x) = lim f(x) = f (0)......... (i)
X—1" x—1"

|inqu(x) =limf(1—h) = rllin(l)[Sa(l—h)—Zb]=5a—2b
X - -

lim f(x) = limf(1+h) =lim[3a(l+h)+b]=3a+b
x—1" h—0 h—0

f) =11

From(i) 3a+b=5a-2b=11and solutionisa=3,b=2

Q. 2. Ify:sin(msin’lx) prove that (1 X )j >2/ gy+m y=0
X X

. . dy
Sol.y =sin(msin™?x hel
y=sin{msinx) =

= J1-x° g—i = mcos(msinflx)
Again diff.w.r.t.x, v1- d)zl dx( ZX) —msm(msm x)

= cos(msin‘lx)
1-x?

dx V1-x 1-x?
2
:>(1— xz)jx—g— xg—){ —m? sin(msin’lx): —m?y

= (1—x )jx—y—x:—Z+m2y=0

LONG ANSWER TYPE QUESTIONS
**If y = (log, x)* +x"%* find j—y
X

X loge x
SOI . y = (Ioge X)X + XIOge X =e IOg{(wge X) }_|_ elog{x ‘ }
_ g Xlogi(log,x); _glog, x.log, x

. Iog(logx)-l} +19% X109, X[_Iogx + _Iogx}

logx x X X

dy _ xiogi(s, X)}{X.—
dx

1 logx
=(log, x)*| —— +log(logx) [+ x"%*| 2 —==
(ge)[logx g(g)} [ X}
QUESTIONS FOR PRACTICE
_(3x—5 x <5. . _ . -2
Q 1. If f(x) _{ Sy oz iscontinuousatx=5thenkis (a)5 (b) 10 (c) 15 (d) 7
Q 2. The function f(x) = [x]is continuous at (a)4 (b)-2(c) 1 (d) 15

— 42 — 43 2y 3 3 3 3t
Q3. Ifx=t" and y=t thendz is equal to (a)E (b) " (C)Z (d)?
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Q4. Derivativeof x* wrt x* is (a)~ (b) = (c): (d) 3
Q5. Assertion: f(x) = [x] not differentiable at x =2
Reason : f(x) = [x] not continuous at X = 2
(a) Both A and R are true and R is the correct explanation of A
(b) Both A and R are true and R is not the correct explanation of A
(c) Aistrue but R is false
(d) As false but R is true

ANSWERS
1. (a) 2d) 3 (b) 4 (b) 5 (a)

SHORT ANSWER TYPE QUESTIONS

2

3 is discontinuous.

Q 1. . Find the number of points at which the function f (x) = 99

sin2x
Q 2. . Find the value of k for which f(x) :{ 0 ' X70 iscontinuous at x = 0.
k , X=0

Q 3. .Discuss the differentiability of the function f(x) = [x — 2| at x = 2.

. d T X
4. .Find : —| log. tan| =+ =
Q " dx{ % (4+2j

Q5. Find ; d | ant ‘/1+s!nx where0<x <=
dx 1-sinx 4

Q6. . Find :%[XS”‘X]

Q 7. Find the relationship between aand b so that the function defined by

ax +1 JdfF x<3 .
f(x) = is continuous at x = 3.

bx +3 JAfF x>3

2
Q 8. If x=a( cost+tsint) and y = a ( sint — t cost) find jx—i

Q9. Ifx=+va™ ' y=+va® ' show that j—i:—%.
Q 10. Find :dix[logsin\/x2 +1]

ANSWERS
L Exactly three points (0,3and -3) 2. % 3. not differentiable at x = 2
4. Secx 5. % 6. XSinX[COSX.|OgeX+Sian -
X

3a—3b=2 isthe relationbetweenaand b

g sec’t XCcosvVxZ +1

) 10.
at Ix2 +1.sinvVx2 +1
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CLASS TEST -1
Each 3 marks

1. 1f y = (sin x)* +sin */x find ;ﬂ
X

2.Find % if (cosx) =(cosy)* .

31Fx =va™ Uy =a®"t show that j_V:_X,
X X
4. If x=a(cost+tsint) and y=a(sint —tcos t),
2
fing &Y.
dx

5.1f y = (tan~"' X)2, show that
(x2 +1)2 Yo + 2X (x2 +1)y; =2

6..If y=(x+\/x2 +a2)n, prove that %:#

7..0f log, /x> +y? = tanl[l} prove that % _X*y
X X

X=y
8. 1f x™y" =(x+y)"", provethat % _Y
X
9.1f x J1+y +y+1+x=0,for,—1<x <1, prowe that
dy___ 1
dx  1+x?
10. If y = (log, x)* +x"°%* find j—i
ANSWERS
1. (sinx)*[x cot x + logsinx] 42 x L
2 x—x2
2 y tanx+logcosy
' xtany+logcosx
3 sec3x

' at
10. (logx Y“'[1 + logx x logiflogx)]

CHAPTER TEST -2
1. The function f(x) = [x]is continuous at 1M
(a)4 (b)-2(c) 1 (d) 15
2
2.1fx=t* and y= thenjx—i is equal to 1M
3 3 3 3
(a); (b) = (c)= (I3
.3. Derivative of x> w.rt x° is 1M
1 2 2 3x
(a)- (b) =~ (c)3 ()~

_ (3x—5 x <3. . _ .
4. 1Ff(x) = { ok x >3 S contlnu_ozus at x=3 then k is 1M
(a)2 (b) 4 (c) 15 (d) —
5. Assertion : f(x) = |x| not differentiable at x =0 1M

Reason : f(x)= [x| notcontinuousatx =0
(a) Both A and R are true and R is the correct explanation of A
(b) Both A and R are true and R is not the correct explanation of A
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(c) Aistrue but R is false
(d) As false but R is true

2
6. If x=a(d—sin6), y=a(l+cosh), find d—)zl ato="2M
dx 2

7.1f X = a(cose+logtangj and y=asin0o find% ato :%
3ax+bh, if x>1

8. Iff(x) = J11 if x =1, continuous at X = 1,find the values of a and b.
5ax-2b, if x<1

9. (cosx)” =(siny)*, then find(dj—i. 2M

10. Find 3—1 atx =1,y =7 ifsin’y + cosxy =k
11 Find < if y = e 1k

ANSWERS

2M

2M

1. D 2. A 3 B 4A5C6.1/a7.1 8. a=3 b=2 9 % - logkiny+ytanx
dx log(cosy)—x coty

etan—l&
2v/x(14x)
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APPLICATION OF DERIVATIVE

. . . : e d
** \WWhenever one quantity y varies with another quantity x, satisfying some rule y = f (x) , then d—i (or f

. d
'(x)) represents the rate of change of y with respect to x and {—y} (or f'(xg)) represents the rate of
X Ix=x

change of y with respect to x at x = Xo.
** Let | be an open interval contained in the domain of a real valued function f. Then f is said to be
(i) increasing on 1 if x;<xz in I = f(x1) <f(xp) forall x;, X2 e .
(i) strictly increasing on I if x;i< Xz in | = f(X1) <f(x2) forall x3, xoe 1.
(iii) decreasing on 1 if x;< Xz in | = f(x) > f(xz) forall X1, Xo€ 1.
(iv) strictly decreasing on if x;< X in | =f (x3) > (x2) for all x3, X2 .
** (i) fis strictly increasing in (a, b) if f'(x) > 0 for each x € (a, b)
(ii) fis strictly decreasing in (a, b) if f'(x) <0 foreachx € (a, b)
(iif) A function will be increasing (decreasing) in R if it is so in every interval of R.

** Slope of the tangent to the curve y = f (x) at the point (Xo, Yo) is given by {j—y}
X1(%o.¥5)

** The equation of the tangent at (Xo, Yo) to the curve y = f (x) is given by 'y —yo = F'(Xg) (X — Xo).

(=1'(xp)).

** Slope of the normal to the curve y = f (x) at (Xo, Yo) IS —

1
f'(xo)

** The equation of the normal at (Xo, Yo) to the curve y = (x) is given by y—yo = — !

f'(xo)
** If slope of the tangent line is zero, then tan 6 = 0 and so 6 = 0 which means the tangent line is parallel to
the x-axis. In this case, the equation of the tangent at the point (Xo, Yo) IS given by y = yo.

(X — Xo).

**1f0 — g , then tan 6—o0, which means the tangent line is perpendicular to the x-axis, i.e., parallel to the

y-axis. In this case, the equation of the tangent at (X, Yo) iS given by x = Xg .
** Let f be a function defined on an interval I. Then
(@) fis said to have a maximum value in I, if there exists a point c in | such that
f(c)>f(x), forall xel.
The number f (c) is called the maximum value of f in | and the point c is called a point of maximum
value of fin I.
(b) fis said to have a minimum value in |, if there exists a point ¢ in | such that
f(c)<f(x), forall xel.
The number f (c), in this case, is called the minimum value of f in | and the point c, in this case, is
called a point of minimum value of fin I.
(c) fis said to have an extreme value in I if there exists a point ¢ in | such that f (c) is either a maximum
value or a minimum value of fin I.
The number f (c), in this case, is called an extreme value of f in | and the point c is called an extreme
point.
** Absolute maxima and minima
Let f be a function defined on the interval 1 and cel. Then
(a) f(c) is absolute minimum if f(x)> f(c) for all xel.
(b) f(c) is absolute maximum if f(x) < f(c) for all xe .
(c) ce lis called the critical point off if f'(c) =0
(d) Absolute maximum or minimum value of a continuous function f on [a, b] occurs at a or b or at
critical points off (i.e. at the points where f 'is zero)
If c1,Co, ..., cpare the critical points lying in [a, b],
then absolute maximum value of f = max{f(a), f(c1), f(co), ..., f(cn), f(b)}
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and absolute minimum value of f = min{f(a), f(c,), f(c2), ..., f(cn), f(b)}.

** Local maxima and minima
(a@)A function f is said to have a local maxima or simply a maximum value at x=a if f(a = h) < f(a) for
sufficiently small h
(b)A function f'is said to have a local minima or simply a minimum value at x = a if f(a + h) > f(a).
** First derivative test : A function f has a maximum at a point x = a if
(1) f'(a)=0, and
(ii) f'(x) changes sign from + ve to —Vve in the neighbourhood of ‘a’ (points taken from left to right).
However, f has a minimum at x = a, if
(1) f'(a)=0, and
(i1) f'(x) changes sign from —Ve to +ve in the neighbourhood of ‘a’.
If f'(a) =0 and f' (x) does not change sign, then f(x) has neither maximum nor minimum and the point ‘a’ is
called point of inflation.
The points where f '(x) = 0 are called stationary or critical points. The stationary points at which the
function attains either maximum or minimum values are called extreme points.
** Second derivative test
(1) a function has a maxima at x =a if f'(x)3.4.b=0and f" (a) <0
(i1) a function has a minima at x =a if f'(x) = 0 and f ""(a) > 0.

MULTIPLE CHOICE QUESTIONS
1.The rate of change of the area of a circle with respect to its radius r at r= 6¢cm is

(@) 10m (b) 12T (c)8m d11lm

2. On which of the following is the function f given by f(x)= x'*+sinx+1 strictly decreasing
() (0,1) (b) G ©) (03) (d) None of these

3.Let the function f : R —R be defined by f(x)=2x + cos x. Then f(x)

(a) has a maximum at X = 1 (b) has a maximum at x=0

(c) is a decreasing function (d) is an increasing function

4. Which of the following functions is decreasing in(0, 7)

@) sin 2x (b) tan x (c) cos x (d) cos 3x

ASSERTION REASON BASED QUESTIONS

The following question contains STATEMENT-1(Assertion) and STATEMENT-2(Reason) and has the
following four choices,only one of which is correct answer. Mark the correct choice.

@ Statement-1 and Statement-2 are true.Statement-2 is a correct explanation for statement-1.

(b) Statement-1 and Statement-2 are true.Statement-2 is not a correct explanation for statement-1.
(©) Statement-1 is true, Statement-2 is false.

(d) Statement-1is false Statement-2 is true.

Q. STATEMENT-1(Assertion) : The function f(x)= x*- 3x?+ 6x - 10 is strictly increasing on R.
STATEMENT-2(Reason): A strictly increasing function i s an injective map.

SHORT ANSWER TYPE QUESTIONS

1. A stone is dropped into a quiet lake and waves move in circles at the speed of 5cm/sec. At the
instant when the radius of circular wave is 8 cm,how fast is the enclosed area increasing ?
2. A balloon ,which always remains spherical on inflation is being inflated by pumping in 900 cubic

centimeters of gas per second.Find the rate at which the radius of the balloon increases when the radius is 15
cm.

3. A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the ground away
from the wall at the rate of 2cm/sec.How fast is its height on the wall decreasing when the foot of the ladder
Is 4m away from the wall ?

4. Sand is pouring from a pipe at the rate of 12cm?®/s. The falling sand forms a cone on the ground in
such a way that the height of the cone is always one-sixth of the radius of the base.How fast is the height of
the sand of the cone increasing when the height is 4 cm ?
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5. Find the intervals in which the following functions are strictly increasing or decreasing

(@)  -2x3-9x%-12x+1 (b)(x + 13(x—3)3

6. Prove that y = 451—n6 8 is an increasing function of 8in [0 E]

7. Twenty meters of ere is available for fencing of a flower bed in the form of a circular sector. Find
the maximum area of the flower bed.

8. The sides of an equilateral triangle is increasing at the rate of 2cm/sec.Find the rate at which the area
increases when the side is 10cm.

9. Find the rate of change of volume of a sphere with respect to it’s surface area when the radius of the

sphere is 12 cm.

10. Let x and y be the radius two circles such that y=x>+1.Find the rate of change of circumference of the
second circle with respect to the circumference of first circle.

CASE BASED QUESTIONS

Q.1) An architect designs a building for a multinational company the floor consist of rectangular region
with semicircular ends having a perimeter of 200 m

Design of Floor

X

Ni<

<
<

Building
(1) If x and y represent the length and breadth of rectangular region then find the relationship between
the variables
(i)  Find the expression for the area of rectangular region.
(iii)  Find the maximum area of the region.
Q.2) A telephone company in Gurgaon has 500 subscribers on its list and collect fixed charge of 300 per
subscriber. The company proposes to increase the annual subscription and it is believed that every increase
of %1 one subscriber will discontinue the service based on the above information answer the following

(1) if the annual subscription is increased by Ix per subscriber then find the total revenue are of the
company .

(i)  Find average revenue of the company when annual subscription is increased by Ix per subscriber
(i) Find the maximum annual revenue of the company.

Q.3) Sonam wants to repair sweet box for Diwali at home for making lower part of box she takes a square
piece of cardboard of side 18 cm. Based on the above information answer the following questions

(i) If x cm be the length of each side of a square cardboard which is to be cut off from each corner of the
square piece of side 18 cm then find the interval in which x lies.
(ii) Find the expression for volume of the open box.
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(iii) Find the maximum volume of the box.

ANSWERS
MCQ’s- 1.B 2. D 3.A 4C 5B
Short Answer Type Questions
1. 80m 2.1/m3.8/3cm/sec 4.1/48 5. (a)-(-2,-1) increasing (b) x<-2,x>-1 Decreasing 6.Proof
7.25m*  8.10v/3cm?/sec 9. 6cm¥cm? 10.2x
CASE BASED ANSWERS

Q.1(i) 2x+my =200 (ii) 2 (100x-x3) /T (iii ) 5000/
Q.2 (i) (500-x)(300+x) (i) [(500/x)-1][300+x] (i) 160,000
Q.3 (i) (0,9) (ii)) x(18-2x) (18-2%) (iiii) 432 cm®

TEST PAPER-1(20 Marks)
1. 1.The rate of change of the area of a circle with respect to its radius r at r=6¢cm is
@) 10T (b) 12 (c)8m d1ilm 1Marks
2.A balloon ,which always remains spherical on inflationis being inflated by pumping in 900 cubic
centimeters of gas per second.Find the rate at which the radius of the balloon increases when the radius is 15
cm. 3Marks
3.A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the ground away from
the wall at the rate of 2cm/sec.How fast is its height on the wall decreasing when the foot of the ladder is
4m away from the wall ? 3Marks
4.Sand is pouring from a pipe at the rate of 12cm®/s. The falling sand forms a cone on the ground in such a
way that the height of the cone is always one-sixth of the radius of the base.How fast is the height of the
sand of the cone increasing when the height is 4 cm ?

3Marks
5.Find the intervals in which the following functions are strictly increasing or decreasing
(a) -2x°-9x*-12x+1 (b)(x + 1)3(x — 3)3 3Marks
6.Prove that y = % —0 is an increasing function of 8in [0, %] 3Marks

Q.7. An architect designs a building for a multinational company the floor consist of rectangular region with
semicircular ends having a perimeter of 200 m .

Design of Floor

( A . ( ‘
| |

«— X —> l

N

Building
M If x and y represent the length and breadth of rectangular region then find the relationship between
the variables
(i) Find the expression for the area of rectangular region.

(ili)  Find the maximum area of the region. 4 Marks
ANSWERS

1B 21/m 3.8/3cml/sec 4.1/48 t 5. (a)-(-2,-1) increasing (b) x<-2,x>-1

Decreasing

Q.7. () 2x+my =200 (i) 2 (100x-x%) /T (111) 5000/ 1

TEST PAPER-1(30 Marks)
11. A stone is dropped into a quiet lake and waves move in circles at the speed of 5cm/sec. At the
instant when the radius of circular wave is 8 cm, how fast is the enclosed area increasing ? 3Marks

35



12. A balloon ,which always remains spherical on inflation is being inflated by pumping in 900 cubic
centimeters of gas per second.Find the rate at which the radius of the balloon increases when the radius is 15
cm. 3Marks

13. A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the ground away
from the wall at the rate of 2cm/sec. How fast is its height on the wall decreasing when the foot of the
ladder is 4m away from the wall ? 3Marks

14. Sand is pouring from a pipe at the rate of 12cm?®/s. The falling sand forms a cone on the ground in
such a way that the height of the cone is always one-sixth of the radius of the base.How fast is the height of

the sand of the cone increasing when the height is 4 cm ? 3Marks
15. Find the intervals in which the following functions are strictly increasing or decreasing
(b)  -2x%-9x*-12x+1 (b)(x + 1)3(x — 3)3 3Marks
16.  Provethat y= ;:2566 -0 is an increasing function of 8in [O, g] 3Marks
17.  Twenty meters of wire is available for fencing of a flower bed in the form of a circular sector. Find
the maximum area of the flower bed. 3Marks
18.  The sides of an equilateral triangle is increasing at the rate of 2cm/sec. Find the rate at which the area
increases when the side is 10cm. 3Marks
19. Find the rate of change of volume of a sphere with respect to its surface area when the radius of the
sphere is 12 cm. 3Marks
20. Let x and y be the radius two circles such that y= x? +1.Find the rate of change of circumference of
the second circle with respect to the circumference of first circle. 3Marks
Answers

1.80 m 2.1/m3.8/3cm/sec 4.1/48 T 5. (a)-(-2,-1) increasing (b) x<-2,x>-1 Decreasing 6.Proof 7.25m?
8.10v3cm?/sec 9. 6cm’/cm? 10.2x
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INDEFINITE INTEGRALS
SOME IMPORTANT RESULTS/CONCEPTS

n+l

x"dx = X4 C
j n+1 *I de 2:ilogX &.c ifx>a
*jl.dx=x+C X“—a® 2a “|Xx+a
dx 1 a+Xx
* =—1Io C, ifx>a
*JindX:—in+C J-az—xz 22 9a—x|
*Jxl 2\/§X+C *j de 2=£tan‘1§+c,=—1cot‘1—+c
- = X°+a° a a
?L/; *j#dX:Sln —+C=-cos 1 X c
*j;dx:logex+C a2 —x2 a a
*Iexdx:eX+C *jd—x=log|x+\/x2+a2|+c
o Va? +x?
*|a%dx = +C dx
J log, a *jﬁzlog|x+\/x2—a2|+c
X —

*_[sin xdX =—cosx+C

*Icosxdx:sinx+c I\/x +a dx—%x/ +a +—Iog‘x+ x% +a°
2 _ 2
*J.sec xdx =tanx+C J' / dx—i /X _a —%Iog‘x+\/x2—a2 +C

*J.coseczx dx =—cotx +C

2
2
2 2 X 2 a- . 1 X
*fsecx.tanxdx:secx+C *I\/a - X dX—E\/a —X +?sm 124cC
+

+C

a
*Icosecx.cotx dx = —cosecx+C * I{fl(x) +f,(X) £ f, () jdx

* jtan xdx =—logjcosx|+ C = logjsecx|+ C = Ifl(x)dx + jfz (X)dX *.......... + J'fn (x)dx
*[cotx dx = log |sinx | + C *jxf(x)dx:xjf(x)dxm

*Isecx dx =log|secx +tanx |+ C

X T
tan| —+—
(2 4j

* _[cosecx dx =log|cosecx —cot x|+ C

ju vdx _ujv dx — _[Uvdx —dx

=log +C

=—log | cosec x + cotx | + C= log tang +cC
Il Some Illustration / Examples
MCQ based questions with solutions
(a) tan Ix+c (b) sin~'x+c () cos~1x+c (d) sec™!x+c

Answer: (a)tan 'x + ¢

Q2. fexeﬂ dx is equal to

@) x +log(x? + 1) (b) e* c©)e*+1 (d) log(e* + 1)
Answer: (d) log(e* + 1)

Qs. f@ dx is equal to

@) logx +c (b) log(logx+c) (c) log(log(logx))+c (d) None of these
Answer: log(logx)+c

Q4. [ e*sinx dx is equal to
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@ %ex (sinx + cosx) (b) %ex (sinx — cosx) (c)e*(sinx — cosx) (d) None of these
Answer: (b) %ex(sinx — COSX)

ii) Case based study Question

Results:

(i) [ sec?x dx= tanx +c

(ii) [ secx tanx dx= secx +C

(iii) f— dx=2BEHD) Lo axeb>0

a
(iv) [ - ((X)) dx= Iog[f(x)]+c
W) ST (dx =20 4 ¢ et
on the above 1nformat10n answer the following
(1) f1+ dx is equal to
(a)tanx+secx+c (b) tanx-secx+c  (C) tan®x — secx + c (d) tanx- sec?x + ¢
cos 2x+2sin 2x .
(2) [————— dxisequalto

(a)tanx+c (E)O)Si}'éanx+c (c) —sinx+c (d) cosx+c

@ ij-:j+3 dx is equal to

(a)loglx-1l+c (b) —loglx+1l+c  (c) loglx+2l +c (d) logIx+1l+c

(4)

(a)log(1-x%) + c (b) log(2+x?) + ¢ (c) log(1+x?) + ¢ (d) log(3+x?) + ¢
| Answer: Q1. (b) | Q2.(a) Q3. (d) | Q4. ()

(iii)Short Answer type questions with solutions:-

QL. Evaluate:fvl_

1 x+V32+x2
Solf\/_dx f¢3a— dx= logl————I +
Q2. Find [ sin® ( ) cos( Ydx
Sol. Put sin E—y

= % cos( 5 )dx=dy
= cos( 2 Ydx=2 dy
so, 1=2f ySdy= 2ﬁ = ly6 +c= gsin6 ) +c

Q3. Integrate f " dx
Sol. Put tan"lx =y

= dx=dy

14x2 .
= [=edy=eV+c=e"™" X +¢
(iv)Long Answer type questions:

Q1. Find f—( oI
Sol. Put x? = y => 2x dx=dy
_ dy _ 1 1
So.1=J Y+D+2) I G0~ GV
=logly+1l-logly+2I+c

+1 x2+1
=logl= I+c=lo +
9 y+2 9 x2+2

. S
Q2. Evaiuate. IW
Sol. I=

dx _1 dx =i dx
sl s (e ™ o

(put x+1=t => dx=dt)
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1 1
= log|t+VtZ+3 | +c = log|(x+ 1)+ Vx> +2x+ 4| +c

I11 Practice Questons
) MCQ Questions for practices
Given [ 2*dx= f(x)+c then f(x)=

@ 2 (b) 2* loge? () 2 (@) 2
log 2 x+1
2. Given fsmz— dx is equal to
(@)  sin®x-cos’x+c (b)-1 (c) tan x +cot x+ ¢ (d) tan X- cot X +c
cos 2x—cos 20 .
3. [——————dx s equal to

cos x—cos 0

(a) 2(sin x+ x cos 0) +¢ (b) 2(sin x- X €0S 0) + ¢ (c) 2(sin x +2x cos 0) +¢ (d) 2 (sin x- sin 0) +c
[ cot? x dx equals to

(a) Cotx —x +C (b) — cot x+ x +c (c) cot x +x +c (d) — cot x-x +c
ASSERTION REASON TYPE QUESTION
5.The following question consists of two statements — Assertion (A) and Reason (R ). Answer the question
selecting the appropriate option given below:
@) Both A and R are true and R is the correct explanation of A.
(b) Both A and R are true but R is not the correct explanation of A.
(©) A is true but R is false
(d) A is false but R is true
Assertion: Geometrically, derivative of a function is the slope of the tangent to the corresponding curve at a
point.
Reason: Geometrically, indefinite integral of a function represents a family of curves parallel go each other.
MCQ’s 1-(c), 2-(d) 3-(a) 4-(d) 5 . Assertion Reason type Question: (b)
SHORT ANSWER TYPE QUESTIONS
1. Find [ Xy

X+sin x

Find f% dx

Flndfsm Zy— coszx dx
smx cosx
Find [ — 2+16
2 sin 2 Xd

dx
Flnd fcos 2x+ X

cos 2x

Find [ —5S%_ g
Vtan 2x+4

Find [ /1 — sin 2x dx
Find f—(xzﬂilnjfz)seczx dx
Find fex( 3)3 dx
Find [ sin™1(2x)dx
Find [ 3:::;? dx

Find [ X gy

Find fsinxlog(cos x) dx
15 Flnd fSln X+COS XdX

sin X Cos 2X

LONG ANSWER TYPE QUESTIONS

© ©® N o g~ w DN

[EY
©

=
N

[ =
> w

1 Find [s7=—d
2
2. Flndfijn = dx

3. Find [ — —d
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. xtan ~1x3
Find [ e dx
- Sin oX
Find f\/l—cos44x X )
nswer (Short answer type Questions):
3 log(x+ sinx )+c

g X+2
sin 1(%)+C

4
5
A
1
2
2
3. X4l
2 X
4 —logl cosxsinxI + ¢
1 1
5 Ztan ( ) +c
6 tanx + ¢
7 Log |[tanx + VtanZx + 4|+c
8 Sinx+cosx+c
9 tanx-tan~1x + ¢

eX

10.

+C
(x—1)?2
11.  xsin 12x+—\/1 4x2 +cC
12. 3tanx— 5 secx +c
3
13, Tlog IFEREX 4
6 1—tan>x

14. cosx [1 — log cosx]+C
15. tanx — cotx — 3x+ ¢
Answer (Long answer type Questions)'

1. log (3x2 + 6x + 2) += Iog | 2| +¢
14—
sin2x 2
2. 1T +C
3. tan” x5+ ¢
4, —(tan 1x3)2 + ¢
5. —gsm ~1(cos?4x)+c

V. Class Test
1. [ x? (1 - Xiz) dx is equal to (1)

(a));—g—x+c(b)§+x+c(c) X+1 (d)—§+x+c
2. [3*dxisequal to (1M)
(@ 3 O3 +c (©m3+c (d) noneof these
3. fﬁdx is equal to (M)
@ x+Z+5i—logll—x+c
(b) x+ﬁ—x——log|1—x|+c

(c) x—;—?—log|1+xl+c

(d) x—§ X3—3 log|1+ x| + ¢

4, [ e (g i dx is equal to (1M)
@ gt

0) e

40



X

e
(C) (1+x2)2 *

—e
O g

2
5.Evaluatefseciﬂ dx (2M)
x241
6. Evaluatefm (ZM)
7. Evaluate [ cos?3x dx (2M)
5x+43
8. Evaluate [ mdx (5M)
9 Evaluate f dX (5M)
Class Test 11
1.Given [ 2¥dx= f(x)+c then f(x) is .
() 2% (b) 2* loge? (d)
2 Given fsm2 — dx is equal to

(b)  sin?x-cos’x+c (b)-1
3 .[tan"lyx dx is equal to
(a)(1 + x) tan~1v/x — Vx+cC
(b) xtan"1vx — v/x+C

(c)Vx — x tan~t/x+cC
(dvVx—(x+ 1D tanVx+c¢

4. | = COSZXdx is equal to

(a) — logIsecxI +C
(b) log|secx| +c
(b) log|tanx| +c
(©) log|cosx| +cC
5. Evaluate [ sin3(2x + 1)dx
6. Evaluate [ sin™!x dx

7.Evaluate [ sin5xsin3x dx
8. Evaluate

11. Evaluate f
dos 5x+c05 4x
9.Evaluate [ ———

10. Evaluate [ S:Z;:l::;

12.Evaluate [ ’1 \/_dx

13. Evaluate [ ———— m

1
J ==
2+sin 2x X d

dx(5M)

(c) tan x +cot x+ ¢ (d) tan x- cot X +C
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DEFINITE INTEGRALS
SOME IMPORTANT RESULTS/CONCEPTS

*jif(x) dx = F(b) — F(a), where F(x) = If(X) dx
ab .

* [f(x) dx = [f(t) dx
ba ' b

*[£(x) dx =— [f(x) dx

*-Tf(x) dx = jif(X) dx + jlf(x)dx

*if(x)dx = Tf(a+ b —Xx) dx

*jf(x) dx = Tf(a—X) dx
0 0

a
* ]‘f(x) dx = Zj f(x)dx, if f(x)isan even function of x.
0

—a

0 if f(x) isan odd function of x
a
2a - _
. I 0 e = 2 £ fgdx,  if f(2a-x)=F(x).
’ 0 if f(2a—x) = —f(X)

MCQ’s

No | Question

Mark

Correct Response

[ j4 Sec2xdx (a) -1 (b) 0 (c) 1 (d) 2

d

1, S22 s (2) 6 (0)0 (€) 1 (d) 4

PP s @) () (On/24 (d)m/4

f; =5 is (@) 0 () /4 (c)m/12 (d) /6

1+x2

ol & w| N RO

[1x7 4+ X7 dx is (8) 1 (D)0 ()2 (d) 4

6 | " tan®x dx is (a)1-m/4 (b)1+m/4(c)1-1/2 (d) 1+m/2

R R k| e

O TO| T| O

Problems for Practice

All the questions carry 3 marks
1 sinx
1 Evaluatef; ——d

2 Evaluate fol cot™1(1 — x — x?)dx

3 Evaluate fon/z (v/tanx + v/cotx) dx

4 Evaluate f_31/2|XSiI’IT[X|dX

1 xd
5 Evaluate | 1X+z2

6 Evaluate f13|2x— 1| dx

2m 1
7 Evaluate [ ——

dx
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2 x%d
8 Evaluate [, —

/3 dx
9 Evaluate [ /6 Tivons

10 Evaluate f;/Z(ZIOgcosx — logsin2x)dx
All the questions carry 5 marks

1 Evaluate f_21|x3 — x|dx
Evaluate f_66|x + 3| dx
Evaluate fO S % Toos X

2

3

4 Evaluate [ xdx
5 Evaluate

m/2 xsinxcosx

aZcos 2x+b?sin2x
xtanx

tanx +secx

MCQ
1 [I(xP+3)dx is ()8 (b) 25/3 (€)26/3 (d) 9

2 Jy sin® xdx is (a)g (b)g (c)} (dm

30y o 18 @; O3 @ (@2

4 f) = dx (a) £2 (b) £ (€) 2log2-1  (d) 2log2 +1

5/, cosx cos2x dx (@) Ya (b) 5/12 (€) 1/3 (d)-1/12

6 fol ex:l-z—x (@) 1-mt/4 (b) tan~le (c))tan"le+m/4 (d)tan"te — /4
7, [idx (a3 (b3 -1 ©m/2+1  (d)o

g [/ logii——)dx  (a) 2 (b) 3/4 (c) 0 (d) -2

9 [ tan™! =—dx (@) 1 (b) 0 (©) -1 (d)r/4

10 foz/ 2 %dx s (@)F (b) /3 © /4 (D

11 [ = OF (b) /3 ©) m/4 (D

12 [* sin®x cos?x dx (a) 0 (b)1 ()2 ()3

ASSERTION AND REASONING BASED PROBLEMS
In the following questions a statement of assertion Statement 1 is followed by statement of reason
Statement 2 Mark the correct choice as

(a) If statement 1 and statement 2 is true and statement 2 is the correct explanation of 1
(b) If statement 1 and statement 2 is true and statement 2 is not the correct explanation of 1
(c) If statement 1 is true and statement 2 is false
(d) If statement 1 is false and statement 2 is true
Now answer the following
/2 . o _ a __ra
1 Statement I f; ;b;n xdx = /4 Statement 1 [ f(x)dx = [ f(a —x) dx
3 d 2 .
2Statement | [ st =1/2 Statement 11 [ f(x)dx=2]' f(x)dx if f(x)=f(2a-x)
ANSWERS
SHORT ANSWER 3 MARKS
1 m™m—2 6 6
¥
2 >~ log 2 7 pL
3 /22 8 8/3
4 3/t +1/m? 9 /12
5 Log2/2 10 s A
> log-..(.z)
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LONG ANSWER 5MARKS
1 11/4
2 45
3 2
16
4 m?
2ab
5 n(n—2)
2
SNO | ANSWER S No | Correct answer
1 c 26/3 7 i
— -1
(b)>
2 A g 8 (©0
3 D 2 9 (b) 0
4 C 2log2 -1 10 (a)g
5 (d)-1/12 11 (a) g
6 (d)tan"le — m/4 12 (@) 0
ASSERTION AND REASONING
1 Choice (a) is correct
2 Choice (c) is correct

QUESTION PAPER OF DEFINITE INTEGRAL

Marks 20
Q No SECTION A Marks
1 z Vcosx . T T T T 1
fozmdx value is (a); (b) 7 (©) g(d) Py
2 6 V8—x . 1
f23 mdx IS (a) O(b) 1(C)2 (d) 3
3 _ _ _ i 1
f1 x—1Dx—2)(x—3)dxis (a)3 (b) 1(c)2 (d)0
SECTION B
The question is response based 1 mark is awarded for writing correct answer and 2
marks is awarded for writing the correct explanation
4 [ e C3)dx (a)e(e-2)/2 (b)e(e-1) (¢) 0 (d)1 2
SECTION CThe question is case based
5 For a function f(x) if f(-x)=f(x) it is called even function and f(-x)=-f(x) is called an
odd function Again we have
f f(x)dx = L 2f(x)dx if f(x)is even 1
- 0 if f(x)is odd 1
(i)What is the nature of f(x)=xSinx (ii) /"_x’Sinxdx is (iii)f"_xSinxdx is 5
SECTION DBoth questions are 3 marks each
2nt  Cosx
Evaluate fO \/ﬁ X 3
7 Evaluate f_ll 5x*(Vx5 + 1)dx 3
SECTION EThe question is of 5 marks
8 5

j% Sinx Cosxdx
o Cos?x + Sin*x
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MARKING SCHEME

QNo | Value point Mark
1 Correct answer b 1
2 Correct answer ¢ 1
3 Correct answer d 1
4 Correct answer is (a) The correct explanation is the student should apply the
property that [ e* (f(x) +f (x))dx=e*f(x) ¢ nad substitute the lower and upper limit | 2
5 (i) Odd 1
(i) O 1
(i) 2m 2
6 Correct substitution 4+3Sinx=t 1
Correct change of limit 1
Correct answer 0 1
7 Correct substitution 1
Correct change of limit 1
Correct answer 4v2/3 1
8 Correctly changing numerator to Sin2x and denominator to Cos 2x 2
Correct substitution 1
Solving and getting correct answer % 2
QUESTION PAPER OF DEFINITE INTEGRAL
Marks 30
Q No SECTION A Marks
1 Vcosx . T[ T 11 T 1
02 — _Smx dx value is (a)g (b) " (© g(d) o
Evaluate f_1 sin3x cos? xdx (3) 0 (b)1 (c)2(d) 3 1
inx —x2 .
I T dxis (2) 0 (b) 1(0) 3 ()5 1
SECTION BThe question is response based 1 mark is awarded for writing correct
answer and 2 marks is awarded for writing the correct explanation
4 ZaL _ 2
Js oo X @ab)-a(c) 1(d)o
5 /2 (sinx + x) 2
L= “W‘;‘j; dx (8) 0 (b) 1 (c) 2 (d) 3
2/3 dx
s @S Mb)@ /8 (dm/2 2
7 J7% cosxes™ dx (a) e+1 (b0 e (c) e-1 (d) 1 2
8 L2 e @an) /2 (©an/4 ()
SECTION CAlII the questions carry 3 marks each
9 Evaluate the integral fol xe*” dx 3
10 Evaluate f04|x — 1]dx 3
11 | Evaluate [’ xv2 — x dx 3
SECTION DThe question are of 5 marks
12 T xtanx 5
E\:[aluate fO secx +cosx
13 f? xdx 5
g Sinx + cosx
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MARKING SCHEME

QNo | Value point Mark
1 Correct answer a 1
2 Correct answer ¢ 1
3 Correct answer a 1
4 Correct answer is (a) The correct explanation is the student should apply the
property that f; f(x)dx = foa f(a — x)dxand substitute the lower and upper limit | 2
5 Correct answer c 1
Student should use the formula sin2x=2sinxcosx and change the denominator into |1
sinx +cosx square then integrate
6 Correct answer is %Student should apply correct formula and apply limit 1+1
Correct answer is ¢ (e-1) The student should correctly change the variable and | 1+1
integrate
8 Correct answer is b Correct application of the property and applying limit 1+1+1
9 Putting x* =t and 2xdx=dtChanging limit fol eX/2 dxGetting answer %:(e-1) 1+1+1
10 | Applying property f:lx —1|dx = — folx —1dx+ ffx —1dx=5 1+1+1
11 Applying the property ['f(x)dx = [, f(a — x)dx 1
. 2 . . . 1+1
Getting J,"2x3/2 — x*2dx and integratingGetting answer 16,/2/15
. . _ T (m—x)t
12| Applying the property [ f(x)(_lx = [, f(a — x)dxGetting | _fﬂns:cx):ci:z 1:1
Adding and getting 21=[" ———— dxSubstituting sinx as t and changing limit
2
Getting answer as —- 1
13 | Applying the property ' f(x)dx = [, f(a — x)dx 1
n 1
. . 2 GX
Applying and getting fon/ —Cos;cosx
i ) /2 odx 1
Adding and getting [ —2— 1
Dividing the denominator by v2
1

Integrating and getting %Iog (2 -1)
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APPLICATIONS OF THE INTEGRALS
SOME IMPORTANT RESULTS/CONCEPTS

b b b e
** Area of the region PQRSP :IdA :_[y dx :If(x) dx . e R
L)
a a a
~ B
- x=bh
T dx QX
** The area A of the region bounded by the curve x = g (y), y-axis and — N
d d
the linesy = ¢, y=dis given by A= Ix dy:jg(y) dy dy - \
c c 7x=£(ﬂ
Y=
X’ e} X
v
MCQ
Q1. Find the area enclosed by curve 4 x> + 9 y*= 36
(a) 6asqunits  (b) 41 sq units (c) 91 sq units (d) 36 sq units
Sol.
4x%+9y* =36
4X%2 = 9y?
3t 1
X2y

9
a=3 , b=2
Areaofellipse = mab =:1.3.2 =6 15(. units

Q2. The area of the region bounded by the curve x2 = 4y and the straight line
X=4y-21is

a. % sq. units  (b) % sq. units (c)’% sq. units (d) 9/8 sq. units
Answer: (d) 9/8 sq. units
Explanation:

For the curves x* = y and x = 4y-2, the points of intersection are x = -1 and x = 2.

Hence, the required area, A = 1] {[(x+2)/4]- [x*/4] } dx

Now, integrate the function and apply the limits, we get

A = (Y4)[(10/3)-(-7/6)]

A = (¥4)(9/2) = 9/8 sq. units

Hence, the correct answer is option (d) 9/8 sg. units

Q3. The area enclosed between the graph of y = x* and the linesx =0,y =1,y =8 is

@ 7 (b) 14 (c) 45/4 (d)None of these
Answer: (c) 45/4
Explanation:

Given curve, y=x®or x = y**.
Hence, the required area, A =, y
A= [y"P)(43)),°

Now, apply the limits, we get

A = (¥)(16-1)

A = (¥)(15) = 45/4.

Hence, option (c) 45/4 is the correct answer.

1/3

dy
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Q4. The area of the region bounded by the curve y2 = x, the y-axis and betweeny =2 andy =4 is
(@) 52/3 sq. units (b)54/3 sq. units (c)56/3 sq. units (d)None of these
Answer: (c) 56/3

Explanation:

Given: y* = x

Hence, the required area, A = ,* y* dy

A=[y’13]5"

A = (4%3) - (2°13)

A = (64/3) — (8/3)

A =56/3 sq. units.

Q5. Area of region bounded by the curve y* =4x,and its latus rectum above x axis

(a) 0 sg units (b) 4/3 sq units (c) 3/3 sq units(d) 2/3 sg units

Ans (b) 4/3 sq units

Q6. Area of region bounded by y= x®, x axis , x=1 and x=-2

(b) -9 sq units (b) -15/4 sq units (© 15/4 squnits (d) 17/4 sq units
Ans (b)-15/4

Q7. Area of region bounded by curve y=x and y = x® is

(a) 1/2 squnits (b) 1/4 sq units (c) 9/2 sq units (d) 9/4 sq units

Ans. (a) 1/2 sqg units

Q8. The area enclosed by the circle x*+y? = 2 is equal to:

(a) 4nsqunits  (b) 272 sq units (c) 4n° sq units (d) 271 sq units

Ans. (d) 2 sq units

Q9. The area of the region bounded by the parabola y = x* and y = [x| is

(@) 3 (b)y1/2 (c) 1/3 (d) 2

Ans. (¢) 1/3

Q10. The area of the region enclosed by the parabola x? =y, the line y = x + 2 and the x-axis, is
(@) 5/9 (©)9/5 (c)51/6 (d)27/3

Ans (c)5/6

ASSERTION - REASON TYPE QUESTIONS :

Directions: Each of these questions contains two statements, Assertion and Reason. Each of these questions
also has four alternative choices, only one of which is the correct answer. You have to select one of the
codes (a), (b), (c) and (d) given below.

(a) Assertion is correct, Reason is correct; Reason is a correct explanation for assertion.

(b) Assertion is correct, Reason is correct; Reason is not a correct explanation for Assertion

(c) Assertion is correct, Reason is incorrect

(d) Assertion is incorrect, Reason is correct

Q.11 Assertion : The area bounded by the curve y = cos x in | quadrant with the coordinate axes is 1 sg. unit.

Reason: [Zcosxdx = 1
Ans (a) [Zcosxdx = [sin x|p/% = Sing -0 =1

Q.12 Assertion : The area bounded by the curves y ? = 4a% (x — 1) and lines x = 1 and y = 4a is 16a 3 sq.
units.
Reason : The area enclosed between the parabola y 2 = x* — x + 2 and the line y = x + 2 is 8 3 sq. units
Ans. (c)
Q.13Assertion : The area bounded by the circle x* + y* = a% in the first quadrant is given by

f;\/az —x?% dx
. a [2 _ 2

Reason : The same area can also be found by fo Jaz —y? dy
Ans. (b)
Q.14Assertion : The area bounded by the circle y = sin x and y = —sin x from 0 to it is 3 sg. unit.
Reason :The area bounded by the curves is symmetric about x-axis.
Ans. (d)
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Short Answer Type Question
Q. Find the area between the parabolas y? = 4ax and x* = 4ay
Sol. Solving given curves for x , we get x=0and x = 4a

Y

So the Required area = f04 (\/4ax - —) dx
2 3 X3 4a
- [25 T Toa),
32 16
_ 2% 2 9 9
136a 3 i
)
32

Q. Find the area bounded by the line y = X, x-axis and linesx =—1tox =

Sol. We have, y = x, a line
Required Area = Area of shaded region

= |1 xax| + |f2xdx| _ |§|"_1 L 2

5 .
|——| | | = 2+ :—sq units

Q. Find the area between the curvesy = x andy = x°

From the given functiony = x and y = x

X=X =X -x = 0= x(x-1)(x+1) =0

x=0,1,-1

The required area is symmetrical about the origin as shown in the diagram, So

Required Area = 2 fl(x —x3) dx

25— %

e

Long Answer Type Questions :

N

Q. Find the area of the region enclosed by the parabola x? =y, the line y = x + 2 and the x-axis,

4

Sol. From the given equation
x*=yandy=x+2
=xP=xX+2
=x*-x-2=0

= (x-2)(x+1) =0

=>Xx=2, x=-1

For the parabola with vertex (0,0) and the axis of parabola is y-axis

A ) B C

X -1 1 2

o

Y 1 0 1 4 X

For the line y = x+2

A D E C

X -1 0 1 2

Y 1 2 3 4

So the Required area = f_zl(x+ 2)dx - f_zl x% dx
(””2] 1,

16—1[ ] ==-3 =2
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CASE STUDY QUESTION : 1

The bridge connects two hills 100 feet apart. The arch of the bridge is in a parabolic form.
The highest point on the bridge is 10 feet above the road at the middle of the bridge as seen

in the figure _
Based on the information given above, answer the following questions: ik s

(i) the equation of the parabola designed on the bridge is

() x2=250y —
(b)x?=-250y T
(c)y?= 250 x i
(d)y?=- 250 x

(ii) the value of the integral 2

(@) 1000/3 (b) 2500/3 (c) 1200 (d)o B
(iii) the integrand of the integral function.

(@) Even (b) Odd (c) Neither odd nor even (d) None

(iv) The area formed by the curve x 2 =250 y , x axis , y=0 and y=10 is

(a) 1000V2 /3 (b) 4/3 (c) 2000/3 (d)0

(v) The area formed by the curve x 2 =250y, y axis , y=2 and y=4 is

(a) 1000N2/3 (b) 0 (c) 1000/ 3 (d) none of these

Answers (i)b (ii) a (iii) a (iv) c (v) d

CASE STUDY QUESTION : 2

Consider the curve and line y = x in the first quadrant based on the given information, answer the following
questions .

(1) Paint the intersection of both the given curve is

(a) (0,4) (b) (0, 272) (c) (2\2, 242) d) (2V2.,4)

(if) Which of the following shaded portion represent the area bounded by the given two curves ?

(iii) The value of the integral fozﬁ xdx is

(@) 0 (b) 1 (c) 2 (d) 4

(iv) The value of the integral fozﬁ\/16 — x2dx is

(i) 2(n1-2) (b) 2(;1-8) (c) 4(;1-2) (d) 4(n+2)

(v) The area bounded the given curves is

(i) 3x1sg. units (i1) n/2 sq. units (iii) 1 sq. units (d) 2 sg. units

CASE STUDY QUESTION : 3
Consider the following equations of curves y = cosx, y = x+1 and y=0. On the basis ofabove information,
answer the following questions.

(i) The curves y = cosx and y =x+1 meet at(a) (1, 0) (b) (0,1) (©@,1) (d) (0,0)
(if) y =cosx meet x-axis at(a) (-1/2, 0) (b) (n/2,0)  (c) both (a) and (b)  (d) None of these.
(iii) Value of the integral f_Ol(x + 1)dx is(a) 1 /2 (b)2/3 (c)3/4 (d) 1/3
(iv) Value of the integral fon/ ? cosx dx is @ 0 (b) -1 (c) 2 (d) 1

(v) Areabounded by the given curves is

(i) 1/2sq. units (if) 3 /2 sq. units (iii) 3 /4 sq. units (d) 1/4 sq. units
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Short Answer type guestions (Unsolved)

QL. Find the area enclosed between curvesy=x%+2,y=x,x=0,x=3
Ans. 21 /2 sq. units

Q2. Find the area of the region bounded by the curve y=sinx between the lines x=0 , x=n/2 and the x-axis.
Ans 4 sqg units

Q4. Find the area enclosed between curvesy = 4x — X2, 0<x <4, x-axis
Ans. 32 /3 sq. units

Q5. Find the area enclosed between curvesy=x2?+2,y=x,x=0,x=3
Ans. 21/2 sq. units

Q6. Findthearea {(x,y): X2+ y2 <1< x+y| {(X,y):x*+y<1<x+y}
Ans. @/4 -1/ 2 sg. units.

Q7. Find the area enclosed between y 2 = 4ax and its latus rectum.

Ans. 82a%/3sq. units.

Q8. Find the area enclosed between curvesy =x % x=-2,x=1,y=0

Ans. 15/4 sq. units

Q9. Find the area bounded by the curve y = cos x between x =0 and x = 2n
Ans. 4 sq. units

Long Answer Type Questions : (Unsolved)
XZ 2

Q1. Find the area of the region bounded by the curve =+ Z—Z =1.
Ans. mab.
Q2. Using the method of integration find the area bounded by the curve |x|+|y| =1

Ans. 4 sg. units

Q3. Find the area lying above x-axis and included between the circle x* + y* =8xand the parabola y* = 4x.
Ans. 4w + 32/3 sg. units

Q4. Draw the rough sketch and find the area of the region bounded by two parabolas 4y* = 9x and 3x* = 16y
by using method of integration.

Ans. 4 sg. units

Q5. Find the area of the region bounded by the line y = 3x + 2, the x-axis and the ordinates x =—1 and x = 1.
Ans. 13/3 sq. units.
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DIFFERENTIAL EQUATIONS
SOME IMPORTANT RESULTS/CONCEPTS

** Order of Differential Equation : Order of the heighest order derivative of the given differenti al
equation is called the order of the differenti al equation.
** Degree of the Differenti al Equation : Heighest power of the heighest order derivative when powers
of all the derivative s are of the given differenti al equation is called the degree of the differenti al equatin
dy _ fl(X1Y)

, where f,(X,y)&T, (X, y) be the homogeneou s
o " Txy) (%, )& T, (x,) g

** Homogeneou s Differenti al Equation :

function of same degree.
** Linear Differential Equation :

. j—y + py = q,where p &q be the function of x or constant.
X

Solution of the equation is : y. e J. eI e .qdx,where ej P is Integratin g Factor (1.F.)

. 3—X+ px =q, where p &q be the function of yor constant.
y

Solution of the equation is: Xx. e J-ej Py .qdy,where eI Py is Integratin g Factor (I.F.)

Examplel. The order and degree of the differential equation

2
(3—1)2 +37§+ 5=0 is given by
(a)order1 and degree 2 (b) order 2 and degree 2
(c) order 2 and degree 1 (d) order1 and degree 1
Solution : option (c¢)

2

Highest order derivative is ZTZ So Order is 2.

Also power of — |s one So degree is 1.

Example 2. The degree and order of the differential equation

L+ sinif) = 0. s given by

(a) land 1 (b) 1 and not defined

(c) not defines and 1 (d) None of these

Solution: option (b)

Here highest order derivative is —

So Order of differential equation |s 1.

Differential equation cannot be written as a polynomial in derivatives. Hence degree is not defined.
Example 3 . The number of arbitrary constants in General solution of a differential equation of order 2 is
(a)2 (b) 1 (c) 3 (d) O

Solution : option (a)

Since the number of arbitrary constants in general solution of a differential equation is equal to order of the
differential equation . So here number of arbitrary constants in the general solution will be 2 as order of
differential equation is given to be 2

Example 4 . The Integrating Factor of the given differential equation

Y Y= x? s
dx X

(a) X (b) x (c)-- (d) -
Solution : option (d)
Comparing the given differential equation with

%+ Py=0Q wegetthathereP=-§ and Q =2 x*
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[pd [ —dx -1 logl

Now Integrating factor (1.F.) =e/P™ =¢/ ¥ =78 % =¢

Example 5. Two statements A and R are given below . Chose correct optlon from given options
Assertion (A) : The Integrating Factor of the differential equation E‘ y = Cosx ise™™

Reasoning (R) : A function of the formf (x,y)=x"g (XX) is called homogeneous function .
(a) Both A and R are true and R is the correct explanation of A
(b) both A and R are true but r is not the correct explanation of A
(c) Aistrue but R is false
(d) Ais false but R is true .

Solution : Option (b)
In the assertion statement A , P =-X
Integrating factor ( I.F. ) = e/Pdx = gf ~1dx= g—x
Therefore Statement A is True
Statement R is also true ( By definition of homogeneous Functions ) but clearly R is not the correct
explanation of A .

2
Example 6. Verify that the function y = acosx + bsinx is solution of the differential equation jTg+ y=0

Solution : y = acosx + bsinx
Differentiating both sides w.r.t x

ol asinx + bcosx
Again differentiating both sides w.r.t x
2
a~y
)

dy _

=-acosx + (-bsinx ) =- (‘acosx + bsinx)
Now L.H.S. = - (acosx + bsinx ) + acosx + bsinx =0 =R.H.S.
Hence it is verified that the given function is solution of given differential equation .
Example 7. Solvee* tany dx + (1 — e¥)sec’?y dy = 0
Solution :  The equation is e*tany dx + (1 — e¥)sec?y dy = 0

dx

dy e*tany
dx (1 —e¥secly
dy e* tany
— =G
dx 1 —eX’ “secvy
By using variable separating method
sec’y e*
y = dx
tany ex—1
Integrating both sidesfﬂd =4
9 9 tany y= eX—1 X

Log (tany) =log(e* — 1) + log c

Log (tany) =log(e* — 1)c by using (loga+logb =logab)
tany =(e* —1)c
Example 8. Solve the following Homogeneous differential equation ;

2xy dy = (X* + y?) dx
2

Solution : write the given equation as g—z %
Since it is Homogeneous differential equation

d dv . . .
Puty = vx :dTY =V +X dTV in the given equation

d 1+ v?
So,Vv+x —V = =7
2V
dv 1+ v2 —(vz— 1)
=> X— = -V = x e —
dx 2v
Separating the variables and ertlng the equation as
2v dx
— dv = ——
ve—1 X
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Integrating both sides and getting

fvzz_vl dv = —fiiﬂ log |[(v2 —1)| = —log |x| +log |c|

= log|x(v?—1)|=logc =x(v?—-1)=+c=c¢,
Now replace v by XX to get x> — y* = cx

Example 9. Solve (1 + X +y)= j_;

. _ dx
Solution : x+y+1 = ™
X x=y+1

dy =Y

This is like Type 2 linear differential equation as j—; + Px = Q where P and Q are functions of y.
HereP=—-1andQ=1+y

Integrating factor is e/ ~14 = e~V

Solution is

x.e”V = [(1+y)eVdy+c

= f e‘ydy+fy.e‘ydy+ c=—eYV—yev—-eY+c
X =-y-2+ce¥
Example 10 . Find the particular solution of the given differential equation :
j—i + yCotx = 2x + x?Cotx given that y = 0 when x = g

Solution : The given differential equation is the Linear differential equation of the type % + Py=Q.
Here P =cotx and Q =2x + X°COtx
Integrating factor ( I.F.) = e/ P dx = gf corxdx — glogsinx — gjny
So the general solution of the given equation is
ysinx = [(2x + x?*cotx )sinx dx
= ysinx = [ 2xsinx dx + [(x?cosx ) dx
= ysinx = sinx (2212) — [(cos x) Zziz dx + [(x%cosx ) dx
= ysinx =x’sinx + ¢
Now for the particular solution puty =0 and x = g
So 0=(2)%sinc+c=c=— L
2 2 4

Therefore the particular solution of given differential equation is
2

ysinx =x%sinx — HT
11 Questions for Practice:
Quel. The sum of degree and order of the differential equation
2
5x ()2 — % — 6y = logx s
(a) 2 (b) 3 (c)1 (d) 4
Que2. Write the degree and order of the differential equations
3
[1+ G2 =L

dx?
(a)order1 and degree 2 (b) order 2 and degree 2
(c) order 2 and degree 1 (d) order1 and degree 1
Que 3. The number of arbitrary constants in a particular solution is
(a)l (b)3 (c)2 (d)o0
Que 4. Which one of the following is the general solution of the differential equation ydx - x dy =0
(a)xy=c (b)x=cy? (c) y=cx? (d)y=cx

Que 5. Two statements A and R are given below . Chose correct option from given options
dy
Assertion (A ) : The general solution of the differential equation eax=x? is y=2x (logx—1)+c¢
dP

Reasoning (R ): The integrating factor of linear differential equation % + Py=Q s ed
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(a) Both A and R are true and R is the correct explanation of A

(b) both A and R are true but r is not the correct explanation of A

(c) Aistrue but R is false

(d) Aisfalse but R is true .

Short Answer Questions

Que 6. Verify that y = 3 Cos(logx ) + 4Sin(logx) is a solution of the differential equation
2

XZZ% +xj—i +y=0

Que 7. Verify that the given function xy= logy + c is solution of differential equation

dy _ y*
—= X 1
dx 1-xy’ y#

Que 8. Solve sec?x. tany dx + sec?y.tanx dy = 0.
Que 9. Solve (1 + y?)dx —y(1 + x?)dy = 0.

Que 10. Solve coszxj—i +y = tanx.

Que 11. Solve X +2(1) =

Que 12. Solve ydx + (x — y?)dy = 0.

Que 13. Solve j—i — % = 2x2

Que 14.Solve ydx + x log (XX) dy -2xdx =0

Que 15. Find Particular solution of j—z - % + cosec (i) =0 given that y=0 when x =1
Long answer questions
Que 16. Find the general solution of the differential equation (%— y = CcosX

Que 17. Show that the differential equation ( x —y )STY = X + 2y is homogeneous equation and solve it .

d 2+2
Que 18. Solve:ﬁzX :

2xy
Que 19. Solve the initial value problem : (x3+x? + x + 1 );—z =2x*+xwheny (0)=1

T

ue 20. Find the particular solution of — + ycotx = 2x + x“cotx given that y=0 when x = -
Que 20. Find the particular solution of <+ y 2% + x2 that y=0 wh -
Answers of practice questions

Ansl (b) Ans2(b) Ans3(d) Ans4(d) Ans5 (c)
Ans 8 tanx tany =c
Ans9.tan'y =2 tanx + ¢ Ans 10y = tanx — 1 + ¢ ™™
1 c _ ¥ c
Ans 11 y= -+t Ans 12 x—?+;
Ans 13 y = x> + cx Ans 14. cy = Iog|§| -1
Ans 15.cos G) = log|ex| Ans 16. x*(y* + 2xy)=c¢

_ 1 (x+2y
Ans 17. log|x? + xy + y?| = 2V/3 tan™! (ﬁ) + c
Ans 18 . x* -y = cx
Ans19.y = ilog|(x +1)%(x% + 1)3| - %tan_lx +1
2

3

Ans20. y=x*-

4 sinx
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TEST -1

M.M. 20 Topic: Differential Equations
Section A (MCQs and A & R) (01 mark Each)
Que 1. The number of arbitrary constants in Particular solution of a differential equation of order 4 is

(a) 2 (b) 4 (c)1 (d) 0

Que 2. The degree of differential equation log (Z—Z) + (ZTY) =3yis

@)1 (b) 2 (c)o0 (d) Noneofthese

Que 3 .The Integrating Factor of differential equatlon — + 2y = e*is
(a) e* (b) & (c)e™ (d) e*

Que 4 . A homogeneous differential equation can be solved by making the substitution
(a) v=xy (b) y=wx (c)x=v (d) y=v

Que 5. Two statements A and R are given below . Chose correct option from given options
Assertion (A) : The general solution of the differential equation edx =x%isy = 2x(|og x +c

Reasoning (R ): The integrating factor of linear differential equatlon — + Py=Qis edx

(a) Both A and R are true and R is the correct explanation of A
(b) both A and R are true but r is not the correct explanation of A
(c) Aistrue but R is false
(d) Aisfalse but R is true .
SectionB (2 marks Each)
Que 6. Verify that the given function y = ax + 2a° is a solution of differential equation

dy_, dy
25"+ x(5) -y =0
Que 7. Solve the differential equation : ooy =0

dx 2+ 1
Section C ( 3 marks Each)

Que8. find the particular solution of  log (%) =2x + 3y giventhatx=0,y=0

Que 9. Solve the differential equation Z_Z + y = cosx — sinx

Section D (5 marks)
Que 10. Find the particular solution of the given differential equation % = 1+x% +y? + x%y?
given that y=1whenx =0

TEST 2
M.M. 30 Topic : Differential Equations
Section A (MCQs and A & R) (01 mark Each)

2
Que 1. The order and degree of the differential equation (Z—i)z + % +5=0 is given by

(a)order1 and degree 2 (b) order 2 and degree 2

(c) order 2 and degree 1 (d) order 1 and degree 1

Que 2. The degree and order of the differential equatron Y 4 sinl ( ) = 0. is given by

(a) land 1 (b) 1 andnnot deflned

(c¢) not defined and 1 (d) None of these

Que 3 Which one of the following is the general solution of the differential equation ydx - x dy =0
(a)xy=c (b)x=cy* (c)y=cx’ (d)y=cx

Que 4. Which of the following is a not a Homogeneous differentia equation :

(a) 2xydy=(x*+y?) dx (b)xydx—(x*+y?)dy=0

(¢) 1+ y»)dx —y(1+x?)dy=0. (d)None of these
Que 5. Two statements A and R are given below . Chose correct option from given options

2
Assertion (A ) : The general solution of the differential equation  x Z—z +2y=x’isy = XT + cx7?
Reasoning (R): The solution of linear differential equation y (I1.F)=[( Q X I.F.)dx+c
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(a) Both A and R are true and R is the correct explanation of A
(b) both A and R are true but R is not the correct explanation of A
(c) Aistrue but R is false

(d) Aisfalse but R is true .

Section B (2 marks Each )
Que 6 Verify that y = 3 cos(logx) + 4sin(logx) is a solution of differential equation

d*y dy
« <d_>+ x(Ge) + =0

Que 7 (i) Write the degree and order of the differential equations\/l —y2dy + V1 — x%dx = 0
(11') how many constants will be there in its general solution ?

Que 8. Solve the initial value problem Cos (Z—i) =agiventhaty =1whenx =0

Que 9. Solve the differential equation Z—Z = sin!x

Section C (3 marks Each)
Quel0 Solve the differential equation (y — sin’x ) dx + tanx dy = 0
Que 11 Find the general solution of the differential equation ( x> + y* ) dy = X%y dx
Que 12. Find the particular solution of the differential equation
X(Z—z) -y + xsin G) = 0 giventhatwhenx =2,y =m
Quel3. Verify that xy = logy + c is solution of differential equation % = 2

Section D (5 marks Each)
Que 14. Find the general solution of the differential equation x (y° + x* )dy = ( 2y* + 5x% )dx

Quel5. Find the general solution of the differential equation Z—z— y = COSx

ANSWERS ( TEST 1)

Ans 1(d) Ans 2(d) Ans 3(a) Ans 4(b) Ans5(c)
Ans?.%log(1+ y:)= —x+c

Ans 8._?1 e 3 = %er -3

6

Ans9. y=cosx+ce™*

3

Ans 10. tanly =x+ x?+ %

ANSWERS ( TEST 2)
Ans 1(c) Ans 2(b) Ans 3(d) Ans 4(c) Ansb(a)
Ans 7 (i) Degree 1 ,order 1 Ans 7 (ii) Number of constantsis 1

Ans 8. cos(?) =a

Ans 9. xsin'x + V1 —x% +¢
Ans 10. ysinx = % +c
Ans 11 ;—;:+ logy =c
Ans 12 x tan(zl) =2

Ans 14 . y* + 4’y = ¢ x°

Ans 15, S 4 cex
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VECTORS
SOME IMPORTANT RESULTS/CONCEPTS

* Position vectorof point A(x,y,z)= OA = xi +yj+ 2K
*If A(x,,y;,2,) and point B(x,,y,,z,) then AB = (x, _Xl)i+(y2 _yl)]+(22 _Zl)IA<

2 2 2 2
al=xX’+y’+z

*If g:xf+y]+zI2 ;

*Unit vector parallel to a = %
a
* Scalar Product (dot product) between two vectors: a.b =|a|lb|cos6 ; 0isangle between the vectors
*coso :LP
alb

- A A ~ > 2 A A -2
*If a=aji+bj+ck and b=a,i+b,j+c,k thena.b=aa,+bb,+cec,

* If g is perpendicular toBthen gB =0

- = —>2
*a.a=|a
- -
Do > - a.b
Projectionof a on b=—-+
b‘

* Vector product between two vectors:

-

a

-

-
axb=lalblsin@ n ; Aisthe normal unit vector

which is perpendicular to both g&_b)

N

R
axb

> >
axb

* =

*If a isparallelto b thenaxb=0

* Area of triangle (whose sidesare given by g and B) =% ;xB
* Area of parallelogram (whose adjacent sidesare given by Z and B) = ng
* Area of parallelogram (whose diagonals are given by g and B) = % ng
SOLVED EXAMPLES
- — - -
1.The position vector of a point which divides the join of points with position vectors a + b and2a - b

.in the ratio 1 : 2 internally is (a)m;rzz; (b)a (0)553_5 (d) 45;5

2(a+b)+1(2a-b) _ 4a+b
1+2 )

ANS: (d), as position vector =
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2.1f a=i+j+kand b=j—kfindavector ¢suchthat axc=band a.c=3
answer. Let ¢ = xi +yj+ zk

k

1=j-k =i(z-y)+ix-2)+k(y-x)=j-k

z

< _ e—

i
- - -
axc=b=|1

X

=z-y=0,x-z=1Ly-x=-1

- -
Alsoa.c=3=>x+y+z=3
=>X+2+2=3 =>X+22=3

and X—Z:l:z:g, X:§, y:g

3 3 3

=214 25 2kor Lsi+ 2+ 2K)
3 3 3 3

3..10f §+B+g:0and |g|:3,| B|:5and|g|:7, show that angle between gand B is 60°.
answer. g+ B+Z: 0 :>g+6:—3:> (g+ l;).(g+ t?).z (_Z)_(_E)
Slal +|bP+2a.b =|cP=9+25+2a.b =49

~2a.b=15 2[a||b|cosf= 15 30 cos0=15
—c0s0=1/2 = 6=60°

111 .Questions for Practice: Number of questions should be as mentioned in the table:

- - ] ] - - - - .
1. If a and b .are unit vectors, then what is the angle between a and b for V3 a - b to be a unit vector?
(@) 30° (b) 45° (c) 60° (d) none of these
2. The value of A for which vectors 2i + j+3k and i —/j+4k are orthogonal is

(A)12 (B) 14 (C) 16 (D) none of these
3.If|a + b| = |a— b| =, then angle betweena and b is
(a) 30° (b) 45° (c) 60° (d) 90°

4, If| a | =5,|b| =13 and |axb| = 25, then a-b is equal to

(@) 12 (b) 5 (c) 13 (d) 60
5. Assertion- Reason question
Assertion: (a)Two vectors are said to be like vectors if they have the same direction but different magnitude.
Reason: (b)Vector quantities do not have a specific direction.
(A)  Both (a) and (b) are correct and (b)is the correct explanation of (a)
(B)  Both (a) and (b) are correct and (b)is not the correct explanation of (a)
©) (a)is correct but (b)is false
(D)  (d)is false but (b)is correct

~n

6. Find the angle between the vectors a—i—j+k and b=i+]—k
S e ..
7. Find the unit vector in the direction of the vector a = 1 +2j +2K.

- A A N d A~ A N
8. For given vectors, a =3i—j +2k and b =—21 + 3 j—k, find the unit vector in the direction of the

- —
vector a + b .

9. Find a vector in the direction of vector 31 — 4] + 5k which has magnitude?7 units.
10. Find the value of x for which x(i +2j +3Kk) is a unit vector.
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11. Find the value of A for which the vectors 2i — 3] + 4k and —4i + 6 j— A k are collinear.
12. Find the projection of the vector i + 3]+ 7k on the vector 2i — 3]+ 6k
13. Write the projection of vector i+ j+k along the vector j .

- ~ ~ A - ~ ~ A
14. Write the value of p for which @ =3i+2j+9k and b =i +pj+ 3k are parallel vectors.
15.Find the projection of a on bif a.b=8 and b = 2i+6]+3k.

ANSWERS: 1. (a) 30° 2.(B)14 3.(d)90° 4.(d)60 5.: (C) (a)iscorrect but (b)is false

_ 1 1 ~ A A 7 A n .
6.cos™| —2 L(i+ 25+ 2k —\i+j+k —=3i—4j+5k
[ 3] g 3072 8.\/6( J );9. sﬁ( j+5k)
1 5 g
10.+—— 11L.A=8. : 02 158
14 . ; 12.5;13.1;14.P=7 =

CLASS TEST 20 MARKS (two marks each)

1 Write two different vectors having same magnitude.

2. Write two different vectors having same direction.

3.Write down a unit vector in XY -plane, making an angle of 30° with the positive direction of x-axis.
4. Find the scalar and vector components of the vector with initial point (2, 1, 3) and terminal point
(-5,7,7).

> . A -
5. Find the unit vector in the direction of the vector a = i +2j + 2Kk.

%
6. Find the unit vector in the direction of vector PQ, where P and Q are the points(2, 3, 4) and (5, 6, 7),

respectively.

- A A A d N ~ N
7. For given vectors, a =3i—j +2k and b =—-21 + 3 j—k, find the unit vector in the direction of the

- —
vector a + b .

> . A oA
8. Find a vector of magnitude 4 units, and parallel to the resultant of the vectors a =3i +2 j—k and
%

b =i+2]j +3 k.
9. Find a vector in the direction of vector 3i—4] + 5k which has magnitude7 units.
10. Find the value of x for which x(i +2j + 3Kk is a unit vector

ANSWERS

~ 2 o n P S 2 ~ r \/_': 1.
1. 21 +3jand 3i+2j 2.1+ j+kand2i+2j+ 2k 3.7|+§j
4. Scalar components : -7, 6 and 4, Vector components : 71, 6] ,and4k.

1 o) n 16 ~» & 1 (- ~» -~
5 =\i+2j+2k 6.—li+]j+k 7.—\i+]+Kk

3( J ) \/5( J ) \/g( J )

2 = A ~ 7 2 A ~ 1
8.t—(4i+4j+2k 9.——3i—4j+5k 10.+ —

g (Al 2k sﬁ( . ) J14

60



CLASS TEST 30 MARKS (two marks each)

- A ~ A 4 ~ ~ ~
1. Write the value of p for which a =3i+2j+9k and b =i +pj+ 3k are parallel vectors.

- - - -
2. If 0 is the angle between two vectors a and b, then write the values of 0 for whicha . b > 0.

3. Find the projection of a on bif a.b=8 and b = 2i +6]+3k.

4. 1f | §|: J3 N B|:2and ;. E: \/§,findtheangle between gand B

5. If|§|:\/§, |B)|:2and the angle between g and Eis 60°, find gB) :

6.For what value of 7. are the vectors a =2} +Aj+k and b =i—2j+3k perpendicular to each other?

7.1f ; _; = Oand ; E = 0, then what can be concluded about the vectorg ?
-> . - - - - i -
8.If a isaunitvectorand ( x—a ).( x+ a ) =80, thenfind | x |.

- . - - - - . -
9. If aisaunitvectorand (2x -3a).(2x +3a ) =91, then write the value of | x |.
-

- - - - -
10. Ifa and b are perpendicular vectors, |a +b | =13 and |a | =5, find the value of | b |.
11. Write the value of (i x j).K+i.].
12. Write the value of (k x J).i+].K.
13. Write the value of (i x J). k +(jx k) .i.
- - - - - - .
14.1f a and b are two vectors such that |a .b|=]a x b |, then what is the angle between a and b ?

-

> A A A A A
15. Write a unit vector perpendicular to both the vectors a =i+ j+k and b=i+]

ANSWERS
2 yis
1.p== 2.0<0< =
=3 2
3.2 4.%
3
5
5.4/3 6.1 ==
2
5
7. b may be any vector. 8.9
9.5 10. 12
11.1 12.-1
13.2 145
4
i
15. - —+—
V2 2
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THREE DIMENSIONAL GEOMETRY
SOME IMPORTANT RESULTS/CONCEPTS

** Direction cosines and directionratios:
If alinemakesanglesa, 3 and y with x, yand z axes respectively the cosa, cospand cosy are the directioncosines

denotedby I, m, nrespectively and 1> + m? +n% =1
Any three numbers proportioral to direction cosines are directionratios denoted by a,b,c

im.n S S N . —
a b ¢ Va? +b? +c? Va? +b? +c? Va? +b? +¢?

* Directionratios of a line segment joining P(x,, y;,2;) and Q(X,,Y,,2,) may be taken as X, —X,, Y, — Y1, Z, —2;
* Angle between two lines whose directioncosinesarel,;,m;,n, and I,,m,, n, isgiven by
a,a, +b;b, +c,C,
\/(al2 +b, +¢, Xazz +b, + 022)
* Forparallellinesﬁ = by -9 and
a, b, ¢

forperpendicularlines a,a, +b;b, +¢,c, =0 or ll, +mym, +n;n, =0

** STRAIGHT LINE :

cosO=Il, + mm, +nn, =

* Equation of linepassing through a point(x,,y;,z, ) with directioncosines a, b, c: X~

* Equation of linepassing through a point(xl,yl,zl) and paralleltotheline: X—o_ o IS
a C

X=X _ Y=Y _2-2
a b c

X=X _ Y=Y _2-%4
Xo=X1 Yo—=Y1 2774

* Equation of linepassing through two point(x,,y;,z,)and (x,,y,,z,)is

* Equation of line (Vectorform)
Equation of line passing through a point a and in the directionof bis r =a +Ab
* Equation of line passing through two points a &b and in the directionof bis r = 5+x(6—5)

* Shortestdistance between two skew lines: if linesarer = a_i + XE r= i +7ﬁ£

then Shortestdistance :(a2 al)(blxt)Z) :b xb, #0

‘b xbz‘
\(az‘;ﬁ b xb; =0
1

SOME ILUSTRATIONS :

Q 1. The vector equation of the symmetrical form of equation of straight line
25 _ytt _ 26

= is
3 7 2
(@) 7= (3i+ 7j + 2k) + u(5i + 4j — 6k) (b)7 = (5i + 4j — 6k)+u(3i + 7j + 2k)
(c) 7 = (5i — 4j — 6k)+u(3i — 7j — 2k) () = (5i — 4j + 6k)+u(3i + 7j + 2k)

Q2. The angle between a line whose direction ratios are in the ratio 2 : 2 : 1 and a line joining (3, 1, 4)
to (7,2, 12) is
(@) cos™1(2/3) (b)cos™1(—=2/3) (c) tan™1(2/3) (d) None of these

Q3. If a line makes 60° and 45° angles with the positive direction of x-axis and z-axis respectively ,then find
the angle that it makes with positive direction of y-axis .Hence ,write the direction cosines of the line.
Sol : Let, B,y be the angles which line makes with axes.
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Hence the direction cosines of the lines are
- cosGO0 ,COSpB, cos450 by taking a =60° and y=45°
.1 2 1
3 L+ cos [;’ +1 >
cos’[g = E
~ B =60°or 120°
iracti i i L yor (A= 1L
So the direction cosines of the lines are ( Ezﬁ)or (2 2\/7)
Q4. Find the direction cosines of a line which makes equal angles with the axes. How many such lines are
there?

Sol: :Let a be the angle which the line makes with all axes.
~Its direction cosines are cosa ,cosa, COSa

1
- cos’a + cosza +cos’a =1 - cos’a =
2 CoSQ = + =
V3 1 1
~The required direction cosines are (+ ,+—= &t ﬁ) There are four distinct lines.

Q5. Show that the points (2,3,4) ,(-!,-2 1) and (5,8,7) are collinear.
Sol: Let P(2,3,4), Q (-!,-2,1) and R(5,8,7) be the given points.

He direction ratios of PQ are(-1-2,-2-3,1-4) direction ratios of QR are

(5+1,8+2,7-1) ie(-3,5,-3) and (6,10,6) so— =— = —

6
the lines are collinear.
Q6. Find the shortest distance between the following lines :

X-3 _y- 5 z-7 and x+1 y+1 z+1

1 -2 1 7 -6 1

Sol. Given linesare r = (3i +5)+ 7K) + » (i — 2j+ k), and

F (-] R)+ i = 6]+ K) T = (< = j— k) + u(7i - 6]+ K)

-

a, =3i+5j+7k, b=i-2j+k;
a2:_i_’j_Ry b2=7’i\—6]+l2
a,~a,=—4i—6]-8k, bxb,=[1 -2 1/=4i+6j+8k
7 -6 1
(8,-2)).(b \(—4? —6)—8k).(4i +6j+ sk)\
SD.=

‘leﬁz‘ B ‘4?+6]+8R‘

_|-16-36-64 _ 116 _ 1622429
J16+36+64 /116
x+1:y+3:z+5 and x—2:y—4:
5 7 1 3

Q7. Show that the lines —6 intersect. Find their point of

intersection.
+1_y+3_z+5
5 7
X-2 y-4 z-
3 5

Sol. Any pointon > =2 is (3L -1, 5. -3, 7T —5)

Any point on 6_ wis(u+2, 3u+4, 5u+6)
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If the linesintersectthan for some A & p

M -1l=p+2 = 3% —p=3....(I)
5L-3=3u+4 =50 —3u="7.......(ii)
7L-5=5u+6 = 7\ —5u =11.....(iii)

From (i) & (i) A :%, p:—g which satisfies (iii)

=given lines intersectand point of intersecton is@,—%,—gj

Case study
The equation of motion of a Missile are x = 3t, y = -4t, z =t, where the time‘t’ is given in seconds, and
the distance is measured in kilometres.

Based on the above answer the following:

Q 1.What is the path of the Missile?

Q 2.At what distance will the rocket be from the starting point (0, 0, 0) in 5 seconds?

1. Straight line 2 V650 kms

QUESTIONS FOR PRACTICE

SHORT ANSWER TYPE QUESTIONS

1. Find the direction cosines of the line passing through the two points (1,—2,4) and (- 1, 1, — 2).

2. Find the direction cosines of x, y and z-axis.

3. If a line makes angles 90°, 135°, 45 °with the X, y and z axes respectively, find its direction cosines.

4. Find the acute angle which the line with direction-cosines <i L >makes with positive direction of z-

vy n
V36
axis.

5. Find the length of the perpendicular drawn from the point (4, —7, 3) on the y-axis.

6. Find the coordinates of the foot of the perpendicular drawn from the point (2, -3, 4) on the y-axis.

7. Find the coordinates of the foot of the perpendicular drawn from the point (-2, 8, 7) on the XZ-plane.
8. Find the image of the point (2, -1, 4) in the YZ-plane.

9. Find the vector and Cartesian equations for the line passing through the points (1, 2, -1) and (2, 1, 1).
10. Find the vector equation of a line passing through the point (-2, 3, 2) and parallel to the line

T = (=20 +3)) + (2§ - 3]+ 6k).

- ~ ~ ~ ~ ~ - A ~ ~ A A A
11. Find the angle between the lines r =(2j—3K)+A(i+2j+2Kk) and r =(2i+6j+3k) +A(2i +3]—6K).
12. The two lines x =ay +b, z =cy +d ; and x =a' y +b', z =c' y +d ' are perpendicular to each other,
find the relation involving a, a', cand c'.

13. If the two lines L; : x =5, Yy _z Ly 1 x=2, y__z are perpendicular, then find value of a.
3—-a -2 -1 2-a
14. Find the vector equation of the line passing through the point (-1, 5, 4) and perpendicular to the

plane z = 0.

ANSWERS
L (_Z, 3 _QJ 2.(1,0,0); (0,1,0)and (0, 0, 1)
777
1 1 T
0w N
5. 5 units 6. (0,-3,0)
7.(-2,0,7) 8.(-2,-1,4)



9. 1 =(+2j—k)+p(i -+ 26): Xl—lzx—fzzgl 10. 1 = (=2} +3]+ 2K) + u(2i - 3j+ 6k)

7 - 2 n N
11cos‘1% 12.aa' +cc' =-1 13.§ 14, r =—i+5)+(4+ M)k

LONG ANSWER TYPE QUESTIONS
1. Find the shortest distance between the lines ? =(i+2j+k)+a(i-]j+k)and
?:2?—]—I2)+p(2i+]+2f<)
x—3= y—5=z—7 and x+1= y+1 z+1

2. Find the shortest distance between the following lines : =
-2 1 7 -6 1

3. Find the equation of a line parallel to

r=(i+2j+3k)+ 2(2i+3]+4Kk)and passing through 2 i+4 j +5 k. Also find the S.D. between
these lines.

4. Find the equation of the line passing through (1, -1, 1) and perpendicular to the lines joining the points(4,
3,2), (1,-1,0)and (1, 2,-1), (2, 2, 2).

5. Find the value of A so that the lines L

—X_y-2_z-3 4x-1_y-1_6-z . perpendicular to
2\ 2 3L 1
each other.

X+1 y+3 z+5 X-2 y-4 z-

6. Show that the lines = Z and 1 3 6 intersect. Find their point of
intersection.
7. Find the image of the point (1, 6, 3) in the line % = yT—l = %

X+2 y+1 z-

3 2 2

9. Find the shortest distance between the following lines and hence write whether the lines are intersecting or
x-1 y-1 X+1 y-2

8. Find the point on the line 3 at a distance 5 units from the point P(1, 3, 3).

not —=-—=7, ——="—,72=2.
2 3 5 1
ANSWERS
1.¥ units 2.2~/29 units
- - J5 145
3. 7= (2i +4j+5k)+A(2i +4j+5k) and —or units
r= (21 +4j )+A(21 +4j ) \/2—9 29
x—1_y+1 _z-1 —
4, —_Z_T_—_l 5, A=-2
/1 1.3 7.(,0,7)
2 2 2
8.(-2, -1, 3)or (4,3,7) 9.\/% , not intersecting
TEST-1
20 MARKS 30 MINUTES
SECTIONA

Q 1 The line which passes through the origin and intersect the two lines 952;1 =5 -

4
xd_ 3 s
Zx_ 3;1_24 xIS’ vy z x vy z x y z
@r=5=05=7=3 Oi=3== Wh=y=%

z—5
3
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SECTION B

Q2. Study the two statements labelled as assertion (A) reason (R).

Point out if : (A) Both Assertion and reason are true and reason is correct explanation of assertion.

(B) Assertion and reason both are true but reason is not the correct explanation of assertion.

(C) Assertion is true, reason is false.

(D) Assertion is false, reason is true.

Assertion: Equation of line Passing through the point (1,2,3) and (2,-1,5)is(x—1) /1 =(y—2/(=3) =
(z-3)/2

Reason : Equation of line passing through the point (x1,y1,z1) and (X2,Y2,22) is
x=x)(Xo=x1)F =Y )(Yo—y)=Hz=21)/(22—-21)

Q3. Ifthetwo lines Ly : X =5, Y _Zz Loy 1 Xx=2, y__z are perpendicular, then find value of a.
3—-a -2 -1 2-a
SECTIONC
4. Find the equation of the line passing through (1, —1, 1) and perpendicular to the lines joining the points
4,3,2),(1,-1,0and (1, 2,-1), (2, 2, 1).
1-x _ y—2 _ z-3 and x—lz y—lz 6-2z
3 2\ 2 3\ 1

5. Find the value of i so that the lines are perpendicular to each

other.
SECTIOND
7. Find the shortest distance between the following lines :
x—3: y—5: z-7 and x+1: y+1:z+1
1 -2 1 7 -6 1

SECTION-E (CASE BASED)

Based on the above information ,answer the following questions

(i) What is the Cartesian equation of line along EA ? $
(i)  FindthevectorequationofThe vector ED I\ 1
ANSWERS R T

6.2+/29 units
1.(a) 2.(a) 3.7/3 4. 5. A=-2

N X _y  z-24 .. s s onl by ¥ -4
7(i) = =5 =—— (ii)-8i-6j-24k b P

TEST -2 h T e

MARKS-30 <50 MINUTES
SECTION A

Q 1. The vector equation of the symmetrical form of equation of straight line

(@) 7 = (3i + 7j + 2k) + u(5i + 4j — 6k) (b)? = (5i + 4j — 6k)+u(3i + 7j + 2k)

(c) 7 = (5i — 4j — 6k)+u(3i — 7j — 2k) (d)? = (5i — 4j + 6k)+u(3i + 7j + 2k)

SECTION B

e A~ ~ ~ ~ ~ - ~ ~ ~ A~ ~ ~
Q2. Find the angle between the lines r =(2j—3K)+A(i+2j+2K) and r =(2i+6j+3k) +A(2i +3]—6K).
Q3. Find the vector equation of the line passing through the point (-1, 5, 4) and perpendicular to the plane z
=0.
Q4. Find the direction cosines of the line passing through the following points:
(-2, 4,-5), (1, 2,3).
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SECTION-C
x+2 Xil z

Q5 Find the points on the line — =5 = %3 at a distance of 5 units from the point P(1,3,3)

Q6 Find the coordinates of the foot of the perpendicular drawn from the point A(1, 8,4) to the line
joining the points B(0, -1,3) and C(2, -3,-1).
2x—1 2

Q7 The Cartesian equation of a line AB is vk % = ? Find the direction cosines of a line parallel to
AB.

SECTION-D
Q.8 Find the image of the point P (5, 9, 3) in the line xz;l =22 = ?.
Q9 Find the equation of the line passing through the points P(-1,3,-2) and perpendicular to the lines
XY _Zgpg¥2 oyt
1=z zad— = 5
SECTION-E

I - 0 = .‘! 1

&=

T i

(1) Find the equation of line along AD.
(i) Find the length of DC.

ANSWERS

3

g ~ A A
1, 4 =—j i 5 -8 -1
1(d) 2cos() 3 "TTFSIT@ENK 4 523 0r@sn) 6CT .3

7 (V3/V55,4/V55,6/V55) 8(1,1,11) 9==22 0 10()i==22 (i) 5v61

-7 4 5 -15
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LINEAR PROGRAMMING
** An Optimisation Problem A problem which seeks to maximise or minimise a function is called an
optimisation problem. An optimisation problem may involve maximisation of profit, production etc or
minimisation of cost, from available resources etc.
** |_inear Programming Problem (LPP)
A linear programming problem deals with the optimisation (maximisation/minimisation) of a linear
function of two variables (say x and y) known as objectivefunction subject to the conditions that the
variables are non-negative and satisfy a set of linear inequalities (called linear constraints). A linear
programming problem is a special type of optimisation problem.
** Objective Function Linear function Z = ax + by, where a and b are constants, which has to be
maximised or minimised is called a linear objective function.
** Decision Variables In the objective function Z = ax + by, x and y are called decision variables.
** Constraints The linear inequalities or restrictions on the variables of an LPP are called constraints. The
conditions x > 0, y > 0 are called non-negative constraints.
** Feasible Region The common region determined by all the constraints including non-negative
constraints X > 0, y > 0 of an LPP is called the feasible region for the problem.
** Feasible Solutions Points within and on the boundary of the feasible region for an LPP represent
feasible solutions.
** Infeasible Solutions Any Point outside feasible region is called an infeasible solution.
** Optimal (feasible) Solution Any point in the feasible region that gives the optimal value
(maximum or minimum) of the objective function is called an optimal solution.
** | et R be the feasible region (convex polygon) for an LPP and let Z = ax + by be the objective
function. When Z has an optimal value (maximum or minimum), where x and y are subject to
constraints described by linear inequalities, this optimal value must occur at a corner point (vertex)
of the feasible region.
** | et R be the feasible region for a LPP and let Z = ax + by be the objective function. If R is bounded, then
the objective function Z has both a maximum and a minimum value on R and each of these occur at a corner
point of R. If the feasible region R is unbounded, then a maximum or a minimum value of the objective
function may or may not exist. However, if it exits, it must occur at a
corner point of R,

ILLUSTRATIONS

1. Find the maximum value of the objective function Z = 5x + 10 y subject to the constraints
x+2y<120, x+y>60,x-2y>0,x>0,y>0.

2. Find the maximum value of Z = 3x + 4y subjected to constraints x +y <40, x+ 2y <60, x >0 and

y=>0

3. Find the points where the minimum value of Z occurs:
Z=6x+21y,subjecttox +2y>3,x+4y>4,3x+y>3,x>0,y>0.

4. For the following feasible region, write the linear constraints.

X

o) \@E.0) (11,00~

5. The feasible region for LPP is shown shaded in the figure.

Let Z = 3 x — 4y be the objective function, then write the maximumvalue of Z .
(6.16)

(6.12)
(0.4)

\/
b

10.0)/10 ¢é.O>
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6. Feasible region for an LPP is shown shaded in the following figure. Find the point where

minimum of Z =4 x + 3y occurs.
=

A

DJ0. 8)

Feasible
Region

L7

c@.5)
@, 3)
A(9.0) ..
o) N NS »X

7. Write the linear inequations for which the shaded area in the following figure is the solution set.
Y

Wb Uy Sl 08

X' X
Ml 3456789103
/i ' “‘2
¥ x P
.1.\\ 1o
v

8. Write the linear inequations for which the shaded area in the following figure is the solution set.

;T

1 1233\?78 X
1 = e

3 " =
v — %

9. Write the linear inequations for which the shaded area in the following figure is the solution set.

Slnpusad

10. Solve the following Linear Programming Problems graphically: Maximise Z = 5x + 3y
subject to 3x + 5y <15, 5x +2y <10, x>0,y >0.

ANSWERS
1. 600 2.140
3.(2,3) 4. x>0,y>0,3x+ 2y >12, x +3y > 11
5.0 6. (2,5)
7.x+2y<10,x+y>1,x-y<0,x,y=>0 9.3x +4y <60, x +3y < 30, x >0, y>0
8.5x +4y<20,x>1,y>2
10. Maximum Z = 22 at (Q,‘L—S)
19 1919
Test — 01 M.M. : 20

1 The set of all feasible solutions of a LPP is a set. 1

(@ Concave (b) Convex

(c) Feasible (d) None of these
2 In a LPP, if the objective function Z = ax + by has the same maximum value 1

on two corner points of the feasible region, then every point on the line segment

joining these two points give the same.......... value.




(@  minimum (b) maximum
(c) zero (d)  none of these

In the feasible region for a LPPis ......... , then the optimal value of the
objective function Z = ax+by may or may not exist.

(@ bounded (b) unbounded

(c) incircled form (d) in squared form

Region represented by x>0, y>0 is:
(@ First quadrant (b)  Second quadrant
(c) Third quadrant (d) Fourth quadrant

The feasible region for an LPP is shown shaded in the figure. Let Z = 3x- 4y be

objective function. Maximum value of Z is
¢

(6, 16

©., a ., 12)

x

©. 7o 6. O

@ 0 (b) 8 (c) 12 (d) -18

The maximum value of Z = 4x+3y, if the feasible region for an LPP is as shown
below, is

X

(@ 112 ()100 ()72  (d)110

In the given figure, the feasible region for a LPP is shown. Find the maximum
and minimum value of Z = x+2y

@ 8Y,‘3.2 (b)9,3.14 (©9,4 (d) None

The linear programming problem minimize Z= 3x+2y,
subject to constraints x +y <8, 3x+5y <15, x,y=>0, has
(@ One solution (b) No feasible solution

(c) Two solutions (d) Infinitely many solutions

Corner points of the feasible region determined by the system of linear
constraints are (0,3),(1,1) and (3,0). Let Z= px + qy, where p, g>0. Condition on
p and q so that the minimum of Z occurs at (3,0) and (1,1) is

(@ p=2q b) p=5 (c) p=3q (d) p=g

10

Solve the following Linear Programming Problem :
Max. Z=x+2y
Subject to the constraints : x + y<50,3x +y<90, x>0, y>0

11

Solve the following Linear Programming Problem :
MinZ=x+2y
Subject to the constraints : x + 2y > 100, 2x —y <0, 2x + y <200, x>0 , y>0

ANSWER :

1() 2(b) 3(b) 4(a) 5(a) 6(a)7(b) 8.(a)9.(b) 10.Max.z=100 11.min z=

70

100




Test : 02 M. M. -30

The common region determined by all the constraints including non-negative constraints
X, y > 0 of a linear programming problem is called

@ Feasible region (b) Feasible solution

(c) Optimal solution (d) Constraints

In the feasible region fora LPP is ......... , then the optimal value of the objective function
Z = ax + by may or may not exist.

(@  bounded (b) unbounded

(c) incircled form (d) in squared form

Z =250x + 75y is a linear objective function. Variables x and y are called .....
@) Decision variables (b) Constraints

(c) Constant (d) Objective function

Points within and on the boundary of the feasible region represent ......

@ Infeasible solution (b) Feasible solution

(c) Objective solution (d) None

The maximum value of Z = 4x+3y, if the feasible region for an LPP is as shown below, is

7

@ 112 (b) 72 () 110 (d) 100

Corner points of the feasible region determined by the system of linear constraints are (0,3),(1,1)
and (3,0). Let Z= px + qy, where p, g>0. Condition on p and g so that the minimum of Z occurs at
(3,0)and (1,1) is

(@) p=29 (b) p=q/2 (©) p=3q (d) p=q

Write the linear inequations for which the shaded area in the following figure is the solution set
v

" e — - X
Ui 10 V\vsu 40 suﬁ'ﬁ\{u

v
(a) 5x+y<100,x+y=>60 (c)5x+y>100,x+y <60
(b)  Sx+y>60,x+y<100 (d) 5x +y <100, x +y <60

In figure, the feasible region (shaded) for a LPP is shown. Determine the maximum and minimum
value of Z = x+2y.

(@) 8,32 (b)9,3.14 (9,4 (d) None
Solve the following Linear Programming Problem :
Max. Z=x+2y

Subject to the constraints : x + y <50, 3x +y <90, x>0, y>0
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10

Solve the following linear programming problem graphically:
Maximise Z = 3x + 4y
subject to the constraints : x +y<4,x>0,y>0.

11 | Solve the following linear programming problem graphically:
Maximise Z = 4x +vy
subject to the constraints:x +y<50,3x+y<90 ,x>0,y>0
12 | Find the minimum value of Z =11x + 7y
Subjecttox +3y<9,x+y<5,x>0,y>0
13 | Solve the Linear Programming graphically:

Maximize Z= 9x+3y subject to2x +3y <13 ,3x+y <5,x>0,y>0

ANSWER :
1(a) 2(b) 3(@) 4(b) 5@) 6(b)7(d) 8.(b) 9. Max.z=100 10. Max. z =16
11MaxZ=110 12.MinZ=21 13.MaxZ=15
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PROBABILITY
SOME IMPORTANT RESULTS/CONCEPTS

** Sample Space and Events :
The set of all possible outcomes of an experiment is called the sample space of that experiment. It is usually
denoted by S. The elements of S are called events and a subset of S is called an event.
¢ (= S) is called an impossible event and
S(c S) is called a sure event.
** Probability of an Event.
(i) If E be the event associated with an experiment, then probability of E, denoted by P(E) is
defined as P(E) = number of outcomesin E
number of total outcomesin sample space S
it being assumed that the outcomes of the experiment in reference are equally likely.
(i) P(sure event or sample space) =P(S) =1 and P(impossible event) = P(¢) = 0.
(iii) If Eq, Eo, Es, ... ,Ex are mutually exclusive and exhaustive events associated with an experiment
(i.e. if EqU ExU Egu ... UEK) =S and EinEj= ¢ for i, j € {1, 2, 3,.....k} i#]), then
P(E1) + P(Ep) + P(E3) + ...+ P(Ey) = 1.
(iv) P(E) + P(E®) = 1
** |f E and F are two events associated with the same sample space of a random experiment, the
conditional probability of the event E given that F has occurred, i.e. P (E|F) is given by

P(E|F) = PENF)

) :
P(F) provided P(F) # 0
** Multiplication rule of probability : P(E N F) = P(E) P(F|E)
= P(F) P(E|F) provided P(E) # 0 and P(F) # 0.
** Independent Events :E and F are two events such that the probability of occurrence of one of
them is not affected by occurrence of the other.
Let E and F be two events associated with the same random experiment, then E and F are said to be
independent if P(E N F)=P(E) . P (F).
** Bayes' Theorem :If Ey, E; ,..., Enare n non empty events which constitute a partition of sample
space S, i.e. Ey, E ..., Eqare pairwise disjoint and E;u E;u ... U Ep= S andA is any event of
nonzero probability, then
Z;, P(Ej)P(A‘Ej)
i-
** The probability distribution of a random variable X is the system of numbers
X: X1 X2 Xn
P(X) : P1 P2 Pn
n

where, pi> 0 , Zpi =1,i=1,1,2,..,
i=1
** Binomial distribution: The probability of x successes P (X = x) is also denoted by P (x) and is

—X A X

givenby P(XX)="C,g"p*, x=0,1,..,n.(q=1-p)

foranyi=1,2,3,..,n

Illustrations
1.If P (A) = 0.8, P (B) = 0.5 and P (B|A) = 0.4, what is the value of P (A N B)?
A.0.32 B.0.25 C.0.1 D.05

Answer: A. 0.32

Explanation: Given, P (A)=0.8,P (B)=0.5and P (B|A)=0.4

By conditional probability, we have;

P (B|A) =P(A N B)/P(A) =>P(ANB)=P(B|A).P(A)=04x0.8=0.32

2.1f P (A)=6/11, P (B) =5/11and P (A U B) = 7/11, what is the value of P(B|A)?

A. Vs B. % C.1 D. None of the above
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Answer: B. %

Explanation: By definition of conditional probability we know;
P(B|A) =P(A N B)/P(A) ...(»1)

Also,

P(A N B)=P(A) +P(B)-P(A UB)
=6/11+5/11-7/11=4/11

Now putting the value of P(A N B) in eq.(i), we get;

P(BJA) = (4/11)/(6/11) = 4/6 =%

3.Find P(E|F), where E: no tail appears, F: no head appears, when two coins are tossed in the air.
A.0 B. Y% C.1 D. None of the above
Answer: A. 0

Explanation: Given,

E: no tail appears

And F: no head appears

=>E={HH}and F={TT}

=>ENF=¢

As we know, two coins were tossed;

P(E) =Y

P(F) =Y

PEENF)=0/4=0

Thus, by conditional probability, we know that;

P(E|F) = P(E N F)/P(F)

= 0/(Ya)

=0

4.1f P(A N B) =70% and P(B) = 85%, then P(A/B) is equal to:

A.17/14 B. 14/17 C.7% D. %

Answer: B.14/17
Explanation: By conditional probability, we know;
P(A|B) =P(A N B)/P(B)
= (70/100) x (100/85)
=14/17
5. Assume that each born child is equally likely to be a boy or a girl. If a family has two children, then what
is the conditional probability that both are girls? Given that
(i) the youngest is a girl?
(ii) atleast one is a girl?
Answer:
Let B and b represent elder and younger boy child. Also, G and g represent elder and younger girl child. If a
family has two children, then all possible cases are
S ={Bb, Bg, Gg, Gb}
H(S) =4
Let us define event A : Both children are girls, then A = {Gg} = n(A) =1
(i) Let E; : The event that youngest child is a girl.
Then, E; = {Bg, Gg} and n(E;) = 2
50 P(E,) = ”{_E.ll = 2 = 1
and ANE, =1{Gg} = nANE })=1
nANE) 1
n(s) 4
AY_PANE)_1/4_1
E_,] P(E,) 1/2 2

so P(AME,)) =

Now, P (

1

. Required probability = 3
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(ii) Let E,: The event that atleast one is girl.

Then, E; = {Eg, Gg, Gb} = n(E) =3,

6.1f P(not A) = 0.7, P(B) = 0.7 and P(B/A) = 0.5, then find P(A/B).
Answer:

Given, P(A") = 0.7, P(B)=0.7 and P (%J =0.5

Clearly, P{4) =1 - P(A)=1—-07= 03
Now, F [E] = M

A P(A)
= 05=FA4NE
0.3

= P(A~B) =015

P{_A_]=P{AHB}=M5 ﬁP(ﬂ):_i
B P(B) 0.7 B) 14

7. A die marked 1, 2, 3 in red and 4, 5, 6 in green is tossed. Let A be the event ‘number is even’ and B be the
event ‘number is marked red’. Find whether the events A and B are independent or not.

Or

A die, whose faces are marked 1,2, 3 inred and 4, 5, 6 in green , is tossed. Let A be the event “number
obtained is even” and B be the event “number obtained is red”. Find if A and B are independent events.
Answer:

When a die is thrown, the sample space is

S={1,2,34,5,6}

=n(S)=6

Also, A: number is even and B: number is red.

~A={2,4,6}and B={1,2,3} and AN B= {2}

=>n(A)=3,nB)=3andn(A NB)=1

niAy 3 1

N . P C I

o W ni% 6 2

nis 6 2

d Panp="1ACH _1

an {A ™ B) ) p
Now, P{A}XP{E]:-ILX}u:l#l—:P{AﬁB}

2 2 4 6

P{AN B = P(A) x P(B)
Thus, A and B are not independent events.

8. A black and a red die are rolled together. Find the conditional probability of obtaining the sum 8, given
that the red die resulted in a number less than 4.

Answer:

Let us denote the numbers on black die by By, B, ....... , Bg and the numbers on red die by Ry, Ro, ....., Re.
Then, we get the following sample space.

s={(By, Ry),(B1, Ro), ....... ,(B1,Re), (B2, R2), ......... , (Bs, B1), (Bs, Bo), ....... , (B&,Rs)

Clearly, n(S) = 36

Now, let A be the event that sum of number obtained on the die is 8 and B be the event that red die shows a
number less than 4.

Then, A= {(Bz, RG), (BG,Rz), (B3,R5), (B5,R3), (B4,R4)}

and B = {(B1, R1), (B1,R2), (B1,Rs), (B2,R1), (B2,R2), (B2,Rs) ... , (Bs,R1), (Be,R2), (Bs,R3)}

= A N B = {(Bg, R2), (Bs, Ra)}

Now, required probability,

p(AB) = P(ANB)P(B)=2361836=218=19
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9. Evaluate P(A U B), if 2P (A) = P(B) = 513 and P(A/ B) = 25.

Answer:
Wehave,l?{ﬂ}:}?{m:%
= P(A) = —-and P(B) = — and P(A/B) = >
26 13 5
P[ﬂ]:P{An@
B F(B)
2_PANB
5 5/13
2.5 2
{ 2 5 13 13
 P(AUB) = P(A) + P(B)—PIANB)
=243 2
26 13 13
_5+10-4 _11
26 26

10. Prove that if E and F are independent events, then the events E and F’ are also independent. (Delhi 2017)
Answer:
Given, E and F are independent events, therefore
= PE(NF)=PE)P(F) ........ (1)
Now, we have,
P(E N F’) + P(E N F) = P(E)
P(ENF)=P(E)-PE NF)
P(E N F’)=P(E) - P(E) P(F) [using Eq. (i))
P(ENF)=P(E)[1-P(F)]
P (ENF’)=P(E)P(F)
~ E and F ‘are also independent events.
Hence proved.
111 : Problems for Practice:
1.A bag contains 5 red and 3 blue balls.If 3 balls are drawn at random without replacement the probability of
getting exactly one red ball is (a)45/196  (b)135/392 (c)15/56 (d)15/29
2.A flashlight has 8 batteries out of which 3 are dead.If two batteries are selected without replacement and
tested, the probability that both are dead is
(2)33/56 (b)9/64 (c)1/14  (d) 3/28
3. Probability that A speaks truth is 4/5.A coin is tossed .A reports that a head appears.The probability that
actually there was a head is
(a)4/5 (b)1/2  (c)1/5 (d)2/5
4. A and B are two students. Their chances of solving a problem correctly are 1/3 and ¥ respectively. If the
probability of their making a common error is 1/20 and they obtain the same number , then the probability
of their answer to be correct is
(@)1/12 (b)1/40  (c)13/120 (d) 10/13
5. mark the correct choice
(a) Statement-1 and statement-2 are true ; statement -2 is a correct explanation for statement -1
(b) Statement-1 and statement-2 are true ; statement -2 is not a correct explanation for statement -1
(c) Statement-1 is true , statement-2 is false
(d) Statement-1 is false , statement-2 is true
Statement-1 (assertion) 20 persons are sitting in a row. Two of these persons are selected at random. The
probability that the two selected persons are not together is 0.9.
Statement-2 (Reason) If A denotes the negation of an event A, then P(A) = 1 — P(A).
6. In shop A, 30 tin pure ghee and 40 tin adulterated ghee are kept for sale while in shop B, 50 tin pure ghee
and 60 tin adulterated ghee are there. One tin of ghee is purchased from one of the shops randomly and it is
found
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to be adulterated. Find the probability (i) Getting adulterated ghee (i) it is getting from shop B.
7.0ften it is taken that a truthful person commands, more respect in the society. A man is known to speak
the truth 4 of 5 times. He throws a die and reports that it is actually a six. Find the probability that it is
actually a six. Do you also agree that the value of truthfulness leads to more respect in the society ?

8. In a game of Archery, each ring of the Archery target is valued. The centre most ring is worth 10 point
and rest of the rings are allotted points 9 to 1 in sequential order moving outwards. Archer A is likely to earn
10 points with a probability of 0.8 and Archer B is likely to earn 10 points with a probability of 0.9. Based
on the above information answer the following questions. If both of them hit the Archery target , then find
the probability that

(i) exactly one of them earns 10 points (ii) both of them earn 10 points.

9. If P(A) =4/7, P(B) =0, then find P (A/B).

10. Write the probability of an even prime number on each die, when a pair of dice is rolled.

11. Two independent events A and B are given such that P(A) = 0.3 and P(B) = 0.6 find P(A and not B).

12. A fair coin and an unbiased die are tossed. Let A be the event ‘head appears on the coin’ and B be the
event 3 on the die. Check whether A and B are independent events or not.

13. Let A and B be two events. If P(A)=0.2, P(B)=0.4,P(ANB) = 0.6, then find P(AUB).

14. How many times must a man toss a fair coin, so that the probability of having at least one head is more
than 80%7?

15. A problem in mathematics is given to 3 students whose chances of solving it are 1/2,1/3 and 1/4,. What
is the probability that The (i) problem is solved (ii) exactly one of them will solve it?

16. X is taking up subjects, Mathematics, Physics and Chemistry in the examination. His probabilities of
getting Grade A in these subjects are 0.2,0.3 and 0.5 respectively.

Find the probability that he gets (i) Grade A in all subjects. (ii) Grade A in no subject

(i) Grade A in two subjects.

17. A speak truth in 60% of the case, while B in 90% of the cases. In what per cent of cases are they likely to
contradict each other in stating the same fact? In the cases of contradiction do you think, the statement of B
will carry more weight as he speaks truth in more number of cases than A?

18. There are three urns A, B and C. Urn A contains 4 white balls and 5 blue balls. Urn B contains 4 white
balls and 3 blue balls.Urn C contains 2 white balls and 4 blue balls. One ball is drawn from each of these
urns. What is the probability that out of these three balls drawn, two are white balls and one is a blue ball?
19.(a) 12 cards numbered 1 to 12,are placed in a box,mixed up thoroughly and then a card is drawn at
random from the box.If it is known that the number on the drawn card is more than 3,find the probability
that it is an even number.

(b) 12 cards, numbered 1 to 12 ,are placed in a box,mixed up thoroughly and then a card is drawn at random
from the box. If it is known that the number on the drawn card is more than 5, find the probability that it is
an odd number.

20. 10%o0f the bulbs produced in a factory are of red colour and 2%are red and defective.If one bulb is
picked up at random ,determine the probability of its being defective if it is red.

21. A doctor is to visit a patient. From the past experience, it is known that the probabilities that he will
come by train, bus, scooter or by other means of transport are respectively 3/10,1/5,1/10 and 2/5 . The
probabilities that he will be late are 1/4, 1/3,and 1/12, if he comes by train, bus and scooter respectively, but
if he comes by other means of transport, then he

will not be late. When he arrives, he is late.What is the probability that he comes by train?

22. Suppose that the reliability of a HIV test is specified as follows: of people having HIV, 90% of the test
detects the disease but 10% go undetected. Of the people free of HIV, 99% of the tests are judged HIV-ve
but 1% are diagnosed as showing HIV +ve. From a large population of which only 0.1% have HIV, one
person is selected at random, given the HIV test, and the pathologist reports him/her as HIV+ve. What is the
probability that the person actually has HIV?

23. A letter is known to have come either from TATA NAGAR or from CALCUTTA. On the envelope just
two consecutive letters TA are visible. What is the probability that the letters came from TATA NAGAR?

IV: Answers: 1.(c) 2.(d) 3.(a) 4.(d) 5. (a) 6. (1)43/77 (ii) 21/43 7. 4/9 8.(i)0.26 (ii) 0.72, 9.does not

exist. 10. 5/18 11.0.12 12.Yes 13. 0 14.3 15.i)% (ii) 11/24 16. (i) 0.03 (ii) 0.28 (jii) 0.22 17.
42%, yes 18.64/189 19. (a) 5/9 (b) 3/7 20.1/5 21.1/2 22. 0.083 approx. 23. 7/11.
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TEST-1 (20 Marks)

SECTION A (IMARK)
1. A bag contains 5 white and 4 red balls. 2 balls are drawn from the bag. Find the probability that both balls
are white.
2 find the probability of a red king in a pack of 52 cards.

SECTION B(4MARKS)
3 The probability that a bulb produced by a factory will fuse after 100 days of use is 0.05. Find the
probability that out of such five such bulbs
(i) Not more than one
(it) More than one
Will fuse after 100 days of use. 4 In a bolt factory, 3 machines A, B and C manufacture 25, 35 and 40 per
cent of the total bolts manufactured.
Of these output, 5, 4 and 2 per cent are defective respectively. A bolt is drawn at random and is found to be
defective. Find the probability that it was manufactured by either machine A. 4
5 An urn contains 4 white and 3 red balls. Let X be the number of red balls in a random draw of 3 balls. Find
the mean and variance of X

SECTION C(6MARKS)
6 A doctor is to visit a patient. From the past experience, it is known that the probabilities that he will
come by train, bus, scooter or by other means of transport are respectively 3/10, 1/5, 1/10and 2/5. The
probabilities
that he will be late are 1/4,1/3 and 1/12 , if he comes by train, bus and scooter respectively, but if he comes
by other
means of transport, then he will not be late. When he arrives, he is late.What is the probability that he
comes by train?

TEST-2 (30 Marks)

SECTION A (IMARK)
1. Two coins are tossed. What is the probability of coming up two heads if it is known that at least one head
comes up.
2. Four cards are drawn from 52 cards with replacement. Find the probability of getting at least 3 aces.

SECTION B(4MARKS)
3. A pair of dice is thrown 7 times. If getting a total of 7 is considered a success, what is the probability of
getting
(i) Exactly 6 successes
(if) At most 6 successes. 4
4. An insurance company insured 3,000 scooters, 4,000 cars and 5,000 trucks. The probabilities of the
accident involving a scooter, a car and a truck are 0.02, 0.03 and 0.04 respectively. One of the insured
vehicles meet with an accident. Find the probability that it is a scooter.
5. By examining the chest X-ray, the probability that T.B. is detected when a person is actually suffering
from it is 0.99. The probability that the doctor diagnosis correctly that a person has T.B. on the basis of X-
ray is 0.001. In a certain city, 1 in 1,000 persons suffers from T.B. A person selected at random is diagnosed
to have T.B. What is the chance that the person has actually T.B.?
6.A bag contains 5 red marbles and 3 black marbles. Three marbles are drawn one by one without
replacement.What is the probability that at least one of the three Marbles drawn be black if the first marble is
red ?

SECTION C(6MARKS)
7. Suppose that the reliability of a HIV test is specified as follows: of people having HIV, 90% of the test
detects the disease but 10% go undetected. Of the people free of HIV, 99% of the tests are judged HIV-ve
but 1% are diagnosed as showing HIV +ve. From a large population of which only 0.1% have HIV, one
person is selected at random, given the HIV test, and the pathologist reports him/her as HIV+ve. What is the
probability that the person actually has HIV ?
8. In an examination, an examinee either guesses or copies or knows the answer of multiple choice questions
with four choices. The probability that he makes a guess is 1/3, and probability that he copies the answer is
1/6 . The probability that his answer is correct, given that he copied it, is 1/8 . Find the probability that he
knew the answer to the question, given that he correctly answered it.
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