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SYLLABUS

MATHEMATICS (XI1)
(Code No. 041)
Session — 2023-24

No. | Units Marks
l. Relations and Functions 08
1. | Algebra 10
I1l. | Calculus 35
IV. | Vectors and Three - Dimensional Geometry 14
V. | Linear Programming 05

VI. | Probability 08

TOTAL 80
Internal Assessment 20

Unit-1: Relations and Functions

1. Relations and Functions

Types of relations: reflexive, symmetric, transitive and equivalence
relations. One to one and onto functions.

2. Inverse Trigonometric Functions

Definition, range, domain, principal value branch. Graphs of inverse
trigonometric functions.

Unit-11: Algebra

1. Matrices

Concept, notation, order, equality, types of matrices, zero and identity
matrix, transpose of a matrix, symmetric and skew symmetric matrices.
Operations on matrices: Addition and multiplication and multiplication
with a scalar. Simple properties of addition, multiplication and scalar
multiplication. Non- commutativity of multiplication of matrices and
existence of non-zero matrices whose product is the zero matrix (restrict to
square matrices of order 2). Invertible matrices and proof of the uniqueness
of inverse, if it exists; (Here all matrices will have real entries).

2. Determinants

Determinant of a square matrix (up to 3 X 3 matrices), minors, co-factors
and applications of determinants in finding the area of a triangle. Adjoint
and inverse of a square matrix. Consistency, inconsistency and number of
solutions of system of linear equations by examples, solving system of
linear equations in two or three variables (having unique solution) using
inverse of a matrix.



Unit-111: Calculus

1. Continuity and Differentiability

Continuity and differentiability, chain rule, derivative of inverse trigonometric
functions, like x, cos™! x and tan™! x, derivative of implicit functions. Concept
of exponential and logarithmic functions.

Derivatives of logarithmic and exponential functions. Logarithmic
differentiation, derivative of functions expressed in parametric forms.
Second order derivatives.

2. Applications of Derivatives
Applications of derivatives: rate of change of quantities,
increasing/decreasing functions, maxima and minima (first derivative test
motivated geometrically and second derivative test given as a provable
tool). Simple problems (that illustrate basic principles and understanding
of the subject as well as real-life situations).

3. Integrals
Integration as inverse process of differentiation. Integration of a variety of
functions by substitution, by partial fractions and by parts, Evaluation of
simple integrals of the following types and problems based on them.

f dx f dx f dx f dx f xziazdx,f‘/az—xz dx,

x2ta?’ Y a?2-x2 'Y [x24q2 "7 VaZ-x2’
> px+q px+q
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Fundamental Theorem of Calculus (without proof). Basic properties of
definite integrals and evaluation of definite integrals.

4. Applications of the Integrals
Applications in finding the area under simple curves, especially lines,
circles/ parabolas/ellipses (in standard form only)

5. Differential Equations
Definition, order and degree, general and particular solutions of a
differential equation. Solution of differential equations by method of
separation of variables, solutions of homogeneous differential equations of
first order and first degree. Solutions of linear differential equation of the
type:
Z—i’ +py=(q, where p and q are functions of x or constants.

Z—; + px=q, where p and q are functions of y or constants.



Unit-1V: Vectors and Three-Dimensional Geometry

1. Vectors

Vectors and scalars, magnitude and direction of a vector. Direction cosines
and direction ratios of a vector. Types of vectors (equal, unit, zero, parallel
and collinear vectors), position vector of a point, negative of a vector,
components of a vector, addition of vectors, multiplication of a vector by
a scalar, position vector of a point dividing a line segment in a given ratio.
Definition, Geometrical Interpretation, properties and application of scalar
(dot) product of vectors, vector (cross) product of vectors.

2. Three - dimensional Geometry
Direction cosines and direction ratios of a line joining two points. Cartesian
equation and vector equation of a line, skew lines, shortest distance
between two lines. Angle between two lines.

Unit-V: Linear Programming

1. Linear Programming
Introduction, related terminology such as constraints, objective function,
optimization, graphical method of solution for problems in two variables,
feasible and infeasible regions (bounded or unbounded), feasible and
infeasible solutions, optimal feasible solutions (up to three non-trivial
constraints).

Unit-VI: Probability

1. Probability
Conditional probability, multiplication theorem on probability,

independent events, total probability, Bayes’ theorem, Random variable
and its probability distribution, mean of random variable.



CHAPTER : RELATIONS AND FUNCTIONS

SYLLABUS: Types of relations: Reflexive, Symmetric, transitive and equivalence relations.

One to one and onto functions.

Definitions and Formulae:

» Types of Relations:

>

Empty Relation: A relation R in a set A is called empty relation, if no element of A
is related to any elementof A,i.e, R =@ c A X A.

Universal Relation: A relation R in a set A4 is called universal relation, if each
element of A is related to every element of 4, i.e., R = A X A.

Trivial Relations: Both the empty relation and the universal relation are sometimes
called trivial relations.

Arelation R inaset A is called
a) Reflexive, if (x,x) ER foreveryx € A
b) Symmetric, if (x,y) € R implies that (y,x) ER forall x,y € A
c) Transitive, if (x,y) € R and (y,z) € R implies that (x, z) € R for all
x,y,Z €A
If A is a finite set with n elements,then

)] Total number of relations in A=2"".

i) Total number of reflexive relations in A = 2=,

n(n+1)

iii) Total number of symmetric relationsin A=2"z .

Equivalence Relation:A relation R in a set A is said to be an equivalence relation if
R is reflexive, symmetric and transitive.

Equivalence Class: Let R be an equivalence relation on a non-empty set A and a € A.
Then the set of all those elements of A which are related to a, is called the
equivalence class determined by a and is denoted by [a].i.e[a] = {x € A : (x,a) € R}

Types of Functions:

e One-One (Injective) Function: A function f : X — Y is defined to be one-one

(or injective), if the images of distinct elements of X under f are distinct, i.e., for
every x;,x, € X, f(x;) = f(x,) implies x;, = x,. Otherwise, f is called many-
one.



Onto (Surjective) Function: A function f : X — Y is said to be onto (or
surjective), if every element of Y is the image of some element of X under f. i.e., for
every y € Y, there exists an element x in X such that f(x) = y.

NOTE: f: X — Y isonto if and only if Range of f = Codomain.

Bijective Function: A function f : X — Y is said to be bijective, if f is both one-
one and onto.

If A and B are two finite sets having m and n elements respectively, then
)} Number of functions from A to B is n™.

n, ,ifms<n

i) Number of one-one functions fromAto B = { )
0,ifm >n

iii) If the function is bijective i. e both one-one and onto then m = n.

MULTIPLE CHOICE QUESTIONS

Q.No

QUESTIONS AND SOLUTIONS

If A={5,6,7}and
let R = {5,5), (6,6)),(7,7),(5,6), (6,5),(6,7),(7,6)}. Then R is
a) Reflexive, symmetric but not Transitive
b) Symmetric, transitive but not reflexive
c) Reflexive, Transitive but not symmetric
d) an equivalence relation

Answer: A
(5,6) € Rand (6,7) € R but (5,7) does not belong to R

Let R be a relation defined on Z as follows:

(a,b) € R © a? + b?> = 25.Then Domain of R is
a) {3.4,5} b) {0,3,4,5}
c) {0,+3,+4,£5} d) None of these

Answer: C R={( 0, ,£5), (,£5,0),( £3, ,4),( %4, £3)}
Domain of R is the set of all first elements of R.

The maximum number of equivalence relationsonthe setA = {1,2,3} is
a) 1 b) 2 c)3 d)5

Answer: D

Possible equivalence relations are
Ri={(11),(22),33)}

R = {(1,1),(2,2),(3,3), (1,2 ,2,1)}
Rs={(1,1), (2,2),(3,3), (1,3), (3,1)}
Ra={(11), (2,2, (3,3), (2,3),(3,2) }
Rs = AXA

Consider the set A = {1, 2}. The relation on A which is symmetric but neither
transitive nor reflexive is

a) {(1.1) (2,2} b) {}

c) {(1.2)} d) {12 (21)}

Answer: D




R is not reflexive since (1,1) and (2,2) are not there in R
R is not transitive since (1,2) and ( 2,1) belong to R but (1,1) does not belong to
R

If A={d, e f}and

5
let R = {(d,d), (d,e), (e,d), (e,e)}.Then R is
a) Reflexive, symmetric but not Transitive
b) Symmetric, transitive but not reflexive
c) Reflexive, Transitive but not symmetric
d) an equivalence relation
Answer: B
R is not reflexive because ( f,f) isnot presentin R
6 Let R be a reflexive relation on a finite set A having n elements and let there be
m,minimum number of ordered pairs in R, then
a) m<n b)ym>n
C) m=n d)none of these
Answer: C
A relation on aset A is reflexive if every element of A is related to itself
i.e.(a,a) € R, foralla € R
7 The number of elements in set A is 3. The number of possible relations that can be
defined on A'is
a) 8 b) 4 c) 64 d) 512
Answer: D
The number of possible relations on a set having n elements is 2" as every
relation is a subset of Ax A.
8 The number of elements in Set A is 3.The number of possible reflexive relations
that can be defined in A is
a) 64 b) 8 ¢) 512 d) 4
Answer: A
If a set has A has n elements then the number of possible reflexive relations on A
is 2n(n-1),
9 The number of elements in set P is 4. The number of possible symmetric relations
that can be defined on P is
a) 16 b) 32 c) 512 d) 1024
Answer: D
If a set has A has n elements then the number of possible symmetric relations on
nn+1)
Ais 2 2
10 | Let R be arelation on the set N of natural numbers defined by aRb if and only if

a divides b.Then R is

a) Reflexive, symmetric but not Transitive

b) Symmetric, transitive but not reflexive

c) Reflexive, Transitive but not symmetric

d) an equivalence relation
Answer C
R is reflexive, since every natural number divides itself.
If a divides b and b divides c then a divides ¢
So R is transitive
a divides b need not imply that b divides a.
So R is not symmetric.




CHAPTER VIDEO LINK FOR MCQs SCAN QR CODE FOR
VIDEO

RELATIONS AND FUNCTIONS https://youtu.be/hbZlyGzmIOw

EXERCISE
Let f: R = R be defined by f(x) =% Vx €ER.Then f is
a) One-one
b) Onto
c) Bijective

d) f isnot defined

Answer: d

Set A has 4 elements and set B has 5 elements. Then the number of bijective
mappings from A to B is

a) 120

b) 20

c) 0

d) 625

Answer: ¢

Set A has 3 elements and set B has 4 elements. Then the number of injective
mappings from A to B is

a) 144

b) 12

c) 24

d) 64

Answer: ¢

The function f: [ m, 2] - R defined by f(x) = cosx is
a) one-—one but not onto
b) onto but not one - one
¢) many — one function
d) bijective function

Answer: d

Let
f:R > R bedefined by f(x) = x3 + 4then f is
a) Injective
b) Surjective
c) Bijective
d) None of these
Answer: c



https://youtu.be/hbZIyGzmI0w

Let A ={1,2,3},B = {4,5,6,7} and let f = {(1,4), (2,5), (3,6)} be a function from
A to B. Based on the given information f is best defined as

a) Surjective function

b) Injective function

c) Bijective function

d) Function

Answer: b

Let A ={1,2,3,...,n}and B = {p. q}.Then the number of onto functions from A to
Bis

a) 2"

b) 2n-2

c) 2"-1

d) None of these

Answer: b

ASSERTION AND REASONING QUESTIONS

In the following question a statement of Assertion (A) is followed by a statement of
Reason(R).Pick the correct option:

A) Both A and R are true and R is the correct explanation of A.

B) Both A and R are true but R is NOT the correct explanation of A.

C) Alstrue but R is false.

D) A s false but R is true.

Assertion (A): If n (A) =p and n (B) = g then the number of relations from A to B
is 2P,
Reason(R): A relation from A to B is a subset of A X B.

Answer. A
Solution: Every relation from set A to set B is a subset of A X B.
So Riis true
The number of elementsin A X B is p X g.So number of subsets of A X B.i.e no
of relations from A to B is 2P9.
So Alis true.

Assertion (A): If n (A) =m, then the number of reflexive relations on A is m
Reason(R) : A relation R on the set A is reflexive if (a, @) € R, Va€ A.

Answer: D
Solution: A relation R is reflexive on the set A iff (a,a) ERV a € A.
So Ris true.

n(A) = m then the number of reflexive relations on A is gm-m,
So A is false.

Assertion (A): Domain and Range of a relation R = {(x,y): x — 2y = 0}defined
on the set A = {1,2,3,4} are respectively {1,2,3,4}and {2,4,6,8}

Reason(R): Domain and Range of a relation R are respectively the sets

{a:a € Aand (a,b) € R.}and {b:b € A and (a,b) € R}

Answer: D

Solution: Domain of a relation R is {x: x € A and (x,y) € R.}.
Range of arelation Ris {y:y € Aand (x,y) € R.}.
So R is true.




R ={(2,1),(4,2)}
So A is false

Assertion (A): Arelation R = {(1,1),(1,2),(2,2),(2,3)(3,3)} defined on the set
A = {1,2,3} is reflexive.
Reason(R): A relation R on the set A is reflexive if (a,a) E R,Va € A

Answer: A

Solution:A relation R on the set A is reflexive if (x,x) ER,Vx € A
So Ris true

For,Vx € A (x,x) € R so R is reflexive and thus A is true.
Therefore answer is A.

Assertion (A): Arelation R = {(1,1),(1,2),(2,2),(2,3)(3,3)} defined on the set
A ={1,2,3} is symmetric
Reason(R): A relation R on the set A is symmetric if (a,b) € R = (b,a) ER

Answer:D

Solution:A relation R on the set A is symmetric if (x,y) € R = (y,x) €R
So,R is true

(1,2) € R but (2,1) does not belong to R so R is not symmetric .

So A is false

Assertion (A): A relation R = { (1,1),(1,3),(1,5),(3,1)(3,3), (3,5)} defined on
the set A = {1,3,5} is transitive.

Reason(R): A relation R on the set A symmetric if (a,b) € Rand (a,c) ER =
(a,c) ER

Answer:C

Solution: A relation R on the set A transitive iff (a,b) € Rand (a,c) ER=
(a,c) ER.

So R is false

As the condition of transitivity is satisfied, so A is true.

Assertion (A): A = {1,2,3}, B = {4,5,6,7}, f = {(1,4),(2,5),(3,6)} is a function
from Ato B.Then f is one — one

Reason(R): A function f is one - one if distinct elements of A have distinct
images in B.

Answer:A

Solution: A function f is one —one if distinct elements of A have distinct images in
B.

So Ris true

As distinct elements of Set A have distinct images in the set B.

So, Ais true

Thus A and R are true and R is the correct explanation of A.

Assertion (A): Consider the function f: R — R defined by f(x) = x%. Then f is
one-one
Reason(R): Every polynomial function is one-one
Answer: C
Solution: Every polynomial function is not one-one as f(x) = x? is not one one.
So R is false.
A function f is one-one if distinct elements have distinct images
So Ais true
Thus Ais true but R is false.




9. | Assertion (A): If X = {0,1,2 }and the function f: X — Y defined by
f(x) = x*-2issurjectionthenY = {-2,—-1,0,2}
Reason(R): If f:X — Y issurjective if for all y € Y there exists x € X such thtat
y=f)
Answer: D
Solution: A function is surjective or onto if range = co — domain,ie f:X - Y is
surjective if for all y € Y there exists x € X such thtat y = f(x)
So Ris true.
There is no x in X such that f(x) = 0, so range of f is not equal to the codomain,
i.e f is not surjective
So, A is false.
Thus A is false but R is true.

10. | Assertion (A): A, B are two sets such that n(4) = m and n(B) = n. The number
of one-one functions from AtoBisn, ,ifn=m
Reason(R): A function f is one —one if distinct elements of A have distinct images
inB
Answer: A
Solution:A function f is one —one if distinct elements of A have distinct images in
B.
So Ris true.
For a function from set A to B is one-one iff n(4) < n(B)
So Ais true.
EXERCISE

1 | Assertion (A): A function f: A = B, cannot be an onto function if n (4) < n (B).
Reason(R): A function f is onto if every element of co-domain has at least one pre-
image in the domain
Answer:A

2| Assertion (A): Consider the function f: R — R defined by f(x) = —— Then fis
one —one
Reason(R): f(4)=4/17 and f(1/4)=4/17
Answer: D

3 | Assertion (A): n(4) =5,n(B) =5and f : A — B is one-one then f is bijection
Reason(R): If n(A) = n(B) then every one-one function from A to B is onto
Answer: A

4 | Assertion (A): Set A has 4 elements and set B has 5 elements. Then the number of
bijective mappings from A to B is 5*
Reason(R): A mapping from A to B cannot be bijective if n(A) is not equal to n(B).
Answer: D

5 | Assertion (A):The identity relation on a set A is an equivalence relation.

Reason (R): The Universal relation on a set A is an equivalence relation.

Answer: B

10




2 MARKS QUESTIONS

The relation R defined by (a, b)R(c,d) = a + d = b + c on the AXA. Where
A =1{1,23,.....,10} is an equivalence relation. Find the equivalence class of the
element (3,4).
Solution: Let (3,4) R (a,b) on A x A where A = {1,2,3, .......10}
=23+b=44+a - b—a=1
[BD)]r ={(1,2).(2,3),(3,4),(45),(6,7),(7,8),(8,9),(9,10)}

) 2 ifnis odd )
Let f: N > N be defined by f(n) =4 2 for all n € N. Is the function f
> ,if n is even

one-one or not ? Justify your answer.

Solution: Given function is not one-one, because 1 and 2 have the same image.
1+1 2

f="=1r@=2=1

2 2

Consider f: R, — [—9, o) given by f(x) = 5x2 + 6x — 9. Show that f is one-one.
Solution: One-one:
Let f(x)=f(y) =25x2+6x—9=5y2+6y—9
>5—-y)x+y)+6(x—y)=0
> x—-y)5x+5y+6)=0
= x =y.Since5x +5y+6 #0 forallx,y € R,
Given function is one — one.

Let R be the relation defined in the set A = {1, 2, 3,4,5} by
R = {(x,¥):x,y € A,x and y are either both odd or both even}. Find R
in Roster form.

Solution:

R={11),(13),(15),(31),33),3)5),(51),(53),(55),22), 24, 42), (49}

Check whether the following relation R = {(a,b): a < b} defined on set of real
numbers are reflexive and symmetric or not.
Solution: for each a € R, a < a is true. Given relation is reflexive.
(2,3)€ R but (3,2) ¢ R thus,for each (a,b)e R # (b,a) € R Hence given relation is
not symmetric.

Prove that the greatest integer function f: R — R, given by f(x) = [x], is neither
one-one nor onto.
Solution: f(1.1) =1,f(1.3) = 1,but 1.1 # 1.3, f is not one — one.
Range is set of integers only whereas codomain is set of real numbers.
Range # codomain , -- f is not onto

| N

Let A=R—{1}.If f: A > A is a mapping defined by f(x) = i , show that f is one-

[y

one.
Solution: One-One;

— x—2 _y-2
Let f(x) = fO) =75 =27

x-2)y-D=@-2)x-1)
Sxy—x—-2y+2=xy—2x—y+2
=x—y=0
=>x=Yy
Given function is one — one.

LetA =R —{1}.If f: A —» A is a mapping defined by f(x) = E, show that f is onto.
Solution: Onto: Leti—:i =y =>x—-2=y(x-1)

11



Sx—2=xy—Yy
x(1-y)=2-y
=2y
=
. 2—y
for eachy € A, there exist x = =y € A such that f(x) = y.

Given function is onto.

A function f: A - B defined as f(x) = 2x, is both one-one and onto.If
A = {1,2,3,4},then find the set B.

Solution: f = {(1,2),(2,4), (3,6),(4,8)}.

Range of f = {2,4,6,8}.

As function is onto range = codomain.

So B = {2,4,6,8}.

10.

Let L be the set of all lines in a plane and R be the relation in L defined as

R ={(L,,L,): L, is perpendicular to L,}. Isthe relation R transitive? Justify your
answer.

Solution: R is not transitive

Let (Ly,L,) € Rand (L,,L;) ER

= L, is perpendicular to L, and L, is perpendicular to L

= L,is parallelto L; = L, is not perpendicular to L,

= (L,,L3) & R

Hence, R is not transitive.

EXERCISE

Is the relation R = {(a, b): a< b?} defined on set of real numbers transitive? Justify
your answer.

Answer: No, it is not transitive
(5,3) e Rand (3,2) e Rbut (5,2) ¢ R.

Determine whether the relation R defined on the set of all real numbers as

R={(a b):a,banda—b ++/3 €S, where S is the set of all irrational numbers}, is
symmetric.

Answer: (4v/3,3+/3) € R but (3v3,4V/3) ¢ R.
So, R is not symmetric.

Is the relation R defined on the set of all real numbers as
R = {(a,b): a > b}, reflexive,symmetric and trasitive? Justify your answer.

Answer: (a,a) € R .So, R is not reflexive.

Let (a,b) € R = a > b, but b is not greater than a = (b,a) € R
Therefore R is not symmetric.

a>bandb>c=a>c

Therefore R is transitive.

Show that the relation R defined on the set A of all triangles in a plane as
R = {(Ty,T,): T, is similar to T,} is an equivalence relation.

Show that the relation R in the set of R real numbers, defined as
R = {(a,b):a < b3} is not transitive.
Answer: (9,4) € R and (4,2) € R but (9,2) ¢ R .Hence R is not transitive
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3 MARKS QUESTIONS

Show that the relation R in the set {1, 2, 3} given by R = {(1, 1), (2, 2), (3, 3), (1, 2),
(2, 3)} is reflexive but neither symmetric nor transitive.

Solution: Let A= {1, 2, 3}

The relation R is defined on A is given by R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3)}
Now, we have to show that R is reflexive but neither symmetric nor transitive.
Reflexive:

Clearly, (a,a) ER for everya € A

Hence, R is reflexive

Symmetric:

Clearly, (1,2) € R, but (2,1) ¢ R

Thus, for every (a,b) € R, (b,a) € R

Hence, R is not symmetric

Transitive:

For(1,2)eRand(2,3)eR =(1,3)¢R

Thus, (a,b) € R and (b,c) € Rthen (a,c) ) ¢ R

Hence, R is not transitive.

Therefore, R is reflexive but neither symmetric nor transitive.

Show that the relation R in the set {1, 2, 3, 4} given by

R={(1, 2), (2 2),(1,1), (4,4), (1, 3), (3, 3), (3, 2)} is reflexive and transitive but not
symmetric.

Solution: Let A={1, 2, 3, 4}

The relation R is defined on A is given by R = {(1, 2), (2, 2), (1, 1), (4, 4), (1, 3), (3,
3), 3. 2)}

Now, we show that the relation R is reflexive and transitive but not symmetric.
Reflexive:

Clearly, (a,a) €R for everya € A

Hence, R is reflexive.

Symmetric:

Clearly, (1,2) € R, but (2,1) ¢ R

Thus, for every (a,b) € R, (b,a) € R

Hence, R is not symmetric,

Transitive:

For every (a,b) € Rand (b,c) €ER = (a,c) ER

Hence, R is transitive.

Therefore, R is reflexive and transitive but not symmetric.

Check whether the relation R defined in the set A= {1,2,3,4,5, 6} as
R = {(a,b):b = a + 1,a,b € A} isreflexive, symmetric or transitive.

Solution: Let A={1, 2, 3,4, 5, 6}

R be the relation definedas R = {(a,b):b = a + 1}
i.e; R={(1,2), (2,3),3,4),(4,5), (5 6)}

To check R is reflexive:

Clearly, (a,a) € R for everya € A

Hence, R is not reflexive

To check R is symmetric:

Clearly, (1,2) € R, but (2,1) ¢ R

13



Thus, for every (a,b) € R, (b,a) € R

Hence, R is not symmetric

To check R is Transitive:

Take (1,2) €R, and (2,3) € Rbut (1,3) € R

Thus, (a,b) € R and (b,c) € R then (a,c) ) € R

Hence, R is not transitive.

Therefore, R is neither reflexive, nor symmetric and nor transitive.

Determine whether the relation R inthe set A = {1, 2,3, ...,13, 14} defined as
R = {(x,¥):3x-y = 0,x,y € A} is reflexive or symmetric or transitive.
Solution: Given A = {1,2,3,...,13,14}

The relation R is defined as R = {(1, 3), (2, 6), (3, 9), (4, 12)}

To check R is reflexive:

Clearly, (a,a) € R for everya € A

Hence, R is not reflexive

To check R is symmetric:

Clearly, (1,3) €R, but (3,1) ¢ R

Thus, For every (a,b) € R, (b,a) ¢ R

Hence, R is not symmetric

To check R is Transitive:

Take (1,3) € R, and (3,9) € R but (1,9) € R
Thus, (a,b) € R and (b,c) € Rthen (a,c) ) € R
Hence, R is not transitive.

Therefore, R is neither reflexive, nor symmetric and nor transitive.

Determine whether the relation R in the set N of natural numbers defined as

R = {(x,y):y = x + 5and x < 4} is reflexive, symmetric or transitive.

Solution: Given N = Set of all natural numbers.

The relation R is definedonthesetNasR = {(x,y):y = x + 5and x < 4}
ie; R={(1,6),(2,7), (3 8)}

To check R is reflexive:

Clearly, (a,a) ¢ R for everya € N

Hence, R is not reflexive

To check R is symmetric:

Clearly, (1,6) € R, but (6,1) ¢ R

Thus, For every (a,b) € R, (b,a) ¢ R

Hence, R is not symmetric

To check R is Transitive:

For transitive, we have to show for (a,b) € R and (b,c) € R then (a,c) € R
But in this case, in the relation R, for every order pair (a, b), there exists no order pair
as (b, c).

In such a case, R is also transitive.

Therefore, the relation R is neither reflexive nor symmetric but transitive.

Prove that the Greatest Integer Function f : R — R, givenby f(x) = [x], is neither
one-one nor onto, where [x] denotes the greatest integer less than or equal to x.

Solution: f: R — R, given by f(x) = [X]
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Now, we prove that f is neither one-one nor onto

To Prove f is not one-one:

Clearly,we have that f(1.1) = [1.1] =1
f(12)=[12]=1, i, f(1.9) = [19] = 1

From this, we conclude that different elements in the domain of f have same images

in the co-domain of f.
Hence, f is not one-one function.

To Prove f is not onto:

we know that codomain of f = R (set of all real numbers)
Range of f = Z (set of all integers)

Clearly,codomain of f # Range of f

Hence, f is not onto.

Therefore, f is neither one-one nor onto.

Show that the Modulus Function f: R — R, given by f(x) = | x |, is neither one-one
nor onto, where | x |is x, if x is positive or 0 and | x |is - x, if x is negative.

Solution: f:R — R is given byf(x) = |x| = {—x)’c,uirfxx2<00
Now, we prove that f is neither one-one nor onto
To Prove f is not one-one:
Clearly,we have that f(1) =1 = f(-1)
f(2) =2 = f(—2) and so on.

From this, we conclude that different elements in the domain of f have same images in

the co-domain of f.
Hence, f is not one-one function.

To Prove f is not onto:

we know that codomain of f = R (set of all real numbers)

Range of f = RT (set of all non — negative real numbers)
Clearly,codomain of f # Range of f

Hence, f is not onto.

1Lifx>0
Show that the function f: R — R is given byf(x) = {0, if x =0 (this function
-1,if x <0
is called signum function) is neither one-one nor onto.
Lifx>0
Solution: The function f:R — R is given byf(x) = 50, if x =0
-1,if x <0

Now, we prove that f is neither one-one nor onto.
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To Prove f is not one-one:
Clearly,we have that f(1) =1, f(2)=1,f3) =1,and so on.
f(=1) =-1, f(—2) = -2, and so on.

From this, we conclude that different elements in the domain of f have same images in

the co-domain of f.
Hence, f is not one-one function.

To Prove f is not onto:

we know that codomain of f = R (set of all real numbers)
Range of f ={-1,0,1}
Clearly,codomain of f # Range of f
Hence, f is not onto.

Therefore, f is neither one-one nor onto.

Prove that the function f: N — N defined by f(x) = x? + x + 1 is one-one
but not onto.

Solution: The function f:N — N given by f(x) = x*+x+1

Now we prove that f is one-one but not onto.

To prove f is one-one:

Let x;,x, € Nsuchthat f(x;) = f(x3)

=S x24x +1=x24+x+1
=S 52 —x24+x —x,=0
= (0= )+ —x) =0
= (X1 +x2 )0 —x2 )+ (g —x3) =0
= (6 =22 )[(x1 +x,)+1] =0
= —x,)=0 (~[(x;y +x,)+ 1] >0asx;,x, indomain N)
= X =X
Hence, f is one-one
To prove f is onto:

we have f(1) = 3, f(2) = 7 and so on.

Thus, f(x) =x%2+x+1 >3 for every x € N (domain)

Clearly, f(x)not taking values 1 and 2

Thus, the every element of co-domain in N has no pre-image in the domain N
Hence, f is not onto.

10.

Let f:W — Wbhe defined as f(x) = x — 1,if x is odd and
f(x) =x+1,if x is even. Show that f is both one-one and onto.
Solution:

f:W - W be defined as f(x) = x —1,if x is odd and
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f(x) =x+1,if x is even.

To Prove f is one-one:

Case I: when x; and x, are even number
Now, consider f(x;) = f(x; )
>x +1=x,+1
=X = Xy
Hence, f is one-one
Case I1: when x; and x, are odd number
Now, consider f(x;) = f(x; )
>x —1=x—-1
=X =Xy
Hence, f is one-one.
Case Il1: when x; is odd and x, is even number
Here, x; # x,
Also, in this case f(x,) is even and f(x,)is odd.
Hence, f(x1) # f(x2)
Therefore, f is one-one.

To Prove f is onto:

For every even number ‘y’ in co-domain there exists odd number y + 1 in domain
and for every odd number ‘y’ in co-domain there exists even number y — 1 in
domain such that f(x) = y.

Hence, f is onto

Therefore, f is both one-one and onto.

EXERCISE

Consider f: Rt — [4,0)given by f(x) = x? + 4. Show that f is both one-one and

onto.

LetA=R - {3} and B=R — {3} If f: A-» Band f(x) = ﬂ, then
3 . ] 3 3x—-2
prove that the function f is one-one and onto.

x
x2+1

Show that the function f: R — R defined by f(x) =
one nor onto.

,Y x € R is neither one-

Let R be the relation on set of all integer Z defined by R = {(a, b): |a — b| < 3}.
Check whether R is an equivalence relation.

Answer: R is reflexive, symmetic but not transitive
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5 MARKS QUESTIONS

Let R be the relation in the set Z of integers given by
R = {(a,b): 2 divides a - b}. Show that the relation R equivalence? Write the
equivalence class [0].
Solution :
Given R ={(a, b) : 2 divides a — b}
For equivance relation we have to check :
Q) Reflexive:
If (a — b) is divisible by 2 then,
= (a — a) = 0 is also divisible by 2
= (a,a) € R
Hence R is Reflexive V a,b € Z
(i)  Symmetric:
If (a — b) is divisible by 2 then,
= (b —a) = —(a — b) is also divisible by 2
= (a,b) € Rand (b,a) € R
Hence R is SymmetricvV a,b € Z
(i)  Transitive:
If (a — b)and (b — c) are divisible by 2 then,
= a—c=(a—b)+ (b—c)isalso divisible by 2
= (a,b) R, (b,c) e Rand (a,c) € R.
Hence R is Transitive V a,b,c € Z
= As Relation R is satisfyingReflexive , Symmetric and Transitive.
Hence R is an equivalence relation.
Now equivalence class [0]
R ={(a,b): 2 divides (a — b)}= (a — b) is a multiple of 2.
To find equivalence class O, put b=0
So, (a—0) is a multiple of 2
= a is a multiple of 2
So, In the set Z of integers, all the multiple of 2 will come in equivalence class [0]
Hence, equivalence class [0] = {2x : x € Z}

Show that the relation R defined by (a,b)R (c,d) & a + d = b + con the set
x Nis an equivalence relation. Also, find the equivalence classes [(2,3)] and
1,3)].

Solution:

Given that, R be the relation in N x N defined by (a, b) R (c, d)

ifa +d = b + cfor(a b), (c,d)in N x N.

Reflexive:

Let(a,b)R(a,b)=a+b=b+a

which is true since addition is commutative on N.

= R is reflexive.

Symmetric:

Let(a, b)R(c,d)=a+d=b+c

=>b+c=a+d=>c+b=d+a

= (¢, d) R (a, b) = R is symmetric.

Transitive

= (a, b) R (e, f) for (a, b), (c, d),(e, f) in N x N.

Let (a, b) R (c,d)and (c,d) R (e, f)

=sa+d=b+candc+f=d+e
=>@+d)-(d+e)=(b+c)-(c+f)=a-e=b-f=>a+f=b+e

= (a, b) R (g, f) = R is transitive.
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Hence, R is an equivalence relation.
Equivalence Classes:

The equivalence class of (a, b) is the set of all pairs (c, d) such that a+d=b + c.
>a-b=c—d

The equivalence classes of [(2,3)] is
Puta=2and b =3

c—-d=2-3

d-c=1
[23)]={(cd):d-c=1VcdeZ}
The equivalence classes of [(1,3)] is
Put a=1and b=3
c-d=1-3=>d-c=2
[(1,3)]={(cd):d—c=2VcdeZ}

Show that the relation R in the set of R real numbers, defined as
R = {(a,b): a < b3} is neither reflexive nor symmetric nor transitive.

Solution: Given R = set of all real numbers

The relation R in the set R defined as R = {(a, b):a < b3}

Now we prove that R is neither reflexive nor symmetric nor transitive.
To show R is not reflexive:

We know that a < a3 is not true for any positive real number less than 1.
1

For example, fora ==, = < (1)3 _1
pe, T2 2 2] " 8

Thus, clearly, (a,a) € R for everya € R

Hence, R is not reflexive

To show R is not symmetric:

Takea=landb=2

Now,a=1< 23=b% = a< b® = (a,b) ER
But, b=2<% (1)°=1=a= b £a? = (b,a)€R
Thus, (a,b) ER = (b,a) € R

Hence, R is not symmetric.

To show R is not transitive:
Letustakea=10,b=4,c=2

(a,b) ER = (10,4) € Ras 10 < 43 = 64
(b,c)ER= (4,2)€ERas4< 23=8

But, (a,c) € Ras 10 £ 23 =8

Thus, (a,b) € Rand (b,c) €ER = (a,c) ¢ R

Hence, R is not tranitive.

Therefore, the relation R is neither reflexive, nor symmetric nor transitive.

LetA={1,2,3,....... ,9} and (a,b)R (c,d)if
ad = bc for (a,b), (c,d) in AXA. Prove that R is an equivalence relation.
Solution: Given A= {1,2,3, ....... , 9}

The relation R is defined as (a, b)R (¢, d)if ad = bc for (a,b),(c,d)in Ax A
Now, we prove that R is an equivalence relation.

To show R is reflexive:

Clearly, ab = ba foreverya, beA

= (a,b)R(a,b) forevery (a,b) E AXA

Hence, R is reflexive.

To show R is symmetric:

Let (a, b) R (c, d)
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= ad = bc

= da =cb

= cb =da

= (¢, d)R (a,b)

Hence, R is symmetric

To show R is transitive:
Let(a,b)R(c,d)=>ad =bc ........ (1)
And(c,d)R(e,f)=>cf=de.......... (2)
Multiply (1) and (2), we get

(ad) (cf) = (bc)(de)

= af = be

= (a,b)R(e, f)

Hence, R is transitive.

Therefore, R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation.

Consider a function f: [O, g] — R given by f(x) = sinx and g: [0, g] — R given

by g(x) = cosx. Show that f and g are one-one but f + g is not one-one.
Solution:

To prove f is one-one:

The function f: [O, %] — R given by f(x) = sinx

Clearly, different elements in the domain [0, %] of ‘f” have distinct images in the

co-domain of “f”’
Hence, f is one-one.

To prove g is one-one:

T
The function g: [0, E] — R given by g(x) = cosx

Clearly, different elements in the domain [0, g] of ‘g’ have distinct images in the

co-domain of ‘g’

Hence, ‘g’ is one-one.

To prove f + g is one-one:

(f + 9)(x) = f(x) + g(x) = sinx + cosx
(f+9)(0)=sin0+cos0=0+1=1

T o s
(f+g)(§)=smi+cosE=1+O:1

From this, we conclude that different elements in the domain of f + g have same
images in the co-domain of f + g.

Hence, f + g is not one-one.
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EXERCISE

Let f: R — R be a function defined as f(x) = 4x + 3, then show that f is one-one

and onto.

A function f:[—4,4] — [0,4] is given by f(x) = V16 — x? . Show that f is an onto

function but not a one-one function. Further, find all possible values of “ a ’ for

which f(a) = V7.

A relation R is defined on a set of real numbers R as
R = {(x,y): xy is anirrational number}

Check whether R is reflexive, symmetric and transitive or not.

Show that the relation R inthe set A = {x € Z: 0 <x < 12}, given by

R ={(a, b): |a—Db| is divisible by 3} is an equivalence relation.

CASE STUDY QUESTIONS

Read the passage given below and answer the questions that follow:

An organisation conducted a bike race under two different categories boys and girls
.Among all the participants finally three from category 1(boys) and two from
category 2(girls) were selected for the final race. Let B={b1,b2,bs},G={01,0-},
where B represents the set of boys selected and G the set of girls who were selected
for the final race.

1. How many relations are possible from B to G?(1mark)

2. How many functions can be formed from B to G? (1mark)

3. How many one-one functions be formed from B to G? justify your answer.
(2marks)

Solution:

(1) n(B)= 3, n(G)=2

Number of relations from B to G is 2° ,because every relation is a subset of

BxG and there are 3x2=6 elements in BXG.

(2 )Number of functions= 23=8.

(3) Number of one-one functions = 0 as n(B) > n(G).
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Priya and Surya are playing monopoly in their house during COVID. While rolling
the dice their mother Chandrika noted the possible outcomes of the throw every
time belongs to the set {1, 2, 3,4, 5, 6}. Let A denote the set of players and B be the
set of all possible outcomes. Then A = {P, S} B ={1,2,3,4,5,6}.Then
answer the below questions based on the given information.(each question carries
one mark)

(@) LetR: B — B be defined by R =
{(a, b) both a and b are either odd or even}, then is R an Equivalence
relation?

(b) Chandrika wants to know the number of functions from A to B. How many
numbers of functions are possible?

(c) Let R be arelation on B defined by R =
{(1,2),(2,2),(1,3),(3,4),(3,1),(4,3),(5,5)}. Then is R relexive,
symmetric and transitive?

(d) Let R: B — B be defined by R =
{(1,1),(1,2),(2,2),(3,3),(4,4),(5,5), (6,6)} then is R symmetric?
Justify

Solution:

(@) Yes, itis equivalence.

The relation is reflexive,symmetric and transitive hence it is Equivalence.

(b) If n(A) = m,n(B) = n, then the number of functions from A to B is n™
Ans: 62

(c) As(1,1) ¢ R Itisnot reflexive
As (1,2) € R but (2,1) € R it is not symmetric
As (1,3) € Rand (3,4) € R but (1,4) € R ,it is not transitive
Hence none.
(d) No, (1,2) € R but (2,1) € R it is not symmetric

In two different societies, there are some school going students — including girls as
well as boys. Satish forms two sets with these students, as his college project.

Let A ={ay,a,, a3 a4,as} and B = {by, b,, b3, by} Where a;s, b;sare the school
going students of first and second society respectively.

Using the information given above, answer the following question

(a) Satish wishes to know the number of reflexive relations defined on set A.
How many such relations are possible? (1mark)
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(b) LetR: A - A,R = {(x,y): x and y are students of same sex}. Then
relation is R an equivalence relation. (1 mark)

(c) LetR:A - B,R = {(ay,by),(a,, by), (as, b3), (a4, by), (as, b,)}, thenis R
One-one and onto ? Justify ( 2marks)

Solution:
(a) 220
If n(A) = n then number of reflexive relations that can be
defined on A is 2°~" here n(4) = 5.
(b) Yes the relation is equivalence.
As the relation is reflexive,symmetric and transitive.
(c) No R is not one-one and onto
Distinct elements of A have same image a, and a, are having same

Image b, ,s0 R is not one-one.

b, is not having pre-image ,s0 R is not onto.

EXERCISE

Vani and Mani are playing Ludo at home while it was raining outside.While rolling
the dice Vani’s brother Varun observed and noted the possible outcomes of the
throw every time belongs to the set {1,2,3,4,5,6}.Let A be the set of players while B
be the set of all possible outcomes.

A= {Vani, Mani}, B={1, 2, 3, 4, 5, 6}.

Answer the following questions:

a) LetR:B — B,bedefinedby R = {(x,y): v is divisible by x}.Verify that
whether R is reflexive, symmetric and transitive.(2marks)
b) Is it possible to define an onto function from A to B? Justify.(1mark)
c) Which kind of relation is R defined on B given by
R={(1,2),(2,2),(1,3),(3,4),(3,1),(4,3),(5,5)}?(1mark)
Or
Find the number of possible relations from A to B.

Answer:a) R is reflexive and transitive but not symmetric.
b) No. Because n(B) is greater than n(A)
c) R is neither reflexive nor symmetric nor transitive
or
no. of relations= 212
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Students of class X planned to plant saplings along straight lines,parallel to each
other to one side of the playground ensuring that thy had enough play area.Let us
assume that they planted one of the rows of the saplings along the line y = x + 4.
Let L be the set of all lines which are parallel on the ground and R be a relation on
L.
)] R={(,1,):l; 1L 1,,wherel;, 1, € L}. What is the type of relation R?
(Imark)
i) R={(l,1,): Li||l,, where [;,1, € L}. What is the type of relation R?
(Imark)
iii)  Check whether the function f: R - R defined by f(x) = x + 4 is one-
one and onto. (2marks)

Answer: i) R is symmetric but neither reflexive nor transitive.
ii) R is an equivalence relation.
iii)R is both one-one and onto
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CHAPTER: INVERSE TRIGONOMETRIC FUNCTIONS

SYLLABUS: Definition, range, domain, principal value branch. Graphs of inverse

trigonometric functions.

Definitions and Formulae:

Principal Value Branches:

Range (Principal Value

FUNCTION DOMAIN Branch)
sin"1x [-1,1] —g,g]
cos™1x [—1,1] [0, ]
tan1x R (— g,g)

cosec™lx R—(-11) [—gg] — {0}
sec™lx R—-(-1,1) [0,7] — {%}
cot™lx R (0,m)

sint (-x) = - sin}(x)

cos™ (-x) = m - cos(x)

cosec? (-x) = - cosec}(x)

sec? (-x) = m - sec}(x)

tan (-x) = - tan’}(x)

cot? (-x) = m - cot(x)

sin"i(sinx) =x, x€ [_7”,2]

cos Y(cosx) =x, x €[0,m]

sin(sin"'x) =x, x€[-1,,1]
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MULTIPLE CHOICE QUESTIONS

Q.NO QUESTIONS AND SOLUTIONS
1| The principal value of cos™* (_71)
271,' T . — 7T -7
a) == by = i) — d) ==
(a) 3 (b) 3 (iii) 3 (d) 5
Solution: Wehave cos™ (—x) = m — cos™?! (x)
_ —1\-_ 1 1
cos 1(7) = m— cos (E)
T _ 2T
= T——=—
3 3
Ans: (a)
2 .. . . 3m\ |~
The principal value of  sin 1[sm (?)]
3 27 s — 27 T
a) =—=— by == i) —== d =
(a) = (b) = (iii) c (d) =
. . , . 3m\| _ . — . 3n
Solution: We have sin~?! [sm (?)] =sin~1! [Sm (T[ —?)]
=sin™1 [sin (2?”)]
= 2z
5
Ans. (b)
3 | Thevalue of: tan™*+/3 —sec™1(—2) is
a) X by —~ c) % d) 0
(a) 5 (b) 5 (©) 3 (d)
Solution: We have sec? (-x) == - sec’}(x).
-1 _ -1 T T,_ &
tan?y3-sec™(-2) _ @27 3
Ans: (c)
4 The value of sin E —sin™?! (_71)] is
(@0 (b)1 (c)-1 (d)2

Solution:  We have sin? (-x) = - sin"}(x)
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Ans: (b)

The principal value of cos™? (cos (_77")) is

Vg4 T sy — 7T — I
a) — b) = i) — d — %
(@) 3 (b) 3 (iii) 3 (d) 3

Solution: We have cos(—x) = cosx

. cos™ cos(_—hj = cos™ cos[EJ
B 3 3

= cos™ cos(Zn +

|

= costcod L|= %
3 3

Wy

Ans: (b)

The value of tan='+/3 — cot™*( —/3) is

@ = (b) —= ©) —- @ =

Solution: Cot‘l(—\/é) = n—cot"l(\/g) _ n_% = 5%

ctant3-cott(—/3)_ 7T ST __ 7
=3 6 2

Ans: (b)

The value of x if tan V3 + cot ™1 x = g

@ V3 (b) —/3 (©) % (d) %
Solution:

cot*1x=§—tan*1\/§ _ %_gzg

X =cot= =+/3
Ans: (a)
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8 | Thevalueof x if sec™'2+cosec™lx = g
V3
(@ V3 by 2 (©) Y (d) -2
Solution:
cosec'x =X —sec /3 _ AL
2 2 3 6
. X =cosecT =2
Ans: (b)
9 If sin~! x = y then the principal value of y is:
(@ o<y=<x (b) ‘_Z”gyg% c) _—27[<y<% (d) o<y<nx
Ans: (b)
10 | If tan~! x = y then the principal value of y is:

A 0<y< b) ~f<y<?® o) 2cy<® (d) 0<y<
()yn()zyz)zyz()yn
Ans: ()

CHAPTER VIDEO LINK FOR MCQs SCAN QR CODE FOR

VIDEO

INVERSE TRIGONOMETRIC

[=];
[=]

[=]

FUNCTIONS https://youtu.be/wGsA6WJIXvPS

EXERCISE

—13) .
The value of cos (tan 1 Z) is:

3 4 3 3
(a) = (b) = © 7 @ =
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https://youtu.be/wGsA6WJXvP8

Answer: (b) g

The principal value of : tan™! [tan (%”)]

577: T ceen, —TT
a) == b) & i) —= d 1
(@) 7 (b) 7 (iii) 2 (d)
Answer: (b) =
The value of cot (cos‘1 l) is

25

7 24 7 25
a) — b) == c) — d) 22
()24 ()25 ()25 ()7
Answer: (a) 7

24
— 141 .

The value of cos 1(cos (T)) is

14x T 2n 4z
a) — = b) = c) &£ d) 2%
(@) 3 (b) 3 (c) : (d) 3
Answer: (c) 2r

3

The value of 2 sin™? G) + cot™1(1)

T 3 2r T
a) —— b) = c) = d) =
(a) 1 (b) 7 (c) 3 (d) 7

Answer:(a) 1k
12

ASSERTION-REASON BASED QUESTIONS

In the following questions, a statement of assertion (A) is followed by a statement of
Reason (R). Choose the correct answer out of the following choices.
(a) Both A and R are true and R is the correct explanation of A.
(b) Both A and R are true but R is not the correct explanation of A.
(c) Ais true but R is false.
(d) Ais false but R is true.
51

ASSERTION (A):  Principal value of cos ™ cos (=)  is &

REASON (R): Range of principal branch of cos? is [ 0, «] and cos™(cosx) = x
if xe [0, n].
Ans: (a)

ASSERTION (A): Principal value of sin~! sin (1%”) is %
REASON (R):  sin? (-x) = - sin}(x)

Ans:(b)

ASSERTION (A): Principal value of sin™(-=1) = —-
REASON (R):  sin™ (-x) = - sin}(x)

Ans: (a)
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4 ASSERTION (A): Principal value of sin™!sin (3?”) = 3?"
REASON (R):  sin *sin(x)=x, XE|:_2” ﬂ
Ans: (d)

S) . . -1 (1) _ -1(L1}
ASSERTION (A): The principal value of cos (ﬁ) = cos (ﬁ)
REASON (R): cosine function is an even function, therefore cos(—x) = cosx.
Ans: (d)

6 ASSERTION (A): The principal value of cos™! (_71) =m—cos! G)
REASON (R):  Range of cosx is [0, n]

Ans: (b)

7 | ASSERTION (A): The principal value of tan~* [sin (=%)] = =%
REASON (R): tan?(-x)= tan(x)

Ans: (d)

8 | ASSERTION (A): The principal value of tan™? tan( ”) = 4”
REASON (R): Range of tan™ x is (_7” ) tan™! (tanx) = x if xe (7” g)
Ans: (a)

9 ASSERTION(A): One branch of cos™x other than the principal value
branch is [, 27]

REASON (R): cos (=) = -1
Ans: (c)
10 ASSERTION (A):  One branch of sin"tx other than the principal value branch is
T 31
o
.. 3w\ _ . T\
REASON (R): sin (?) = sin (3) =1
Ans: (c)
EXERCISE
1 | ASSERTION (A): sin(cos™'x) = cos(sin™tx) =vV1—x2, |x| <1
REASON (R):  Because sin®6 + cos?6 =1
Answer: (b)

2 | ASSERTION (A): The principal value of cos™* [cos (_T”)] = _T”

REASON (R): Range of costxis [0,m] cos? (cosx) = xif xe [0, 7]
Answer: (d)
3

ASSERTION (A): The principal value of sin[cot™*(cos(tan™t 1))] = \E

30




REASON (R): Range of tan™ X is (_—2”%) tan? (tanx) = x if xe

4) ’

Answer: (b)

ASSERTION (A): The principal value of cos™! cos (_T”) ==

REASON (R):  Cosine function is an even function, therefore cos(—x) = cosx.
and cos™ (cosx) = x if xe [0, 7]

Answer: (a)

ASSERTION (A): The value of sin [2 sin~1 (%)] =3

REASON (R): sin(sin™'x) =x, x €[-1,,1]
Answer: (d)

2 MARK QUESTIONS

Find the value of  sin™? [sin (2?”)] + cos™t [cos (2?”)]

. o1 . (2 1.
Solution: We have sin~!sin (?”) =sin~1sin (n—g)

— =1 YA
=SsSin ~Sin 3

Value of cos™tcos (—) =

I . 2T _ 2T
-sin~tsin (—) + cos ' cos (—) =—4 ==
3 3 3 3

1 . -1 P 1
Find the value of: tan [2 cos(sin (E))]
Solution:

tan~! [2 cos(sin™! (%))]:tan‘1 [2 cos(g)]:tan‘l [2 X \/2—§]:tan‘1 @:g

Find the value of: tan™?! [2 sin(2cos™? (\/2_5))]

Solution:
tan™! [2 sin(2cos™?! (\/2—5))]=tan_1 [2 sin(2 X g)]

=tan~! [2 X \/2—§]=tan_1 \/§=§

If cot™?! (%) = x,then find the value of sinx
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. 1
Solution: cotx =<

. 5
L SInNX = —
V26

Find the value of sin™! (_71) +2cos™ (_T\/g)

- . -1 . 1
Solution: sin™?! (—) = —sin~? (_) =_I
2 2 6

-1 -3 -1 V3 T 51
cos —) =T — CO0S — ) =T ——=—
2 2 6 6

~sin~t (_?1) + 2cos™t (_Tﬁ) = _Tjt +2 % 5?” = 3?”

X

Show that  for |x| <1, sin(tan™ x) = ==

Solution:

Let tan"lx =y

tany = x
“LHS=siny=7=— =RHS
Prove that: tan (3 sin~1 3) _ 47

2 4 3
Solution: Let sin‘lz =x
. 3
LoSIinx = Z
V7
. COS X = T
LHS= tanf= 1—cosx= 7=RHS
2 1+cosx

Find the value of tan (2 tan

Solution: Let tan‘lé =x

1
Ltanx ==
5
1 tan 2x—tanZ 7
— T T - - —
tan(Ztan 1———) =tan(2x——)=—4n=—
5 4 4 1+tan2x tan 17
2t 2= 5
anx =
where, tan2x = = 5 ==

1-tan?x 1_(1)2 12
5




9 i in~1 (=2 -1t -1
Find the value of sin ( > ) + 2cos ( > ) + tan™"(1)
Solution: sin™?! (_71) = —sin ! G) = —g

(2 —p—cos ()= =2
cos (7) = n—cos (2)_7T 3 3
-1 __T
tan (1) == ”
-.sin™1 (_?1) +2cos™?! (_?1) + tan"1(1) = %ﬂ + 2?” +g = %ﬂ
10 Find the value of sin (2 sin~1 Z)
Solution: Let sin™? (g) =0
L sinf = g
sin (2 sin~?t %) =sin26 = 2sinf cosb
3 4 24
=2XiXg=5
2 MARKS
1 Find the value of sin [2 cot™?! (— 15—2)]
Answer: —%
2 Find the value of tan E —tan~?! (\/%)]
Answer: 0

3 Find the value of sin (cot™'x) interms of x
Answer: ﬁ

4 Find the value of sin [cot‘1 (3)]

3
Answer: %
5

Find the principal of tan™!tan (7?”) + cot™ 1 cot (%”)

Answer: g
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CHAPTER: MATRICES

SYLLABUS: Concept, notation, order, equality, types of matrices, zero and identity matrix,
transpose of a matrix, symmetric and skew symmetric matrices. Operations on matrices:
Addition and multiplication and multiplication with a scalar. Simple properties of addition,
multiplication and scalar multiplication. Non- commutativity of multiplication of matrices and
existence of non-zero matrices whose product is the zero matrix (restrict to square matrices of
order 2). Invertible matrices and proof of the uniqueness of inverse, if it exists; (Here all
matrices will have real entries).

Definitions and Formulae:

Matrix representation and order of matrix
Types of Matrices

Operations on Matrices

Transpose of a Matrix

Symmetric and Skew Symmetric Matrices
Invertible Matrices

Order of Matrix:

If a matrix has m rows and n columns, then it is known as the matrix of order m X n.

Representation of matrix

A general matrix of order m X n can be written as

dyy g ot gy
aﬁl aﬂﬂ e aﬁj e azn
ail aiz e dij e ain
Gpy gy vt Gpy ottt Gpy

= [aij]mxn ,Wherei=12,.mandj=12,..n

Types of Matrices:

Depending upon the order and elements, matrices are classified as:

Column matrix
Row matrix
Square matrix
Diagonal matrix
Scalar matrix
Identity matrix
Zero matrix
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Type of Matrix Definition Example
COLUMN A matrix is said to be a column [ 2 ] Order? x 1
MATRIX matrix if it has only one column -9
—V5
0 |order3x1
—-12
ROW MATRIX A matrix is said to be a row [14 26]orderlx?2
matrix if it has only one row [0 +/7 12] orderlx3
SQUARE MATRIX | A matrix in which the number of [2 4 ]
. 6 -8
rows is equal to the number of 5 0o 8
columns, is said to be a square [0 1 14]
matrix. 7 -8 4
DIAGONAL A square matrix A is said to be a 6 0 0
MATRIX diagonal matrix if all its non- 8 \{F 8
diagonal elements are zero
SCALAR MATRIX | A diagonal matrix is said to be a 5 0 0
o 0 50
scalar matrix if its diagonal 0 0 S
elements are equal
IDENTITY A square matrix in which all the 1 0 0
. . 1
MATRIX elements in the diagonal are all 8 0 2
equal to one and rest are all zero [1 0
is called an identity matrix. And 0 1
generally it is denoted by I.
ZERO MATRIX A matrix is said to be zero matrix | A_[0 0 0
- . 0 0 O
or null matrix if all its elements
0 0 O
are zero. B=lo o0 o
0 0 O

» OPERATION OF MATRICES:

ADDITION OF MATRICES: Let A = [a;] and B =[b;] betwo

matrices of the same order. Then 4 + B is defined to be the matrix of order of m X n

obtained by adding corresponding elements of A and B

ied+B = [al-j + bl]]

mxn
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DIFFERENCE OF MATRICES: Let A = [a;;] and B =[b;] betwo

matrices of the same order. Then A — B is defined to be the matrix of order of m X n

obtained by subtracting corresponding elements of A and B
ied—B = [aij - bij]an

MULTIPLICATION OF MATRICES: The product of two matrices A and B is

defined if the number of columns of 4 is equal to the number of rows of B.

Let = [aif]mxn and B = [bjk]nxp . Then the product of the matrices A and B
is the matrix C of orderm X p

2 35

1 6 8 and B =

Example: Let A = [

4 3
6 9
5 8

AB = 2X4+3Xx6+5%5 2><3+3><9+5><8]

1X4+6X6+8%x5 1xXx3+6x9+8x8

=[8+18+25 6+ 27 + 40 =[51 73
4+36+40 3+54+64] 180 121

MULTIPLICATION OF A MATRIX BY A SCALAR:

LetA = [a;]  and kisascalar, then kA = k[a;| = [k.a

7] -

Example: A=[2 4 _5] — 3A=[3(2) 34) 3(=5)|_
y z x 3y 3z 3x

[6 12 -15

3y 3z 3x

> TRANSPOSE OF A MATRIX: If4 = ., beanm X nmatrix, then the

Qs
matrix obtained by interchanging the rows and columns of A is called the transpose of
A. Transpose of the matrix A is denoted by A’or AT.

If4 = [al-j]mxn, then 4’ = [aji]

nxm

1 2 3 1 4 5
Example:tA=[4 7 9|=AT=[2 7 1
5 10 390

> SYMMETRIC MATRIX: A square matrix If A = [a;;] is said to be symmetric if
AT =4
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2 5 12
ExampleeA=|5 7 3
12 3 6

SKEW-SYMMETRIC MATRIX: A square matrix A = [a;;] is said to be skew

symmetric matrix if AT = —A.

0 5 -12
ExampleeA=|-5 0 -3
12 3 0

INVERTIBLE MATRICES: If A is a square matrix of order m, and if there exists
another square matrix B of the same order m, such that AB = BA =1, then B is called

the inverse matrix of A and it is denoted by A~ 1. In that case A is said to be invertible.

» PROPERTIES OF MATRICES:

A+B=B+A

e A—-B#B-A

e AB # BA

e (AB)C = A(BC)

e (A) =4

o Al=IA=A

e AB=BA=IthenA '=Band B 1=A

e AB =0 = itisnot necessary that one of the matrix is zero.
e A(B+C)=AB+AC

e Every square matrix can possible to express as the sum of symmetric and

skew-symmetric matrices.

A= %(A +A") + %(A — A"), where % (A + A") is symmetric matrix and

%(A — A') is skew-symmetric matrices.
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MULTIPLE CHOICE QUESTIONS

Q.NO QUESTIONS AND SOLUTIONS
1 | Alis2x2 matrix and A=[a;;] where a;; = (i + j)?, then A is
4 9 9 4
(a) [9 16] (0) [16 9
(© [g g (d) none of the above
Solution:
a11=4‘ ,a12=9, a21=9 ,a22=16
. 4 9
Option (a) [9 16
2 A and B are two matrices such that AB = A and BA = B then B? is
(@A (b) B (0 (d) 1
Solution:
B2 =BB = (BA)B=B(AB)=BA=B8B
Option: (b) B
3 IfA= X 1 and A? is unit matrix, then what is value of x?
1 0
(@1 (b) 2 ()0 (d)-1
Solution:
o x 11[x 11 [x%+1 X
A‘[1 o][1 0]_[ X 1]
x*+1=1S0x=0
Option (c)0
4 A= [i i . then A0 is
(@) 10A (b)9A (c) 2°A (d)21°A
Solution:
> 1 171 171 _[2 27 _ 3 _A1_n? 10 — »9
A% = [1 1] [1 ] = [2 2] =21, A3 =41=271..... and so Al® = 29]
Option: (c) 2°A
5 Ais a3 x 4 matrix. A matrix B is such that A'B and BA' are defined. Then the
order of B is
(@4x3 (b)3x3 (c)4x4 (d)3x4
Solution:
Let 0(B) = m xn.A'B is defined. So m = 3. BA'is defined. So n = 4.
Option: (d) 3 x 4
6 2 3 -5
IfA = [a[]] = 1 4‘ 9 ,then flnd 312321 + azz
0o 7 =2
(@) 4 (b)12 (c) —4 d)7
Solution:
312321+322=3X1+4‘=7
Option: (d) 7
7 0 0 4
The matrix A=|10 4 0] isa
4 0 O
(a) diagonal matrix (b)square matrix
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(C) unit matrix (d) None of these
Solution:
Ans: (b) square marix

8 A and B are symmetric matrices of same order , then ABT — BAT is always
(@) symmetric matrix (b) skew symmetric matrix
(c) zero matrix (d) unit matrix
Solution: (ABT — BAT)T = (BT)TAT — (AT)TBT=BAT — ABT
Option: (b)skew symmetric matrix
9 If A:B ﬂ then A2 — 31 is
(@) 2A (b)3A
(c) zero matrix (d) 21
.o 12111 2 3 0]1_[2 4
Solution: A = [2 1] [2 1] - [O 3]—[4 2]
Option: (a)2A
10 If A= }57 g] and A = AT , then
@x=0,y=5 (b)x+y=5
C©x=y (d) none of these
Solution:
5 x _ [5 y]
y 0 x 0
Option: () x =y
11 The number of all possible matrices of order 3 x 3 with each entry O or 1 is
(@) 32 (b) 64 (c) 512 (d) none of these
Solution:
There are nine places. Each can be filled in two ways. 2°ways
Option: (c) 512
12 Ais a2 X 2 matrix whose elements are given by
(1 ifi#]
4ij ‘{0 Jifi =
Then value of A%is
0 1 0 0 1 0 0 1
@ o Ol ©ly 1 @[
R | | > _ [0 17300 11_ 11 O
Solution: InlA—O[1 0 , A® = [1 olli ol = [O 1
Option: (c) [0 1
13 P and Q are two different matrices order 3 X n and n X p, then the order of
matrix PxQ is
@3xp (b) px3 (c) nxn (d) 3x3
Solution:
By property of order of matrix, order of matrix PxQ is 3 X p
Option: (a) 3 X p
14 1 0 0]rx 1
If [0 1 O] —yl = [2] , find value of x + 2y + 3z.
0 0 11tz 1
(@ 1 (b) 2 (c) 0 (d) -1
Solution:
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X 1
[—y]; [2] x=1lLy=-2,z=1
z 1

Option: (c) 0
15 A and B are two matrices such that AB exists, then which is true
(@) AB = BA (b) BA does not exist.
(c) BA may or may not exists. (d) none of these
Solution:
If O(A)=3 x 2 and O(B) is 2x3, ,then both AB and BA possible
If O(A)=1%2 and O(B) is 2x3, ,then AB possible ,but not BA
Option: (¢) BA may or may not exist.
16 | Fora3 x 3 matrix A = [a;;] whose elements defined by a;; = ]' , then write
a122 + ap; . <
(a) 2 (b)5 (©) 1 OF
Solution:
1 2 5
a1 =5 a1 =7 Apt a; =;
Option: (d) 2
17 A is a matrix of order 2x3 and B is a matrix of order 3x2. C = AB and D =
BA, then order of CD is
(@) 3x3 (b) 2x2 (c) 3x2 (d) CD not defined
Solution:
O(C )=2x2 and O(D )=3x3. The number of columns of A not equal to number
of rows of B. Therefor CD not defined
Option: (d) CD not defined
18 4= [3 _Ba] and A* =1 , then which of the following is correct?
(@) 1+ a?+ By=0 (b) 1 —a?+ Py=0
() 1—a%— By=0 (d) 1+ a? — py=0
. Ja B[ B o
Solution: [y _a] [y N [0 1
o’ + By 0 7701 0 5 3
[ 0 o+ By]_[O e
Ans: (c) 1—oa®— By=0
CHAPTER VIDEO LINK FOR MCQs SCAN QR CODE FOR
VIDEO
][]
MATRICES https://youtu.be/DuFAHDTsDms 'l'! .

L
[=]
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EXERCISE

Given that A and B are matrices of order 3 X n and m X 5 respectively, the order of
matrix C = 54 + 3B is
@3x5 (b) 5x3 (c)3x3 (d) 5x5

cosa —sina
If A= [ .
sina  cosa

@ 3 (b) 3 (€)0 (@2

] is identity then value of «

The elements of 3 x 3 matrix are given by
1 ...
ai]- = E (_31 + ])

Write the element a5,

(@) -7/2 (b) 18 (c)27 (d) 3

If A= [‘1L 3] and B:[_34], AB=

@[] ) @[] ) @) (de) @[]

_[cosa —sina

. ] and A + AT =1 .find value of a.
sina  cosa

a) /6 (b) /3 (©) u (d) 3n/2

Answers: 1. (8)3x 5 2.()0.  3.(a) -7/2 4. @[]

5. (b) n/3

ASSERTION - REASON BASED QUESTIONS

Q.NO

QUESTION AND ANSWER

In the following questions from 1 to 20 , a statement of Assertion(A) is followed
by a statement of Reason ( R).

Choose the correct answer out of the following choices.

(@) Both( A) and (R ) are true and (R ) is the correct explanation of (A).

(b) Both( A) and (R) are true and (R ) is not the correct explanation of (A)

(c) (A) istrue and (R) is false

(d) (A) is false and (R ) is true

1
Assertion (A): matrix [2‘ Is a column matrix
4

Reason (R): Any matrix of order n X 1 is called column matrix

Solution:
1
2| is of order 3x1. Both are correct and second is explanation for first

4
option (a)

Matrix

41




Assertion (A): The sum of two square matrices is always commutative.
Reason (R): If A and B are two m x n matrices,thenA+B =B+ A
Solution:

A + B = B + A. Both are correct and second is correct explanation for first.
option (a)

Assertion (A): For two matrices A and B, AB # BA
Reason (R): Matrix multiplication follows the commutative property.
Solution:

AB and BA are different..e. g [1 2] [i] = [8] and[z][l 2], So first statement is

correct and second is wrong
option (c)

Assertion (A): For any two matrices of the same order, (4 + B)T = AT + BT.
Reason (R): For any two matrices such that AB is defined, then (4.B)T = AT.BT
Solution:

By definition assertion is true and reason is false.

Option: ()

. a1 0 10_[1 O
Assertlon(A).A—[O 1]. Then A —[0 1

Reason (R): A isunitmatrixand AX A = A

Solution:

Given matrix is unit matrix. By property of unit matrx, I x I = I.
Both are correct. and second is correct explanation for first

Option (a)

Assertion (A): If A is a matrix of order 3 x 3 and B is a matrix of order
2 % 3, Then order of ABis 3 x 3.

Reason (R): Product AB is possible if number of columns of A and number of
rows of B are equal .

Solution:

Here number of column of matrix is 3 and number of rows of B is 2. So AB not
possible. First statement is not correct. Second statement is correct

Option: (d)

Assertion (A):If A is a square matrix and A2 = A, then(A+1)3 —7A =1
Reason (R): AI = I = Al where | is unit matrix.

Solution:

(I+A)°2—7A=13+3A>+3A+A3—7A=1+3A+3A+A—-7A =1

Since A2 = A and A3 = A

So both the statements are correct. Second statement is reason for first.
Option (a)

Assertion (A): If a matrix is skew symmetric, then its diagonal elements must be
zero.

Reason (R): A matrix A is skew symmetric if AT = A

Solution:

By definition of skew symmetric matrix a;; = —a;;. S0 aj; = —a;;. hence aj; =0
Both the statements are true and second is not the reason for first

Option (c)
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9 1 2 5
Assertion (A): The matrix [2 -2 6] IS symmetric matrix
5 6 0
Reason (R): A matrix A is symmetric if AT = A
Solution:
Here transpose of the given matrix is same matrix, So symmetric. Both the
statements are correct.
Option (a)
10 1 2 3
Assertion (A): The matrix [5 —7 8] can be expressed as sum of a symmetric
0 -1 9
and a skew symmetric matrices
Reason (R): If A and B, are skew symmetric matrices of same order, then AB is
symmetric if AB = BA
Solution:
Assertion is correct, since any matrix A can be writtenas A = P + Q
T AT
where % and Q = % where P symmetric and Q skew symmetrices.
Reason is also correct, since (AB)T = BTAT = —B x —A = BA.
AB is symmetric if AB = BA But second statement is not correct reason for first
Option: (b)
11 | Assertion (A): The product of a matrix and the identity matrix is always the
original matrix.
Reason (R): Identity matrix is a square matrix in which all diagonal elements are
zeros and all other elements are unity
Solution:
Assertion(A) is true by property of unit matrix.
Reason( R) is wrong. Identity matrix is a square matrix in which all diagonal
elements are unity and all other elements are zeros
Option (¢)
12 | Assertion (A): If two matrices have the same order, their addition is always
defined.
Reason (R): Matrix multiplication is defined only for matrices with the same
order..
Solution:
Assertion (A) is true, by condition for addition.
Reason (R) is not correct since
1 2 3116 5 4 .
[4 c ollz 2 1] not possible
Option (¢)
13 | Assertion (A): The product of two non-square matrices can not be a square

matrix.
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Reason (R): Matrix multiplication is defined for matrices if the number of
columns of first matrix is equal to number of rows of second matrix

Solution:

Assertion (A) not correct. Let A and B are matrices of orders 2 x 3 and 3x1
respectively, then AB is of order 2 X1 which is not square matrix. Reason (R) is
correct.

Option: (d)
14 | Assertion (A):If A and B are symmetric matrices of same order, AB — BA is
skew symmetric matrix
Reason (R): If A and B are symmetric matrices of same order, AB + BA is
symmetric matrix
Solution:
Both the statements are correct. . But second statement is not the reason for first
statement.
(AB + BA)T=(4B)T + (BA)" = BTAT + ATBT = BA + AB and
(AB — BA)T=(4B)T — (BA)T = BTAT — ATBT = BA— AB = —(AB — BA)
Option: (b)
151 Assertion (A): A= [2 O] and B= [5 O] , Then (A + B)? = A% + 2AB + B*
0 3 0 0
Reason (R): A and B for two matrices(A + B)? = A% + 2AB + B? if AB=BA
Solution:
(A+B)>=(A+B)(A+B) = A? + AB + BA + B?
= A? + 2AB + B2 only if AB = BA
both the statements are true and second statement is reason for first.
Option: (a)
EXERCISE
1 | Assertion (A): product of a matrix and the identity matrix is always the original
matrix.
Reason (R): The identity matrix serves as the multiplicative identity for matrices.
2 Assertion (A): Two matrices A and B are of order 2 x 3 and 3 x 2 respectively.
Then order of AB is 2 x 2 and order of BA is 3 X 3.
Reason (R): Order of a matrix is m x n where m is the number of rows and m is
the number of columns
3 | Assertion (A): Transpose of the matrix [1 —4 5] is a column matrix
Reason (R): Row matrix is of order 1 X m.
4 0 2 6
Assertion (A): The element a,, in the matrix|1 2 —1]isl
2 2 3
Reason (R): a;; is the element in i*" row and j* column.
5

Assertion (A): B’ g] = [é i] thenx =8andy =1
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Reason (R): Two matrices are equal , if they are of same order and elements in
same places are equal.

Answers

1.

Option (a)  2.Option (b) 3.0ption (b) 4. Option (d) 5.0ption (a)

2 MARK QUESTIONS

1
A=[2| andB=[2 2 0] Find AB and BA
3
Solution:
2 2 0
AB=l4 4 0 and BA=[6]
6 6 0
X+3 4 |_[5 4.
If [y—4 x+y —[3 9]Flndxomdy
Solution: x + 3 =5, y—4=3, x+y=9

x=2andy=7

Construct a matrix of order 3 x 3 whose elements are given by
ai]- :1|f|:/:] and ai]- :Olflz]

Solution: a;;-a,,-a33-0. and other elements zero

0 1 1
1 0 1]
1 1 0
0 2b -2
Matrix{ 3 1 3 ] is symmetric, then find a and b.
3a 3 -1
0 2b -2 0 3 3a
Solution:[?, 1 3]=[2b 1 3]
32 3 -1 -2 3 -1

A=AT. b=3anda=-2
2 3

If A:[COS X —SIn <

. ] and A+AT=I. then find «

sin X  cos X

Solution: A+AT=]
[cos X —sin X [ cOs &« sin «] _ [1 0]
sin X cos X 0 1

—sin € cos «

T
o= —
3

_[p O _[1 0] e A2
LetA_[1 1 B_[S 1].Flndthevalueofp,lfA_B.

Solution: [5’ 2] [p O] _ [1 O]

X 1 1 5 1
[pﬂ_l (1)=[é 2].p2=1andp+1=5.80phasnocommonvalue.
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7 3
7 1 2 4
Evaluate [9 5 1] ASL +2[2]
7 1 2 3 35 4 8
Solution: [9 ) 1] ;L - [40] and 2[2] = [4]
3
7 1 2 41 _ 143
Therefore [9 5 1] zsl +2[2] = [44
8 A:[_} _11] and A 2 = kA. Find the value of k.

.1 -1 1 -11_1 2 -21_[1 k =k
Solution: [_1 1] [_1 1] = [_2 2] = [—k k]
k=2

9 2
A=|3|andB=[1 2 6] Find ATBT.
6
1
Solution: [2 3 6] |2|=[2+6+36]=[44]
6
10 | Construct a 2 x 3 matrix whose elements in i™'row and j®column are given by

_{i—j Jifi >

U7 li+j,ifi<j
Solution: a11 =0,  ajp=3 ... azgy =5

JO 3 4
Ans.[1 0 s

11 | Aand B are matrices of order 3 X 4 and 4 x 3 respectively. Write the order of
ATBT,
Solution: 1 order of AT is 4 x 3
order of BT is 3 x 4
Ans: Order of ATBT is 4 x 4
12 | If Aand B is symmetric matrices of same order, show that AB is symmetric iff
AB = BA
Solution:
(AB)T=BTAT = BA
(AB)T = ABIiff AB = BA
13 1 2 «x 1 -2 y
IfA=|0 1 O0fandB=|0 1 0fand AB is identity matrix of order 3x3,then

0 0 1 0 0 1

find x + y.
1 2 x]J[1 -2 vy 1 0 O
Solution: {0 1 Of{f0 1 o0|=]|0 1 0
0 0 1110 0 1 0 0 1
1 0 x+y] [1 0 0
0 1 0 |=10 1 O
0 0 1 0 0 1
x+y=0
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14 2a+b a—12b —3] & _
[SC— 4c+3d] [11 24]flnda+b c+2d
Solution:
2a+b =14,
a—2b=-3
5c—d=11
4c+3d =24
a=1,b=2,c=3,d=4. Ans.a+b—c+2d =38

15 1 2 -2
A=I0 1 6 ] Find a;,a,; + a;3a;3;

3 4 1
Solution:
312321+al3a31 :2X0i2X3:_6
EXERCISE
1 1 2 3 0 2 -1
P:[ 2 3 4] and Q:[l 3 4| FindPQ and QP
—1 1 0 -2 -3
2 _[ 2 3 : T T .
A= 4 5] ,Find A+ A" and check whether A+ A" issymmetric or not
3 | Given A:[z g] and AZ=3l. Find the value of 3- a? — By
4 . . 11
Find a matrix B such that ] B= [ 11]
5 C
Evaluate [a b][5|+[a b ] H
C
Answers:
2 2 =2 5 5 6
(1)PQ=|3 5 —2]andQP: [3 15 23]
1 -3 -1 -1 -9 -14
(2) A+ AT :[74 13] Yes, it is symmetric. (3) zero
@s=[_2 7| (5) [ac+bd-+a+b2+c?]
3 MARK QUESTIONS
1 1 2 2
A=l 2 1 x| and AAT=9I. Find x
-2 2 -1
Solution:
AAT=9]
9 44+ 2x 0 9 0 0
442x 5+x*2 —-2-x|=]|0 9 0
0 —2—X 9 0 0 9
x=-2
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0 a -3
2 0 —1] is a skew symmetric matrix, find aand b
b 1 0

A=

Solution:
AT = —A

0 2 b 0
a 0 1|1=—|2
-3 -1 0 b

Express [ 3 =2 —5] as the sum of a symmetric and skew symmetric matrix
-1 1 2

Solution:

P+Q=A

Show that A = [g _43] satisfies the equation x? — 6x+ 171 = 0

Solution:
"o [I182 _172] 17 0
6A= [18 24]a”d 171=| 0 17]

—ox+17 =[] =[1g el [q l=lp ol=?

A trust fund has Rs 30,000 that must be invested in two different types of bonds. The
first bond pays 5% interest per year, and the second bond pays 7% interest per year.
Using matrix multiplication, determine how to divide Rs 30,000 among the two
types of bonds,if the trust fund must obtain an annual total interest of Rs 1,800.

Solution:
Let Investment in 1st bond = Rs x

So, Investment in 2nd bond = Rs 30,000—x
5

[x 30000 —x] [*2°| = 1800

100

x=15000
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X+Y = [; g] and X —-Y = [3 g] Find matrices X and Y.

Solution: Add both, we get
2X:[lo O]
x=[; 4]

Y= [i 1]

0
A= [g g] B = [g ;] Verify (AB)T=BTAT

Solution:
w1 ooty )
BTAT=[4 2] [4 5]=[16 22

A=[ % %] then show that (4 - 2)(4 - 31) = 0

Solution:

a-2=[2 A] a-su=[1 2

(A—2D)(A—3]) = [_21 _1][ _2] [

Let A and B be symmetric matrices of the same order,then show that
()A + B is symmetric

(i)AB — BA is skew symmetric

(ili) AB + BA is symmetric

Solution:

(A+B)T=AT+BT=4+B

(AB —BA)T = (AB)T — (BA)T=BTAT — ATBT = BA — AB = —(AB — BA)
(AB + BA)T = (AB)T + (BA)T=BTAT + ATBT = BA + AB = (AB + BA)

10.

Find the matrix X such that:

a5 o=l 7 %)

Solution: [3 b] [i é 2] [2 —8 _]

a+4b =-7, 2a+5b=—8,c+4d=2,2€+5d=4.
Solvinga=1,b=—-2,c=2andd =0

x=[; o

EXERCISE

Find a matrix A such that 24 — 3B + 5C = 0 where

b=l ofmd c=[; 5
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2 | Find the values of x, y, a and b when
2x + 3y a—Zb]_[B 8]
2a+b 3x-—2y] l6 11

3 |fA—[2 _1] and B = [ 1]anol(A+B)2 A? + B2, Find x

4 0
If A:H,B =[1 5 7],thenverify (AB)T = BTAT
2
5 x 2 =313 -1 2 5 3 3
[5 y 2 ”4 2 5] = [19 -5 16]. Find x and y
1 -1 1112 0 3 1 -3 0
Answers:
(1)A:[ 2] 2a=4,x=3,y=—-1land b = -2
—-13 -1 -12
B)x=1 B)x=1y=0

5 MARK QUESTIONS

1 1 0 2
LIFA=[0 2 1] and A3 — 6A%+7A+kI = 0. Find k.
2 0 3
Solution
1 0 2 5 0 8
=10 2 1|and4?=|2 4 5]
2 0 3 8 0 13
Sub inegqn A3 — 642+7A+kI
21 0 34 1 0 2 kK 0 O 0 0 O
=12823] [ 710 2 +0k0]=[000]
34 0 55 8013 2 0 3 0 0 k 0 0 O
-2 0 0]
[0 -2 0 +0 k 0]=[0]
0o o -2l lo o k
k=2
2 1 0 2]x
Find the value of x, . if [x —5 —1][0 2 1“4]:0. Hence
2 0 3111
X
findlx -5 -1]|4
1
Solution:
1 0 2
[x -5 —1][0 2 1]=[x—2 —10 2x —8]
2 0 3

x
[x—2 —-10 2x-—8] [4l =[x2-48]
1

[X2-48]=0
x=+4+/3

X
[x -5 -1] [41:[48-20-1]:[27]
1
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2 -1 -1 -8 -10
Find a matrix A such that[ 1 0l|A=|1 -2 =5 ]
-3 4 9 22 15
Solution:
_[x 'y z
Let A= [ . C]
2x —a 2y —b 2Z—c¢ -1 -8 -10
Getting X y Z = [ 1 =2 _5]
—3x+4a —-3y+4b —-3z+4c 9 22 15

Equating corresponding elements, getting equations in variable.
2x—a=-1,x=1,-3x+4a =9,2y — b=-8,y=-2, =3y + 4b = 22
2z —c=-10,2=-5,-3z+ 4c =15

-2 =5
A_[g 0 ]

0
If A=

—tan—
a 2] and | is the identity matrix of matrix of order2, show that
tan—
2

I+A=(-A4) [cosa —sina]

sina cosa

Solution:

Let tan— =t, then cosa =

+t2

ea=ly [, "’“H ]
1 0 -t 1;_5 1+t2 1 ;iz 1-2;;2

RHS= ([0 1 [t 0]) 2t 1-t? [ 1] 2t 1-t2

1+t2 1+t2 1+t2 1+t2
[ ]
t 1

T 142

EXERCISE

If A:EL :2] and I:[(l) (1)] find k such that A°= KA — 21

ANSwers:

12 3 12 -2 o )
2x+3y = { | and3x+2v =| % °| Find the matrices X and Y
_ 15 3 4] ~[-1 2 1 :
A=[2 1] B-[8 ; 6] c=| e 2] Prove that A(B+C)=AB+AC
2 1 2 1
Dk=1 @x=| "7, 35] andY = [134 52‘
_u L.
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CASE BASED QUESTIONS

A manufacture produces three types of emergency lamps which he sells in two
markets. Their Monthly sales are indicated below

Typel Type2 Type 3
Market A 100 100 50
Market B 80 100 100

If the unit Sale price of the three types of emergency lights are 2000, 3000 and
2500 respectively, and unit cost of the above three commodities are Rs.
1500,2200, and Rs. 2000 respectively, then based on the above information
answer the following.

(i) Which of the following gives the total revenue of market A

2000 1500
(@ [100 100 50][3000] (b) [100 100 50][2200]
2500 2000

100 100
(©) 100 [2000 3000 2500] (d) 100 [1500 2200 2000]

Solutlon
total revenue of market A
=100 x 2000 + 100 x 3000 + 50 x 2500

2000
Which is in matrix form[100 100 50] [3000]
2500
2000
option: (a) [100 100 50] [3000]
2500
(ii) Total revenue of market B
(a) *470,000 (b) 155,000
(c) ¥520,000 (d) % 710,000
Solution:
Total revenue of market B= 80x 2000 + 100 x 3000 + 100 x 2500
= 710000

Option :(d) X 7,10,000

(ii1) Total profit of market B is ...

(a) 470,000 (b) 155,000
(C)I625000 (d) 170,000
Solution:

Total profit of market B is 80x 500 + 100 x 800 + 100 x 500 =170000
Option :(d) 170,000

(iv) Which of the following gives the total profit of market A.

100
(a)[100] [500 800 500] (b)[1oo] [1500 2200 2000]
50 100
500 500
(c) [100 100 so]lsoo] (d) [80 100 100][800]
500 500
Solution:
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Total profit of market A =100x 500 + 100 x 800 + 50 x 500 which can be

500
represented in matrix form as [100 100 50] 800]
500
500
Option :(c) [100 100 50] [800]
500
OR

Find gross profit in both market
(a) Rs.325,000 (b) Rs. 90,000 (c) Rs. 696000 (d) None of the above
Profit of market A=155000
Profit of market B=170000
Obtion:(a) 325,000

Ashish wants to purchase a rectangular plot from his neighbour to construct a
house. He asked about the dimensions of the plot , his neighbour told that if the
length is decreased by 50m and the breadth is increased by 50m, then the area
will remain the same, but If the length is decreased by 20m and breadth is
increased by 30 m ,the area will increase by 1400m?.

Based on the information given above, answer the following questions

(i) Let x and y denote the length and breadth of the plot, then equations in terms
of x and y are.

(@) x+y =150;3x+ 2y =200 (b) x —y =50; 3x — 2y = 200
() x+y =50; 3x — 2y = 200 (d) x —y =50; 3x + 2y = 200
Solution:

(x =50)(y +50) = xy and (x — 20)(y + 30) = xy + 1400 on simplification
we get

x —y =50and; 3x — 2y =200

Option :(b) x —y = 50; 3x — 2y = 200

(if) Which of the following matrix equations is represented by the given
information?

@z Slh=[%] O Z151= 00)
o 0= (3 o [~

3x — 2y =200 and x —y = 50 So [3 _1] [y] [ZOO] is matrix form
RO i [ R

(iii) If A:[i :ﬂ  Find AAT

Solution:

— 5
AAT:E —ﬂ[—sz —11H153 2
Option : [13 5]

(iv) If P:B :;] and Q= [200] Find PQ and QP

Solution:
200 5
PQ= [3 —2”50] [éog'
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Option : PQ= [égg

Number of columns in Q is not equal to number rows in P. So QP not possible

Number of girls and boys of three sections of XI are given below

Section No of Boys | No of Girls
11A 20 25
11B 25 23
11C 23 24

Fee for girls per month is 1000 and for boys %¥1200.
Based on the above the information answer the following questions
(1) Which of the following gives the total amount of fee of paid by class 11A?

@120 251[;000 ON25 231[; 000
@23 241[1500 (@[50 (1000 1200]

Solution
Total amount of fee paid by class 11A= 20x 1200 + 25 x 1000.

Matrix form is[20 25] Hggg

1200]

Option: (a)[20 25] 1000

(if) Which of the following will not give the total fee paid by sections A and B
together is

(3)[1200 1010203([12] (b)[1000 121(:)00]012]
(©)[45 48] [1000 (d)[45 48][1200

Solution:
The total fee paid by sections A and B together is 45x 1200 + 48 x 1000

Option :(b)[45 48] H(Z)gg

(iii) What is the total fee paid by all boys of class11?

OR
What is the total fee paid by students of class 11C?
Solution
(iii)20x 1200 + 25 x 1200 + 23 x 1200 = 24000+30000+27600 = 81600
OR

23 X 1200 + 24 X 1000 =351600

In farewell party ,students of class12 A,B and C decided to have some dress
code. Girls of 12 A ,B and C selected red ,green and blue saries of rate
2000,2500 and 2500 respectively from a shop and boys of each section
purchased the dress of same colour matching with girls of the same section and
of rate 3000,2800 and3000 respectively. Number of girls and boys of three
sections of Xl are given below

Section No of Boys | No of Girls
A 20 20
B 25 20
C 20 25

Based on the above data, answer the following questions

(i) Which of the following product gives the total amount paid by girls of all
sections
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3000 2000
(@ [20 25 20][2500] (b)[20 20 25][2500]

2500 2500

2000 3000
(c) [20 25 20][2500] (d)[20 20 25][2500]

3000 2500
Solution:

the total amount paid by girls of all sections=
20 X 2000 + 20 x2500+25x 2500 which is same as

2000
[20 20 25][2500
2500
3000
Option : (b) [20 20 25] 2500]
2500

(if) Which of the following product gives the total amount paid by boys of all
sections

3000 2000
(a) [20 25 20] [2800] (b)[20 20 25] [2800]

3000 3000

2000 3000
() [20 25 20] [2800] (d)[20 20 25] [2800]

3000 2500
Solution:

the total amount paid by boys of all sections=
20 x 3000 + 25 x2800+20x 3000 which is obtained by

3000

[20 25 20] [2800]

3000
3000
Option (a) [20 25 20][2800]
3000

(iif) Amount paid by students of A

3000 2500
@20 201 |50 (0)i25 201[52,0
2500 20
©l20 251[50 0 (b)[2500 25001 ||
Solution:
Amount paid by students of A=20 x 2000 + 20 x3000
L 3000
Which is represented t;):)[s(()) 20] [2000
Option : (a)[20 20] [2000
3000 2000
(iv) A:[ZSOO 2500] Find a;; + a3,
2500 3000
(a) 4500 (b) 5000 (c) 5500 (d) 6000
Solution:

a;; +as; = 3000 + 3000
Option -:(d) 6000

Sushama owns a P.G for girls. One day she went to market purchase the food
items. She bought 4kg onion,3 kg wheat, and 2kg rice for Rs 560.Next day she
bought 2kg onion,4kgwheat and 6 kg rice. It cost her Rs:780. Another day she
bought 6 kg onion,2kg wheat and3 kg rice which cost Rs: 640.
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(i) Convert the given condition above in matrix equation of the form AX=B

Solution:

4 3 21rX1 [560
£
6 2 3ltzd 1640

(i) Find A+AT. Is it symmetric?

Solution:

4 3 2 4 2 6][8 5 8

[2 4 6|+|3 4 2]: 5 8 8].ltissymmetric
6 2 3 2 6 3118 8 6

Find a matrix P such that P = A2 — 5A

OR
(iii) Find A3
Solution:
4 3 2114 3 2 4 3 2
A’ —5A=[2 4 6”2 4 6]—5[2 4 6]
6 2 3ll6e 2 3 6 2 3
34 28 32 20 15 107 [14 13 22
2[52 34 46]— 10 20 30]2142 14 16]
46 32 33 30 10 151 l16 22 18
OR
34 26 32]1[4 3 2 348 278 332
A3 =[52 34 46”2 4 6]=[552 384 446]
46 32 33116 2 3 446 332 383

EXERCISE

Consider 2 families A and B. Suppose there are 4 men, 4 women and 4 children
in family A and 2 men, 2 women and 2 children in family B. The recommend
daily amount of calories is 2400 for a man, 1900 for a woman, 1800 for a
children and 45 grams of proteins for a man, 55 grams for a woman and 33
grams for children.

(i) Requirement of calories of family A is
(a) 24000 (b) 24400 (c) 15000 (d) 15800
(if) Requirement of proteins for family B is

(a) 560 grams (b) 332 grams

(c) 266 grams (d) 300 grams

4 4 4 2400 45 _

(iii) |fA=[2 ; 2] , B=[1900| and C=|55| Then Find A(B+C)
1800 33
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(iv) Which of the following product gives the total calories required for
children in both the families

1800 1900 1900
(@)[4 2][1800 (b) [4 2][1800 ©)[2 4][1800 (d) none of
the above.
2 Three schools DPS, CVC and KVS have decided to organize a fair for

collecting money for helping the flood victims. They sold handmade fans, mats
and plates from recycled material at a cost of Rs. 25, Rs.100 and Rs. 50 each
respectively. The numbers of articles sold are given

School /Article DPS CVvC KVS
Handmade fans 40 25 35
Mats 50 40 50
Plates 20 30 40

Based on the information given above, answer the following questions
Q) What is the total money (in Rupees) collected by the school DPS?

(i) IfA=

40 50 20 25
25 40 30] and B=[100] Find AB.
35 50 40 50
OR
Find AAT
(i) What is the total amount of money collected by all three schools
DPS, CVC and KVS?

Answers:
. N 1249321 . 1800
L. (i) (b) 24400 (ii). (c) 266 grams ~ (iii). [5,°%] (V) (@4 2][;g00]
7000 4500 3600 4700
2. () ¥7000 (ii)AB = |6125| OR AAF==[3600 3125 4075]
7875 4700 4075 5325

(iiii) 321000
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CHAPTER: DETERMINANTS

SYLLABUS: Determinant of a square matrix (up to 3 x 3 matrices), minors, co-factors and

applications of determinants in finding the area of a triangle. Adjoint and inverse of a square
matrix. Consistency, inconsistency and number of solutions of system of linear equations by
examples, solving system of linear equations in two or three variables (having unique solution)

using inverse of a matrix.

Definitions and Formulae:

To every square matrix we can assign a number called determinant

> Determinant:

Let A = -Ccl Z],then det(A) = |A| = ad — bc
a b c
LetA=|d e f,thenIAlzale fl—b|d f+cd }el|

For easier calculations, we shall expand the determinant along that row or
column which contains maximum number of zeros

The area of a triangle whose vertices are (X1, y1), (X2, y2) and (X3, y3), is

L X1 V1 1
A= > Xy Y2 1
X3 V3 1

Since area is a positive quantity, we always take the absolute value of the
determinant
The area of the triangle formed by three collinear points is zero.

Equation of line joining the points (X1, y1 ) and (X2, y2) is

x y 1
X1 V1 1(=0
X2 V2 1

> Minors: Minor of an element a;; of a determinant is the determinant obtained by
deleting its i"" row and jth column in which element a;; lies. Minor of an element a;;
is denoted by M;;.

> Co-Factors: Cofactor of an element a;; , denoted by A4;; is defined by

Ajj = (=1)"J.M;; , where M;; is minor of a;;

» The value of a determinant A = sum of the product of elements of any row (or
column) with their corresponding cofactors.
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» If elements of a row (or column) are multiplied with cofactors of any other row (or
column), then their sum is zero. For example a11As1+ai2Az+aizAsz =0

» Adjoint of a Matrix: The adjoint of a square matrix A = [al-j] is defined as the
transpose of the matrix [Ai]-] , Where A;; is the cofactor of the element a;; .

Adjoint of the matrix A is denoted by adj A.

» To find adjoint of a 2x2 matrix interchange the diagonal elements and change the sign
of non — diagonal elements.

> Inverse of a Matrix: Let A be a square matrix.

A1 =i djA
a1

» Solution of system of linear equations by using matrix method:
Let the system of linear equations be
a1 x + by +ciz=d;
ax + b,y +c,z=4d,
azx + bzy + c3z = dj

These equations can be written as

a1 bl C]_ X dl
a, b, Cz] [3’] = [dzl

as b3 C3 VA d3
AX =B
X=A"'B

o A7 lexists,if |A| # 0 i.e the solution exists and it is unique.
e The system of equations is said to be consistent if the solution exists.
e if|A| =0,then we calculate (adjA)B.

e If|A|l = 0and (adjA)B # 0 , (O being zero matrix), then solution does not
exist and the system of equations is called inconsistent.

e If|A| = 0and (adjA)B = 0, then system may be either consistent or
inconsistent according as the system have either infinitely many solutions or
no solution.

» Important notes:

e The matrix A is singular if |A| =0
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A square matrix A is said to be non-singular if |A| # 0

If A and B are nonsingular matrices of the same order, then AB and BA are also
nonsingular matrices of the same order

If Ais an invertible matrix, then |4| = 0 and (A) T = (AT)?!

|AA| = A"|A|,where n = order of matrix A

A(adjA) = (adjA)A = |A|l

ladjA| = |A|™"t,where n = order of matrix A

|A(adjA)| = |A|™",where n = order of matrix A

|AB| = |Al|B|

(AB)™! =B~ 14!

A~ = 147

|AT| = |A]

If A and B are square matrices of the same order, then adj(4B) = (adjB).(adj A)

MULTIPLE CHOICE QUESTIONS

Q.No QUESTIONS WITH SOLUTIONS
1 If A is a square matrix of order 3 such that |A| =-5, then value of |—A]| is
(@) 125 (b) - 125 (©) 5 (d)-5
Solution:-
|-Al =(-1)°| 4|
=-(5)
=5
Correct option: ¢
2 cos15 sinl5
Evaluate |sin75 cos75
V3 1
(a1 (b) 0 (©% (d)
Solution:- |C(,)515 sinl15 =€0s515c0s75-sin15sin75
sin75 cos75
=cos(15+75)
=c0s90°
=0
Correct option: b
3 | What positive value of x makes the following pair of determinants equal

2x 3] |16 3
5 xI'I5 2
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(@) 4 (b) 8 ©) 2 (d) x4

Solution:-
|2x 3 |16 3

2x? 15 32- 15
=17
2x?=32
x?=16
X=t4
The positive value of x is 4

Correct option: a

If A is a square matrix of order 3 such that |adjA|=64, then what is the value of
|A]
(a)64 (b) 8 (c) -8 (d) +8

Solution:-|adjA|=|A|* =64
|A|= 8
Correct option : d

If for a square matrix A, A>~3A +1 = 0 and A~ = xA + ylI, then the value of
x+yis

@-2 @®2 (3 (-3
Solution:-

AZ3A+1=0

Multiply by A

We get

A-31+A1=0

Al=-A+3l

Hence x=-1,y=3

X+y=2

Correct option : b

1—-x 2 3
0 X 0
0 O X

If =0, then its roots are

a0 (b)1 (© 0,1 (do,1,-1
Solution:-

1—x 2 3
0 X 0

0 O X
On expanding the determinant, we get

(1-x)x?>=0
Hence x=0,1
Correct option: ¢

=0

If A (3,4),B(—7,2),C(x,y) are collinear, then which of the following is true?
@x+5y+17=0 ((BL)x+5y+13=0

©x—-5y+17=0 (d)x—-5y—-17=0

Solution:- If A (3,4), B(-7,2), C(x, y) are collinear, then area of triangle ABC=0
341
-7 21
xyl

. 1
le= =0
2
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i.e
341
-721

xyl

=0

i.e32—-y)—4(-7—-x)+1(-7y—-2x) =0
i.e X-5y+17=0
Correct option: c

8 If A is an invertible matrix of order 2, then det(41)=
1
a) — ()0 (c)1  (d)det(A)
Solution:-
det(A)=[2 @
1 1Al
= 7 ladj(A)]
—_1 11121
-1
14l
1
" detA
Correct option: a
9 | If Ais a square matrix such that A>=1 , then A is equal to:
a)2A (b)O (c)A (d) A+l
Solution:-
A=
Multiply by A on both sides
ATA2=AT
A=A'
Al=A
Correct option:c
10 x+yy+zz+x
The value of | z X y | is equal to
1 1 1
@ao (b) 1 C©x+y+z d2(x+y+2)
Solution:-
x+tyy+zz+x
z X Y [FxHY)(x-y)-(y+2)(z-y)+(z+X)(z-X)
1 1
=( X2-y?)-(2%-y?)+(2*x?)
=0
Correct option: a
CHAPTER VIDEO LINK FOR MCQs SCAN QR CODE FOR
VIDEO
DETERMINANTS https://youtu.be/nrquFxCgHsE
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EXERCISE

1 121
If [ 231 ] Is a non-singular matrix and a € A, then set A is
3al
a) R (b){0} (c) {4} (d) R-{4}
Correct option: d
2 If |A|=|kA|, where A is a square matrix of order 2, then sum of all possible values of
kis
a)l (b) -1 (c)2 (d)o
Correct option: d
3 | If A and B are square matrix of order of 3 such that |A| = —1 and |B| = 3 then
what is the value of |34B]| ?
a) —9 (b) —27 (c) —81 (d) 81
Correct option: ¢
4 1 2 3
The value of the determinant |0 sinx cosx | IS
0 cosx sinx
a)l (b) —1 (c) - cos2x (d) cos2x
Correct option: ¢
5 x 00
If A=[0 x 0] then the value of |adj(4)] is
0 0 x
a) x3 (b) x8 (c) x° (d) x?’

Correct option: b

ASSERTION REASONING QUESTIONS

Two statements are given, one labelled Assertion(A) and the other labelled Reason(R).Select
the correct answer from the codes (a),(b),(c) and (d) as given below

(a) Both Assertion (A) and Reason(R) are true and Reason(R) is the correct explanation of the

Assertion(A)

(b) Both Assertion (A) and Reason(R) are true but Reason(R) is NOt the correct explanation of

the Assertion(A)

(c) Assertion (A) is true and Reason (R) is false.

(d) Assertion (A) is false and Reason (R) is true.

1

Assertion(A):The value of |i _x1+ ch| isequalto 1
Reason(R):The value of the determinant of a matrix A order 2 X 2,
where A=[a b isad — bc
cd
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Solution: |§ _x1+)1c| =x(X)-(x+1) (x-1)=x2-(x2-1)=x2-x*+1=1
So Assertion A is true.

abl_ ,

|c d|_ ad — bc

So Reason R is true.

Hence Reason(R) is the correct explanation of the Assertion(A)
Correct option: a

Assertion(A): If A is an invertible matrix of order 2, and det A= 3 then det(
A1)is equal to é
Reason(R): If A is an invertible matrix of order 2 then det (A) =det(A)
Solution:-Since det(A‘l):; =z
detA 3

Hence A is true but R is false.
Correct option: ¢

Assertion(A): In a square matrix of order 3 the minor of an element

adp2 is 3 then cofactor of ap, is —3.

Reason(R): Cofactor an element aj; = Ajj = (-1)™ M

Solution:- Cofactor an element aj; = Ajj = (-1)™ M;;
Cofactor an element az = Ay = (-1)%2(3)

=3

Hence Assertion (A) is false but Reason (R) is true
Correct option:d

101

01 2] then|3A|=27|A]|

004

Reason(R): If A = kB where A and B are square matrices of order n,
then | A|=k"| B |, wheren=1,2,3

Assertion(A):If A=

Solution:-
Since [KA| = k" A |
134]=3%|A]
=27|A|
Hence Reason(R) is the correct explanation of the Assertion(A)
Correct option :a

; . _[2 3 o [-2 1
Assertion(A): If A=| 4] then Adj(A)= [3_4]

Reason(R): If A:[C;Zl1 52122] then Adjoint(A) can be obtained by interchanging a1
and a2 and by changing signs of ai2 and a1
Solution:-
o[ 4 =3
[ 4 7]
Hence A is false but R is true
Correct option:d

Assertion(A): If A is a square natrix of order 3, then |2A4|=8|A|
Reason(R): Let A be a square matrix of order n. Then | adj A| = |A|"?
Solution:-A is true since |24|=2%|A|=8|A|

R is also true, but R is not the correct explanation of A

Correct option:b

61 —87

Assertion(A): if A:B ;] and B:[g S] then (AB)?*= —%[_47 67
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Reason(R): For any 2 matrix A and B , (AB)'=B!A™

Solution:-

-1_ adj(AB) _ _ 1 61 —87  p-1a-l
(AB)™= s = "zl-47 67]_8 A
(AB)'=B1A1

Hence Both Assertion (A) and Reason(R) are true and Reason(R) is the correct
explanation of the Assertion(A)
Correct option: a

Assertion(A): Value of x for which the matrix[; i] is singular is 4

Reason(R): A square matrix is singular if |A | =0
Solution:-
A square matrix is singular if |A | =0
|1 2| -0
2 x
x—4=0
x =4
Correct option: a

Assertion(A): The system of equations 2x + 5y = 1; 3x + 2y = 7 are consistent
Reason(R): A system of equations is said to be consistent if they have one or more
solution.

Solution:-

The system of equations can be written in the form AX = B, where A:[g g],X:[y]
_[1
B_[7]

On solving these system of equations by matrix method|A|= —11 # 0, Hence, A is non
singular matrix and so has a unique solution. Hence they are consistent.
Correct option:a

10

Assertion(A): For two matrices A and B of order 3, [A|=2 |B| = — 3,then |AB| =6
Reason(R): The determinant of the product of matrices is equal to product of their
respective determinants, that is, |AB| = |A||B| where A and B are square matrices of
the same order
Solution:- |AB| = |A||B|

=2(-3)

=—6
Hence A is false but R is true.
Correct option:d

EXERCISE

Assertion(A): The value of x for which :;’C f|:|i A1L| is+4

Reason(R) : The determinant of a matrix A order 2 X 2,
_[a b] . _

A—[C d] is ad — bc

Correct option: a

Assertion(A): For two matrices A and B of order 3, |[A|=1,|B| = —4 then |2AB] is
-32.

Reason(R): For a square matrix A, A(adj A)=(adj A)A=|A| |

Correct option: b
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3 Assertion(A): The equation of the line joining (1,2) and (3,6) using determinants is y +
2x = 0.
Reason(R): The area of A PAB is zero if P(x, y) is a point on the line joining two points
A and B.
Correct option: d
4 1 1 1 L
Assertion(A):The maximum valueof |1 1+ sin4 1 IS >
1 1 1+ cosA
Reason(R): Principal value branch of sinA is [- %, %]
Correct option:b
5 2x —3 g
Assertion(A): A=| 0 2 5 ] then A exists if x = -
113
Reason(R): A square matrix A has inverse if and only if A is non-
singular.
Correct option: d
2 MARK QUESTIONS
Q. No QUESTIONS WITH SOLUTIONS
1 1 2 1 -4,
ifA=]; 1| andB=[, ~ 7| find 4B
Solution:-
(1 21,1 —4
ae=l; 33 23
:[ 7 -8
0 —10
|AB| = —70
_[2 31rita AL
If A—[S _ 2] write A" in terms of A
2 Solution:-
A—l: Adj(A)
|A]
_-1[—-2 — 3
‘E[ -5 2 ]
_1[2 3
T19 [5 — 2]
:i A
19
What positive value of x makes the following pair of determinants equal
2x 3] |10 3
3 5 xI'l5 5
Solution:-
2x?—15 =50 — 15
2x%= 50
x==+5
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For what value of x, is the following matrix singular?
[3 —-2x x+ 1]

2 4
Solution:-

A matrix is singular if [A|=0
(B-2x)4—(x+12=0
Onsolvingwe get x = 1

If for any 2 x 2 square matrix A, A(AdjA)= [g g] , then write the value of |A|

Solution:-
A(adj A) = Al
8

[0 g]=IAI[é 2

B Ol 0
0 8l [0 |A]
NE:

If A is a nonsingular matrix of order 3 and |A| = —4, find |A. adjA|
Solution:-
|A.adjA|= |Al|adjA|

=|A||A| ®

=1A[®

= (—4)°

= —64

Find the equation of the line joining A (1, 3) and B ( 0, 0) using determinants
Solution:-
Let p(x, y) be any point on the line AB

Then area of APAB =0
131

001
xyl
Equation of line ABisy = 3x

=0

2-35
6 0 4
15-7

If Ajj is the cofactor of the element a;; of the determinant , find the value of

as2 Az

Solution:- a2 A= 5 X — (8 —30)
= 5(22)
=110

If A= B ﬂ , find the value of | A2 —2 A4 |

Solution:-
SR
_[5 0]

05
|A2—2A| =25

10

If A =] aj]isamatrix of order 2 x2 , such that |A] = — 15 and Ajj is the cofactor
of the element ajj then find a 21 A21 +a 22 Ax

Solution:-

a2 A +anAx

= |4]

= —15
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EXERCISE

1 Given A= [34_ 37] , compute A and show that 2A1=91-A
2 1k3
Find k if the matrix|1 3 3| is the adjoint of matrix A and |4| = 4
24 4
Answer: k =11
3 x+1x 1 .
If —3 x+2| | 3|thenf|ndthevalueofx
Answer:-
x=2
4 1 0 0
Find the inverse of the matrix [0 cosx  sinx ]
0 sinx —cosx
1 0 0
ANSwer:- [0 cosx  sinx ]
0 sinx —cosx
5 cosAcosB cosAsinB — sind
Evaluate | —sinB cosB 0
sinAcosB  sinAsinB  cosA
Answer: 1
3 MARK QUESTIONS
Q.No QUESTIONS WITH SOLUTIONS
1  |A coaching institute of Mathematics conduct classes in two batches, | and Il and fees

for rich and poor children are different. In batch I, it has 20 poor and 5 rich children
and total monthly collection of Rs.9000/-, where as in batch 11 5 poor and 25 rich
children and the monthly collection is Rs.26,000/-. Using matrix method finds the
monthly fees paid by each child of the two types.

Solution:-

Let x and y be the fees paid by rich and poor children respectively.

According to the question,

5x+20y=9000

25x+5y=26000

Which can be written as AX = B, where A:[ZSS 250] X= [;]’B:[296000000]
|A] = —475 # 0
adja=| 5. 72
A= 5s o
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RS

200
x = 1000, y =200

1 2 3
3 -2 1],then show that A3-23A-401=0
4 2 1

Solution:-
19 4 8]

If A=

A’=| 112 8

14 6 15

A3=|69 — 6 23

92 46 63

63 46 69]

A3-23A-401=

63 46 69 23 46 691 [40 0 0] [00O
69 —6 23[-169 —46 23(-|0 40 0|=[0 0 0]=0
92 46 63 92 46 23110 0 401 LOOO

Using determinants, find the arca of APQR with vertices P(3,1),Q(9,3)and R(5,7).

Also find the equation of line PQ using determinants.

Solution:-
L 311
Area =519 31 = 16 sg.units
571
xyl
Equation of PQis |3 1 1| =0
931
—2x+6y =0
OR
x—3y=0
300
If A.(adjA)=|0 3 0],then find the value of |A| +|adjA|
003
Solution:-

|A. adjA|=|AlladjAl=|Al|AJ* =] AJ?
27=]4|°

|A|=3

ladjA|=3%=9

|A| +|adjA|=12
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x 37
If x = —9isarootof |2 x 2
76x

=0 then find the other 2 roots

Solution:-

x 37
2 x 2
7 6 x

x}—67x+126 =0
x+9H(x-7)(x—-2)=0
x= —972

=0

Hence the other two roots are 7 and 2

_[2 3 _[1 -2 . 1 _p-1p-1
If A_[l _4] and B—[_1 3] then verify that (AB)™ =B™A
Solution:-

_[-1 5
AB'[S — 14]
|AB| = —11 # 0 , Therefore (AB)* exists

14 5
GOR{

=5l 4—3131 31

BIAT = [14 5] (AB)?

Hence proved

Show that the matrix A :[i ;] satisfies the equation A2 —4A + 1 =0,

where | is 2 x 2 identity matrix and O is 2 x 2 zero matrix. Using this equation, find
Al

Solution:-

ae—an+ =} THG glo 1o o0
A~ 4A+1=0

AA-4A+1=0

AA-4A= -I

Multiplying by A, we get

Al —41=—-A1l
Al= 41 - A
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“loal-li

| 2 -3
-1 2
8 If A is a skew symmetric matrix of order 3, then prove that det A = 0
Solution:-
If A is a skew symmetric matrix of order 3,then A= - AT
|Al =|— AT|
=-|AT|
= - |Al (Since |AT] =]A])
2|A| =0
Hence|A|=0
9 1 sinx 1
If A= |-sinx 1 sinx|, where 0 < x < 2m. Then prove that |A|€[2,4]
-1 —sinx 1
|A|=2+2sin?x
We know that 0 < sin’x < 1
ie. 0<2sin’x<2
e 2<2+2sin’x<4
ie. 2<|A|<4
Hence |Al|€[2,4]
10 If the points (a1, b1), (a2, b2) and (a1 + az, b1 + b2) are collinear, then prove that

aibo=azbs

Solution:-

If the points (az, b1), (a2, b2) and (a1 + a2, b1 + by) are collinear,
a, b, 1

then a, bz 1|= 0

On expanding we get a2bi-a1b2=0
Hence azb: = a1b2

i.e. aibo=asb1
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EXERCISE

1 x SinA cosA
Show that the determinant|—sinA —x 1] is independent of A
cosA 1 X
2 Show that points A (a, b + ¢), B (b, c + a), C (c, a + b) are collinear.
3 x00
If X, y, z are nonzero real numbers and A={0 y 0] then prove that
00z
x100
Al=l 0 y1o0 ]
0 0 z71
oAl 65] , Show that A2-12A+1=0, hence find A™
alz [0 —
Answer:- A= [_7 6]
5 3 -1 1
IfA=|-15 6 - 5] then prove that A1A=I
5 -2 2
5 MARK QUESTIONS
Q. No QUESTIONS WITH SOLUTIONS
1 Solve the following system of equations by matrix method
3x—2y+3z=28
2x+y—z=1
4x —3y +2z=14
Solution:-
The given system of equations can be written as AX=B
|A|= -17#0
-1-5 -1
Al= -1/17[-8 -6 9
—-10 1 7
x= A'B
x=1y=2,z=3
12 -2 3—-1 1
2 If A=[—-1 3 0|and B'=[-15 6 — 5 |, find (AB)™
0-21 5-22
Solution:-
(AB)!=pB1A?
|A|= 1£0
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Therefore (AB)! = B2A1

[ 3 -1 11][326
56 s 117]

L 5 =22 225

[ 10 7 21
=[—49 — 34 — 103

L 17 12 36

Using the matrix method, solve the following system of linear equations :

2 +i+1_0:4’i_§+5:1’£+2_2:2
X Y Z X Y Z X Y Z
Solution:-

The given system of equations can be written in the form AX=B,

1
2310 | % | 4
Where A=| 4 —6 5 X=|y—|and B=(1
69 — 20 H 2
VA
|A]=1200# 0 , A* exists
75 150 75
Adj(A)=[110 — 100 30
72 0 —24
. [75 150 75
_1_
Hence A = 200 110 — 100 30
72 0 —24

Since AX=B, X=A'B

L 75 150 7511[4
=500 | 110 — 100 30} |1

72 0 —24112

. 600

:ﬁ 400

240
1 1
HIE
L I
1 1
z 5
Hencex =2,y=3,z=5
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EXERCISE

1 | A:[El 12] show that A2-5A+71=0, hence find A
Answer:-
wf
2 112201
Use the product [O 2 3] [9 2 3] to solve the system of equations:-
32411612
x—y+2z=1
2y—3z=1
3x —2y+4z =2
Answer:-
x=0,y=52z=3
3 2 —-35
IfA=] 3 2 —4 ] find AL, Use it to solve the s
11 -2
ystem of equations
2x —3y+5z=11
3x +2y —4z= -5
x+y—2z = -3
Answer-
x =1, y=2,z=3
CASE BASED QUESTIONS
Q. No QUESTIONS WITH SOLUTIONS
1 Manjit wants to donate a rectangular plot of land for a school in his

village.

When he was asked to give dimensions of the plot, he told that if its
length is decreased by 50 m and breadth is increased by 50m, then its
area will remain same, but if length is decreased by 10m and breadth
is decreased by 20m, then its

area will decrease by 5300 m?
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X

1. Based on the information given above, form equations in terms of x and y
2. Write down matrix equation represented by the given information
3. How much is the area of rectangular field?
Solution:-
1) (x-50)(y+50)=xy

(x-10)(y-20)=xy-5300
2x+y=550--------- (2)
2) [12 _11] [;]z[sssoo
3) On solving
We get, x=200 m
y=150 m

Area =200 x 150 = 30, 000 sg .m

Ram buys 5 pens, 3 bags 1 instrument box and pays a sum of Rs. 160. From the
same shop, Madhav buys 2 pens, 1 bag and 3 instrument boxes and pays a sum of
Rs.190.Also Ankit buys 1 pen, 2 bags and 4 instrument boxes and pays a sum of
Rs.250.
Based on the above information, answer the following questions:

1) Convert the given above situation into a matrix equation of the form AX=B

2) Find |A]

3) Find At
OR
Determine P=A2-5A
Solution:-
531 X 160
1) Matrix equation AX=B, where A=[2 1 .3 X:[yl B= 190] where X is the
124 z 250

number of pens bought, y the number of bags and z the number of instrument boxes.
2) |Al=-22

-2 —-10 8
3) Adj(A)=[-5 19 — 13]
3-7-1
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L [-2-108
A'1=_—22 -5 19 —13
3-7-1

OR

7513
582
833

P=A%-5A=

The management committee of a residential colony decided to award some of the
students of their colony (say x ) for honesty, some (say y) for helping others and
some others (say z)for supervising the workers to keep the colony neat and clean.
The sum of all the awardees is 12.Three times the sum of awardees for cooperation
and supervision added to two times the number of awardees for honesty is 33.1f the
sum of the number of awardees for honesty and supervision is twice the number of
awardees for helping others.

)'(‘ ’:Q/
[ A

Based on the above information, answer the following questions:

1)Convert the given above situation into a matrix equation of the form AX=B
2)Find Al

3)Find the number of awardees of each category

Solution:-

1)

X+y+z=12----(1)

3(y+z)+2x=33-----(2)

X+Z=2y------- 3)
i.e
X+y+z=12
2X+3y+32=33
X-2y+z=0
111 ve 12
Matrix equation AX=B, where A=[ 2 3 3 X:[yl B=|33
1 -21 Z 0
2) |A] =3
9-30
Al=210 - 1]
-7 31
3)
X=A'B

Hence x=3,y=4,z=5
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EXERCISE

A company produces three products every day. Their production on certain day is 45
tons. It is found that the production of third product exceeds the production of first
product by 8 tons while the total production of first and third product is twice the
production of second product.

Using the concepts of matrices and determinants, answer the following questions.

1. Ifx,yand z respectively denotes the quantity (in tons) of first, second and third
product produced, then convert the given above situation into a matrix equation of the
form AX=B

2. Find A*

3. Find x:y:z

Answer:-

111
1)[10—1

1-21

45

L .2 31
)At==2120 -2
2 -31

3)11:15:19

Each triangular face of the Pyramid is made up of 25 smaller equilateral triangles as
shown in the figure.

Using the above information and concept of determinants, answer the following
questions
1) If the vertices of one of the smaller equilateral triangle are

(0, 0), (3,+/3) and(3, —/3) then find the area of such triangle
2) LetA(a, 0),B (0, b)and C (1, 1) be three points such that i + % = 1 then prove that

the 3 points are collinear.
Answer:-

1) 3V3
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CHAPTER: CONTINUITY AND DIFFERENTIABILITY

SYLLABUS: Continuity and differentiability, Chain rule, Derivative of inverse trigonometric
functions, Derivative of implicit functions, Concept of exponential and logarithmic functions,
Derivatives of logarithmic and exponential functions, Logarithmic differentiation, derivative

of functions expressed in parametric forms. Second order derivatives.

Definitions and Formulae:

e Continuous function - A real valued function f(x) is said to be continuous, if it is
continuous at every point in the domain of f(x) .

Continuity of a function at a point — A real valued function f(x) is said to be
continuous at

x= alif
LHL= RHL= f (a)
lim fC) = lim f(x) =f(a)
e Derivative of a function- The derivative of a function f(x) is defined by

Y = Tip L EFR)—F(X)
() = lim L

e Left Hand Derivative (LHD)= Lf’(a)= }llr%f(a%)h_f(a)

e Right Hand Derivative (RHD)= Rf’(a)= }g%w

e A real valued function f(x) is said to be differentiable at x=a if its LHD and RHD at
x=a exist and both are equal

Standard Derivatives

SI. No Function Derivative
1 x™ nx™-1
2 K (constant) 0
3 Vx L
2Vx
4 sinx cos x
5 coS X —sinx
6 tan x sec?x
7 secx sec x tan x
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8 cosec x —cosec x cot x
9 cot x -cosec’x
10 e* e*
11 log, x 1
x
12 sin~1x 1
V1 —x2
13 cos x -1
V1 —x2
14 tan"1x 1
1+ x2
15 sec lx 1
xVx2—1
16 cosec™x -1
xVx2—1
17 cot™1x -1
1+ x2
18 a* a*log, a

Product Rule-

Ify=uv thenj—z:u%+v2—z
Quotient Rule-
du _dv
Ify= 2 then 2 =& &
Chain Rule-
Ify = f(t), then 2 =22

Derivative of implicit functions- Let f(x,y) = 0 be an implicit function of x, then to

find Z—y first differentiate both sides of the equation w.r.t x and then take all the

1
X

terms containing Z—z to LHS and remaining terms to the right , then find Z—z.

Logarithmic Differentiation-
Used to differentiate functions of the form u(x)?®

Parametric Differentiation-
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4y

If x=f (t) and y= g (t) then = = &

dx
dt

e Second order derivative-
2
If y=f(x) then the second order derivative is d—f =2 (d—y)
dx dx ~dx

MULTIPLE CHOICE QUESTIONS

Q.NO QUESTIONS AND SOLUTION
1 _ . d%y .
If y=a sin mx + b cos mx ,then -5 IS

@ m?y (b)) -m’y  (c) my (d)-my
SOLUTION: Option (b)

dy .

—% = am cos mx — bm sin mx

a2 .

ﬁ = -am?2sin mx - bm? cos mx

=-m? (a sin mx + b cos mx)

= -m?y

2 ;—xlog(x+ VxZ + 1) is equal to

(@ vxZz+1 (b) xvxz+1
(C) xzf-lis (d) \/%

SOLUTION: Option (d)

dy _ 1 [1+ 2X 1
dx X+ Vx2+1 2Vx2+1

1 X+ Vx2+1
X+ Vx2+1 " Vx?+1

1

~ Vo
3 | ifu=sin! 2 andv = tan~? =X then E s
1+x 1-x dv
1 1-x2
@ 5 b x O @1

SOLUTION: Option (d)
Put x= tan@

_1 2tan6 . -1 . _
1 > =sin"!sin26 =26=2 tan"' x
1+tan?

U =sin




—1 2tan®

— =tan 'tan20 =20 =2 tan"'x
1-tan?6

V=tan

du dx
dv dv

=1

The points of discontinuity of the function

_(2x+3, ifx<2
f(")‘{Zx—3,ifx>2"’“re

(@ -2 (b) 2 (c) £2 d) (-2,2)
SOLUTION: Option (b)

At x =2

LHL =2(2)+3 =7
RHL=2(2)-3=1

LHL # RHL

So f(x) is not continuous at x=2

X = 2 is the point of discontinuity.

Derivative of x? with respect to x3 is

(a) - (b) = © — () =

2x 3x

SOLUTION: Option (c)

3

u=x V=x
du
u _ dx - 2X _ 2
dv 4V 7 3527 3y
dx
_(3x—5, x<4 . . _ ]
If f(X)_{Zk, x>4 S continuous at x=4 then k is
7 2 -7 -2
@ - (b) - © (d) —

SOLUTION: Option (a)

Atx=4

LHL = 3(4)-5 =7
RHL =2k

LHL = RHL
7=2k

7

k= Z
2
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7 — 42 =43 a2y
If x=1t° y=t> then — isequal to
3 3 3 3t
@ 3 (b) © % @) 5
SOLUTION: Option (b)
dy _dy/dt 3¢ _ 3t
dx dx/dt 2t 2
ay_3 1_3
dx?2 22t 4t
8 The function f(x) =[x] is continuous at
(@4 (b) -2 ()1 (d) 1.5
SOLUTION: Option (d)
Greatest integer function is not continuous at integral values.
d 1 1. .-
9 | Forthecurve vx +.,/y =1 ,d—zat(z,z)ls
@ 1 (b) - () -1 (d) none of these
SOLUTION: Option (c)
Vr+,/y =1
I S
2Vx 2y dx
ay _ vy
dx Jx
dy 1 1 _
waG.)="1
10 |ify= lofx ,then y, =
(c) Zloff_3 (d) none of these

SOLUTION: Option (b)

_ logx

T x
dy _ x(%)—logx
dx x2

_1-logx

x2

2

—-X

— — (1-logx)2x _ —x—2x+2xlogx _ 2logx-3
x4 - x4 - %3

V2=
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CHAPTER VIDEO LINK FOR MCQs SCAN QR CODE FOR
VIDEO

Oh0
of:

CONTINUITY AND https://youtu.be/fluPO6ThkfQ
DIFFERENTIABILITY

EXERCISE

- d%y .
If y = ae™ + be ™% | then =— is
dx?

(@) m?y (b) —m?y (c) my (d) -my
Ans: (a)
sinx
The function f(x) = {T Feosx, X #0 o continuous at x = 0, then value of k is
k , ifx=0
(@) 3 (b) 2 ©) 1 (d) 1.5
Ans: (b)
If x=acos36 , y=asin36 then fl + (%)2
(a) tan?6 (b) sec?6 (c) sech (d) | sech|
Ans: (¢)

The points of discontinuity of the function

3x+5, i > 2
f(x):{ xxz, if;f<xz are
(8 -2 (b) 2 (c) £2 d) (-2,2)

Ans: (b)

Find the value of k for which the given function is continuous

4*—-16

2%*t2_16 ,
f(x)= {— if x+2
k ifx=2

(a) - 2 (b) 2 © ; (&) =

Ans: (¢)
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https://youtu.be/fIuPO6ThkfQ

ASSERTION & REASONING QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of
Reason (R). Choose the correct answer out of the following choices.

(a) Both A and R true and R is the correct explanation of A.

(b) Both A and R true and R is not the correct explanation of A

(c) Aiistrue but R is false

(d) Aisfalse but R is true

2
Assertion(A) : If x = 2at,y = at? , then % is constant for all t

_ _ _ ay _f'®©g" ®©-g'®Of ()
Reason (R) : If x = f(t),y = g(t),then — = )2

SOLUTION: Option (c)

Explanation:

dy _ dy/dt _ 2at _
dx dx/dt 2a

2
d—Z = 1(1) which is a constant.
dx 2a

So A is true

d? d ,dy . dt .
=2 =2 (22)=soRis false
dx dt *dx ” dx

A is true but R is false

Assertion(A) : If the function f(x) = {a“x +1,0=x<3 jsjifferentiable, then
bx+2, 3<x<5
2a = 3b+2

Reason (R): Every continouou function is differentiable.
SOLUTION: Option (a)

Explanation:
LHszir%f(3 —h) =}lirréa\/3—h+ 1=2a

RHL =lim (3 + h)= lim b(3 + h) + 2 = 3b+2

Since f is differentiable, it is continuous so LHL = RHL
2a = 3b +2
So Ais true & R is also not true

Assertion (A): The function f(x) = |x| is everywhere continuous.
Reason (R): Every differentiable function is continuous.

SOLUTION: Option (b)
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Explanation:

LHL = }ll_rgf(a —h) = }ll_r}(l) |a — h|=a
RHL :}llir(l)f(a + h)= }ll_r)r(l)la +h|=a
f(a) =la =a

LHL=RHL=f (a) so f is continuous.

So Ais true & R is true

Both A and R true and R is not the correct explanation of A

Assertion(A) : If f(x) and g(x) are two continuous functions such that
f(0) = 3,9(0) =2, then lim{f(x) + g(x)} =5

Reason (R) : If f(x) and g(x) are two continuous functions at x=a then
im{f (x) + g(x)} = lim £ (x) + lim g (x)

SOLUTION: Option (a)
Explanation:

By using algebra of limits
lim{f () + g} =1lim f(x) + lim g(x) = f(0) + g(0) = 3+2 =5
So Alistrue and R is also true

Both A and R true and R is the correct explanation of A.

3
Assertion (A): If y = sin x , then % =—latx=0

Reason (R) : If y = f(x).g(x) then Z—i = f(x)g'(x) +gx) f'(x)
SOLUTION: Option (b)
Explanation:

y=sin x

dy _
Tr COS X

d3 .

£2 = sinx
dx3

d3

=2 = - cos X
dx

3
LY~ 1 atx=0
dx
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So Alis true & R is product rule which is also true

Both A and R true and R is not the correct explanation of A

Assertion (A): If f(x) =sin"tx + cos™tx +2,then /(1) = 0
d .
Reason (R) : — (sinx) = cos X

SOLUTION: Option (b)
Explanation:

f(x)=sin"tx + cos7l1x +2

-1
Vi 100

1
=5z v

(1) =0so0 A is true & R is also tue.

Both A and R true and R is not the correct explanation of A

Assertion (A): The function f(x) = 'i—' is continuous at x = 0

Reason (R): lim 2 and lim ! are —1 and 1 respectively
x—-0" X x-0t X

SOLUTION: Option (d)

Explanation:
LHL = lim 2 =1, RHL = lim & =1
x-0" X x-0t X

LHL-= RHL

So A is false.

A is false but R is true

- sin 5x ifx + 0 - -
Assertion (A): If f(x) ={ ,.* is continuous at x = 0 thenk = 15
- ifx=0

3
Reason (R) : If f(x) is continuous at a point x = a in its domain ,

then lim f(x) = f(a)

SOLUTION: Option (a)

Explanation:
LHL :llm f(a —_ h) = llm w — llmS sin —5h :5
h-0 h—0 0-h h—0 —5h

f(a)= f(0) =%

Since f is continuous LHL = RHL=f (a)
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k/3=5
k =15
Both A and R true and R is the correct explanation of A

9 . . _ —1 Sinx+cosx dy -
Assertion (A): If y=tan (—Cosx_smx) , then ™ 1
sinx+cosx _ T
Reason (R) : e tan (Z + x)
SOLUTION: Option (a)
Explanation:
— tan_l(sinx+cosx)
y cosx—sinx
—1 1+t
y=tan~ (o)
y=tan~*(tan (5 +x)) = 7+ x
w_q
dx
Both A and R true and R is the correct explanation of A
10 Assertion (A): The real valued function f(x) = 3x%2 — 2x + 7 is continuous at x = 2
Reason (R) : Every polynomial function is continuous.
SOLUTION: Option (a)
Both A & R are true
Both A and R true and R is the correct explanation of A.
EXERCISE
1 | Assertion (A): Every continuous function is differentiable
Reason (R) : Every differentiable function is continuous.
Ans: (d)
2 | Assertion (A): The function f(x) =[x], greatest integer function, is not differentiable at
integer points
Reason (R) : The greatest integer function is not continuous at integer points
Ans: (b)
3 | Assertion (A): If y = sin ax? , then 2 = 2& cos ax®
dx 180
Reason (R) : 7¢=180°
Ans: (a)
4 2x

Assertion (A): If f(x) =2tan"! x + sin™?! - (2 = (3

+x2’
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Reason (R ): sin™?! 2—x2 = 2tan"! x for all x.
1+x
Ans: (d)

5 | Assertion (A): If f(x) dif ferentiable at x = a , then lim f(x) = f(a)
x—-a

Reason (R) : Every differentiable function is continuous.

Ans: (a)

2 MARKS QUESTIONS

Q.NO QUESTIONS WITH SOLUTIONS

1 For what value of k, is the following function continuous at x = 0

1-cos4x

f(x)= 2
%) 8)k( ,when,x=0

,when,x #0

SOLUTION:
1-cos4x
8x?
_ . 2sin?2x
= lim ——
x—0 8)(2
. sin2x .. sin2x
=lim x lim
x->0  2X 2x>0  2X
=1x1=1
f(0)=k
f(x) is continuous at x=0 if lim f(x)= f(0)

x—0
k=1,

im, £ (x)= im

A

2 Ifx=a (6 —sinfB)and y = a (1 — cosh), find %at@z;
SOLUTION:

4y _ 4o
dx or

dy _ asinf
dx a(l1—cos @)

.0 0
— ZsmgcosE
Zsinzg
=cot=
2
Datg ==
dx 2
= cotg =1
3 If x = a(cosf + 8sinB) ,y = a(sind — Ocos0h),find %.
SOLUTION:
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dy

& _ g5
dx ax
daeo

_ a(cosf@—(—60sinB+cosH)
B a(-sinf+60cosB+sin0)

_ Osinf
" Bcosh

= tand

If y= (tan™1 x)?,show that (x% + 1)%y,+2x (x? + 1)y,=2
SOLUTION:

y= (tan~1 x)?

, _2tan"lx

T 14x2

(1+x%)y'=2tan"1x

(1+x%)y” +2xy =

1+x2

(x? + 1)y, +2x (x* + 1)y, =2
~ dy _ cos*(a+y)
If cosy = xcos (a + y), Prove that o sna

SOLUTION:

cosy = xcos(a + y)

cosy

- cos(a+y)

dx —cos(a+ y)siny + cosysin(a +y)

dy cos?(a+y)

dx _ sina
dy ~ cos2(a+y)

dy _ cos?(a+y)

dx sina

_ _1 ,€O0SX—Sinx .o dx
If y =tan (cosx+sinx) , find dy
SOLUTION:
y= tan_l(cosx—sinx)

cosx+sinx
Dividing by cos x

y= tan_l (1—tanx)

1+tanx
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y=tan~! tan(% —X)

dy
dx

Find all the points of discontinuity of the function

x1°—1, ifx<1
f(x)_{xz if x>1
SOLUTION:
Atx=1

LHL= lim f(x)
x—a
=lim f(1-h)
-1 _ ny10 _
= }112?)(1 h) 1
=0
RHL = lim f(x)
x-at
= }ll_r)r(l)f(l + h)
— 1 2
= ’1111)1(1)(1 + h)
=1

Since LHL #RHL
f(x) is not continuous at x = 1

So x = 1is the point of discontinuity.

_1 2x . dx
If y= cos™ —, find —
1+x dy

SOLUTION:

12x
1+x2

y=cos~

Put x=tan 0

2x
_ -1

= COS —
y 1+x2
-1 2tan®
1+tan?6

y= cos

y= cos~!sin20
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y=cos~! cos(g —20)

y=2—20=>—2tan"x

-2
y_

T 1+x2

If y = tan™1 x, then find Z—z in terms of y alone

SOLUTION:
y=tan~1x

dy _ 1
dx 1+x2

=— L =L —(os?
1+tan?y  sec2y y

10

Differentiate log (1+x2) with respect to tan™? x.
SOLUTION:

Letu=log (1+x?) and v=tan™1x

du _ du/dx
dv dv/dx

_ 2x

= d+x% = 2x

EXERCISE

Find the value of k for which
V1+kx—V1—-kx

f(x) = x
2x+1
1 ,0<x<1

is continuous at x = 0.
Ans: k = —1

,—1<x<0

Show that the function f(x) = |x + 2| is continuous at every x€ R, but fails to be

differentiable at x = —2

>
Check whether the function f(x) = {3x2+ 5, x22

is continuous at x = 2.
x“, x <2

Ans: Not continuous

1+x, x<2

Prove that f(x) ={5_x X >2

is not differentiable at x = 2.

2
If y= 5cosx - 3sinx,pr0vethat3732/+y=0
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3 MARK QUESTIONS

QUESTIONS WITH SOLUTIONS

If x = a(cost + Iog(tang)) ,y = asint

find the value of 012_321 att==2
dx 4
SOLUTION:

dy
&y _ G

dx 9
dt

acost

1

1.se =

; 2 2
a(—sint+ P )

acost

) 1./coszzt—
a(—sint+———=+
2 sini/cosz—

acost

. 1./00522t—
a(-sint+—- 7
Zsmi/cosz—
acost
. 1
a(—SLnt+;EE)
cost

- 1
(—SLnF+§5§)
_costsint
1-sin?t
_costsint
cos?t
=tant

d? 1
=2 = sec?t .- sect
dx a

= (L/a) sec*(3)
=>2V2

If V1-x?+.1-y? =a(x—y) , prove that %—
X

SOLUTION:

Putx=sina, y=sinf

cosa+cosB= a(sina—sinf)

2 Cos (2£) cos (£) =a 2 Cos (2E)sin (5F)
cot (ﬂj —a
2
(“T_B) = cot’a
o-f = 2 cot™a
sin?x —sinty=2cot!a
1 1 dy

2 -0

1—x2 1-y2 dx
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If y = e®0s™'x 1< x <1, show that (1 - xZ)ZZTZ —X Z—i -a’y=0

SOLUTION:
y= eacos™lx

dy —ae acos™1x

dx Vi1-x2
V1 — x2 ay _ _aeacos‘lx
dx

V1 = x2 d’y + dy —2x_ _ aZeacos‘lx.;

dx?  dx Vi-x2 V1-x2
(L-x2)22 _x ¥ g2y =0
d2x dx

Ifx/1+y+yv1+ x=0,for,-1<x<1,prove that

dy _ -1
dx  (1+x)2
SOLUTION:

XJ1+y+yJ1+x=0

XJ1+y=yV1+x

x2(1+y) = y2(1+x)
x*2(14y) = y*(1+x)
x2+x2y = y2+y2X
x2-y2+x2y-y2x=0
(X +y)(X-y)+xy (x-y)=0
(X-y)x+y+xy]=0
[x+y+xy]=0

V(1) =-x

-—x
Y=1=
ay _ (1+x)(=1)—(=x)
dx (1+x)2

_ -1
T (14x)2

93




3ax+b,x>1
If the function f(x) = 11, x=1
S5ax —2b, x<1
is continuous at x=1.Find the value of a & b.
SOLUTION:

At x=1
LHL= lim f(x)
xX—a

=lim f(1-h)
= }11_13% 5a(1 —h) —2b

=5a-2b

RHL = lim_f(x)
x—at

lim £ (1 + h)

}Li% 3a(1+h)+b

=3a+h
Since f (x) is continuous LHL=RHL=f(1)
5a-2b = 3a+b =11

Onsolving a=3 b=2

d?y

If x=a (cost +tsint)and y =a (sint -t cos t) . Find Z—i. &.—

dx?2

SOLUTION:
%:a(-sint+tcost+sint):atcost

d . .
d—’;: a(cost—(-tsint+cost)) =atsint
d dy/dt

L _ /At _ ot

dx dx/dt

d? 1 3t

=2 = sec?t . =22

dx at cost at

Ify= Jsinx + x/sinx + /sinx + --- ... to o. Prove that % =
SOLUTION:

y= Jsinx + /sinx + Vsinx + - ...to ©

y=./sinx +y

cosx
2y-1
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y2=sinx+y

d d
2y 2 =cos x + =
dx dx

dy —
- (2y-1) =cos x

dy _ cosx
dx 2y-1

If y=log (x+ V2 + a?) ,prove that (x* + a?) %

SOLUTION:
y=log (x+ VxZ + a?)

dy _ 1 [ 2x ]
dx  x+Vx2+a? 2Vx2+a?

1 X+ Vx2+a?

x+Vx2+a?2 " Vx2+a?

1
4 " VxZ+a?
ZVx?+a? =1

d?y  dy 2X

2 2 —_

Vxc+as—S+—. =0
dx?2 dx 2Vx2%+4a?

dy -0

2 4 2y 8V 4y
(x +a)dx2 X

If xy = e*~. Find 2.
dx

SOLUTION:
Xy=e*V

logxy=1log e*™Y
log Xy = x-y

dy
M: 1- d_y
xy dx

dy _ d_y
xdx+y—xy—xydx

Z(x+xy) = (Xy-y)

ay _ &y-y)
dx x+xy)

10

d? d
ay -X ay =0
dx? dx

If y=sin~ x , prove that (1-x2)
SOLUTION:
y=sin"1x
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dx  Vi-x2
V1 —x? %:1

EXERCISE

1 ECEETeY

Letf()=4 @  ifx=0

| X .
k—m—‘* ifx>0

Determine a so that f(x) is continuous at x = 0

Ans:a =8
2 If (cosx)? = (siny)¥, find %‘

. ytanx+logcosy
" xtany+logcosx
3 N - s ™ then find X LY gna 4
Ifx=a(cost+tsint)andy=a(sint—tcost),0<t << then find —7 0 and —3
3

Ans: -atsint+acost,  atcost+asint, — ‘
4 . dy “

If y= (xcosx )* + (xsin x)x .Find -

Ans: (xcosx)x[1-tanx+|og(xcosx)+(xsinx)1/x[x60tx+1;zl°gx5inx]

2
5 If x = sintandy = sin pt, prove that (1-x2) ZTZ -XZ—z +p2y =0
5 MARK QUESTIONS

Q.NO QUESTIONS WITH SOLUTIONS
1 Differentiate the function f(x) = xS + sinx°$* with respect to X.

SOLUTION:

Y = xsinx + Sinxcosx

Y=u+v

dy _du & .

dx  dx dx (1)
u= xSinx

log u = log xinx

log u =sin x log x
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1 du _ sinx

+
—— cos x log x

au _ sinx [SINX o0 Tam T e
— =X [x +cos X log ] (2)

V= sinx¢%*
log v = log sinx©°s*

log v = cos x log sinx

1dv cos’x .

-—— = - — sinx log sin x

vdx sinx
dv  _ . cosx pCosix . .
— =sinx [— —sinx logsin x ]------ 3
dx sinx

Substituting in (1)

Ay _  cinx rSinx , cos?x . .
= xStnx [17 +cos X log | + sinxcos* [m — sinx logsinx |
. . . 2%+1 .
Differentiate the function f(x) = sin™?! (1+4x ) with respect to x.
SOLUTION:
_ .1 2x+1
y=sin™ (3%
.1, 2%2
= sin
(1+(2x)2
Put 2*¥ =tan 6
_ .. —1, 2tan@
Y =sin (1+tan29)

Y =sin~'sin 26

Y =26
Y = 2tan~12%
dy _ 1 a

x
dx 2 1+(2%)2 ° dx( )

dy _ 2
dx  1+(4%)

. 2% log 2

2x+1

1+(4%) log 2
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Determine the values of a, b and c for which the function

sin(a + 1) x + sinx
( o forx <0
f(x)={ c, for x =20
Vx + bx?2 —x
l 3 , x>0
bx2

Is continuous at x=0.
SOLUTION:
LHL = lirgl_ f(x)
xX—

=lim £(0 — h)

. sin(a+1)(0—h)+sin(0—h
— lim (0—h)-+sin(0—h)
h—-0 0—h

. —sin(a+1)h sin(—h
= lim (a+1) + D)
h—0 -h -h

=atl+1
=a+2
RHL = ,}Lfgh f(x)
=}l1_r}(1) f(O+h)

~ lim Vx+bx2—vx Vx+bx2+Vx
h—0 2" Vx+bxZ+vx

bx2z
~ lim x+bx?—x
h-0 bx%(\/x+bx2 +/x)
ho0 VXx(V1+bx+1)
=1
T2
f(0)=c

Since f (x) is continuous LHL=RHL=f(0)
at2==-=c
2

a= —, cz% , b any real number other than 0.
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EXERCISE

V1+x2+V1—x2

Vi) O < <1

Find < if y=tan~? [

-x
1-x*

Ans:

a
a+bx

)2

Y d?y
If (a+ bx) ex = x then prove that x. - (

Pyd — p+aq @_y
If xPy (x + y)P*4 | Prove that ol

CASE BASED QUESTIONS (4 MARKS)

Sonia was noticing the path traced by a crawling insect and she observed that the
path traced is given by

x=at?,y=2at

Based on the above information, answer the following questions.

. . dx

(i Find ?

.. . y

(i) Find %

(i)  Find 22 att=4
OR

Find i’; att=4
dy
SOLUTION:
X=at?,y = 2at

0 = =zt

(ii) dy _dy/dt_2a _1
dx  dx/dt 2at t
d’y  _-1_ 1 _ -1
(iii) axz 2 X2at zat?
-1
Att=4 =
128a
OR
d%x 1
— att=4=—
dy? 2a

Let f(x) be a real valued function. Then its

e Left Hand Derivative (LHD): Lf"(a)= lim f—(a_r_L)h_f(a)

¢ Right Hand Derivative (RHD): Rf'(a)= ’lll_rgw
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Also a function f(x) is said to be differentiable at x=a if its LHD and RHD at
x=a exist and both are equal.
lx—=3], x>1
For the function =
f {g_;’u? x<1
Answer the following questions.
(M What is RHD of f(x) at x=1?
(i) What is LHD of f(x) at x=1?
(iii) (&) Check if the function f(x) is differentiable at x=1
OR
(b) Find f'(2) and f'(—1)
SOLUTION:

(i) RHD of f(x)atx=1= mw

s [1+h-3|—|-2]
= lim————
h—0 h

(i) LHD of f(x) atx=1= Er%m%)h_m

— iy L [@=m? 3a-m) | 13
‘L‘i%h[4 2 +4 2]

_ 4. h?-2h+1-6+6h+13-8
= lim
h—0 —4h

_ 4. h%+4h _
= lim =
h—0 —4h

-1

(iii)  (a) Since LHD of f(x) at x=1 = RHD of f(x) at x=1, f(x) is differentiable at
x=1

OR
x—3,x=>3

_) 3—x,1<x<3
(b) f(x) = x?  3x 13

TS
4 2 4

[f' (x)] at x=2 = 0-1=-1

[f'(0)]atx=1=22 -2 = 2

A potterrmade‘a r_nﬁd vessel, where the shape of the pot is based on

f(x)= [x-3|+|x-2|, where f(x) represents the height of the pot.
Based on the above information answer the following questions.
(i) Find the value of [f (2.3)] where [a] represent the greatest integer < a.
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(i) What is the value of f'(x) at x=4
(iii) ~ Show that f is continuous at x=2
OR
Show that f is not differentiable at x=3

SOLUTION:
(i) f(x) = [x-3+[x-2|

f(2.3) =12.3-3|+|2.3-2| = 0.7+0.3 =1
[f(2.3)] =[1] =1
5—-2x, x<2

i) f=41 2<x<3
2x—5, x>3

fr4)=2
(iii) LHL = lim |x — 3| + |x — 2|

x—2
=lim|2—-h—-3|+|2—-h—-2]=1
h-0

RHL = lim |x — 3| + |x — 2|

x—27F

=}lirr(1)|2+h—3|+|2+h—2|:l

f(2) = |2-3|+|2-2| =1

Since LHL=RHL=f(2), f is continuous at x=2.

OR

5—-2x, x<2
fx)=41 2<x<3
2x — 5, x> 3

Lf'(3) =0, and Rf'(3) =2
Since Lf'(3) # Rf'(3), fis not differentiable at x=3.

EXERCISE

If a relation between x &y is such that y cannot be expressed in terms of x, then 'y
is called an implicit function of x. When a given relation expresses y as an

implicit function of x and we want to find %, then we differentiate every term of
the given relation w.r.t X, remembering that a term in y is first differentiated w.r.t
y and then multiplied by Z—z.
Based on the above information, find the value of Z—i in each of the following

0] x3 4+ x%y + xy? + y3 =81

(i) xY =e*7Y

(iii) eSiny = xy

OR
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sin®x + cos?y = 1
—(3x%+2xy+y? .. x— 1/x sin2x
(2 Y yz) (i) Y , (LiD) / — Or =
(x%+2xy+3y?) x(logx+1) (cosy—;) sin2y

Ans: (i)

If y=f (u) is a differentiable function of u and u= g(x) is a differentiable function
of x ,then y= f(g(x))is a differentiable function of x and Z—zz %xi—’; . This
rule is known as CHAIN RULE.
Based on the above information find the value of Z—z in each of the following

(i) cosvx

Gy 7%

(i) stan*Z+-tan7iZ

OR

1
B x2-1
.. = 1
(i) 7°*x log7 (1- =)
1 2

or
x2+a? xVx2-1

sec™!x + cosec”

Ans: (i) _S‘Zi%ﬁ

1
(iii) T
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CHAPTER: APPLICATION OF DERIVATIVES

SYLLABUS: Applications of derivatives: rate of change of quantities, increasing/decreasing
functions, maxima and minima (first derivative test motivated geometrically and second
derivative test given as a provable tool). Simple problems (that illustrate basic principles and
understanding of the subject as well as real-life situations).

Definations and Formulae:
Derivative as Rate of Change

Let y = f(x) beafunction. Then Z—z denotes the rate of change of y w.r. t x.

The value of 2 atx = Xo 1.8 (d—y) i.e. represents the rate of change of y w.r.t x at
dx ax/ x=x,

X = xo

If two variables x and y are varying with respect to another variable t, i.e., if x = f(t) and

dy

y= g(t), then by Chain Rule % = <%> provided % #0
at

dy

dx

y decreases as x increases.

is  positive if  yincreasesasxincreases and is  negative  if

Increasing and Decreasing Functions

A function y = f (x) is said to be increasing on an interval (a, b) if x 1 <X 2in (a, b) = f(x1) <

f(x2) forall xq,x, € (a,b)

Alternatively, a function y = f (x) is said to be increasing if f '(x) > 0 for each x in (a, b)

(@) strictly increasing on an interval (a, b) if X 1 <X 21in (a, b) = f(x1) < f(x2) forall x1,x 2 €
(a,b).
Alternatively, a function y = f (x) is said to be strictly increasing if f '(x) > 0 for each x in
(a, b)

(b) decreasingon (a, b) ifx 1 <x2in (a, b) = f(x1) >f(x 2) forall X1, X2 € (a, b). Alternatively,
a function y = f (x) ) is said to be decreasing if f '(x) < 0 for each x in (a, b)

(c) strictly decreasingon (a, b) if x 1 <x2in(a,b) =>f(x1) >f(x2) forall x1, x2 € (a, b).
Alternatively, a function y = f (x) is said to be strictly decreasing if  f'(x)<0 for each x in
(a, b)

(d) constant function in (a, b), if f (x) = c for all x € (a, b), where c is a constant.

Alternatively , f(x) is a constant function if f' (x )= 0.

A point ¢ in the domain of a function f at which either f '(c) = 0 or f is not differentiable is

called a critical point of f.
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Maxima and Minima

Definition: Let f be a function defined on an interval I. Then

1) fis said to have a maximum value in I, if there exists a point c in | such that f(c) > f(x), for all
x € I. The number f(c) is called the maximum value of f in | and the point c is called a point of
maximum value of fin I,

2) fissaid to have a minimum value in I, if there exists a point ¢ in | such that f (c) < f (x), for all
X € I. The number f (c), in this case, is called the minimum value of f in I and the point c, in
this case, is called a point of minimum value of fin I.

3) fis said to have an extreme value in | if there exists a point ¢ in | such that f (c) is either a
maximum value or a minimum value of fin I. The number f (¢), in this case, is called an extreme

value of f in | and the point c is called an extreme point.
Local Maxima and Local Minima

Definition: Let f be a real valued function and let ¢ be an interior point in the domain of f.
Then

(@) c is called a point of local maxima if there is an h > 0 such that f (¢) = f (x), for all x in
(c- h,c + h),x # c.The value f(c) is called the local maximum value of f.

(b) c is called a point of local minima if there is an h > 0 such that f (c) < f (x), for all x in (¢ — h,

¢ + h). The value f(c) is called the local minimum value of f.

Geometrically, the above definition states that if x = ¢ is a point of local maxima of f, then the
graph of f around ¢ will be as shown in Fig.(a) below. Note that the function f is increasing
(i.e., f'(x) > 0) in the interval (¢ — h, c¢) and decreasing (i.e., f '(x) < 0) in the interval (c, ¢ + h).

This suggests that f '(c) must be zero,

v (@) Fig 6.14

Similarly ,if x = ¢ is a point of local minima of f, then the graph of f around ¢ will be as shown

in Fig.(b) above. Note that the function f is decreasing (i.e., f '(x) < 0) in the interval (c — h,
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1)

2)

3)

1)

2)

3)

¢) and increasing (i.e., f '(x) >0) in the interval (c, ¢ + h). This again suggests that f '(¢c) must

be zero,

Theorem: Let f be a function defined on an open interval I. Suppose c € | be any point. If f has

a local maxima or a local minima at x = c, then either f'(c) = 0 or f is not differentiable at c.

Definition: A point ¢ in the domain of a function f at which either f '(c) = 0 or f is not

differentiable is called a critical point of f.

Theorem: (First Derivative Test) Let f be a function defined on an open interval I. Let f be
continuous at a critical point ¢ in I. Then

If f '(x) changes sign from positive to negative as x increases through c, i.e.,

if £'(x) > 0 at every point sufficiently close to and to the left of ¢, and f '(x) < 0 at every point
sufficiently close to and to the right of c, then c is a point of local maxima.

If £'(x) changes sign from negative to positive as x increases through c, i.e., if f'(x) <0 at every
point sufficiently close to and to the left of ¢, and f '(x) > 0 at every point sufficiently close to
and to the right of c, then c is a point of local minima.

If £ '(x) does not change sign as x increases through c, then c is neither a point of local maxima

nor a point of local minima. In fact, such a point is called point of inflection.

Theorem: (Second Derivative Test) Let f be a function defined on an interval 1 and ¢ € I. Let

f be twice differentiable at c. Then

x = ¢ is a point of local maxima if f'(c) = 0 and f "(c) < 0 The value f (c) is local maximum

value of f.

x = ¢ 1s a point of local minima if f'(c) 0 = and f "(c) > 0 In this case, f (c) is local minimum

value of f.

The test fails if f '(c) = 0 and f "(c) = 0. In this case, we go back to the first derivative test and

find whether c is a point of local maxima, local minima or a point of inflexion.

Working rule for finding absolute maximum value and/or absolute minimum value

Step 1: Find all critical points of f in the interval, i.e., find points X where either f'(x) =0 or
is not differentiable.

Step 2: Take the end points of the interval.

Step 3: At all these points (listed in Step 1 and 2), calculate the values of f.

Step 4: Identify the maximum and minimum values of f out of the values calculated in Step 3.
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This maximum value will be the absolute maximum value of f and the minimum value

will be the absolute minimum value of f.

MULTIPLE CHOICE QUESTIONS

S.NO QUESTIONS WITH SOLUTIONS

1 The edge of a cube is increasing at the rate of 0.3 cm/s, the rate of change of its
surface area when edge is 3 cm is
(a) 10.8cm  (b) 10.8cm?  (c) 10.8cm?s  (d) 10.8 cm/s

Solution: (c) as % = 0.3 cm/s ,x is edge of a cube.
Surface area S = 6x?
ds dx ds
Then — =12x-— =12x X 0.3— = 3.6x
dt dt dt

And % atx = 3is 3.6 X 3 = 10.8 cm%s

2 The total revenue in X received from the sale of x units of an article is given by
R(X) =3x?+36x+5. The marginal revenue when x=15 is (in %)
(a) 126 (b) 116 (c) 96 (d) 90

Solution: (a), as R’ (x)=6x+36
R(15)=90+36=126

3 The point on the curve y = x? where the rate of change of x —coordinate is equal
to the rate of change of y —coordinate is

(a) (b)2 © (53) (d) (L1)

d d . d d
Sol: (C), asy=x?= =2 = 2x—; given = = —
dt dt dt dt

1=2x=>x==
xx2

Substituting in the equation of curve, we get point as Gi)

4 | The interval on which the function f(x)=2x3+9x?+12x-1 is decreasing ,is
(a) (—1,) (b) (=2,-1)
(€) (—,—2) (d) [-1,1]

Sol: (b) We have, f(x)=2x3+9x2+12x-1
11(x)=6x°+18x+12=6(x?+3x+2)= 6(x + 2)(x + 1)
for f(x) to be decreasing, we must have
ff()<0= 6(x+2)(x+1)<0

= (x+2)x+1) <0

—2<x<-1.

Hence, f(x) is decreasing on (—2,—1).

5 If at x = 1, the function f(x) = x* — 62x% + ax + 9 attains its maximum
value on the interval [0, 2]. Then the value of a is
(a) 124 b) —124 c) 120 d) —120
Sol: (c)

As f(x) = 4x3-124x+a,
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Given x=1 is point of maximum
=>f(1)=0 = 4-124+a=0 = a=120

The function f(x) = 4 sin®x — 6 sin®x + 12 sinx + 100 is strictly
(@) increasing in (11, 37“) b) decreasing in Gn)

c) decreasing in(—g,z) d) decreasing in (O, E)

2

Sol: (b) we have, f(x) = 4 sin®x — 6 sin?+ 12 sin +100

= P(x)= 12(sin®-sin x + 1) c0S X = {(sinx - %)2 + %} COS X
= Sign of f'(x) is same as that of cos x

= f(x) <0 on (O, g) = f(x) is decreasing on G n)

Which of the following functions is decreasing in (0, 7/2).
(@) sin 2x b) tan x C) cos x d) cos 3x

Sol :(c) We find that = (cos x) = —sinx < 0 forall
x € (0,m/2)
So, cos x is decreasing on (0,7/2)

The function f(x)=2x3-3x?-12x+4 has
(@) two points of local maximum

(b) two points of local minimum

(c) one maximum and one minimum
(d)no maximum, no minimum

Sol: (c) We have, f(x)=2x3-3x?-12x+4

= '(x)=6x?+18x+12 and f" (x)=12x-6

At points of local maximum or minimum, we have

= f(x)=0 = 6(x?>-x-2)=0 = (x-2) (x+1) =0=>x=-1, 2

At X = -1, we obtain : f’ (-1) = -18<0. So, x = -1 is a point of local maximum.
At x =2, we obtain : f’ (2) =24 - 6 = 18>0. So, x = 2 is a point of local
minimum.

The interval on which the function f(x)=x3+6x+6 is strictly increasing is
(a) (-0,-4) U (0, «0) (b) (-o0,-4)
(C) (-410) (d) (-0070) U (41 OO)

Sol: (8) We have, f(x) = x3+6x°+6

= f1(x) =3x2+12x=3x(x+4)

For f(x) to be increasing, we must have

f(x)>0 = 3x(x+4)>0 = x(x+4) > 0 = x<-4 or, x>0
Hence, f(x) is increasing on (-o0,-4) U (0, «).

10

The rate of change of the area of a circle with respect to its radius r at r = 6cm
IS:

(a) 10m cm?/cm (b) 121 cm?/cm

(c) 8m cm?/cm (d)11m cm?/cm

Sol: (b) Area of circle (4) = nr?
dA

=>—=2nr
dr

= d—A]r =6
dr

=2nx6=12n
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11 | The total revenue in Rupees received from the sale of x units of a product is
given by R(X) = 3x?+36x+5. The marginal revenue, when x = 15 is:
(a) 116 b) 96 c) 90 d) 126

Sol: (d) Total revenue R(X) = 3x?+36x+5
Marginal revenue = %R(x) =6x+36=6x15+36=126

12 | The maximum value of the function f(x) = 5 + sin2x is
(a) 1 b) 6 c)4 d) -1

Sol: (b)

-1 <sin2x <1

= 5—-1<5+sin2x <5+1
=24 < f(x) £6

Maximum value of f(x) = 6

13 | The function f(x) = x — sin x decreases for

(@) all x (b)x < m/2
©0< x < m/4 (d) no value of x
Sol:  (d)

We have, f(x) = x — sinx
= f(x)=1-cosx = 0forall x,since —1 < cosx < 1

= f(x) is increasing for all x € R = f(x) decreases for no value of x.

14 | The absolute maximum value of f(x) =x3-3x+2in 0 <x < 2is
(@4 b) 6 c)2 d)o

Sol: (a)

As fi(x) =3x%3, f(x)=0= x = £1.
f(0)=2, f(1)=1-3+2 =0,
f(-1)=-1+3+2=4, f(2)=8-6+2=4

CHAPTER VIDEO LINK FOR MCQs SCAN QR CODE FOR

35

APPLICATION OF DERIVATIVES | https://youtu.be/0Zk2RUMBcWU
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EXERCISE

1 For the function y = x3+21, the value of X, when y increases 75 times as fast as x,
is
(a) +3 (b) +5v3 c) +5 d) none of these
Answer: c
X
2 The maximum value of G) is
1
1 1\e
@) e (b) e® C) e d) (—)
Answer: c
3 The function f(x) = cos x -2px is monotonically decreasing for
1 1
@p<3 b)p>- c)p<2 d)p>2
Answer: b
4 The maximum value of xy, subject to x+y =8 is
(@) 8 b) 16 c) 20 d) 24
Answer: b
5 A particle moves along the curve y = §x3 + 1. The x-coordinates of the points on
the
curve at which y-coordinate is changing twice as fast as x-coordinate is
(a) 1 b) +1 0)2 d) -
Answer: b

ASSERTION AND REASONING QUESTIONS

In the following questions, a statement of assertion (A) is followed by a statement of
reason(R). Choose the correct answer out of the following choices.(a) Both (A) and (R)
are true and (R) is the correct explanation of (A)

(b) Both (A) and (R) are true and (R) is not the correct explanation of (A)

(c) (A) is true but (R) is false

(d) (A) is false but (R) is true

1 Let f(x) be a polynomial function in a degree 6 such that %(f(x)) =(x—1)3x—
3)2, then
Assertion (A): f(x) has a minimum at x = 1.
Reason (R): When ;—x(f(x))<o, Vx € (a—h a)and % (fX)>0, Vx € (a,a+
h); where ‘h’ is an infinitesimally small positive quantity, then f(x) has a
minimum at x=a, provided f(x) is continuous at x=a.
Sol : (a)

d

—(f(x)) = (x — 1)°(x — 3)?
Assertion : f(x) has a minimum at x=1 is true as
(f(x))<0, V x € (1 —h,1) and = (f(x))>0, ¥ x € (1,1 + h); where, ‘h’ is an
infinitesimally small positive quantity, which is in accordance with the Reason
statement.

2 Let C be the circumference and A be the area of a circle.
Assertion(A): The rate of change of the area with respect to radius is equal to C.

Reason(R): The rate of change of the area with respect to diameter is g
Sol: (b)
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Let r be the radius of the circle. Then,
A =mr? andC=2nr=>Z—‘:=2nr=C.
So, (A) is true.

Let x be the diameter of the circle. Then,
A=B2=%x2andC=mx ¥ =24 _¢

27 4 . dx 2 dx 2
So, (R) is also true but (R) is not a correct explanation for (A).

Let the radius, surface area and volume of sphere be r, S and V respectively.
Assertion(A): The rate of change of volume of sphere with respect to its radius is
equal to S.

Reason(R): The rate of change of volume of sphere with respect to S is 2
Sol: (b)
We have,
V2m3andS=4mrio>Y-4nr2andE=8ar=> =
dar dar ar

3
) d av/d 2 .
S,(A)is true and v _avjdr _ Amr _ T ,(R)is true

as ds/dr 8 mr 2

Thus, both (A) & (R) are true but (R) is not a correct explanation for (A).

Assertion(A): If the area of a circle increases at a uniform rate, then its perimeter
varies inversely as its radius.

Reason(R): The rate of change of area of a circle with respect to its perimeter is
equal to the radius.

Sol: (a)
Let r be the radius, P be the perimeter and A be the area of a circle. Then,
(4) = nr? anszan:Z—ﬁ: 2nrand2—i=2n
d_A _dA/dr _ ﬂ _
dp dP/dr 2m
So, (R) is true.

dA dA/dt dP  1dA
Now, —=r=——=1r = —=-—
dapP dpP/dt dt r dt
dA
If —, = constant (=k,say). Then,
apP k apP 1 . . . .
— =T X =Perimeter varies inversely as the radius.

So, (A) is also true and (R) is a correct explanation for (A).

Let f(x) =1-x3- x°

Assertion(A): f(x) is an increasing function
Reason(R): 3x2+5x*>0, for all x # 0.

Sol: (d)

f(x) = 1-x3- x°

= f'(x)= -3x?-5x* = - (3x?+5x*)<0
-3x2+5x*>0

- f(x) is decreasing [(A) is false]

x?+x* always >0 for all x>0

. 3x2+5x*>0, for all x£0 [R is true]

Let f(x) = 2sin3x + 3cos3x
Assertion(A): f(x) does not have a maximum or minimum at x = 5?”

Reason(R): f(s?”) =0
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Sol: (¢)
f(X) = 2sin3x+3c0s3x
f'(x)= 6¢0s3x-9siN3x
for maximum or minimum f'(x)=0
f’(s—”): 6cos 2= - 9sin2Z

6 2 2
=0-9=-94£0
. f(x) does not have a maximum at x = 5?"
= (A) is true

51 .
f’(?) = —9 # 0.. (R)isfalse
. (A) is true but (R) is false.

Let f(x) = 2x3-3x2-12x+4
Assertion(A): x = -1 is a point of local maximum
Reason(R): ' (-1) >0

Sol: (¢)

f(x) = 2x3-3x2-12x+4
f'(x)= 6x%-6x-12

= 6(X?-x-2)

=6(x-2) (x+1)
f(x)=0= x=2 or x=-1
=f" (x) = 6(2x-1)

(1) = 6(-2-1) = -18<0
. X =-1isa point of local maximum, [(A) is true.]
f'(-1) = -18<0

- (R) is false.

Let f(x) = x + cosx

Assertion(A): f(x) is an increasing function on R

Reason(R): —1 <sinx <1

Sol: (a)

f(x) = x + cosx

f'(x)= 1-sinx >0, for all x ("-1<sinx<1)

= fis an increasing function.

(A)is true

—1 < sinx < 1 =(R)is true

Thus, both (A) & (R) are true and(R) is the correct explanation for (A).

Assertion(A) : The function f(x) = x3+5x+1, x € R is always increasing
Reason(R): f'(x)>0 for x € R, for increasing function

Sol: (a)

f(x) = x3+5x+1

f'(x)=3x*+5>0 forall x € R

- f(x) is always increasing ((A)is true)

(R)is also true and R is the correct explanation of A.

10

Let f(x) = sinx
Assertion(A) : f(x) is increasing in (O, g)

Reason(R): cosé is positive for all 6 € (0, g)
Sol: (a)
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f(x) = sinx = f'(x)= cosx>0, for all x € (0,3)

= fis increasing in (0, g) [(A)is true]
(R)is also true and R is the correct explanation of A.

EXERCISE

In the following questions, a statement of assertion (A) is followed by a statement of
reason(R). Choose the correct answer out of the following choices.

(a) Both (A) and (R) are true and (R) is the correct explanation of (A)

(b) Both (A) and (R) are true and (R) is not the correct explanation of (A)

(c) (A) is true but (R) is false

(d) (A) is false but (R) is true

1 Assertion (A) :The minimum value of x? —8x + 17 is 4.

Reason (R) : A function f(x) is minimum at x=c if f'(c) =0andf'’(c) is
positive.

Answer: d

2 Assertion (A) :The absolute minimum value of x3 —18x2-96x in [0,9] is 0.

Reason (R) : A function always attains absolute minimum in the interval
[a,b]atx =a

Answer: ¢

3 Assertion (A) : Let f(x)=e*is an increasing function Vx € R.
Reason (R) : If f'(x) < 0 then f(x) is an increasing function.
Answer: ¢

4 Assertion (A) : f(x) =logx is defined for all x € (0, ).

Reason (R) : If f'(x) > 0 then f(x) is strictly increasing function.
Answer: b

5 Assertion (A) : f(x) = sin 2x+3 is defined for all real values of x.
Reason (R) : Minimum value of f(x) is 2 and Maximum value is 4.
Answer: b

2 MARK QUESTIONS

1 Radius of variable circle is changing at the rate of 5cm/s. What is the radius of the
circle at a time when its area is changing at the rate of 100cm? /s ?

Solution: The area A of a circle with radius r is given by A =nr?

dA d 10
ZL=2mr==100= 2nrx5=r= —cm.
at ac =

ar _ a4 _ 2

[dt 5cm/s, ” 100cm*~/s] .

Hence, radius of the circle isr = —cm.

2 The side of an equilateral triangle is increasing at the rate of 0.5 cm/s. Find the
rate of increase of its perimeter.

Sol: Let the side of the triangle be ‘a’  then % =0.5cm/s

Perimeter of the triangle, P =3a

- _34% _3y05cmis=15cm/s
dt dt
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If the rate of change of volume of a sphere is equal to the rate of change of its
radius, then find the radius.

. dv dr
Sol: Given, — = =—
"dt dt
i(inr?») —
dt \3 p _ddt
T T
> 4nri.—= —
dt t
= 4nr? =
>r2= Lo =2 ynits
4 2w

A balloon which always remain spherical has a variable diameter E(Zx +1).
Find the rate of change of its volume with respect to x.
Sol: Diameter of the balloon = ; (2x+1)

. r =radius of the balloon = Z (2x+1)
Volume of the balloon, V = %”E 2x+1D]?
= %H(Zx +1)3
av

av _ 9 2 927 2
== 167T.3(2x+1) 2= m(2x + 1)

x and y are the sides of two squares such that y = x — x2. Find the rate of change
of the area of Second Square with respect to the area of the first square.

Sol: The area A, of square of side x is given by 4; = x?

and area A, of square of side y is given by A, = y? =(x — x?)?

24 2 = 2(x — x2) (1 - 2%)

= 2x =
dx ! dx

dA, _ dA, | dA, _ 2(x-x?)(1-2x)

dA;, dx = dx 2x
=(1-x)(1-2x)=1-—3x — 2x?

Find the intervals in which f(x) = x? — 2x + 15 is strictly increasing or strictly
decreasing.
Sol: We have,
f(x) =—x?—-2x+15
> f(x)==2x—-2=-2(x+1)
For f(x) to be increasing, we must have
f'(x)>0
= -2(x + 1)>0
= x+ 1<0
>x<—-1=>x € (—00,—1)
Thus, f(x) is increasing on the interval (—oo, —1).
For f(x) to be decreasing, we must have
f'(x)<0
= -2(x + 1)<0
=>x+1>0
25x>-1=2x € (—1,00)
So, f(x) is decreasing on (=1, ).

Show that the function f(x) = (x® — 6x? + 12x + 18) is an increasing function
onR.
Sol: f(x) = (x3 — 6x2 + 12x + 18)

= f'(x) =3x2 + 12x + 12

=3(x% +4x + 4)=3(x — 2)2 > 0 forall x € R.

Thus, f'(x) = 0 for all x € R.

Hence, f(x) is an increasing function on R.
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Find the intervals on which the function f(x) = (5 + 36x + 3x? — 2x3) is
increasing.
Sol: f(x) = (5 + 36x + 3x% — 2x3)
= f'(x) =36 + 6x — 6x2
=-6(x%> —x —6) =-6(x+2)(x-3)
f(x) is increasing
=>f'(x)=0
= -6(x+2)(x—3) =20
>x+2)(x—-3)<0
=>-2<x<3
=x € [-2,3].
- f(x) is increasing on[—2,3].

Find the maximum and the minimum values of the function f(x) = x + 2,x €
(0,1).

Sol: f(x) =x+2

flx)=1

so for no value of x, f'(x) =0.

So f(x) has no critical points.

Hence, f(x) has neither local maximum nor local minimum.

10

Amongst all pairs of positive numbers with sum 24, find those whose product is
maximum.
Sol: Let the numbers be x and (24 — x).
Let P = x(24 — x) = (24x — x?)
Then, £= (24 — 2x)and dz—s =-2.
dx dx
Now,%:o:(24—2x) =0>x=12.
d*p
Thus,{ﬁ}lezz -2<0.
- Xx=12 is a point of maximum.
Hence, the required numbers are 12 and 12.

11

Find the local maxima and local minima, if any of the function f, given by f(x) =
Sin X +cos X, 0 <x <=

Sol: f(x) = sin X + cos X

f'(x) =cos x —sinx,

for points of local maxima or minima

f'(x) =0= cos x —sinx=0=>tanx=l=>x=%
" (x) =—sin X — cos X, f" (%)<0

X = % is a point of local maximum

Local maximum value = f(3) = sin~ + cos >

-1 1 _
=5+==12

12

Find the interval/s in which the function f : R — R defined by (x) = xe”*, is
increasing.

Sol: f(x) =xe*=f'"(x)=e*(x+1)
For f(x) to be increasing, f'(x)>0
>e*(x+1)=>0=>x>—-1ase*>0,Vx € R
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Hence, f(x) increasesin [—1, o).

13

If f(x) = m; x € R, then find the maximum value of f(x).
1

Sol: We have f(x) = ———
4x°+2x+1
= 4x? = 4( x2 i) 43
Let g(x) = 4x +2x2+1—4(x +2x4+16)+4
— 1 3.3
=a(x+3) 4323

=minimum value of g(x) =

- maximum value of f(x) =

S|

14

Find the maximum profit that a company can make, if the profit function is given
by P(x) = 72 + 42x — x2, where X is the number of units and P is the
profit in rupees.

Sol: P(x) = 72 + 42x — x?

P'(x) =42-2x ,P"(x)= -2
For maxima or minima,
P'(x)=0=>42-2x=0=>x=21
P'x)= -2<0

So, P(x) is maximum at x = 21.

The maximum value of P(x)

= P(21) =72+(42 x 21)- (21)2 = 513
i.e., the maximum profit is Rs.513.

15

Check whether the function f : R — R defined by f(x) = x3 + x, has any
critical point/s or not. If yes, then find the point/s.

Sol: f(x) =x3+x, forallx € R.

f'(x)=3x2+1>0forallx € R, (x2>0)
=>f'(x)#0

Hence, no critical point exists.

EXERCISE

The total cost C(x) associated with the production of x units of an item is given by
C(x) = = 0.005x3 — 0.02x% — 30x + 5000.

Find the marginal cost when 3 units are produced, where by marginal cost we
mean the instantaneous rate of change of total cost at any level of output.
Answer: 29.985

Find the intervals in which the function f(x) = 2x3 — 3x? — 36x + 7 is strictly
increasing & decreasing.
Answer: Increasing. in (—oo, —2) U (3, ). Decreasing.in (—2,3).

A ladder, 5-meter-long, standing on a horizontal floor, leans against a vertical
wall. If the top of the ladder slides downwards at the rate of 10cm/sec, find the
rate at which the angle between the floor and the ladder is decreasing when lower
end of ladder is 2 meters from the wall.

1 .
Answer: % radians/sec

Let x and y be the radii of two circle such that y = x? + 1. Find the rate of
change of circumference of second circle w.r.t the circumference of the first
circle.

Answer: 2x
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Find the least value of the function f(x) = x3 — 18x2 + 96x in the interval
[0,9].
Answer: 0

3 MARK QUESTIONS

A man 1.6 m tall walks at the rate of 0.5 m/s away from a lamp post, 8 meters
high. Find the rate at which his shadow is increasing and the rate with which the
tip of shadow is moving away from the pole.

Solution: Let AB be the lamp post and CD the height of the man.

Let distance of the man from the lamp post be x m

and from tip of shadow be y m. A

ax _ 0.5 m/s
dt

In similar triangles ABO ans CDO
8 _xty
16 y

1
=>5y:x+y:>y:1x

A1 _ 0% 0195 mis c
dt 4 dt . 4 o . —“ 1h

.. Rate at which shadow is increasing 0.125 m/s - —

Rate of change of tip of shadow = % (x+y) o ﬁ] y

_dx  dy
T4t dt
=0.5+0.125 =0.625 m/s

The area of an expanding rectangle is increasing at the rate of 48cm?/s. The
length of the rectangle is always equal to square of breadth. At what rate, the
length is increasing at the instant when breadth is 4.5 cm?

Solution: Let the length of the rectangle be | and its breadth b.

3
Thenl=b2=2A=1VI=1z
A _ 3 odl

ac 2 at

:>48:§x4.5x% ...... (b=+1)
£ =2 -2 =711cmis
dtlp=45cm 45 9

Sand is pouring from a pipe at the rate of 12 cm?s. The falling sand forms a cone
on the ground in such a way that the height of the cone is always one-sixth of the
radius of the base. How fast is the height of the sand cone increasing when the
height is 4 cm?

Solution: Let h be the height, V the volume and r the radius of the base of cone at
the time t.

Given h = %r
=>r =6h
2 =12 cm3/s

dt

Volume of the cone, V = %nrzh

= %n(6h)2h =12 h3 0

oav _ 5 dh

5—12ﬂ3ha r
2dh __dh 1

=212=36rth*—=>—=
dt dt 3mh?
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dh 1 1
— =——=—ocm/s.
dtlp—s4 3nXx16 48m

Find the intervals in which the function f(x) = 2x® —9x% + 12x + 15
is strictly increasing.

Solution:We have,
f(x) =2x%—9x% + 12x + 15
= f'(x) =6x% —18x + 12 = 6(x* — 3x + 2)
(M For f(x) to be increasing, we must have
f'(x)>0
=6(x%—3x+2)>0
=>x2-3x+2>0 [“6>0:6(x*—-3x+2)>0=>x%—-3x+2>0]
>kx-1)x-2)>0 (See fig)
>x<lorx>2
= x € (—00,1) U (2, ).
So, f(x) isincreasing on (—o, 1) U (2, o).

o Fig. Signs of f'(x) forldifferent valueg of x *

Show that f(x) = tan™!(cosx + sinx) is a strictly increasing function on the
interval (0,7).
Solution: f(x) = tan(cosx + sinx)

1 d
1+(cosx+sinx)? " dx

= (0 =

(cosx + sinx)

(—sinx+cos x)

14+c0s2x+sin2x+2sinx cos x

_ cos x—sin x
(2+sin 2x)
Now, when 0 <x<%, we have cosx > sinx &sin2x > 0
- (cosx — sinx) > 0 and (2 + sin2x) > 0.
- f'(x) > 0 forall x when 0 <x<§
Hence, f(x) is strictly increasing in (0,%).

Separate [0, %] into subintervals in which f(x) =sin 3x is (a) increasing (b)
decreasing.
Solution: f(x) =sin 3x = f'(x) = 3cos 3x
Also, 0<x<Z=0<3x <™
@ f(x) is increasing

=f'(x)=0

= 3cos3x=>0=>cos3x =0

=>0<3x<Z

:OSxS%

s
=> X € [O,g]

~. f(x) is increasing on [0, Z].
(b) f(x) is decreasing

=>f'(x)<0

= 3cos3x < 0=>cos3x <0
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3

>Z<3x<Z
7 '’
>-<x<->
6 Trnz
=>x €[-,-]
6" 2

Show that f(x) = 2x + cot™x + log(V1 + x% — x) is increasing in R.

Solution: We have,

f(x)=2x+cot™'x + log(N1 + x%2 — x)

, _ -1 1 1
=f () =2+ (1+x2) * 1+x2—x (Zm 2x—1)
9. 1 1 x—V1+x2
B 1+1x2 VitxZ—x " V1+x2
T14x2 Vitx?
_ 2+2x%-1-V1+x2 _ 1+2x2—V1+x2
B 1+x2 B 1+x2

For increasing function, f'(x) = 0
N 1+2x2-V1+x2

>0
1+x2
=14 2x% = V1 + x?

=>(1+2x2)2=>1+x2

=1+ 4x* +4x% > 1+ x?

=>4x*+3x2 >0

= x2(4x*+3) =0
which is true for any real value of x.
Hence, f(x) is increasing in R.

Prove that £ (x) = sin X + v/3 cos x has maximum, value at x = %

Solution:We have, f(x) = sin x + /3 cos x
- f'(x) = cos x +/3(—sinx)

= cos x —/3sinx

For f'(x) = 0, = cos x — v/3sinx=0

. 1 T
= COSX = \/§Slnx = tanx =ﬁ=tang

T
S>Sx ==
6

Again, differentiating f'(x), we get
f"(x) = —sinx - V3 cosx

f" (g) = —sin%- @cos%

1 V3

e

=—-—-=-2<0
2 2

Hence x = % is the point of local maxima.

Find the local maximum and the local minimum values of the function f(x) =
_73x4 —8x3 — %sz + 105

Solution: f'(x) = —3x3 — 24x2 — 45x

= —3x(x%? + 8x + 15)

==3x(x+3)(x+5)

f"(x) = —9x% — 48x — 45

ff(x)=0=-3x(x+3)(x+5)=0

>x=0x=-3,x=-5
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f"(0) =-45<0

So x=0 is a point of local maxima

f'(=3)=+18>0

So x=-3 is a point of local minima
f"'(=5)=-30<0

So x=-5 is a point of local maxima

10

A telephone company in a town has 500 subscribers on its list and collects
fixed charges of Rs.300 per subscriber per year. The company proposes to
increase the annual subscription and it is believed that for every increase of
Rs.1 per one subscriber will discontinue the service. Find what increase will
bring maximum profit?
Solution: Consider that company increases the annual subscription by Rs. X
So, x subscribers will discontinue the service
.. Total revenue of company after the increment is given by
R(x) = (500-x)(300+x)

=15 x 10* + 500x — 300x — x?

= —x2 4+ 200x + 150000

On differentiating both sides w.r.t X, we get

R' (X) = —2x + 200

Now, R'(x)=0

= 2x =200 = x=100

- R" (X) = -2<0

So, R(x) is maximum when x=100

Hence, the company should increase the subscription fee by Rs.100, so that it

has maximum profit.

EXERCISE

Find two positive numbers whose sum is 16 and sum of whose cubes is minimum.
Answer: 8, 8

Show that y = log(1+x) - Zi—’; , X> —1 is an increasing function of x throughou its
domain .

w

Show that the function f(x) = x3 — 3x? + 3x,x € R is increasing on R.

Find the intervals in which the function f(x)=2x3 — 9x2 + 12x — 15 is
0] increasing. (ii) decreasing

Answer: : (—o,1) U (2, )

The total revenue received from the sale of x units of a product is given by

R(x) = 3x2 + 36x + 5 in rupees. Find the marginal revenue when x=5, where by
marginal revenue we mean the rate of change of total revenue with respect to the
number of items sold at an instant. At what value of x is R(x) minimum

Answer: 66

5 MARK QUESTIONS

Find the intervals in which the function f(x) =3x* -4x3-12x2+5 is increasing or
decreasing.
Solution:
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f(x) =3x*—4x3 —12x%2 +5
f'(x) =12x3 — 12x? — 24x
=12x(x? —x —2)

=12x(x — 2)(x + 1)
Fllx)=0=>x=02—1

Intervals Sign of f’(x) Nature of f(x)

(-00,-1) -ve decreasing
(-1,0) +ve increasing
(0,2) -ve decreasing
(2,0) +ve increasing

Hence f is increasing in (—1,0) U (2, o) and decreasing in (—oo,—1) U (0,2).

Show that the surface area of a closed cuboid with a square base and given volume
is minimum, when it is a cube.

Solution: Let x be side of the square base and y be the height of the cuboid.
Volume (V)= X.X.y=x%y ........ (i)
14
Y=z
Surface area (S)=2(X.X+X.y+x.y)
=2x?% + 4ny = 2x?% + 4x;—2

4v ds 4v
S=2x%+— == =4x ——
T x dx x2

For minimum surface area,

ds 4v 3
a=0:>4x—ﬁ—0:>x =v
d?s _ . 8v

dx? x3

it —4+ 250
dx? B v

For x=3%/v, surface area is minimum
x2=V

x3=x%  [from (i)]

X=y cuboid is a cube.

Prove that the volume of the largest cone that can be inscribed in a sphere of
radius R is 28—7 of the volume of the sphere.

Solution: Let a cone of base radius x and height y be inscribed in a sphere of
radius R.

R?=(y-R)? +x?

x?=2Ry-y?  [in right triangle OAB]...(i)

Volume of the cone, V:§ T X%y
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1

smy(2Ry — y?)

= ~m(2Ry? - y*) [from (i)]......(ii)
v_1 _ 32

3 m(4Ry — 3y*?)

For maximum volume,

av

Vmax. =§“[2R (?)2 B (?)3]
1 l32R3 64R3l

9 27

3
_ 32nR?

= 81 cm

B 8 (4HR3)
_827 3
> (Volume of the sphere)

3

Show that the height of the cylinder of maximum volume that can be inscribed in

a sphere of radius R is \2/—;. Also, find the maximum volume.

Solution:
Let x be radius of base and y height of a cylinder which is inscribed in a sphere of
radius R.
4x% +y%2 =4R* ... (i)
Volume of cylinder
4R2—y2)
4

V=rx?y = ny(
= (4R%y — y*)
[from(1)] ...... (i1)

DT 4r2 342

dy 4

For maximum volume, Z—Z =0
Y:%

d’v  —3my

dy? 2

d?v _ 2R

d_yz < 0 for y= NG

Now substituting the value of y in equation (ii), we get maximum volume
_4mR3

=5 cubic units.

Two men A and B start with velocities v at the same time from the junction of two
roads inclined at 45° to each other. If they travel by different roads, then find the

rate at which they are being separated.
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Solution: Let two men start from the point C with velocity v each at the same
time.

Also, #£BCA = 45°

Since, A and B are moving with same velocity v, so they will cover same distance
in same time.

Therefore, AABC is an isosceles triangle with

(
AC=BC. A
Now, draw CD_LAB. / w!
Let at any instant t, the distance between them is AB. XN O

Let AC=BC=x and AB=y /N
In AACD and ADCB, AZ. .5 X
£CAD=2 CBD
£CDA=£ CDB=90°
£ACD=/ DCB

2ACD= %XL ACB

2 ACD= §X45°

T

< ACD= Py
. T _ AD

Sin E = E

sinZ=12

y 8 x

Z=Xsing

Y:2x.sin§

Now, differentiating both sides w.r.t. t ,we get

¥ = 2 sin 24X

dt '

Bdt
dx
=2sin=Vv [v=—x
8 dt
22 . 22
=2v.— [sin = = |
2 8 2

=J2 —+/2 vunit/s

Which is the rate at which A and B are being separated.

EXERCISE

4
Find the intervals in which the function f(x):xT —x3 —5x% + 24x + 12 is

(i) strictly increasing (ii) strictly decreasing.
Answer: (i) (=3,2) U (4,0). (ii) (—=0,=3) U (2,4).

The length of the sides of an isosceles triangle are 9+x2 , 9+x2 and 18-2x? units.
Calculate the area of the triangle in terms of x and find the value of x which makes
the area maximum.

Answer: x = V3

A rectangle is inscribed in a semicircle of radius r with one of its sides on the
diameter of the semicircle. Find the dimensions of the rectangle, so that its area is
maximum. Also find maximum area.

. r
Answer: V2r, %

If the sum of a side and the hypotenuse of a right- angled triangle be given, show
that the area of the triangle will be maximum if the angle between the given side
and the hypotenuse be 60°.
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5 Show that the semi-vertical angle of a right circular cone of given total surface
. . .11
area and maximum volume is sin™! >

6 Show that the surface area of a closed cuboid with a square base and given volume
iS minimum, when it is a cube.

7 If the length of three sides of a trapezium other than the base are equal to 10 cm,
then find the maximum area of the trapezium .

8 Find the maximum area of an isosceles triangle inscribed in the ellipse

2 2
’16—6 + % = 1 with its vertex at one end of the major axis.
Answer: 9v/3 sq.units

CASE STUDY QUESTIONS

Read the following and answer the questions given below.

1 Dr. Ritham residing in Delhi went to see an apartment of 3BHK in Noida. The
window

of the house was in the form of a rectangle surmounted by a semicircular
opening

having a perimeter of the window 10 m as shown in figure.

!
i
I .
B

xm

(1). If x and y represent the length and breadth of the rectangular region, then the
relation between the variable is

a) x+y+==10 b) x + 2y + =10
c)x+2y+n2f:10 d) 2x+ 2y = 10
(i) The area of the window (A) expressed as a function of x is
nx3  x? -x?  mx?
A=x--% b) A =5y — == ™
82 22 , 2 , 8
)A=5x - -2 d) A= Bx+ + T
(iii) Dr. Ritam is interested in maximizing the area of the whole window. For this
to
Happen the value of x should be
20 20 20 20
| @5 P e )im
Solution:
(i) Since perimeter of window = x +y +y + perimeter of semicircle
=x+2y+ % X2m xg [Here radius of semicircle is g]
=X+2y+ %
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Option (c) is correct.

(i) A=x x y+2ln(§)2

2
x mx X
=xy+—=x(5————) —
2 4 8
x%  mx? x> x%  mx?
=hy-L I 4 IX _py X O
2 4 8 2 8

Option (b ) is correct.

(iii) For maximum value of A

dA

dx =0
=>5_x-2 =0 >x+2 =5
4 4
=4x +ntx =20 = x(4+m)=20
20
=>x=—
4+

Option (d) is correct

Read the following passage and answer the questions given below:
The relation between the height of the plant (‘y” in cm ) with respect to its
exposure

to the sunlight is governed by the following equation y = 4x - % x 2, where ‘ x ¢ is

the
number of days exposed to the sunlight for x < 3.

)

(M Find the rate of growth of the plant with respect to the number of days
exposed to the sunlight.
(i) Does the rate of growth of the plant increase or decrease in the first three
days? What will be the height of the plant after 2 days?
Solution:
(i) The rate of growth of the plant with respect to the number of days exposed to
sunlight is given by Z—z =4-X.

(i) Let rate of growth be represented by the function g (x) = 4y

Yy
dx ’
d d
Now, g ‘() =E('d_i) =-1<0
g(x ) decreases.
So the rate of growth of the plant decreases for the first three days.
Height of the plant after 2 daysisy=4x 2 - % (2)? =6.cm.
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A rectangular hall is to be developed for a meeting of farmers in an agriculture
college to aware them for new techniques in cultivation. It is given that the floor

has a fixed
perimeter P as shown below. And if X & y represents the length & breadth of the

rectangular region.

A\ _"”—’—--“ -
"

Answer the following question.
(1) The area of the rectangular region ‘A’ expressed as a function of X IS

(a) - (P +x2) ()5 (Px-2x2)  (©5(Px+2x?)  (d)PX
—2x2
(i1) Principal of agriculture college is interested in maximizing the area of floor
‘A’ . For this to happen the value of x should be

(a) P (b)% ©% OF
Solution:
() A=xy
P-2x
= X. >
since, given Perimeter = P
:Px—2x2 2(x + y) =
2 Yy = g_ x = P—22x

Option ('b) is correct.

—252 —
(ii)A:Px Zx: d_A:P 4x
. dx o 2
For maximum or minimum value of x
dA P—4x
- =90 =0
dx 2 P
=>P-4x=0 = x= "
2
Also,%z—z <Oatx ==
dx 4
~ Ais maximum
Option (d) is correct.
EXERCISE

Q1.Read the following and answer the questions given :
On the request of villagers, a construction agency designs a tank with the
help of an architect. Tank consists of rectangular base with rectangular sides,
open at the top so that its depth is 2 m and volume is 8 m 2 as shown below:
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2m 2m

555 ym

xm

(i) If x and y represents the length and breadth of its rectangular base, then the
relation between the variables is

(@ x+y=8 (b)x.y=4 ©x+y=4 (d)§=4
(1) If construction of tank cost 70 per sq. meter for the base and 345 per square
meter or sides, then making cost © C” expressed as a function of X is

(a)C=80+80(x+=) (b) C=280x +280 (x + =)
(¢)C=280+180(x +=) (d) C=70x+70 (x +7)

(ii1) The owner of a construction agency is interested in minimizing the cost ‘C’ of
whole tank, for this to happen the value of x should be

(@ 4m (b) 3m ©)1m (d2m
Answer: (i)b (ii) c (iii) d

Read the following text and answer the following questions on the basis of the
same:

In a residential society comprising of 100 houses, there were 60 children between
the ages of 10 — 15 years. They were inspired by their teachers to start composting
to ensure that biodegradable waste is recycle, For this purpose, instead of each child
doing it for only his/her house, children convinced the Residents welfare association
to do it as a society initiative. For this they identified a square area in the local park.
Local authorities charged amount of X 50 per square meter for space so that there is
no misuse of the space and Resident welfare association takes it seriously.
Association hired a labourer for digging out 250 m3and he charged 2400 x (depth)?.
Association will like to have minimum cost.

i).Let side of square plot is x m and its depth is h meters, then cost C for the pit is
(a) 570 + 400h? (b) %50" + 400h2  (c) "’hﬂ +h?  (d) % +400h?

if).Value of h (in m) for which Z—Z =0is

@15 (b) 2 (c)25 (d)3
iii). Value of x (in m) for minimum cost is
(a)5 (b)10 \E (c)5v5 (d) 10

Answer: ()b (i))c (iii) d
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Read the following text and answer the following questions, on the basis of the

same:
P(x) = -5x% +125x + 37500 is the total profit function of a company, where x is

the production of the company.

(i) What will be the production when the profit is maximum?
(@) 37,500 (b) 12.5 (c)-125 (d) -37,500

(ii) What will be the maximum profit?

(a) %38,28,125(b) %38,28,.25 (¢) %39,000 (d) None of these

(iii) Check in which interval the profit is strictly increasing.
(@) (12.5, ) (b) for all real numbers
(c) for all positive real numbers (d) (0,12.5)

Answer: (i) b (ii) b (iii)d
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CHAPTER: INTEGRALS

SYLLABUS:

Integration as inverse process of differentiation. Integration of a variety of functions by substitution, by
partial fractions and by parts, Evaluation of simple integrals of the following types and problems based
on them.

d
fxz-ljaz' faz xz'f\/xz_l_az f\/az 22’ fvx2+a2dx f\/az—xz dx,

_ px+q px+q
vax? + bx + c dx
f x2+bx+c J‘\/ax2+bx+

Fundamental Theorem of Calculus (without proof). Basic properties of definite integrals and
evaluation of definite integrals.

Formulae and Definitions:
Indefinite Integrals
fldx=x+c¢
[xdx=x*+c
[ sinx dx = —cosx + ¢

[ cosxdx = sinx + ¢

1

2

3

4

5. [tanx dx =logsecx + ¢
6. [ cosecx dx =log|(cosecx — cotx)| + ¢
7. [secx dx = log|secx + tanx| + ¢

8. [ cotxdx = log|sinx| + ¢

9. [sec?xdx = tanx +c

10. [ cosec?xdx = —cotx + ¢

11. [ secx.tanxdx = secx + ¢

12. [ cosecx.cotxdx = —cosecx + ¢

13. [e*dx = e* +¢

14.fi—x=logx+c

x

X —
15. [a*dx = oga T €

1 1 x—a
16. [ —dx = zlog|m| +c
17.fa2i ~dx =ilog Z—z +c

18. fﬁdx = %tan‘1 (3) +c
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19. f\/—dx =log|x + Vx% —a?| + ¢

20. fﬁdx =log|x + VxZ + a?| + ¢

1 s —1X
21.fmdx—sm —+c

2
22. [Vx?% —a?dx = E\/xz — a? —a?log|x+ Vx? — azl +c
2
23. [Vx? +a%dx = 5Vx? + a? + S loglx + Vx? + a?| + ¢
2
24. [Va? — x%dx =§\/a2 — x? +a7sin‘1§+ c

25. fex(f(x) +fl(x))dx =e*f(x)+c
26. f[u.vdx =u [vdx — [u'[[vdx]dx

Partial fractions

P(x) .
e The rational function —=
e rational functio @

the degree of Q(x)

o Partial fractions can be used only if the integrand is proper rational function

Definite Integrals

S.No | Form of rational function Form of Partial fraction
1 1 A B
(x—a)(x—Db) (x—a)+(x—b)
2 px +q A B
(= )(x—b) r—a)  (x—b)
3 px?+qx +c A N B . C
(x —a)(x —b)(x —¢) (x—a) (x—b) (x—c)
4 1 A B C
=) x—b)(x—0) G- (x=b) " (x-0)
5 1 A B C
(r—a)’(x—b) G—a)  (x—a?  (x—b)
6 px +q A B C
(x—@?(x—b) G—a) -7 (x—b)
px?+qx+r A 4 Bx+C
8 (x—a) x2+bx+c

(x—a)(x?+bx +c)
where x? + bx + ¢ cannot be factorized further

Properties of Definite Integrals
L [ f(x)dx=0

2. []feodx=[; f(t)dt

3. [ feodx=— [ f(x)dx

is said to be proper if the degree of P(x) is less than
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©

f; f(x) dx:f;f(x)dxﬁcbf(x)dx, where a<c<b

. [ feodx=[ f(a+b - x)dx

Jy fe)dx=]; f(a—x)dx
[ fodx=f) f)dx+ [ f(2a — x)dx

2[“F)dx  if f(2a—x) = f(x)
" fodc { if FQa—2x) = —f()
2 f) fx)dx if f(=x) = f(x)
if f(=x) =—f(x)
MULTIPLE CHOICE QUESTIONS

|- fx)dx = {0

Q.NO

QUESTIONS AND SOLUTION S

1
Evaluate fx_ﬁdx?

a)2logvVx +C  b)log(vx-1) +C ¢)2log(vx-1)+C d) None of the
above
1
AnS.'—fm dx
Put vVx —1=t then
| =2 logt
=2log(x —1)+C (©)

2
Evaluate [ \/ﬁ

a) log|Vtan?x +4 |+ C b) log [tanx + Vtan®x + 4|+ C

c)%logltanx|+C d) tanx + C
Ans. Sub tan x =t then

=
=log |tanx + Vtan?x +4 | +C (b)

Evaluate [ cos3x .e!'°857* dx ?

a)%sin3x+c b)—%cos“x +C c)—%cos4x+C
d) — é sinfx +C

Ans. Here €'°9™ =sinx then

| = [ cos3x.sinx dx
Let cosx =t

Ans : —%cos4x+c (c)

Jg sec? (x ——) dx is equal to :

(@) % (b) — % () V3 (d) V3

T

Ans: fogsec (x - —) dx = tan (x - g)]i =tan0 — tan (— %)= tan (%) = \/%
Option: a
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Evaluate |

eX—-1

a) log |e*-1| +C b) log|l — e 7*|+C

c) log|l —e*|+C d) log|e™ — 1|+C

Ans. Dividing the numerator and denominator with e*

1= [~ dx=log|l — e *|+C (b)

1

1 . _
Evaluate [ sin™?! (119;2 ) dx

a) g - log2 b) log 2 c) 0 d) 1
Ans. Let x =tant thentfromO to% .and apply sin2x formulathen [ =

J§2t.sec?t dt= % - log2 (a)

If =~ ((x)) = logx , then f(x) equals :
@)~ +C b) x (logx + x )+C ) x (logx-1)+C d)-=+C
Ans : x (logx-1)+C (©

1 -2
Evaluate [ li_zl dx ?

a)l b) -1 c)2 d)-2
Ans. Apply |x — 2 | property to get the -2 (d)

Evaluate [e* (cosx — sinx) dx?

a) —e*sinx +C b) € sinx +C

c) e cosx+C d) - e* cosx+C

Ans. Apply [ e* [f(x) + f1(x) ] dx = e* f(x) formula I= e* cosx
(©)

10.

Find [°, f(x) dx where f(x) = |x — 2|

a) 25 b) 29 ¢) 15 d) 20
Q. Apply modulus function definition to get f_55 |lx —2|dx = f_zs |x — 2| dx +
J; |x — 2] dx=29 (b)

CHAPTER VIDEO LINK FOR MCQs SCAN QR CODE FOR
VIDEO

INTEGRALS https://youtu.be/VBMyRVKOvck
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EXERCISE

cosx

1. Q. Evaluate fm dx ?
a)l + sinx b) 1 — sinx
C)2+vV1 + sinx d)2vV1 —sinx
Ans(c)
2. Q. Evaluate flfzxs dx ?
a) log( 1+ x3) b) - log(1-x°)
c) log (1—x°) d) < log( 1 +x%)
Ans(d)
3- —_ 1 I)
Q.Evaluate [ [ oax ~ Toany ] &
logx X x—1 logx
a) Tx b) logx C) logx d) x-1
Ans(b)
4 Q. Evaluate [*2 tan®x dx ?
a 0 c)l-lo +lo
)1 b) log 2 ) 1—log2 d) 1 + log2
Ans(c)
S Q. Evaluate | 1_Slmx dx ?
a) secx — tanx b) tanx + secx C) tanx d) Secx
Ans(b)

ASSERTIONS AND REASONING QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of
Reason (R). Choose the correct answer out of the following choices.

A) Both Assertion (A) and Reason (R) true and Reason (R) is the correct explanation of

Assertion (A).

B) Both Assertion (A) and Reason (R) true and Reason (R) is not the correct explanation of

Assertion (A)

C) Assertion (A) is true but Reason (R) is false

D) Assertion (A) is false but Reason (R) is true

1

Assertion: [ sinxdx = —cosx + C.
Reason: sin x is an odd function and the integral of an odd function is -f(x) + C.

Solution: Assertion is true but reason is false. The integral of sin x is -cos x + C,
but sin x is not an odd function. Sin X is an even function.
Correct option: (C) Assertion is true but reason is false

Assertion: [%:sin® x dx = 0
2

Reason: If f(x) is odd function f_aaf(x)dx =0

Answer: A) both assertion and reasoning are correct and reason is the correct
explanation

T

Assertion: [?:cos x dx = 0

2
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Reason: If f(x) is odd function [ f(x)dx =0

Answer: D) assertion is False and reasoning is correct

3 2
Assertion: [ x% —3x + 2 dx=%—%+2x+c

Reason: The integral of a polynomial function ax™ is ﬁx"“ + ¢, where 'C'’
Is the constant of integration.

Answer: A) both assertion and reasoning are correct and reason is the correct
explanation

2x
x2+1

Reason: f% dx = log|f(x)| +c

Assertion: [ dx =log|x* +1| + ¢

Answer: A) both assertion and reasoning are correct and reason is the correct
explanation

. . in 2
Assertion: [ sin® x dx =2 — ==

Reason: 1 — cos 2x = 2 sin? x

+c

Answer: A) both assertion and reasoning are correct and reason is the correct
explanation

Assertion: [ e*(cos x + sinx) dx = e*cos x + ¢
Reason: [ e*(f(x) + f'(x)) dx = e*f(x) + ¢

Answer: D) assertion is False and reasoning is correct

31

Assertion: fz* sec?x dx = —2
4

Reason: If f(x) >0 on [a, b] then f: f(x)dx= 0

. . . . 3
Solution: sec x is not defined at x = g in [% ,T”]
Answer: D) assertion is False and reasoning is correct

Assertion: [log(log x) + @dx = xlog(logx) + c
Reason: [ e*(f(x) + f'(x)) dx = e*f(x) + ¢

Answer: B) Both Assertion (A) and Reason (R) true and Reason (R) is not the
correct explanation of Assertion (A)

10

Assertion: [(sin~1x + cos™1x)dx = gx +c

Reason: sin~1lx + cos 1x = g

Answer: A) both assertion and reasoning are correct and reason is the correct
explanation
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2 MARK QUESTIONS

Evaluate [ x.tan™'x.dx ?
Solution: [ tan™x.x.dx
Apply [u.v dx formula
2 2
1y X2 1 x
tanzx. —~-J
== tanlx-Z+
2 2

1+x2° 2 )
tan™x
+C
2

Evaluate [ e* (tanx + logsecx )dx?

Solution: [ e* (logsecx + tanx )dx

Apply [e* (f(x) + f1(x))dx formula to get
e* log Secx + C

Evaluate [ V4 — 9x2 dx?

Solution: /22 — (3x)2 dx

Apply [ /a — (x)? dx formula to get
~ V4 —9x2 - gsin'l( 37’C)+C

Evaluate f:lx — 1| dx?
Solution: (1 —x) dx + [(x — 1) dx =5

2+ Sin2x
—— e*.dx?
1+ Cos2x

) 2 + 2Sinx.cosx
Solution: IW X . dx

[(Sec?x + Tanx ) e* .dx
Apply [ e* (f(x) + f1(x))dx formulato get e*.Tanx +C

Evaluate [

Sec?(l
Evaluate [ Sec”(09%) o

X
Solution: Substitute log x = t then
[ Sec?t.dt = tan (logx) + C

dx
s
Evaluate fx2_4x§8 : 1 2
. A -1, X—
_ == )+
Solutlon.f(x_2)2+22 dx=> tan™'( —=)+C

Evaluate [?sin2x .logtanx dx ?
R I fi
Solution: | = [ sin 2 (E - x ) log tan (5 - x ) dx

=- fgsian .logtanx dx =>21=0 =>1=0

1 + cotx
Evaluate [ ———— dx?
x +log sinx

Solution: Substitute x + log sinx =t
=>log (X + log sinx) + C

10.

If f(x) = [, t.sint .dt then find f'(x) ?
Solution: f(x) = [t .sint .dt

Apply [ u.v dx formula then

f(x)= [ —t.cost + sint]}
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f(x) = —xcosx + Sinx
f'(x) =X. sinx

EXERCISE

2 1 1
Evaluate [, e* [;— x—z]dx ?

Evaluate [ sinx .v1 + cos2x dx?

Evaluate [ e®* sinbx.dx ?

dx
Evaluate f\/ﬁ ?
—8x

1

Evaluate fde

3 MARK QUESTIONS

X

Evaluate fm dx?

A B

(x+1)(x+2) x+1 x+ 2
A=-1,B =2
(x+2)?
(x+1)

Solution:

Ans : log (

)+

Cos X

Evaluate |

(1—5Mx)(2—ﬂnx)dx
Solution: Letcos x =t then
f Cos x dx = f dt
(1-sinx)(2 —sinx) (1-t)(2-t)
Apply partial fraction method,
A=1B=-1
2 —sinx

I=log(———)+C

1-— sinx

3
X3+ x+1
Evaluate [ ——— dx?
X

. X2+ x+1 2x+1 . . .
Solution: =X+ ( Convert it into proper rational function)

o e 8 2x+1
X X
Now, [ (x + )dx=fxdx+fx2_1 dx

, x2-1
=X 2 _ 1 x1
—2+Iog(x 1)+210g(x+1)+C

?

Evaluate fmdx

Solution: Multiplying num. and denom. by x**!
x3

I—fx—4(x4_ 1)dx

Let x* =1, then

_1 dt
=2/ dt

t(t-1)
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Apply partial fractions then
= log (=5)+C

2x

Evaluate f D &

Solution: Let x2 =t, then

2x _
f(x2+1)(x2+3) dx = J (t+1)(t+3)
Apply partial fractions then

I——log( = +1) C

Q. Evaluate f \/%

6x+7 _ 6x+7
Ve—owm / oo &

6x +7 = A (x —9x+20)+B

A=3,B= 34 substitute the values then

1=6 VxZ — 9x + 20 +34log [X -2 +VxZ— 9x +20]+C

Solution: [

Evaluatef1+1 dx ?
_f sinx _f 2sinx

Sinx +Cosx

Solution:
f +Cotx Sinx +Cosx
f (smx+Cosx) (Cosx—sinx)

dx

Sinx +Cosx

X f Cosx —sinx

2 Sinx +Cosx
Put smx + cosx = t then

I= g-%log (sinx + cosx) + C

1

Cos (x—a)Cos (x—b)
1

Solution: fCos(x—a)Cos(x—b) dx

1 f Sin(a-b)
Sin(a—-b) ¥ Cos(x—a)Cos(x—b)
_ 1 Sin[ (x—b)— (x—a)]
_Sln(a b) fCos(x a)Cos (x-b) dx

[[tan (x —b) dx — [tan(x —a) dx

dx

Evaluate [

Sln(a b)
1

Cos (x—a)
= Sin(a-b) )+C

Cos (x=b)

log (

Find f —

1+ sinx a a
Solution: Apply the property [" f(x)dx = [ f(a — x)dx
and prove that | =

10.

Find [(sin™'x)? dx ?
Solution: Let x =sint then | = [ t% .cost dt , Apply [u.v dx formula
I=x.(sintx)?+2vV1— xZsinlx -2x+C
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EXERCISE

Cos x
, — dx
(2+ sinx )(3+4 sinx )

Evaluate [

x

e
——— dx?
V5—4eX— e2X

Evaluate [

X

Evaluate | dx ?

(x+1)2

2
Evaluate [ |x® — x| dx ?

1-— x2
Evaluate fmd?(?

5 MARK QUESTIONS

Evaluate fon log (1+ cosx )dx?

Solution: Apply the properties of definite integral and prove that
| =-m.log2

K
Evaluate [ —————dx ?
0 Secx+atanx a
Solution: Apply fo f(x)dx = fo f(a—x)dx
=7 (n—2)
3x+5
2270 4x?
Evaluate f"g;xﬁg"“ dx .
. x - x
Solution: [ —————dx f—(x—l)z T
3x+5 _ A B c
(x-1)2(x+1) (x-1) (x-1)%2 = (x+1)
A== ,B=4andC=-
|:l l x_—l—l_L_{_ C
2 x—-1 x-—1
EXERCISE
d
Evaluate [ hid

a2Cos?x+ b2sin?x

T .
T sSinx + cosx

Evaluate [ : ?
0 9+16 sin2x
dx
Evaluate [ ————2

X3+ x2+ x+1
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CHAPTER: APPLICATION OF INTEGRALS

SYLLABUS: Applications in finding the area under simple curves, especially lines, circles/
parabolas/ellipses (in standard form only)

Definitions and Formulae:

Let f(x) be a function defined in [ a, b] , then the area bounded by the curve y =f(x) , x —
axis and the ordinates x =a and x = b is given by fff(x)dx or f(f y dx

A
Yy
y=f(x)
ru\ 2
n n
‘\§ R
0] X - axis X

Let g(y) be a function defined in [ c, d] , then the area bounded by the curve x = g(y), y—
axis and the ordinates y = candy = d is given by fcdg(y)dy

Y
4 y=d
dy \
k—g(v)
7’ ‘},=c e
X o >X
k4
Yl

If the curve y = f(x) lies below x- axis ,then the area bounded by the curve y=f(x) , x-axis
and the ordinates x = a and x=b is —ve. So the area is |f;f(x) dx|

138



MULTIPLE CHOICE QUESTIONS

Q.NO QUESTIONS AND ANSWERS
1 Find the area bounded by y = x2 x axis and linesx = —landx = 1
-1 : 4 .
(@) ~ S0 unit (b) 5 SO unit
(c) ésq. unit (d) None of these
Solution:
Area of the required region = [, x2dX == +- =2
g g -1 3 3 3
2 Determine the area under the curve Y =V a? — x2 included between the lines x
=0
andx =a
2
(a) % s. unit (b) %sq. unit
2 2
(c) =sq. unit (d) == sq.unit
Solution:
2 2
Required area = foa Va? — x%dx =a7 X §= naj
3 The area of the region bounded by the curve y = x? and the line y = 16 is
32 . 256 .
(@) < 5. unit (b) =~ Q. unit
(c) % sg. unit (d) 12—8 sg.unit
Solution:
Required area= 2 [f: 16dx — f04x2dx] :2[64 — % = 23&
4 Find the area bounded by y = sinx between x =0 and x = 2.
(@ 4 sg.unit (b) 4msq.unit (c) 2 sg.unit  (d) 1 sg.unit
Solution:
Area =2 " sinx dx=4
5 Area lying in the first quadrant and bounded by the circle x? + y2 = 4 and the
lines x =0
andx=21is
(8) 7 sq. unit (b) % sq. unit
() g sq. unit (d) % sq. unit
Solution:
Area = fOZ\/4 —x%2dx=m
6 The area of the region bounded by the straight line x = 2y + 3, y axis and the lines

y=1and y=-11is
(@) 4 sg. unit (b)%sq. unit (c) 6 sg.unit  (d) 8sg. unit

Solution:
Area= [’ 2y +3dy= 1+3(1-3)=6
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CHAPTER VIDEO LINK FOR MCQs SCAN QR CODE FOR
VIDEO

APPLICATION OF INTEGRALS https://youtu.be/p4R2unWOT9Q

ASSERTION AND REASON QUESTIONS

The following questions consist of two statements — Assertion (A) and Reason(R), Answer
the questions selecting the appropriate option given below.

(a) Both A and R are true and R is the correct explanation for A.

(b) Both A and R are true and R is not the correct explanation for A.

(c) Aiistrue and R is false

(d) Ais false and R is true

1 | Assertion: The area of the ellipse 2x2 + 3y2= 6 is more than the area of the
circle x%+y%-2x+4 y+4=0
Reason: The length of the semimajor axis of ellipse 2x2 + 3y2= 6 is more than
the radius of the circle x2 +y? - 2x +4y + 4 =0
Answer:
Area of ellipse = V6 7
Area of circie=m .
Ais true
Length of major axis is 2v/3 .Radius of circle= 1.
R is true.
But R is not the correct explanation of A
Option b is correct
2 | Assertion: Area enclosed by the circle x2 +y?= 36 is equal to 367 sq.unit
Reason: Area enclosed by circle x? +y2=12 is zr?
Answer:
Area of the circle is 36 sq.unit Option ( a) is correct
3 Assertion: The area of the region bounded by y= cosx and the ordinates

x =0and x = mis 2sq.unit
Reason: cos x is an increasing function in the first quadrant
Answer:

(©)
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4 Assertion: The area of the region bounded by y = x+1 , x-axis and he lines x =2
and x=3 is g sg.units
Reason: The intercept made by the line on the x-axis and y axis is 1unit left of
zero and lunit  respectively.
Answer:
(d)
5 Assertion: The area bounded by the curve x =y? , y-axis and the lines y =3 and
y=4 is32—7
Reason: Area = fff( y) dy
Answer:
(a)
6 Assertion: Area bounded by y = |x + 2| from x=-2 to x=0 is 4 sqg.unit
Reason: y = |x + 2| is differentiable in R
Answer:
(©
7 Assertion: The area of the region bounded by y = x?+X,x=2andx=5
cannot be evaluated
Reason: Area of the unbounded region cannot be evaluated
Answer:
(d)
8 Assertion: The area of the region y =sin?x from 0 to = will be more than that of
the curve y=sinx from0tom
Reason: x? >xifx>1
Answer:
(d)

EXERCISE

The following questions consist of two statements — Assertion (A) and Reason( R) ,Anawer
the questions selecting the appropriate option given below

(a) Both A and R are true and R is the correct explanation for A.

(b) Both A and R are true and R is not the correct explanation for A.

(c) Aistrue and R is false

(d) Ais false and R is true

1 Assertion:The region bounded by the curve y=v4 — x?2 is a semicircle above the
X-axis
Reason: area of the semicircle is half of the area bounded by the equation x? +
2 —
y ju
2

Assertion: Area enclosed by y = x|x| , x-axis and the ordinates
x = —land x = 1isgiven by %
Reason: f(X) =|x|=X,x=0and x,x<0
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3 Assertion: The region bounded by the curve y=v4 — x?2 is a semicircle above
the x-axis
Reason: area of the semicircle is half of the area bounded by the equation x? +
y* =
4 Assertion: The area bounded by the curve Y =log, x and x- axis and the
straight line x=¢e
Reason: The most approximate value of e =2.7
5 | Assertion: The area between x-axis and y = c0SX when 0 < X< 27 is 4sq.unit
2 n
Reason: Area= [ "cosxdx =4 2 cosx dx
Solutions
1. (b) 2. (b) 3.(c) 4. (d) 5. (a)
2 MARK QUESTIONS
1 Find the area of the region bounded by the line y = 2x ,x-axis and x=2
Solution:
_ r2 _ .
Area = [ 2x dx = 4 sq.unit.
X=2
y=2x
2 b ¢
2 B
1 O 1 3 4
2 Find the area bounded by y = x,the x — axis and the ordinate x = —1,x =
2.
Solution:
A= [Pxdx +|f0 xdx| =2
0 -1 2’
4
3 x=2 y =X
2
1
3 | Find the area bounded by the circle x2 + y? = 1?2
Solution:
A= 4x for\/rz —x2dx = mr?
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2 2
Find area of the region bounded by the ellipse x—z +2 =1
a

b2
Solution:

A= 4X gfoa\/az—xz dx = mab

Using integration find the area of the region bounded by the liney - 1 = x, x-
axis and the ordinates x = —2and x = 3

Solution:
A=|[S G+ D) dx |+ [ (x+ Ddx =2

Using integration find the area of the region bounded between the line x = 2, and
the parabola y? = 8X.
Solution:

A= 2f02 V8x dx= % sq.units

143



7 | Draw the graph of y = |x + 1| and find the area between
x— axisx = —4andx = 2.
Solution:

A= |f__41(x +1) dx| +f_21(x + 1) dx = 9 sg.units

y=-x-1 *
3 y=Ex+1

2

1

"
5 5 dh Wt UT’ 1 > 3 4

8 Draw the graph of y = sinx ,y = cosx betweenx = 0and x = T" and also

find the area between the curves between x =0 and x = T”
Solution:

T[
A= [#(cosx — sinx) dx =2 - 1sq.units

EXERCISE

2

Calculate the area of the region bounded by y2 = 4ax and the line y = mx is %
sg. units. Find the value of m

2 Sketch the graph of y = [x+ 3| and evaluate the area under the curve y = [x+ 3|
above x- axis and between x = -6 and x =0

3 Find the area bounded by y? = 4ax , latus rectum and x-axis

4 Find the area of the region bounded by y2 =4axandX =a,x=2a,a>0

ANSwers:

56a? .
S Sq.units

1m=2 2. 9sg.units 3. %azsq.units 4,
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3 MARK QUESTIONS

Find the area bounded by the curve y =sinx between x = 0 and x = 2n
Solution:

fon sinx dx = 2 sq.units.

2m .
And |fnnsmx dx| =2 sq.units.
Required area =4 sg.units
3
2

1

E i am
-1

-2

Find the area bounded by the curve y = x|x| and the ordinates x = -1 and x = 1.
Solution:

A= 2f01x2dx= %

% =-1 X =

- o 2
y =1_

A

Find the area of the smaller part of the circle x2 + y2= a? cut off by the line

X = a
R
Solution:

A=2 [EVaZ —xZdx=%(E-1).
NG 2 "2

—

1 IF
Bradius =u (a, 0)

e
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4 | Area of the region bounded by the curve y = |x — 1|,y = 1.
Solution:

A=fi1dx —2f/(x—1)dx=1

A

EXERCISE

1 | Find the area of the circle 4x2 + 4y% = 1

2 Find the area of the region bounded by the ellipse 6x2 + 8y2 =

3 | Sketch the area lying in first quadrant and bounded by y =9 x2 , x =0,y =1
and y = 4 . Find the area of this region using integration.

4 Using integration, find the area of the triangle formed by +ve x-axis, tangent and
normal to the circlex? + y? = 4 at (1, v3)

AnNswers:

1) g sg. units 2).—=. sQ. units 3).? sg.units 4).2v/3

T
443

CASE STUDY QUESTIONS

I A student designs an open air honeybee nest on the branch of a tree, whose Plane
figure is parabolic, whose equation is y2 = 2X and the branch of tree is given by
a straight line x-y=14

Based on the above passage answer the following questions
1. Draw the rough diagram of parabola and straight line
2. Find point of intersection of the parabola and straight line
3. Find the area enclosed by the parabola and straight line

Solution:
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2) . Solve the equations y2 = 2X and x- y =4 the point of intersection is
(2,-2) and ( 8,4)

3. [1 y+4 —%Zdy = 18

2 2
A mirror is in the shape of an ellipse represented by % +Z—2 = lwas hanging on
the wall. Arun and his sister were playing with ball inside the house , even their
mother refused to do so . All of a sudden, ball hit the mirror and got a scratch in

the shape of line represented by g +% =
Based on the above information answer the following questions.

1..Find the point of intersection of mirror and scratch
b
2. The value of ~ an\/a2 —x2 dx

3. The area of the smaller region bounded by the mirror and the scratch
Solution:
) X2 yz
1) Solve the equations — +— =1 and
a b2

The points are (a,0) (0,b)

2). Zfoa\/az —xZ= 2

4

3). Zf()a\/az—xdx - ffoaa—xdx = zl(g-l).

X

+

Q

Sl RS
Il
[y

A child cut a pizza with a knife. Pizza is circular in shape which is represented by
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x2 +y? = 4 and knife represents x =v'3y, On the basis of the above information
answer the following.

A
v

1) Find the point of intersection of circle and straight line.
2) Find the area enclosed by the circle, line and x-axis.

Solution:
1. Point of intersection is (1,v/3 ) and (-1, - v3)

2. Required area:\/§f01x dx + f12\/22 —x2dx= ="

EXERCISE

The location of three branches of a bank is represented by the three points A( -2,
0),B(1,4), C(2,3) .Based on this information solve the following questions.
1. Find the equations of line AB and BC

2. Find the area of triangle ABC.

An insect moves on a curve represented by y = x3 . It started from a point (-2,-8)
on the curve and as soon as it reached at a point (2,8) got tired and slept. The path
of its movement is given below. Based on this information answer the following
questions.

1. Find the area enclosed by the curve y= x3 | the lines x=2 and x= -2

2. If it would have moved along the line represented by y = x what is the
area bounded by the curve y = x3 and y=6X

ANSwers:

)
)

My=2(x+2), y=-x+3 (2). = squnits
(1). 8.5g. unit. (2)12 sq.unit
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CHAPTER: DIFFERENTIAL EQUATIONS

SYLLABUS: Definition, order and degree, general and particular solutions of a differential
equation. Solution of differential equations by method of separation of variables, solutions of
homogeneous differential equations of first order and first degree. Solutions of linear
differential equation of the type:

Z—z +py=q, where p and g are functions of x or constants.
Z—i + px=q, where p and q are functions of y or constants.

Definitions and Formulae:

Methods of solving First Order and First Degree Differential Equations

» Differential Equations with Variables separables
» Homogeneous differential equations

» Linear differential equations

Differential Equations with VVariables separables

To solve the differential equation in variable separable form, write the differential equation as

(x terms) X dx = (y terms) X dy then integrate both sides.

e Let the differential equation ay _ 1)
dx  g()

then g(y)dy = f(x)dx
then integrate on both sides [ g(y)dy = [ f(x)dx

e Let the differential equation 4y _ 9
dx  f(x)
Ay _ dx
then g f) . .
i i &y _ X
then integrate on both sides | D) o

e Let the differential equation Z—z = f(x).g(y)
W
then 7) f(x)dx
then integrate on both sides f% = [ f(x)dx

Homogeneous differential equations

% A function F(x, y) is said to be homogeneous function of degree n if
F(Ax,Ay) = A"F(x,y)
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% A differential equation of the form Z—z = F(x,y) is said to be homogeneous if F(X,y)

is a homogeneous function of degree zero

i.e.if F(Ax,Ay) = 2°F(x,y)
Steps to solve the homogeneous differential equation of the type: % = f(%)

o lety=wvx
dy dv
o —=Utx—
' = v Doy Y Y
e Substitute y = vx and = vtx—in dx—f(x)

e Then use variables and separables in terms of y and v only

Steps to solve the homogeneous differential equation of the type: Z—: = f(i)

o letx=vy
dx dav
[ ] —_— =7 —_—
d d
. dx av . dx X
Substitute x = vy and — = —in == f(=
. x =vy o v+ ydy i f(y)

e Then use variables and separables in terms of x and v only

Linear differential equation

Steps to solve the Linear differential equation of the type:% + P(x)y = Q(x)

* Z+P®Y = Q)

% Integratin Factor (IF) = e/p()dx

0,

< Solutionis y.(IF) = [(IF).Q(x)dx

Steps to solve the Linear differential equation of the type:j—; +P(y)x =Q(y)
5 d_x —
* 5 TPOx=0k)

% Integratin Factor (IF) = e/ PO

< Solutionis x.(IF) = [(IF).Q(y)dy
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MULTIPLE CHOICE QUESTIONS

S.NO QUESTIONS AND SOLUTIONS
1. | Integrating factor for the differential equation
(xlogx) Z—z +y = 2logx is
(@) log(logx) (b) logx (c) e* (d) x
Ans (b)
. . dy 1 _2
Equation is E +ng.y ==
1
Here p(x) = P
1
Integrating factor =’ Togx™* = ¢108109%) = Jogx
2. | If m and n, respectively, are the order and the degree of the differential
4
equation % [(Z—z)] =0,thenm + n =
(@) 1 (b) 2 (c)3 (d) 4
Ans: (C)
. . . L d [fay\1*
The given differential equation is - [(E)] =0
Differentiate w.r.t x , weget
dy\3 d?y _
(F) =0
Here, m=2and n =1
Hence, m+n=3
3. . . . d?y 2 dy
If p and q are the degree and order of the differential equation (@) + 3 e
ady _ .
5= 4 , then the value of 2p — 3q is
(@) 7 (b) =7 (c)3 (d) -3
Ans: (b)
degreep=landorderq=3~2p-3q =2 —9 = -7
4. | Find the value of m and n, where m and n are order and degree of differential
2.\3
equation ﬁ#ﬁ—y— 21
@m=3n=2 bym=2,n=3
cm=2,n=2 dm=3,n=3

Ans (a)

dzy)

4(dx2 d3y 2

—= + —= —1
asy dx3

Solution(a) Given

3 5 dx3
d*y d3y 2 d3y
LA (E (1) = g - 1y
dx? dx3 ( )dx3

m=3,n=2
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Differential equation e* Z_i = 3y2 can be solved using the method of

(a) Separating the variables

(b) Homogenous equation

(c) Linear differential equation of first order
(d) None of these

Ans (a)

General solution of the differential equation
log (Z—z) =2x+y

-y = Llp2x 21
(@ e 2e1 +C (b)ey+zle +C
(c) —e‘y=gezx+C (d) ey=zezx+C
Ans (c)
d_y — er+y — er_ey

dx
=>[eVdy = [e**dx

- 1
S—e Y =-e? +(

The particular solution of the differential equation
- ytanx, given thaty =1 when x =0 is

dx

@y = cosx (b) y = secx
)y = tanx (d) y = secxtanx
Ans (b)

Solution: fZ—z = [ tanx dx = logly| = log|secx| + logC
=Y =C0SeCX

Giveny=1,x=0=>1=sec0=C=1

Solutionisy = secx

2

. 2
Degree of differential equation (%)3 =xIs

@1 (b)2 ()3 (d) Does not exist
Ans (b)
. . d3y 2 _ 3
Solution: (ﬁ) =x
Integrating factor of the differential equation & = —£2%_
dx 1—xsiny
(@) cosy (b) —secy (c) secy (d) tany
Ans (¢)
Solution: & = €2

dx 1—xsiny
dx _ 1-xsiny

dy - cosy
dx
:E + tany.x = secy

Now, P(y) = tany; Q(y) = secy
ILF. = el P&y = gltany dy — 5oy
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10! Dpifferential equation x% = y(logy — logx + 1) can be solved using method

of
(a) Separating the variables
(b) Homogenous equation

(c)Linear differential equation of first order

(d)None of these

Solution : (b)

CHAPTER VIDEO LINK FOR MCQs SCAN QR CODE FOR

VIDEO

DIFFERENTIAL EQUATIONS https://youtu.be/4T5yvAwh4dM

EXERCISE

The degree of differential equation
ay\3 dy\?
(1+2) = @)
()1
(i) 2
(iii)3
(iv)4
Solution: (iii)

. . . . d .
General solution of differential equation => = 2 is

(i) logy = Cx
(i) y=Cx
(iii)xy=C
(iv)y = Clogx
Solution: (ii)

Integrating factor for the differential equation
(xlogx) Z—z +y = 2logx is

(i) log(logx)

(i) logx

(ii)e*

(iv)x
Solution: (ii)

Integrating factor for the differential equation
. 2 d_y _ .
sinx—- +y=cotxlIs
(|) e—cotx
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https://youtu.be/4T5yvAwh4dM

(ii) cotx

(ii)—cotx

(IV) ecotx
Solution: (i)

Integrating factor for the solution of differential equation
(x—y3dy +ydx =0is

(W -

y

(i) logy

(ii)y

(iv)y?
Solution: (iii)

ASSERTION REASONING BASED QUESTIONS

In the following questions, a statement of assertion (A) is followed by a
statement of Reason (R). Choose the correct answer out of the following
choices.

(a) Both A and R are true and R is the correct explanation of A. (b) Both A and
R are true but R is not the correct explanation of A.

(c) Ais true but R is false.

(d) Ais false but R is true

Assertion (A): The solution of differential equation

ay _ ¥ Y Y\ =

% +tan)§lls cos(x) = Xxc

Reason (R): é = % + tan%we can clearly see that it is an homogenous
equation substituting

Y=vX
dy dv
>— = —_—
dx v dx

> v +x2 = v + tanv
Separating the variables and integrating we get

1
ftanvdv = f;dx
Log(sinv) = logx + logC
Sin(v) =xC
. v\ _
:>sm(;) =xC

Is the solution where, C is constant.

Solution: (d)

Assertion (A): The degree of the differential equation given by
dy _ _x*-yt g

dx (x2+y2)xy
Reason (R): The degree of a differential equation is the degree of the highest
order derivative when differential coefficients are free from radicals and
fraction.

The given differential equation has first order derivative which is free from
radical and fraction with power = 1, thus it has a degree of 1.
Solution: (a)

Assertion (A): Solution of the differential equation
dy eZy eBx x2
— =3 L xleWis —=—+—+C
dx 3 3 2
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Reason (R):

ay _ e3%=2Y 4 x2o-2Y
dx
Z_Z =e (e3* + x?)
Separating the variables
e?vdy =(e3* + x?)dx
[e?dy = [(e3* + x?)dx
A S

2 3 2

Solution: (d)

Assertion (A): The order and degree of differential equation

dzy . EX -
/ﬁ = /dx + 5 are 2 and 1 respectively

Reason (R): The differential equation

ay\3 1 .
(E) + 2y2z = x is of order 1 and degree 3

Solution: (b)

Assertion (A): Order of differential equation is Z—Z + 4y =sinxisl

Reason (R): Since order of the differential equation is defined as order of the
highest derivative occurring in the differential equation, i.e., for nth derivative

% if n=1thenit’s order=1.
Given differential equation contains only Z—i derivative with variable and

constants.
Solution: (a)

; . : . - dy\3  d*y . .
Assertion (A): order of differential equation (E) + 2= SinXis 1

Reason (R): Order of the differential equation is the order of the highest order
differential present in the equation

Solution: (d)

Assertion (A): % + x%y = 5 is afirst order linear differential equation
Reason (R): If Pand Q are functions of x only or constant then differential
equation of the form % + Py = Q is afirst order linear differential

equation
Solution: (a)

x3—xy2 +y3

. d . . . .
Assertion (A): d—z =2, is a homogeneous differential equation.

3 _ vl 3
Reason (R): the function F(x,y)= xxz’;+x+3y is homogenous
Solution: (a)
] . ) ) . d?y ay\? _
Assertion (A): The degree of the differential equation — +3(E) =

dZ

dx
Reason (R): If the differential equation is a polynomial in terms of its
derivatives, then its degree is defined.

xelog(£2) is not defined.

Solution: (a)
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EXERCISE

Assertion reasoning-based question

In the following questions, a statement of assertion (A) is followed by a
statement of Reason (R). Choose the correct answer out of the following
choices.

(a) Both A and R are true and R is the correct explanation of A. (b) Both A and
R are true but R is not the correct explanation of A.

(c) Ais true but R is false.

(d) Ais false but R is true

Assertion (A): Degree of differential equation Z—z + log (Z—i) = 0 isnot
defined.

Reason (R): Differential equation cannot be written as polynomial of
derivatives.

Solution: (b)

Assertion (A): The differential equation Z—i =1+ % is homogenous differential
equation.

: ion¥ = f(¥
Reason (R): For a homogenous equation = f (dx).

Solution: (c)

Assertion (A): To solve the differential equation Z—Z = sin(x + y) we first
substitute x +y =t
dt

Reason (R): If x +y =t, then DL
dx dx

Solution: (a)

Assertion (A): Integrating factor for the differential equation xZ—i —y=
x2sinx is -X.
Reason (R): e®09x = glogx® — ya

Solution: (d)
Assertion (A): The differential equation Z—z = I V’;_xz is homogenous
equation.

Reason (R): f(4Ax, dy) = f(x,y) for homogenous equation.

Solution: (a)

Assertion (A): The differential equation x? = y2 + xy Z—zis an ordinary

differential equation.
Reason (R): An ordinary differential equation involves derivatives of the
dependent variable with respect to only one dependent variable.

Solution: (a)
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2
! For the differential equation 3732' +y =0, letits solution be y =
@, (X) =sin (x + %) .
Assertion (A): The functiony = @, (x) is called the particular solution.
Reason (R): The solution which is free from arbitrary constant, is called a
particular solution.
Solution: (a)
8 Assertion (A): The differential equation
ax 4= ax | 22X _ 2,-y
dy+x = cosy and dy+ S = Ye
are first order linear differential equations.
Reason (R): The differential equation of the form
dx
ay + Pix = Q4
Where, P; and Q, are constants or functions of y only, is called first order linear
differential equations.
Solution: (a)
9 | Assertion (A): The differential equation y3dy + (x + y?)dx = 0 becomes
homogeneous if we put y2 =t
Reason (R): All differential equation of first order first degree becomes
homogeneous if we put y = tx.
Solution: (c)
10 | Let a solution y = y(x) of the differential equation xvx2 — 1dy —
Y4/ y? — 1dx = O satisfy y(2) = 2
V3
Assertion (A): y(x) = sec (sec‘1 X — g)
. . 1_2v3 1
Reason (R): y(x) is given by; == /1 =
Solution: (c)
1 . ) . . . ddy d*y 2 _
Assertion (A): The degree of the differential equation ot 2 (ﬁ) +2y=
0 is zero
Reason (R): The degree of a differential equation is not defined if it is not a
polynomial egn in its derivatives.
Solution: (d)
3_ 2 3
121 Assertion (A): 2 = X2 s 3 homogeneous differential equation.
dx xXcy—x
- | _dy _ oty
Reason (R): The function F(x,y) = = oy S homogenous.
Solution: (a)
13

Assertion (A): = % + x2y® is a first order linear differential equation.
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Reason (R): If P and Q are functions of x only or constant then differential

equation of the form Z—z + Py = Q is a first order linear differential equation.

Solution: (a)

2 MARKS QUESTIONS

Q.NO

QUESTIONS WITH SOLUTIONS

Question: Write the integrating factor of the differential equation:
4 —p—2Vx

\/; (dx ) Ty=e g

Solution: The given differential equation is:

dy 1 _em2Vx

o+ (F)r="%

1
I.F. = ef\/_?dx = g2V

Question: Find the general solution of the differential equation
ydx — (X + 2y?)dy = 0
Solution: Given differential equation can be written as
yE _x=2y20or E 1 x=2y

dx dy vy
Integrating factor is e ~1°9Y = %

~Solution is x. % = [2dy=2y+C or x =2y?+ Cy

Write the order and degree of the differential equation

y =px +y/1 + p?, wherep = Z—z

solution: Order: 1, Degree: 2

Solve the differential equation Z—z = e* Y +x3e7V

4
Solution: [ e¥dy = [(e* + x3)dx =e” =e* + "T +C

Find the general solution of differential equation
dy x+1 ( £2).
dx 2 -— Y

Solutlon f(Z y)dy = [(x + 1)dx
=2y ——=— + x + C is the required solution.

Solve the dlfferentlal equation xydy =(y + 5)dx, given that y(5) =0
Solution: fisdy = f’i—x
(y+5)— 5 _ ax

f y+5 _f x
= [{1- m}dy =
=Yy —5logly + 5| = log|x| + C
Givenwhenx =5,y =0
=0 —5log5 = log5 +C
=C =-6log5
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Substituting in (i), we get
y —5logly + 5| = log|x| - 6log5 is required solution.

For the differential equation, va + xZ—z +x=0
Find the general solution

Solution:

dy = \/_dx :fdy——fm
=>fdy——f( a+x— _aaﬂ)dx

=y =2 (a + x)E + 2a+va + x+C is the required solution.

For the differential equation, e*\/1 — y2dx +2dy = 0
Solution: [ xe*dx +f¢13:_y2 =0
:xex—fl.exdx—%XZ 1-y%2 =C

=xe* — e* — /1 — y2 =C is the required solution.

Write the solution of differential equation Z—i =277
Solution: Givenz—i’ =27V > [2Ydy = [dx

2y
=
loge2

= x + C is the required solution

10

Find the general solution of the differential equation
(x—vy3)dy +ydx =0

yi-x

y

. d
Solution: £ =
dy

dx 1 oop Iy
:>dy+y.x—y,I.F.—ey =y
Solutionis y.x = [ y.y?dy = [ y3dy
4
:yx=y7+C
3
o>x = L 48
a 'y

11.

Find the general solution of the differential equation

dy 2
Z—-1)—"—+2xy =
2x _ 2
x2-1"7 = (x2-1)2

Solution: 2y +
dx

ILF. = ef%dx = glog(x*-1) — (x%—1)
Solution is (x?

=(x?—-1)y = log |i—:| +C

12.

Find the particular solution of differential equation
xZ—i +y = x3, giventhat y = 1, when x = 2

. dy |1 1
solution: é-l— ;y = XZ,I.F. = efxdx = elogx — 4
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Solution x.y = [ x3dx =xy :g +C

giveny=1,x=2 22=4+C=C=-2
3

y= x: — 92? is the particular solution

13.

Find the general solution of the differential equation
dx
—+x=1+e77.
dy
ian- & — - — ofldy — Ly
Solutlon.dy+x—1+e YI.F.=e =eY,
Solutionise?.x = [eY(1+ e ¥)dy = [(e¥ + 1)dy
=eY.x = e” + y + C is the required solution.

14.

Question: Find the general solution of the differential equation: Z—Z = tan?2x

Solution: The given differential equation is Z—i = tan?2x

On separating variable, we get:
dy = tan?2x dx

= [dy =[ (sec®2x — 1)dx
:y:%taan— x+C

This is the required solution.

EXERCISE

For the differential equation, find a particular solution satisfying the given
condition
(1+y3) (1 + logx)dx + xdy = 0 given that y = 1 when x = 1.

2
Answer: Loglx| +2292" 4 tan-1y = =
2 4

Find the equation of curve passing through the point (-2,3) given that slope of the
tangent to the curve at point (x,y) is i—’zc

3
Answer: y? =x2+45

Solve the differential equation
xZ—z =y(logy — logx + 1).

Answer: Iog(%) = Cx

Find the particular solution of the differential equation
% + 2ytanx = six, given that y = 1, when ng

Answer: y = cosx + Ccos?x

Find the general solution of differential equation
ydx - (x + 2y?)dy =0

Answer: x = 2y% + Cy
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3 MARK QUESTIONS

Q.NO QUESTIONS WITH SOLUTIONS
1 | Find the particular solution of differential equation
(1+e?*)dy + (1 + y?)e*dx = 0, given that when x=0,y =1
— . . . dy e*
Solution: from differential equation f1+y2 =—J0=
e* _ (1 let eX=t
For f 1+e2X dx = f1+t2 dt ::x§x=dt
=tan~t = —tan"le*
From (i), we get
tanly = —tan"'e* + C
Whenx=0,y=1
= tan 1 = —tan™'1+C
>C=2+2==2 (e =1)
. 4 . 4 . 2__
Substituting in (ii), we get
T
tan"ly = —tan~le* + >
=tan~'y + tan™'e* = s the required solution
2 | Find the particular solution of the differential of the equation %:1+x+y+xy,
given that y=0, when x=1.
Solution: Consider equation %:1+x+y+xy
= =11+ %) +y(14%)= (Lx)(L+y)
=2 = (14x)dx
1+y
on integrating both sides
dy
2
>log |L+yl=x+ =+ C
Given y=0, when x=1
>log [140] =1+ +C  =C=—2
substituting in (i),we get
2
log |1+y|= x+ % — % is the required solution.
3 | Find the particular solution of the differential equation

e*tanydx+(2 — e*)sec?ydy=0, given that y = % when x=0.
Solution: consider equation e*tanydx+(2 — e*)sec?ydy=0
=(2 — e¥)sec?ydy=—e*tanydx

SEY gy = gy
tany ex—2
Integrating both sides we get
sec?y eX
fmdy = fex_zdx
=log[tany| =log(e* — 2) + logC
=log|C(e* — 2)]

=tany =C(e* — 2)
Giveny = % when x=0.
:tan%:C(eO -2)
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=1=-C =>C=-1
Subsituting in (i), we get

tany = -(e* — 2)

or tany =2 — e* is particular solution

For the differential equation, find the particular solution satisfying the given
condition

(1 + sin?x)dy + (1 + y?)cosxdx= 0, given that when x =

n —

2 V=0

Solution:

f dy —Ccosx g
(1+y2) ] (1+sin2x) x
On integrating , we get

tan~ly = —tan™1(sinx) + C
[by substituting sinx=t]
Whenng,yzoo:-4+cc:
Substituting in (i), we get
tan~'y = —tan™"(sinx) + 7 is requires solution

Solve the differential equation
dy _ _ y
X—— =y = xtan (x)

. d .
Solution: ﬁ = %— tan (y) homogenous equation

X

N Y
Lety =vX S =vtx—

dv
vV +x—=v—tanv

1dx 1
= —dv = —f;ldx
=/ cotvdv = — [ —dx
=log|sinv| = —log|x| + logC

. Cc

=Log|sinv| = log |;|

:xsin% = C is the required solution.

Sole the differential equation
2yerdx + (y — 2xe§) dy =0

Solution: 2yevdx + (y — 2xe;) dy =0

x
—(y-2xe¥
dx (y xe )

=— 2 (D)
dy 2ye§

dx dv
Letx = vy:a—v+ya

Substituting in (i) we get
dv _ —(y—2vye®) _ —1+2ve?

v+ y—
y dy 2ye? 2e?
dv _—1+2ve’
SYy—= —
dy 2e?
_—1+2ve¥—2ve?’ _ 1
2e? eV
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vy, _ 1 vy = — 1 (1
=e’dv = ——dy = [eVdv = 2fydy

=e’ = —%loglyl +C

RIR

=ey = —%loglyl + C is the required equation.

Solve the differential equation
y+x.sin(§) = xZ—z

. dy y . y
Solution: = tsin (x)

_ dy dv
Lety =vx S =vtx—
=>v+x? =v+sinv = [—dv = &
X sinv X
= [ cosecvdv = fi—x
=log|cosecv — cotv| = log|x| + logC
=cosecv — cotv = XC

:(cosec% — cot%) = xC is the required solution.

Solve the differential equation
x X X
(1+ey)dx+e3’(1—;)dy= 0

ion: let xevy & = p 4y &

Solution: let x=vy S =V + Y
v ﬂ v _ —
Weget (1+e )(v+ydy)+e 1-v)=0
=>v+ve’ + y(1 + e”)Z—; +e’—ve’ =0
dv _ —(eV+v) (1+e?) _ _r1

:E - y(1+e?) = f ev+v dv = J.ydy

= logle¥ + v| = —log|y| + logC

= X Cc
>ey+—-—=-
y y

X
= yeY + x = C is the required solution.

Question: Find the general solution of the differential equation:

d_y __ 5x+3 _Z

dx  2y+7' 2

Solution: % = E;—E.This is a variable separable differential equation.
On separation of variables, we get (2y+7)dy = (5x+3)dx

= [(2y + 7) dy = [(5x + 3)dx

> 12y + 7+ =,

On multiplying throughout by 20, we get:
5Q2y+7)* + 20C1, =2(5x+3)* + 20C>

= 5Q2y+7)* = 2(5x+3)? +20C2 - 20C,
=5(2y+7)? =2 (5x+3)2+ C

This is the required solution.

10

Question: Solve the differential equation: (x +y + 1) % =1.

Solution:The given equation (x +y + 1) Z—i =1
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dx
= = x+y+1

dx _
== —x=y+1(LDE)
clF.=el-3 = ¥
Now solution is
Xxe V= [(y+ 1)e Vdy
> xeV = %—f%d}/
>XxeY==W+1eY—-eY+C
=>x=Ce¥ - (y+2)

11

Question: Find the particular solution of the differential equation

d . .
ﬁ + 2ytanx = sinx, given that y=0 when x= g
Solution:

dy .

-~ +(2tanx)y = sinx

IF = o) 2tanx j, — p2logsecx — ¢pr2y

y sec’x = [ sec?x.sinxdx + C

=f Sinzx dx+c¢
cos“Xx
= [ tanxsecxdx + C

ysec?x=secx +C

12

Question: Find the general solution of the differential equation z—z —y = sinx

Solution: Given differential equation is
= |F=el(-Ddx — g—x
~Solution is
y.e™* = [sinx.e *dx =1,
=1, = —sinx.e ™™ + [ cosxe *dx
= —sinx.e™* + [—cosxe™ — [ sinxe *dx]
1 . —x
=l = > [—sinx — cosx]e
. . _ 1 . —
~Solutionisy. e ™ = > (-sinx-cos X) e ~*+c
1

Or y=— > (sinx+cosx) +c.e™™

EXERCISE

Solve the differential equation
A 2,
(y xdx)_a(y +dx)'

Answer: y =C(x +a)(1—ay)

For the differential equation, finf a particular solution satisfying the given
condition

x(xz—l)Z—zzl;y=Owhenx=2

Answer: y=%log |1 —xiz —%log%
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Solve the differential equation
xdy -ydx = /x2+y?dx.

Answer: y + /x2+y2% = Cx?

Show that the differential equation (xe§ + y) dx = xdy is homogenous. Find the

particular solution of this differential equation, given that x =1 wheny = 1.

Yy
Answer: log|x| + ex :i

Find the particular solution of the differential equation
dy = cosx(2 — ycosecx)dx, given that y = 2, when x :g.

. 1 3
Answer: sinx.y = - 3 cos2x + 5

5 MARK QUESTIONS

Q.NO

QUESTIONS WITH SOLUTIONS

Question: Find the particular solution of the differential equation: % =1+
x?+y? +x%y?giveny =1,whenx = 1

Solution: The given differential equation is
-=1+ x?2 + y? + x%y?
:—— (1+x2)+ y2(1 +x2)
dx:(l +x2)(1 +y?)
Itis the variable separable differential equation
= [(1+ x?)dx

=/ G
>tan” y=?+X+C =>C=%
The particular solution of the given variable separable differential equation is

_ x3 T 4
tan 1y=?+x+——§

4
3

4

Zlogx

Question: Solve: (xlog X)(Z ) ry=

Solutlon Give differential equation: (x log x)( Z)+y= Zl"gx

= +( ! ) =2
dx xlogx y_x2

This is a linear equation of the form + f(x)y = g(x)

| F. = e ge® = glog log) = log X

Now the solution of the differential equation will be:
y(I.F.) = [ g(x)(1.F.)dx

= y(L.F) = fZIOngX = [(logx)( 2x~?) dx
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Now on integrating RHS by parts, we get
ylogx= log x(zf1 ) - fl(z’_cl )dx

X

=>ylog.x = _Zl;gx + [ 2x~2dx
_ -1

Sylogx = =2 4 254 ¢

=ylogx = M_E-I_C

Question: Find the particular solution of the differential equation
e*tany dx + (2 — e*)sec’ydy = 0
given thaty = % when x =0

Solution: e*tanydx = (e* — 2)sec™?y dy =0
= fﬂdy = °_dx
tany (eX-2)
Put tany =t = sec’xy dy = dt
(%= ) “_dx
t (eX¥-2)
Again put (e* —2) =u = e*dx = du
= logt = logu + logC
=log(tany) = log[(e* — 2)C]
=tany =C(e* — 2)

Put y==
>tans =C(1-2)
=>C=-1

=>tany = —(e* — 2)

Question: Solve the differential equation
(tanx~1x — y)dx = (1+ x?)dy

Solution: Given differential equation can be written as
(1+x?) Z—z +y = tan~'x

-1
% + 1+1x2 y= tZszx
S ef(ﬁ)dx
~Solution is

-1 _ -1
y. etdm X = [tan~1x etan X —
1+x2

=y, et X = etan X (tan~1x 1)+ C
Ory=(tan~'x-1)+C.e tan '

=

-1
= etan™'x

Question: Find the particular solution of the differential equation
2y evdx + (y — 2xey ) dy =0 given that x = O wheny = 1.

Solution: the given differential equation
2y egdx + (y - 2xe§ ) dy=0

On dividing Nr and Dr of RHS by y,we get
P

dy 2e(3)
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It is homogenous differential equation of second type
= ax _ w
~Put x =vy and ol +y (dy)
v+ (d_v) _ 2ve¥-1
y dy 2eV

N (dv) _ 2ve¥-1 v
y dy - 2eV

vy _ 1
=>y(E) - 2eV
=2 [evdv = fdy—y
=>2e’=—logly|+C

=2ey=—logly|+C

Putx=0andy=1

2¢% =—log1+C

=2=0+C =C =2

~Particular solution of given homogenous differential equation is

=2ey = —logly| + 2

Question: Solve: (1 + x?) Z—z + 2xy = 4x? subject to the initial condition y(0) =
0

Solution: The given differential equation:
(1+x2) 2 +2xy = 4x?

dy 2x _ 4x?
= dx + (x2+1) T X241
It a linear differential equation of the form

Z+f@y =g

_ 2x _ 4x2
Where f(x) = —— andzg(x) ==
ILF. = eff(x)dx = ef(x2+1)dx = elog(x2+1)
=>ILF.=x?+1

~Solution of the given linear differential equation
y(ILF.) = [ g(x)(I.F.)dx ]
y(x?+ 1) = [ 4x?dx =%+C

Sy +1) = 24c

To find the value of C, put x=0 and y =0 in the above equation

00+1)==2+C =C=0

Sy +1) = 2

Question: Find the particular solution of the differential equation
e*y1—y2dx + G)dy =0,x =0,y =0.
Solution: The given differential equation is:
e*\1—y?dx + (%) dy =0
4 — _pX [1 _ 2
:>(x)dy— e*\/1—y4dx

:>(\/1i_yz> dy = —xe*dx
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:f(\/lji_yz)dy= — [ xe* dx

:—%f_zydy = — [ xe*dx

Vi
=>1—-y2=xe*—e*+C
To find the particular solution put x = 0 and y = 0 in the above equation
Vi—0 =0e°—e’+C >C=2
=the particular solution is

J1—y2=xe*—e*+2

Question: Find the particular solution of the differential equation
(x% — yx?)dy + (y? + x?y?)dx = 0,giveny =1, whenx =1

Solution: The given differential equation is
(x% — yx2)dy + (y*> +x%y?)dx =0
=>x%(y — Ddy = y?(x? + 1)dx

_ 2
ﬁf ()/yzl) dy — (xx-:l) dx

1 1 _ 1
1 _ 1

=>I0gy+;—x —;+C
To find the particular solution,
Putx =1andy=1inequation
log(1) +1=1—--+C
=>0+1=C =>C=1
The particular solution of the given differential equation is
Iogy+yi:x —%+ 1

Question: Find the particular solution of the differential equation: log (Z_Z) =
3x + 4y,

given y =0, when x = 0

Solution: The given differential equation is
Iog(j—z) =3x + 4y

= d_y = eSx+4y — e3x_e4y
dx
=>[edy = [e3*dy

e~y 3%

= =—+C
—4 3
1 e3x
=—+C
44y 3
1 e3x
ey T3 =C

To find the value of C ,put x = 0 and y = 0 in equation
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Question: For the differential equation xy (Z—z) = (x+2)(y+2), find the solution

curve passing through the point (1,-1)

Solution: The given differential equation xy (Z—i) = (x+2)(y+2)

It is a variable separable differential equation.

I(ﬁ) dy = f(%z) dx
> () dr = 1 (57) ax
zf(l—ﬁ)dy=x+2logx+€

=y -2log(y+2) = x+2log(x) + C

This curve passing through a point (1, -1)
Putx=landy=—1init

-1-2log (1) =1 + 2log(1) + C
=2-1-0=1+2x0+C

=>-1=1+C >C = -2

On putting C = —2 in the curve equation:

y-2log|ly +2| = x +2log|x| — 2

EXERCISE

Find the general solution of differential equation
(x3 + x? +x+1)3—z= 2x% + x

Answer: y = gloglx + 1| + %loglx2 +1| - %tan‘lx +C

2
Show that the differential equation A >
dx Xy—x

is homogenous and also solve it.
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Answer: ~ —logly| = C

Find the particular solution of the differential equation
tan x .Z—z = 2xtanx + x? —y; (tanx # 0) given that y = 0 when x 22.

2
Answer: sinx.y = x*sinx — =

CASE BASED QUESTIONS

Q.NO

QUESTIONS AND SOLUTIONS

Polio drops are delivered to 50K children in a district. The rate at which polio
drops are given is directly proportional to the number of children who have not
been administered the drops. By the end of 2nd week half the children have
been given the polio drops. How many will have been given the drops by the
end of 3rd week can be estimated using the solution to the differential equation
dy

= k(50 — y)where x denotes the number of weeks and y the number of

children who have been
given the drops.

(a) State the order of the above given differential equation.
(b) Which method of solving a differential equation can be used to solve
2= k(50 - )?

(c) the solution of the differential equation Z—i’ = k(50 — y) is given by,

(i) log |50 - y| =kx+C (i) —=log |50 — y| = kx + C
(iii) log |50 — y| = log(|kx|) + C (iv)50 —y = kx + C

(d) The value of ¢ in the particular solution given that y(0) = 0and k =
0.049 is

(i) log 50 (i) log <) (iiii) 50 (iv) - 50

Solution:
(@) Orderis 1
(b) (i), Variable separable method
(¢) (i), =log|50-y| = kx + C

(d) (ii), log —

An equation involving variables as well as derivative of the dependent variable
with respect to only one independent variable is called an ordinary differential
equation.

dy | d*y ,_
e.g. - T 22270
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From any given relation between the dependent and independent variables, a
differential equation can be formed by differentiating it with respect to the
independent variable and eliminating arbitrary constants involved.

(@) The degree of the differential equation

(;‘—";)4 +3y22 = 0is
()1 (i) 3 (iii) 2 (iv) 4

(b) The order of differential equation

(i) 1 (ii) 2 (iii) 4 (iv)3

(c) The number of arbitrary constants in general solution of differential equation
of third order is
(O (ii)2 (iii)3 (iv)a

(d) The degree of differential equation

(L) +e(2) =0
(i) 1 (ii) 0 (iii)) 4 (iv) Is not defined

Solution: (a)-(i), The highest order derivative is % whose

degree is one. So, degree of differential
equation is 1.

(b) - (iv), The highest order derivative present in the differential equation is y~.
Therefore, its order is 3.

(c) - (iii), We know that the number of arbitrary constant in the general solution
of a differential equation of order n is equal to its order.

Therefore, the number of constants in the general equation of the third-order
differential equation is three.

(d) - (iv), as differential equation can't be written as polynomial of derivative.

A Veterinary doctor was examining a sick cat brought by a pet lover. When it
was brought to the hospital, it was already dead. The pet lover wanted to find its
time of death. He took the temperature of the cat at 11.30 pm which was 94.6°F.
He took the temperature again after one hour; the temperature was lower than
the first observation. It was 93.4°F.The room in which the cat was put is always
at 70°F. The normal temperature of the cat is taken as 98.6°F when it was alive.
The doctor estimated the time of death using Newton law of cooling which is

governed by the differential equation: % x(T-70), where 70°F is the room

temperature and T is the temperature of the object at time t.
Substituting the two different observations of T and t made, in the solution of

the differential equation % = k(T — 70) where k is a constant of proportion,
time of death is calculated

a) State the degree of the above given differential equation.
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(b) Write method of solving a differential equation helped in calculation of the
time of death?

(c) If the temperature was measured 2 hours after 11.30 pm, will the time of
death change? (Yes/No)

(d) Find the solution of the differential equation
= k(T - 70)

(e) If t=0when T is 72, then find the value of ¢

Solution: (a) Degree is 1, (b) Variable separable method, (c) No,
(d) log|T - 70| = kt + C,(e) log2

A function of the form y = @(x) + C which satisfies given differential equation,

is called the solution of the differential equation. The solution which contains as

many arbitrary constants as the order of the differential equation, is called the
general solution of the differential equation.

A solution obtained by giving particular values to arbitrary constants in the
general solution of a differential equation, is called the particular solution.

(a) y?= 4ax is solution of differential equation

(i) yy' =xyy +xy" (i) Xy’ =xy" +xy’
(ii)2xy' -y =0 (iv) xy +y'=xy

(b)The solution of the differential equation sec?x. tanydx + sec?ytanxdy =
0is

(i) tanx = C (ii) tanx.tany = C
.\ tanx _
(iii) tanx + tany = C (IV)m—C

(c) The genral solution of differential equation

. tan"ly

(I) tan-lx ¢

(i) tan"lx.tan"ty = C
....tan™?

(|||)tzz_1; =C

(ivVitan~ly =tan"1x + C

(d) The solution of differential equation
e*tanydx + (1 + e*)sec?ydy =0

(i) tanx = C(1 —e?)
(i tany = C(1 —¢eY)
(iitany = C(1 — e%)
(iv)tany = C(1 + e*)7 !

Solution: (a) - (iii) ,(b) — (ii), (c) - (i), (d) — (iv)
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Friends are revising differential equations
ay _ _y*
dx  xy—-x2’

answered. few questions are required to be

(i) Which method is used to solve the given differential equation?
(i1) What is the degree of the given differential equation?
(iii) Find the general solution of the given differential equation.

Solution: (i) Method of homogenous differential equation,
(ii) degree =1 ,(iii) g —logly| =C

Two friend together are preparing for board examination and they were revising
differential equations. They were asking each other one by one concepts related
to differential equations, then one of the friends asked how to solve the
differential equation, (2x-5y+3)dx + (4x-10y-9)dy = 0. :

During conversation they came across the following questions

(i)Differential equations can be solved using

(a) seperating the variables

(b) method for solving homogeneous equations

(c) method for solving linear differential equations of first order
(d) using substitution method

(if) We can start with

(a) separating variables

(b) substituting y = vx

(c) finding integrating factor
(d) substituting 2x - 5y =t

2x-9 .

(iii) fmdx is equal to
(8) 2—Zlog|3x — 1| +C
(b) 2x — Zlog|3x — 1|+ C

(©) 2—=logl3x — 1| +C
(d) 2x — Zlog|3x — 1|+ C

(iv) [ 3.dx is equal to
(@ 3+C

(b) Log3 +C
(c) 3x +C

32
@ >+c

(v) solution of differential equation is

@ S(Zx—Sy)—glog|18x—45y—3| =x+C
(b) 2x = 5y) —log|18x —45y —3|=x+C
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(© §(2x—5y)—log|18x—45y—3| =x+C
(@) §(2x —5y) —glog|18x —45y-3|=C

Solution: (i)-(d), (ii) — (d), (i) — (b), (iv) - (c), (v) — (a)

As during COVID-19 board examinations have been postpond, so friends are
revising the syllabus again and again and the topic in question is differential

equations and given differential equation is (1 + y2)dx = (tan™!y — x)dy with

the above information answer the following:
(i) What is the degree of the differential equation?

(@) not defined
(b) 0
()1
(d)2

(i) The differential equation can be solved using the method of solution by

(a) seperating the variables
(b) using method for linear differential equation of type % + P(X).y = Q(X)

(c) using method for linear differential equation of the type Z—; +P(y).x=Q(y)
(d) using method for homogeneous equation

(ii1) To solve the differential equation, it can be written as
(a) & = _Aty?
dx tanly-x
dx _ tan"ly-x
0) & =

dx 1
(C) E T 1+y2

(d) dy dx

1+y2  tan—ly—x

x =tan"ly

(iv) For the solution the differential equation integrating factor is

(@) tan"ly
(b) etan‘ly

() erty?
(d) e—tan‘ly

(v) Solution is

(@) x=tan"ly — 1+ C.e"ta0""Y
(b)y=tan~lx — 1+ C.e tan™'x
(c) tan "ty =log(tan "ty —x) + C

(dy=tan"lx+ C

Solution: (i) — (c), (ii) —(c), i) — (b), (iv) — (b), (V) — (a)

174



CHAPTER: VECTORS

SYLLABUS: Vectors and scalars, magnitude and direction of a vector. Direction cosines
and direction ratios of a vector. Types of vectors (equal, unit, zero, parallel and collinear
vectors), position vector of a point, negative of a vector, components of a vector, addition of
vectors, multiplication of a vector by a scalar, position vector of a point dividing a line
segment in a given ratio. Definition, Geometrical Interpretation, properties and application
of scalar (dot) product of vectors, vector (cross) product of vectors.

Definitions and Formulae:
Scalar: those physical quantities which have only magnitude are called scalar

for example: time period, distance, work done, area, volume, mass, density, speed, temperature,
money voltage, resistance etc

Vector: Those physical quantities which are defined by both magnitude and direction are called
vector

For example: force, velocity, acceleration, displacement, weight, momentum, electric field
intensity etc

Zero vector: a vector whose initial and terminal points are same is called a zero vector or null
vector and is denoted by O

Co initial vectors: two or more vectors having the same initial point is called coinitial vectors

Collinear vectors: two or more vectors are said to be collinear if they are parallel to the same
line irrespective of their magnitudes

Equal vectors: two vectors dandb are said to be equal, if they have the same magnitude and
direction regardless of the positions of their initial points and written as d@ = b

Negative of a vector: a vector whose magnitude is the same as that of a given vector but
direction is opposite to that of it is called negative of the given vector.

BA is the negative of AB

Important Properties

1. Forany two vectorsd@and b, d+b=hb+d (commutative property)
2. For any three vectors @ , b andé, (@ +b) + ¢ =d + (b + &) (associative property)
3. Triangle law of vector addition: A

N

B 4 C
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In the given triangle AC = AB+BC

4. If #=xi+yj +zk then the magnitude of 7 is |? | =/x2% + y2 + z2

5. Let d be a given vector and ) a scalar. Then the product of the vector a by the scalar A is

denoted as Aa and |Mi | = | X| |5 |
6. The unit vector of d is a@ = ﬁ
a
7. Direction ratios if # = xi + yj +zk then x , y , z are the direction ratios of vector 7
8. Direction cosines: the direction cosines of 7 are denoted by I, m, n (cosa, cosP, cosy)
I = m=-—2-,n=—
T ™ T T o
9. The product of two vectors is commutative d.b =b.d

10. If | ,m ,n are the direction cosines then I>+m?+n? = 1

15. a.b=|a’ ||b| cosO
16. dxb= la’ ||b| sin®n , where 7 is a unit vector perpendicular to the plane containing
dandb,

such that &, b, A form right handed system of coordinate axes

MULTIPLE CHOICE QUESTIONS

S.NO QUESTIONS AND ANSWERS
1 | Which of the following is correct?
a) dxb = bxd b)@ x @ =|d|?
o) @ xd=|d| d) dxb = —bxd
Solution: d) Gxb =-bxd
2| Two vectors @ and b are parallel if
a) @xb =0 b)d.b=0
c) |dxb| = [@]|b| d) None of the above
Solution: a)
dxb= |a||b| sin®
if ©® = 0 then,
dxb= [a@]|b| sin0
. dxb =0
3 The unit vector in the direction of d= 31 - 2j + 6k
a) — (31 - 2] + 6k) b) = (31 - 2] + 6Kk)
c) 7(31 - 2j + 6k) d)49(3i - 2j + 6k)
Solution: b)
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if d=3i - 2j + 6k
. _a i-2j+6k
then(IZZJL-: 3t—-2j+6

la|l V32+(-2)7+6?
=~ (31- 2] + 6k)

If @ is unit vector and if (x” - @’). (x'+a’) = 15 then |x| is
a) 16 b) 6 c) 4 d)1

Solution: c)
(x -a). (x+a)=15
- [FP- [@P=15
[X?-1=15 {sincea is unit vector}

[x'>=16
x1=4
The direction cosines of the vector -2+ j-5k are
-2 1 5 -2 -1 5
®) s Voo ' Va0 b) 5 T v
2 1 -5 -2 1 5
©) =55+ Va5 " Voo )7~ e
Solution: c)
The direction cosines of a vector 7 =xi + yj + zk are : 1= |’i| , m= ’{ pn = ’i’
r r T
So the DC’s of -2i+ j-5k are | = 2 . n=

N e AN e S
-5

(—2)2+1%2+(-5)2

2 1 -5

T —V30' V30’ V30
If the vectors 2i-3 j+ 4k and ai+ 6 j- 8k are collinear then the value of a is
a) —4 b) 4 c)2 d) -2
Solution: a)
if the vectors 2i-3 j+ 4k and ai+ 6 j- 8k are collinear then

2 -3 4

a6 -8

Or E = __3

a 6
=aq=-4

The position vector of the midpoint of the vector joining the points
P(2,3,4) and Q(4,1,-2) is

a) 61+ 4 j- 6k b) 3i+ 2j- 2k
C) 61+ 4j+ 6k d) 31+ 2j+ k
Solution: d)

The position vector of the midpoint of the vector joining the points P(2,3,4) and
2+4 , 3+1 ,

Q@1-2)is =21+ 22 + =2k
= 3i+ 2j+ k

2

The scalar components of the vector AB with initial point A(2,1) and terminal
point B(1,0) are
a)1,1 b) —1,-1 c1,-1 d —-1,1
Solution: b)
The vector AB with initial point A(2,1) and terminal point B(1,0) is
AB =(1-2)1+ (0—1)j
= -17 -1j so the scalar components of AB are —1,—1
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9 |If d =60+ f,
a) 6i+4j- k
c) 7i+ 2 j+ 2k

Solution: ¢)

b=t+2j+k,¢

=

b)7i+ 4 j- 2k
d) 7i+ 4 j+2k

=j-kthend+b-2is

v 1
&

10 | The value of (i x j).
a)0 b) 1

Solution: d)
¢ ><]) k+1i
= kk+0+
= 1+1

=2

J-
3

k.G x 1)
k -1

CHAPTER

VIDEO LINK FOR MCQs

SCAN QR CODE FOR

VECTORS

https://youtu.be/t4jGZmgSilc

B35 E

EXERCISE

1 if a=417-

N
|

2J-

a) \/i_
4_ —

) &
Answer: (b)

7I*&|
7|@'

WN

-

N
Q|_
-

k then the direction cosines of d are

-2

D) G T v

d) None of the above

_1
T

2 |Ifd=

a) Parallel

Answer: (a) Parallel

A-2j+3/?andl_5

¢) Co initial vectors

i - 8+ 12 k the vectors d@ and b are

b) Perpendicular

d) None of the above

—

3 | The magnitude of b =

a) V69
Answer: (a) V69

-8j+2kis
b) V63 ) V70

d) Vil
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4 The vector components of b=3i +j+ 7 k are
a) 3,17 b)3i,j, 7k
) 3i,7,7k d)%\%\%
Answer:(c) 3%, ,7k
5 Which of the following measure is vector?

a) Distance b) Time period
¢) Volume d) Force
Answer: (d) Force

ASSERTION AND REASONING QUESTIONS

The following questions are of one mark each, two statements are given, one labelled
Assertion(A) and the other labelled Reason(R). Select the correct answer from the codes
(@),(b),(c),(d) as given below

a) Both Assertion(A) and Reason(R) are true and Reason(R) is the correct explanation of
the Assertion(A).
b) Both Assertion(A) and Reason(R) are true but Reason(R) is the not the correct
explanation of the Assertion(A).
c) Assertion(A) is true and Reason(R) is false
d) Assertion(A) is false and Reason(R) is true
1 | Assertion(A): the magnitude of vector b = 3+ 2j+ 6k is 7
Reason(R) : if # = xi+ yj+ zk then |7 |=x2+y?+1?
Answers: c) Assertion(A) is true and Reason(R) is false
2 | Assertion(A): the vector in the direction of a =i —2j with magnitude 7 units is
7 A 14
R
Reason(R) : the vector in the direction of 7,which has magnitude d units is d. 7
Answers: a) Both Assertion(A) and Reason(R) are true and Reason(R) is the correct
explanation of the Assertion(A).
3 . . . . . A A ~ L i i
Assertion(A) : the direction cosines of i+ 2j + 3k are NNy
Reason(R) : for any vector ¥ = xi+ yj+ zk , |#| = /x2+y2+22
Answers: b) Both Assertion(A) and Reason(R) are true but Reason(R) is not the
correct explanation of the Assertion(A)
4 | Assertion(A) : the angle between & and b is 60° .if |d|=+3,|b|=2, @.b =3
Reason(R) : d@.b=|d| |b|sine
Answers: c) Assertion(A) is true and Reason(R) is false
5 | Assertion(A) : If eitherd = 0or b = 0 then @.b = 0
Reason(R) : if a,b,c are the direction ratios of the vector then a?+b?+c? = 1
Answers: ¢) Assertion(A) is true and Reason(R) is false
6

Assertion(A): for any two vectors d@ and b with | @|#0 #| b | we always have
la+b|<|dl|b|
Reason(R): d.d = 2

<

a
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Answers: d) Assertion(A) is false and Reason(R) is true

Assertion(A): the direction cosines of a vector equally inclined to the axes OX, OY,
OZarel,1,1

Reason(R): the direction cosines of a vector # = xi+ yj+ zk is | = = m=
. |

|7

Answers: d) Assertion(A) is false and Reason(R) is true

|<

yn=

=
=

Assertion(A): (@ + b). (@ + b)= | d|2+| b |?2.ifand onlyif &,b are perpendicular,
d+0,b+0.

Reason(R): d+b=b+d

Answers: b) Both Assertion(A) and Reason(R) are true but Reason(R) is not the

correct explanation of the Assertion(A).

Assertion(A): the vector 7 of magnitude 3v2 units, which makes an angle of > and ~.
with y- and z- axes respectively is + 37 + 3j

Reason(R): d.b=|d| |b|cos®

Answers: b) Both Assertion(A) and Reason(R) are true but Reason(R) is not the

correct explanation of the Assertion(A).

10

Assertion(A): the unit vector in XY-Plane, making an angle of 30° with positive
direction of x-axis is \/Z—gi + %j

Reason(R): # = co0s30%+ sin30%f

Answers: a) Both Assertion(A) and Reason(R) are true and Reason(R) is the correct

explanation of the Assertion(A).

EXERCISE

Assertion(A) : If @ = 31 +j+ 7 kand b = 41 +2j-2 k then d.b = 0

Reason(R) :i.i=1,j.j=1,k.k=1

Answer: Both Assertion(A) and Reason(R) are true and Reason(R) is the correct
explanation of the Assertion(A).

Assertion(A) : the unit vector of i +j+ k is%(i +i+ k)

Reason (R) :a@ = %
Answer: Assertion(A) is false and Reason(R) is true

Assertion(A) :i +3f — k and 37 +9j — 3k are collinear vectors

Reason (R) : two collinear vectors are always equal in magnitude
Answer: Assertion(A) is true and Reason(R) is false

Assertion(A) : the unit vector in YZ-Plane, making an angle of 45° with positive
. . o1, 1 5
direction of x-axis is 5t \/_Ek
Reason(R) :# = sin45%+ cos45%
Answer: Both Assertion(A) and Reason(R) are true and Reason(R) is the correct
explanation of the Assertion(A).

Assertion(A) : the vector joining the points A(1,0,-1) and B(2,1,0) is directed from
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BtoAis i +j-k
Reason (R): PQ = 0Q — OP
Answer: Assertion(A) is false and Reason(R) is true

2 MARK QUESTIONS

If @ =4i-j+kandb = 2i-2j+k, then find the unit vector along the vector d x
b
Solution 41-j+kand b = 21-2j+ k
R L
axb=|4 -1 1
2 -2 1 A
=i(-14+2)-j(4—-2)+ k(-8+2)
=i—27-6k

i-2j-6k _i-2j-6k

124(-2)2+(-6)2 V41

the unit vector along the vector a x b=

If the vectors @ and b are such that | @|=3,|b | 2 and @ x b is unit vector then
find the angle between d and b

|axb|
||b|

Ql

Solution: Angle between a and b is Sin © =

|
Sln@z

Ql

{-|dax b| =1

w

-z
3

p_n

Sln@—
==
6

Find the position vector of a point which divides the join of points with position

vectors (@ — 2 b) and (2d + b) externally in the ratio 2:1
1(@-2b)-2(2d+ b)

Solution: The required vector =

. 1—2
_d-2b- 2b
1:2
_ -4b
-1
R
=3a+4b

Ifd,b,¢ are three non-zero unequal vectors such that @. b = @ . ¢, then find the
angle between d and b — ¢
Solution: Givend . b =

—> -

. C
d.B-a.E:O
a.(b-3)=0
. @ is perpendicularto (b - &)
Sotheanglebetweendandl;—Eisg
If @=2i+j+3kandb =3i+j— 2k, thenfind [d x b |
Solution: aszé ]1 ¢ = §(=2-3) = j(-4—9)+ k(2 -13)
3 1 —2 .
dxb =-51+13j—k
|axb|=(=5)2%+ (13)% + (—1)
195
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6 | Find |@| and |b| if (@+b)(@-b) =8and || =8|b|
Solution: (@ +b)(@-b)=|d|2— | b|?
8=[85|]" - | 5|2
8=64| b|2— | b|2
Or 63| b|2=8
5] - |3
7 | The position vectors of points A,B,C are AL +3j , 127 +uj and 117 — 3j
respectively. If C divides the line segment joining A and B in the ratio 3:1, find the
values of A and p
Solution: ~ 11{ — 3j = XA HAIES]
) 4
44=36+) = )=8,
and -12=3u+3 =>pu=-5
8 |If|@+b|=60and |d-b|=40and |d|=22,then find | b |
Solution: |d + b|2+|d— b|2=2[|d|*>+ | b]|?]
60% + 402 = 2[222+ | b|?]
| |2 = 2600 — 484
| b| =46
9 |If d,b are two vectors such that | a+b | = | a | , then prove that 2d + bis
perpendicular to b
Solution: Given |d +b |=|d|
or |d+bl2=]dl?
@2+ |b|2+2d.b = |d|?
|b|2+2d.b=0
b.b+2d.b=0
b(b+2d)=0
- b is perpendicular to (b+ 2d)
10 |if c|7 alnd b are perpendicular vectors, |d + b |=13 and | @| =5, find the value
of |d
Solution: |d@ + b|2=|ad|?+ |b|?2+2d.b
132=52+ |b|2+0
169 -25= |b |2
|b| =12
EXERCISE
1 | Find a vector in the direction of vector @ =-2i +j + 2k that has magnitude 9 units.
Answer: -6 +3j + 6k
2 | Find a unit vector in the direction of d+b if d =i +j — 2k and b=i+ 3 + 2k

Answer: 21 + 4j
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The position vectors of A,B,and C are Ai +3f, 127 +pjand 117 —3jrespectively. If C
divides the line segment joining A&B in the ratio 3:1,find the values of A and p

Answer: A =8 and p=-5

If two vectors d andb are such that |d|=3 ,|b |= 1, d.b=2 find (3d+b).(2d-3b)

Answer: 37

If dxb = c'xd and @x¢ = b xd , then show that (d-d) is parallel to b - ¢, it is

Given that d#d and b#c
Answer: To show (d-d) x (b-¢)=0

3 MARK QUESTIONS

Letd=41+5j-k,b=1-4j+5k and & = 3{ + - k. Find a vector d which is
perpendicular to both vectors ¢ and b and d.d =21
Solution: Since d is perpendicular to both vectors ¢ and b s0

, I L
d=ACxb)=A|3 1 -1 { where A is scalar}
1 -4 5

=A[I(5—4) —j(15+ 1) + k(—12 - 1)]
= A[i — 16] — 13k]
d =A—216j — 113k
given d.d =21
. (AT —216] — 213k). (41 +5) — k) =21
= 41 -804+ 131 =21

@ﬂ:—l
3

wd =—2(1—16] —13k)

If d =1+2j+k , b = 20+ jand ¢ = 31 — 4f — 5k. Find a unit vector perpendicular
to both vectors( & — b) and (¢ — b)

Solution: Given @ = { +2j+k , b = 2i+ jand & = 3i — 4] — 5k.
G—b=i+2j+k =21 —j = —i+j+k

J
(a—b) X(c—b)=|1-1 1 1
1 -5 -5

=-4j +4k
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|(d—b) x (€—b)|=/(—9)?+4%2 =42

. . —4j + 4k -j+k
= + =+
The required vector is= =+ e t—5

If # = xi +yj+ zk , find (7x0).(F x j) + xy
Solution: (7x7).(F x j) + xy
Pxi= (xi+yj+zk)xi= 0-yk+zj=2]—yk
Pxf=@i+yj+zk) xj=xk+0-zi=xk -zt
Now (#x1).(F X J) + xy = (2] — yk).(xk - z0)
=-xy+xy=0

The magnitude of the vector product of the vector 1 +j+ k with a unit vector along
the sum of vectors 2i +4j-5k and A7 + 2j+ 3k is equal to v2 . find the value of A .
Solution: Letd = i +j+ k , b =21 +4j-5k , & = Al + 2j+ 3k
Given b+ &= 21 +4j-5k + AQ + 2j+ 3k = (2+ )i + 6j-2k = d (say)
|d =2+ D2+62+(=2)2 = /2 + )%+ 40
k
1

N i .
Nowdxd=| 1 1 = 8 +(4+ )j + (4 — Dk
6

-2

Given

| | =V2
-81 +(4+ D) j+(4-Vk —\/E
J2+ 1)2+40 B

V (=8)2+(4+ )2+(4- )2 _ NGl
J@2+ )Z+a0 -

64+16+8A+A%2+16—81+1% _ 2

A2+41+44
964212

A2+47+44
=>81=8
=>1=1

=>

=>

let @ , b and ¢ be three vectors such that | a | =3, | b | =4 and | ¢ | =5 and each one
of them being perpendicular to the sum of the other two, find | d+ b+é |
Solution:Given d@.(b+¢) =0, b.(@+&) =0, &.(@+b)=0
Now |@+ b+¢|? =@+ b+¢é)?
=(@+ b+¢&)@+ b+¢)
=d.d+d.(b+¢) +b.b +b.(@+¢) + C.& +

¢.(G+b)
Put d.(b+¢) =0, b.(d+d) =0, ¢.(d+b)=0
|d+ b+2|2 bl2+0+ |2|2+0
|G+ b+2|?=32+42+5 {-|da|=3,|b|=4and
|¢|=5;
ld+ b+ 5|2
ld+ b+¢| =

show that the points A(—21 +3j+ 5k) , B(i +2j+ 3k ) and C(7i - k) are collinear
Solution:Given the points are A(—21 +3j+ 5k) , B(i +2j+ 3k ) and C(7i - k)
AB = (1 +2j+ 3k ) — (=20 +3j+5k) =3i-j— 2k
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BC= 7t-k-(1+2j+3k) =6i-2j — 4k
AC = (71- k) —(—21 +3j+ 5k ) =9i - 3] — 6k
|4B | = \[32+(—1D)%+ (-2)2 =14
|BC| =\[6+(=2)%+ (—4)? =2V14
|AC| =/92+(=3)?+ (-6)? =314
Here |AC| = |BC| +|4B|
Hence the points A, B, C are collinear

=

7 |ifd, b and ¢ are unit vectors such that @ + b + ¢ =0, find the value of @ .b + b.¢
+¢.d
Solution:Given | a | = | b |= | ¢ | =1 and also
da+b+¢2=0
Or (d+b+¢)*=0
= |a|2+|b|2+|¢|?+2d.b+2b.¢+22.d =0
= 1241%+12+2(d.b + b.¢+2.d) = 0
= 2(@.b+b.¢+¢.d) = -3
> (@.b+b.¢+¢.d) ==
8 |if a=20+2j+3k ,b=-1+2j+3k ,é=3i+jaresuchthatd+ Ab is
perpendicularto ¢ find the value of A
Solution: Given d = 21 +2j+3k ,b= -1+2j +3k ,é=30+)
G+ Ab=20+2/4+3 k + A(- 1 +2] + 3k)
= (2- 1) T+ (2+2 )] +(3+3 Dk
Givend + Ab is perpendicular to ¢
~(@+ Ab).C=0
ie [(2-2) 1+ (2+2 )] +(3+3 )k] .(3i+/)=0
=> 3(2- 1) + (2+2 1)=0 =>1=8
9 |if 4b,¢ are mutually perpendicular vectors, then find the value of |28 + b + ¢ |
Solution: Given &, b, ¢ are mutually perpendicular vectors
aB :o, b.é =0, @.¢é =0
J&I=|bl=| | =1 o
|2a+b+ ¢ [?=4|a|?+|b |?+]|¢ |*+4a.b+b.¢ +a.¢
= 4 .12+ 1%2+12 + 0+0+0
=4+1+]1
=6
|2a+b+ ¢ |=6
10 | If d@and b are two vectors such that |d@ + b| = |d| , then prove that 2d + b is

perpendicular to b.
Solution: Given |d@ + b| = |d|
or |d + b* = |af?
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= |d|>+|b?+2d.b =1adl?
= |df? -|d|? +|b|*+2d.b =0
= |p]?+2d.b=0

> .b(b+23d)=

Hence 2d + b is perpendicular to b.

EXERCISE

If A, B, C, D are the points with position vectors 4 +5j + k, —j — k, 31 + 9] + 4k
and - 41 +4 j + 4k respectively, then find ﬁ.(ﬁ X ﬁ)

Answers: 0

Find |[AB x AC| If A(1,2,3) , B(2,-1,4) , C(4,5,-1) are three points in space.

Answers: V274

Find a unit vector perpendicular to both the vectors d+b and d@-b where @ = i +j +
kandd =1+2j + 3k
2] k

-
ANSwers: 7 + NS

If @, b and ¢ are vectors such that @ + b + ¢ = 0 and |d@|=5, |b |= 12 ,|’|=13, then
find the value of @.b + b.¢ +¢.d

Answers: a.b + b.¢ +¢.d =-169

If @, b and & are three mutually perpendicular vectors of equal magnitude, show
that @+b + ¢ is equally inclined to @ , b and é. also find the angle.

CASE BASED QUESTIONS

Two boys Amit and Raju are playing in a park, they saw three points A(2,-1,3) ,
B(1,1,3), C(3,2,0) and they decided to play a game Amit is moving from A to B
and Raju is moving from Ato C

A

{-.

Based on the above information answer the following
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1)

2)

3)

4)

Answer:

The vector AB  is

a) 1+5]+k b) -1 +2f + k

c) —i+2f d) 1+2f

The vector AC is

a) 1+3j+3k byi+2] +k

c) 1+3j—3k d)i +3k

The position vector of point A is

a) 2i-j+ 3k b) -21 -] + 3k

c) 2i-3j—3k d) 21 + 3j — 3k

The magnitude of AC is

a) V9 b)v29 c) V18 d) V19
1. ¢) —i+2j {<AB = (1-2)i +(1+1)j + (3-3) k }

2. ¢)i+3j—3k  {+AC =(3-2)i+(2+1)j + (0-3) k }
3. a)2i-j+3k { The position vector of A is 2i - j + 3k}
4. d)v/19 { = |AC| =12 +32 + (-3)2}

The roof of a shop is in the shape of a trapezium with four points P, Q, R, S

R

The position vectors of P, Q, Rand S are 1 +j + 3k, 21 +3j + k, 1-3] + 2k, 41

+3j — 4k

respectively, some ants moved on the boundary of the roof.

Based on the given information answer the following

1)

2)

3)

4)

Answers:

The coordinates of Q are

a) (1,1,3) b) (2,3,1) c) (2,3,0) d) (1,2,0)

Two ants moved from the point P, one ant from P to Q and other ant from

P to S and the vectors made by the given condition are

a) Collinear vectors b) Negative vectors

c) Coinitial vectors d) Two collinear vectors with
unequal magnitudes

The direction ratios of SR are

a) 3,6,—3 b) 3,3,-2 C) 2,6,-3 d)-3,-6,
6
PS and QR are
a) Equal vectors b) Collinear vectors
¢) With equal magnitudes d) None of the above
1. b)(2,3,1) { - the position vector of Q is 2i +3j + k }
2. c¢) coinitial vectors
3. d)-3,-6,6 {SR =i-3j + 2k — (41 +3j — 4k )=—31- 6]+ 6k }
4. d) none of the above
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Carrom or Karom is a game that has long been played throughout India and South
East Asia but the game has become increasingly popular throughout much of the
rest of the world during the last century.

A player is playing the carrom game, in the above picture suppose the striker is at
point A(1,1,3) , a white coin is at the point B(2,3,5) and the black coin at C(4,5,7
Based on the above information answer the following

1) If the striker hit the white coin then the vector is

a) 1+2f+ 3k b)i +j + 2k
¢) -1-2j—2k d) i +2] + 2k
2) The distance covered by the striker to the white coin is
a) V5 b) 3 )5 d) V3
3) The direction cosines of AB are
1 2 1 -1 -2 =2
a) -,-,= by—,=,=
1323 R
c) 5,_5,5_ _ d)?,g,g o
4) The direction ratios formed by the striker to the black coin is
a) 3’4’4 b) 3’3’4 C)414!3 d) -31-3; -4

Answer:

1. d)i+2j+ 2k {~AB = (2-1)i+(3-1)j + (5-3) k }

2. h)3 {|AC| =/12+22+(2)2 =\9=3}
3. )%% g { Direction cosines of AB are §§ ,g}

4,

a) 3,44 {AC = (4—1)i +(5-1)] + (7-3) k = 30 + 4] + 4k } so the

direction ratios are 3,4,4

EXERCISE

Three photos are placed on a wall at the points A, B, C
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and the coordinates of these points are ( 2,1,3) , (-2,1,-3) and ( -3,3,2) respectively

based on the given information answer the following
1) The direction ratios of BC is

a) 1+3j—k b) 41 — 6k
c) —i+2j+ 5k d) i- 2j — 5k
2) The direction ratios of BC are
a) —1,2,5 b) 1,—-2,-5 c) 4,0,—6 d)1,3,—-1
3) The magnitude of BA are
a) V44 b) V42 c) V54 d)v/52
4) The direction cosines of BA are
2 59 b) = ,0,—
%) v MR
-4 5 d)—,=20
0 % NN

Answer:

1) —i+2j + 5k
1) -1,2,5
2) V52

6

4
3) 7= ’0’\/?_2

A class XI1 student Ravi is going to write the board examination and he was asked

to attempt the following question. Let a , b, ¢ are three non-zero vectors
Based on the above information answer the following

1) If ais perpendicular tob then

a) d.b =1 b)d.b =0 c)dxb =0 d) dx
2) fd=i+3j— kandb =20 +3j + kthend.b is

a) 11 b) 10 c)9 d) 4
3) Ifd=i+3f+kandb =2i— kthen|d +b|is

a) 32 b) V19 c) 2+/5 d) 22
4) If vectors dandb are such that |d@ + b| = |@ — b| then

a) da=b b) d is perpendicular tob

c) dis parallel to b d) ld| = |b|

Answer:

1) d.b=0 2)10
2) 32

3) dis perpendicular tob

b =1
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CHAPTER: THREE - DIMENSIONAL GEOMETRY

SYLLABUS: Direction cosines and direction ratios of a line joining two points. Cartesian
equation and vector equation of a line, skew lines, shortest distance between two lines. Angle
between two lines.

Definitions and Formulae:

= Direction cosines of a line are the cosines of the angles made by the line with the
positive directions of the coordinate axes.
= Let a line makes the angles a, 8, y with x, y, z axis respectively, then the Direction
Cosines of the line are | = cosa, m = cosf3, n = cosy
= If [, m, n are the direction cosines of a line, then I2 + m? +n? = 1.
= Direction ratios of a line joining two points P(x;, ¥4, 21) and Q(x,,y,, z,) are
a=Xx; —Xq, b=y, —y1, a=Y,—Mn

= If [, m, n are the direction cosines and a, b, care the direction ratios of a line then

a b c
l=t—=, m=t—m—, N=t+—
—VaZ+b2+c2’ ~VaZ2+b2+c?’ —VaZ2+b2+c?

= Direction cosines of a line joining two points P(x4,y;,2;) and Q(X,,y,,z,) are

sz—c;h ’ sz_ci’l , 221;:1 (Where, PQ= \/(xz — xl)Z + (yz _ 3’1)2 + (ZZ — 21)2 )

= Direction ratios of a line are the numbers which are proportional to the direction

cosines of a line.

= Skew lines are lines in space which are neither parallel nor intersecting. They lie in
different planes.

= Angle between skew lines is the angle between two intersecting lines drawn from any
point (preferably through the origin) parallel to each of the skew lines.

= |If [, my,n, and l,, m,, n, are the direction cosines of two lines; and 8 is the acute
angle between the two lines; then cos@ = |l11, + mym, + nyn,|

= |Ifay, by, ciand a,, by, c, are the direction ratios of two lines and 6 is the acute angle

aiays+biby+cicy

Jat+vieet [agenzect

between the two lines; then cos8 =

= Vector equation of a line that passes through the given point whose position vector is

g and parallel to a given vectorb is 7 = @ + Ab.

= Equation of a line through a point (x4, ¥4, z;) and having direction cosines [, m,n is

X—X1 _ Y=YV1 _ Z—Z

l m n
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The vector equation of a line which passes through two points whose position vectors

aredand bis? =d+A(b— @)

Cartesian equation of a line that passes through two points (x,, y4, z,) and (x5, y,, ;)
X—X1 Y=V1 Z—2Z,

is = = .
X2—X1 Y2—V1 Z2—21

If 6 is the acute angle between 7 = @; + Ab, and 7 = a, + Ab,, then

N
|b1]|b2]
X—x - - X—x - - . :
If 5 = X 2B g %2 = Y02 _ ET22 g0 the equations of two lines, then the

I my ny Iy msy ny
acute angle between the two lines is given by cos@ = |l;1, + mym, + nyn,|.
Shortest distance between two skew lines is the length of the line segment
perpendicular to both the lines.

(b1xb2)(@2—a1)

Shortest distance between 7 = @; + Ab, and 7 = @, + b, is

b1 xb,|
Shortest distance between the lines; == = X221 = 2221 g X%z — Y7¥2 _ 27%2 4o
aq bq Cq a b, C2
Xo—=X1 Y2—Y1 Zp— 23
a; by C1
a, b, Cy
\/(b1cz — bycy)? + (c1a, — c304)% + (a1by — ayby)?

bx(a;—a;)

Distance between parallel lines # = @; + Ab and 7 = a; + ub is 7]

Two lines 7 = @; + Ab, and 7 = a; + ub, are coplanar if (@, — ay). (b_{ X b_;) =0

MULTIPLE CHOICE QUESTIONS

Q.NO | QUESTIONS AND SOLUTIONS
1 What is the distance of point (a, b, ¢) from x —axis?
ANDZ + 2 B. VaZ +c? C.Vaz+b% D.a
Solution: Distance between (&, b, ¢ ) and (a, 0, 0) is Vb2 + 2.
Correct Option: A
2 What is the angle between the lines 2x = 3y = —zand 6x = —y = —42?

A. 0° B. 30° C. 45° D. 90°

Solution: DRs of first line are % , § and -1.

. 1 1
DRs of second line are . -1, and =

1 1 1 1-4+3
a1a2+b1b2+C1C2—E_§+z— 12 -

0.

So the lines are perpendicular.
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Correct Option: D

y+4

. . f . -5
The cartesian equation of a line is XT =

= 22;6 . Write its vector form

A. 7 =510+ 4 +6k + A(31 + 7] — 2k)
B. #=1i — 2j +4k + A(31 — 7] — 2k)
C. 7=4i — 5] +6k+ A(3i — 7j + 2k)
D. 7=51 — 4 +6k + A(31 + 7j + 2k)

Solution: Vector equation of the above is
#=51 — 47 +6k + A(3L + 7] + 2k)
Correct Option: D

Write the equation of a line passing through (2, —3,5) and parallel to line

x-1 _y-2 _ z+1

3 4 -1

X3 _y-4_z71 X2 _y+3 _z75
AT == B.5& =7%F==

x-1_y-2 _z#1 x-2 _y-3_2z75
C==7 5 D.==7T==
Solution: Drs of = = 2= = ZZ are 3, 4, and —1.
So the required equation is XT_Z = % = %
Correct Option: B
What is the value of 1 for which the lines = = =2 = Zand =2 = 2 = 2
are perpendicular to each other?
A. +2 B. -2 C. £2 D.0

Solution: aya; + byby, + ¢, =0 =6 —-10+24=0.S01=2
Correct Option: A

Write line # = (i — j) + A(2] — k) into cartesian form.

x—1 y—-1 z—-1 x—1 y+1 z—0

2 0 1 0 2 -1
x—1 +1 z x+1 -1 z
C.—=X—=—= D. ===X==2
0 2 -1 0 2 1

Solution: The above line is passing through (1, -1, 0) and is with DRs 0, 2, —1.
yi _z70

. . . -1
So, the cartesian form the line is — = = = =

Correct Option: B

If the direction ratios of a line are 1, —2, 2 then what are the direction cosines of
the line?

-1 2 =2 -1 2 -2
A —, =, = B. —,—,—
3’3" 3 V8’8’8
1 -2 2 1 -2 2
C. -, = = D. —, —, —
3’ 3’3 V8’ V8’ 8

b c
VaZz+b2+c2' Va?+b2+c2’ VaZ+b2+c?

Solution: If DRs are a, b and ¢ then DCs are

1 -2 2
SoDCsare=, —, =
3 3 3

Correct Option: C

Write equation of a line passing through (0, 1, 2) and equally inclined to co-
ordinate axes.
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A x=y-1=z-2 B.x=y=z
C.x=y+1=z+2 D.x-1=y+2=2+3

Solution: If a line is inclined equally then its DRs are 1, 1, 1.
So the equation of a line passing through (0, 1, 2) is

=y—-1=2z-2
Correct Option: A

9 A Iine is defined by 5x — 3 =15y + 7 =1 — 10z. Its direction cosines are
2 -3 £6 12 3
A —,=, = B.=, =,=
-7’ -7" =7 7 7 7
C. ‘_6 =23 D.2 223
7 7 7’7" 7
. . o x=t yv = oz
Solution: The equation of the given line is = = —/= = —°
5 s “To
Drs are 3, . SoDCs are 2 3,_—3
5' 15’ 7’7" 7
Correct Optlon: D
10 | Find the direction cosines of the normal to YZ plane?

A. 0,0,0 B.1,0,0 C.0,1,0 D.0,0,1
Solution: The direction cosines of the normal to YZ plane are
10,0

Correct Option: B

CHAPTER VIDEO LINK SCAN QR CODE FOR

VIDEO

THREE DIMENSIONAL | https://youtu.be/XimWUG-c JO
GEOMETRY

EXERCISE
1 The co-ordinates of the point, where the line % = YT_S = % cuts the YZ plane
are :
A.(0,11,9) B. (9, 11,0) C. (0,0,0) D. (0,3,5)
2 What is the X coordinate of the point where the line X_—ZS = yTl = % crosses ZX-
plane
A -2 B.5 c. = D.3
3 What are the direction cosines of the Y axis?
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A.0,0,0 B. 0,b,0 C.0,1,0 D.1,0,1
4 What is the cosine of the angle which the vector v2i + | + 2k makes with y —
axis.
o 1 1
A.0 B.cos = C.% D.-1
5 | For what value of A are the vectors @ =21 +1] + k and b= i -2 + 3k
perpendicular to each other?
A =2 B.2 c.2 D.-
2 5 2 2
Answers:
1.(0,1,99 2. 2 3 o010 4 ~ 5 2
' 1 1 . 3 ' 1 == ' \/7 ' 2

ASSERTION REASONING QUESTIONS

The following questions consist of two statements, one labelled as ‘Assertion (A)’ and
the other labelled as ‘Reason (R)’. Select your answer to these items using the codes
given below and then select the correct option.

(a) Both A and R are individually true and R is the correct explanation of A

(b) Both A and R are individually true but R is not the correct explanation of A

(c) Alis true but R is false

(d) Ais false but R is true

1 Assertion: If a line makes an angle of % with each of y and z- axes, then it makes
a right angle with X axis.
Reason: The sum of the angles made by a line with the coordinate axes is 180°
Solution: cos? a + cos? f + cos?y =1
2 ., — Ty 12, — —ono0
So cos a—l—(ﬁ) (\/E) ; Hencecosa =0, a =90
A'is True and R is False
So Answer is (c)
2 Assertion: The acute angle between the line F =i+ j + 2k + 1 (i -) and
X- axis is =
Reason: If 6 is the acute angle between 7 = @; + Ab, and # = @, + Ab,,
then cosf = |22
|b4] |2
Solution: Angle between vectors with DRs 1, -1, 0 (Given line) and 1, 0, 0 (X-
axis) is cos@ = |22 | je g=Z
|b1][b2| 4
So Ais true and R is the right reason
Answer: (a)
3 Assertion: The distance of a point P (a, b, ¢) from Y axis is b

Reason: Point on Y axis is (0, b, 0)
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Solution: The distance of a point P (a, b, c) from Y axis is

\/(a—0)2+(b—b)2+(c—0)2=\/(a)2+(c)2

A is false and R is true. So the answer is (d)

4 Assertion: The vector form of the line through the point (5, 2, —4) and which is
parallel to the vector 2{ + ] -6k is 2i+] -6k + A(51+2 ] —4k)
Reason: Vector equation of a line that passes through the given point whose

position vector is a and parallel to a given vector b is ¥ = a + Ab.

Solution: The vector form of the line through the point (5, 2, —4) and which is
parallel to the vector 2{ + ] —6Kk is 5i+2 ] -4k + A(2i+ ] -6k)
A is false and R is true. So the answer is (d)

1- 7y—14 -3 7—7 -5  6-
5 |If |piEonyt_zS 77X _yo5 6z
3 2p 2 3p 1 5
H 70
Assertion: If 11 L I> thenp = =

Reason: If two lines with DRs ai, b1, c1 and az, b, ¢z are perpendicular then
a,a, + b;b, + c1c;, =0

Solution: The Drs of the given lines are -3, 27”, and 2 ; _737’, 7,-5

And aa, + ble +C1C2 =0 > p:2

11
Hence A is true and R is the right reason.
So the answer is ( a)

EXERCISE
. . +1 +4 -7 2x+4 -5 2z-7
1 | Assertion: The lines == = *= == and == ===~ are parallel

Reason : Two lines are parallel if their DRS are proportional

2 Assertion : The angle between the lines whose DRs are given by 2 - m+2n=0
and mn+nl+Im=0 is90°
Reason : Two lines with DRs ai, b1, ¢1 and az, bz, ¢z are perpendicular if

a,a, + byb, + c;c, =0

3 Assertion : Skew lines are non - intersecting non - parallel lines
Reason : They exsist in 3D space only.

4 Assertion : The angle between the diagonals of a cube is cos * %)

Reason : The DRs of the diagonals of the cube are proportional to
aaaand —a,a,a

5 Assertion : The image of (0, 2, 0) in X axis is (0, -2, 0)
Reason : X axis is perpendicular to Y axis and with reference to (0, 2, 0), (0, 0, 0)
is foot of the perpendicular on X axis

ANSWERS:
Ql.(a) Q2. (a) Q3.(b) Q4.(a) Q5. (a)
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2 MARK QUESTIONS

Find the equation of a line parallel to x-axis and passing through the origin.

Solution: Since the line is parallel  the x-axis,
The direction ratio of a line is given by (a, 0, 0).

X—X1 _ Y=V1

. The equation of a line is — ==
Here (X1, y1,21)=(0,0,0) , (a,b,c)=(a, 0,0)

. . X
Required equation of a lineis — = = = — or —

Z
a 0 o0 1 0 0
Find the equation of a line passing though (2,0,5) and w
line 6x—2=3y+1=2z-2

hich is parallel to

o R
| +
N |-

1 1 1.
DRs & 338 T =" =7

1
6

Find the equation of the line passing through the points (2, 3, —4) and
(1,—1,3) and parallel to the x —axis.

Solution: The direction ratios of the two points (2,3, —4) and (1,—1, 3) are
(-1,-4,7)

. . . ox+1 +4 -7
Hence, the equation of line is - = AR ZT

Show that the line through the points (4, 7, 8), (2, 3, 4) is parallel to the line
through the points (- 1, -2, 1), (1, 2, 5)

Solution: Drs of line through the points (4, 7, 8), (2, 3,4) are 2, 4, 4
Drs of line through the points (— 1, -2, 1), (1, 2, 5) are also 2, 4, 4.

So the lines are parallel

N
N
|
=
|
[ay
N
Jury

ines *1=¥2_23 1 _y1_z6 -
If the lines —- = == = —=and — - = == = — are perpendicular,

find the value of k.

Solution: If the lines are perpendicular then ai a2 + biba+c1¢c2=0
~—3(3K) + 2k (1) +2(-5) =0 = —9k + 2k —10=0. .. k= ‘71"

The cartesian equation of a line is 3x + 1 = 6y—2 =1 - z. Find a point on the
line, its DRs and also its vector equation.

Solution: The point on the line is (?é 1)
Direction Ratios are 2, 1, —6

-1

Vector Equation is F = —i +§j +K +4 (2

Find the cartesian equation of the line passing through the point (2, -1, 3)
and parallel totheline ¥ = (I+ j)+A4 (2i+ ] —2k)
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Solution: The DRs of required line are 2, 1, -2
y—-1 z
1

Cartesian Equation of the required line is %1 =0T =5

8 If the coordinates of the points A, B, C,D are (1, 2, 3),(4,5,7), (—4, 3, —6)
and (2, 9, 2), then find the angle between AB and CD.
Solution: The DRs of line AB are 3, 3, 4
DRs of line CD are 6, 6, 8
As DRs are proportional, The angle between the lines is 0.
9 Find the value of k so that the linesx=—y=kzand x-2=2y+1=-z+1
are perpendicular to each other.
Solution: The DRs of the line 1 are 1, -1, i
DRs of line 2 are 1, ; -1
Now that the lines are perpendicular a;a, + bib2+c1c2=0, Sok = 2.
10 | Find vector equation of the line parallel to X axis and passing through origin.
Solution: DRs of X axis: 1, 0, 0 and glven pomt is (0, 0, 0)
So the required equation |s == % =3
EXERCISE
1 Find the projection of the line segment joining the points (—1, 0, 3) and (2, 5, 1) on
the line whose direction ratios are (6, 2, 3)
2 Find the direction ratios of a line perpendicular to the lines having direction ratios
(1,3, 2) and (-2, 2, 4) respectively.
3 Find the vector equation of the line passing through the point (1, 2, —3) and
parallel to the vector 2i + 3j—4k.
4 Find the vector equation of the straight line passing through the Points (2, 1, —-3)
and (5, 4, 1).
5 | Find the angle between the lines: xT_l = Z_Ty =~ and ? = ’%4 = Z%Z
6 Find the angle between the lines with direction ratios (2, 2, 1) and the line joining
(3,1,4)to (7, 2,12).
7 Find the vector equation of the line passing through the point A (1, 2, -1) and
parallel to 5x — 25 =14 — 7y = 35z
8 -3 -4 4 12 3 3 -4 12

Show that the lines with direction cosmes— LRI TLE T L TR T LT LT

are mutually perpendicular.
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. -1 7y—14 -3 7-7 -5
9 | Find the value of A, ifthe lines —— = 2=-2 =% XX =
-3 21 2 31 1

right angles.

10 | If A, B are points (2, 3, -6) and (3, —4, 5), find the angle that OA makes with OB

where O is origin.

Answers:
Q1. 2 Q2. 8,-8,8 (HintFindd Xb)
Q3. F=1i+2] -3k +4 (2i +3] —4k)
Q4. F=2i+1] 3k + A (3i—5j+4k) Q5.0 Q6. cos™ (3)
Q7.F = 1i+2] -k +4 (7i-5] + k) Q8. Hint: aia, + biby+c1c2=0
_70 _18V2
Q9/1—H QlO.COSG—?
3 MARK QUESTIONS
1 If a line makes angle a, B, ¥ with co-ordinate axes then what is the value of

sin? a + sin? B + sin?y
Solution: sin? a + sin? B + sin? y = (1- cos? a) + (1- cos? B) + (1- cos?y)
=3 - (cos? a + cos? B) + cos?y)

=3-1=2

2 Find the equation of a line passing through the point (2,0, 1) and parallel to
the line whose equationis 7# = (24 + 3)i + (74— 1)j + (34 + 2)k

Solution: The DRs of the line 7 = (24 4+ 3)i+ (74— 1)j + 31 + 2)k

are2,7,3
*. Required equation of the line passing through the point (2, 0, 1) with
DRs2,7,—3 is =2 =22="=

3 Find the vector equation of a line passing through the point (1, 2, -4) and
x—8 y+19 z—-10 x—15 y—29 z—5
perpendiculartotwo linesL; = —=——= and L, = — =

3 -16 7 3 8 -5
Solution: DRs of the required lines can be obtained by calculating the determinant
i j k . ~
3 —16 7 |whichisequal to24i+36 ] +72k
3 8 =5
. DRs are 24, 36, 72
i.eDRs 2, 3,6

equation of line is # = 1 + 2] — 4k + A(2i + 3] + 6k)
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Find the angle between the lines whose direction ratios are a, b, ¢ and
b-c,c-aa-b.

. _ a(b—c)+b(c—a)+c(a—-b)
Solution: cosé " VaZ+bZ+c2[(b—c)2+(c—a)2+==(a—b)2

_ ab—ac+bc—ab+ac—bc
Va2+b2+c2,/(b—c)?2+(c—a)2+o2(a—b)2

If the coordinates of the points A, B, C, D be (1, 2, 3), (4,5, 7), (-4, 3, - 6) and
(2,9, 2) respectively, then find the angle between the lines AB and CD.

Solution: DRs of AB are 3, 3, 4 and DRs of CD are 6, 6, 8
as DRs of both the lines are proportional the angle between them is 0.
i.e. the lines are parallel.

The points A (4, 5,10), B (2, 3, 4) and C (1, 2, -1) are the three vertices of a
parallelogram ABCD. Find vector equation for the diagonal BD.
Solution: The coordinates of D be (X, y, z).

Midpoint of AC is same as midpoint of BD. So (g,%,g) = (?,3%}’,4;
So, D(x,y,2)is(3,4,5) and#=d+A(b—a)
~ Equation of BDis ¥ = (2i +3] +4k)+A (i + | + k)
Find the point on the line Zgﬁ = % = ? at a distance of 3+/2 from the
point
P(1,2,3).
Solution : The general point Q on the given line % = %1 = ? IS

X=3A1—-2,y=2A—-1 z2=21+3
GivenPQ= 3v2..,/(31—2-1)2+ (24—1—-2)2+ (24+3—-3)2=32

SoA==—, And the required pointPis (—=,—=,—

30 56 43 111
7 17’17 17

Find the distance from the point P(3, -8, 1) to the line ? S AL i

-1 5
Solution: Q (3, -7, -2) is a point on the given line.
b =31 - ] +5K are the DRs of the above line.

Then the distance ‘d’ from a point P(3, -8, 1) from the line is given by d = [> TBTQ|
— —_— l ] k o A ~
bXPQ= (3 -1 5|=21—9] =3k
0o 1 -3
and [bXPQ|= V94 , [b|=+35 ad= |2

35

Find the DRs of the line perpendicular to the lines passing through A (2,3, —4),

B(-33,2)andC(—-1,4,2)D (3,5,1)

Solution: DRs of the line passing through A (2,3, —4), B (-3, 3,2) are —=5,0, 6
DRs of the line passing through C(—1,4,2) D (3,5, 1) are 4,1, -1
DRs of the line perpendicular to AB and CD are

i j k
-5 0 6| =-6i+19j-5k
4 1 -1
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10 | Find the angle between the lines whose direction cosines are given by
l+m+n=0and I>+m?-n?=0

Solution: Given I1°+ m?=n?and | + m + n=0 and We know that P+ m?+n?=1

By solving above equations, we get n = \/_

Forn-\r,thenwegetl—_\r, m=0 or =0, m= +T

So the one possible set of DRs are (ﬁ, , ﬁ) and (0, = ﬁ, ﬁ)

a1a2+b1b2+C1C2 1

Let the angle between them be 6 We have cos 6 = ==
Ja+vieet [ageniec| 2

Sowegetezg

EXERCISE

1 Find the equation of the line joining (1, 2, 3) and (-3, 4, 3) and show that it is

perpendicular to z —axis.

2 Find the coordinates of the point where the line through the points A (3, 4, 10) and
B (5, 1, 6) crosses XY plane

3 Find the equation of a line which passes through (5, —7, —3) and is parallel to the

. -2 +1 -7
ling X2 = ¥4 _ 27
3 1 9
. +3 -1 -5 +1 -2 -5
4 | Show that the lines — = *— = “=and — = 2= = “—are coplanar.

Hint : Show (a; — ay). (by X b;) = 0

5 Find the equation of a straight line through (1, -2, 3) and equally inclined to the
axes.

6 Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the
line determined by the points (3, 5, -1), (4, 3, -1).

7 Find the perpendicular distance of the point (1, 0, 0) from the line x7—1 = y_—;l =
z+10
8
8 Find the points on the line XT” = yTH = ? at a distance of 5 units form the point
P(1,3,3)

9 Find the points on the line through A(Z, 2, 3) B (3, 5, 9) at a distance of 14 units

form the midpoint of line segment AB.

10 | Find the equation of the line passing through A ( -2, 4, 7), B (3, —6, —8). Hence
show A, B and C (1, —2, —2) are collinear.

Answers:
QL. Hint: DRs of line joining (1, 2, 3) and (-3, 4, 3) are -4, 2, 0. DRs of Z axisare 0, 0, 1

So the line and Z axis are perpendicular.
x—=5 y+7 z+3

Q2.(8,~,0) Q3. X847 _z#3

3 1 9
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Q5.F=1i-2]+3k+A (i+]+k)  Q6.Hint: a;a, + byb, + c;c, =0
Q7. 26 Q8. (-2,-1,3)and (4,3,7)
Q9. (7,11,21) and (-1,-1,-3). Q10. AB=—2i+4 ] +7k +A (5i -10] -15Kk)

5 MARK QUESTIONS

1 Find the shortest distance between lines
F=6i+2]+2k + A (i —2]+2k)and F =

A

Solution: Let & =6i+2] +2k a3, =41 —k
b, =1 -2 +2k b, =31 —2] -2k
. ByxB,)-(d,—d
Shortest distance, d = (byxbz) (42 -G1)
|b1>ib2|
— — ’1\ ]\ k 2 A
byxb, =11 -2 2| = 81 +8] +4k
3 =2 =2

(a,—4,)=-10i 2] -3k

(b,Xb,). (@, —d,)=-80-16-12 = -108

P — Kk + u (31 —2] —2k).

|by x b,| = V64 + 64 + 16 = VI44 = 12. = d = = =9 unit,
2 Find the image of a point P (1, 6, 3) with respect to the line = yT_l ?
Solution:
P(1,6,3)
A0 1,2) M B (L 3,5)
Q

Let M be the foot of the perpendicular.

x_yl_z72 _
Let TESE = A (say)

General pointonthe line ABisx=1 ,y=2A+1,z=31+2
DRsof PM=21-1,21-5,31-1

PM is perpendicular to AB. So ai az + bibo+c1c2=0

= 1(A-1)+2(221-5)+3B81—-1)=0

=2 A1-1+421-10+91-3=0

So 14A=14,and A1 =1

~PointMis (1, 3, 5)

Let the image be Q (X3, Y3, Z3)

Now , using M as mid point of PQ

+ 1+

%=X2 = x3:1andX3=1
+ 6+

—y12y3:yg = 2y3:3 and y3=0
+ 3+

0% — g, >58 =5andzz= 7

2

~Image Qis (1,0,7)
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Show that the line x;—l = % = ? and % = %1 = z intersect.
Also find their point of intersection.
Solution:

Part | : (Hint : Show that the shortest distance between the lines is 0 using
shortest

distance formula.)
Part Il : For finding their point of intersection for first line.

x—1 -2 z—-3
= —:y—:—:ﬂ
2 3 4

2 X=2A+1,y=34A+2,2=41+3

Since, the lines are intersecting. So, Let’s put these values in equation of

another line.
ThUS, 2A+1—-4 — 3A+2-1 — 4743
2 1
= 2A-3 — 3A+1 — 47+3
5 2 1
= ”5—‘3=i1+3 = 21-3=201+15 = 181=—18=—1

So, the required point of intersection is
x=2(-1)+1=-1, y=3(-1)+2=-1,z=4(-1)+3=-1
Thus, the lines intersect at (-1, -1,-1).

If the points (-1, 3, 2), (-4, 2, -2) and (5, 5, 4) are collinear, Use the concept of lines
to find the value of ¢ 4°.
Solution: Let the position vectors of the pointshe & , b & €
nd=—i+3]+2Kk b= —4i+2] -2k C=5i+5]+1Kk
The equation of a line passing through the points where position vectors @ and b
isgivenby#=4a + u (b -4a)
P=— i +3]+2k+ u (-4 +2]—2k+i—-3]-2kK)

=— T +3]+2Kk+u (=31 —j—4k)
As it passes through C,
5i+5 ] +AKk=-1+3]+2K+u(=3i—-]j—4k)

6i+2 ] +(A—2)k=pu (=31 —]—4k)
6=—-3u>=>u=-2

A =2=—4u => A =—4(-2)+2 =1 =8+2=>
A=10.

EXERCISE

Find the shortest distance between the lines whose vector equations are

F=(1-0i+(t-2f+B -2k and #=(s+1Di+2s—1)j— 2s+ Dk
2

Show that the lines xT_l _y_zl e x% =21 % do not intersect each

2 5 3
other.
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3 Find the foot of the perpendicular drawn from the point A(1, 0, 3) to the join of
the points B(4, 7, 1) and C(3, 5, 3).

4 X+1 y+3 z+5x-2 y-4 z-6

Show that the lines intersect and find
5 7 1 3

their point of intersection.

5 X y-1
2

Find the image of the point (1, 6, 3) in the line 1 2%32

Find the distance between lines 7 = i+ 2/~ 4K + A(2+ 3j+ 6k) and
7 = 30+ 3/~ 5K + u(20+ 37+ 6K).

Answers:
8 . . . o 5 7 17
QL. T Q2. Hint: Show that shortest distance is not ‘0°. Q3. (3, 3 3 )
1 -1 -3 V293

CASE BASED QUESTIONS

I The equation of motion of a rocket are: X = 2t, y = -4t, z = 4t, where the time 't' is
given in seconds, and the distance measured is in kilometers.

Based on the above information, answer the following questions.
(i) What is the path of the rocket?
(a) Straight line (b) Circle (c) Parabola (d) None of these

(if) Which of the following points lie on the path of the rocket?
@ (0,1,2) ®)(1,-2,2) (c) (2,-2,2) (d)None of these
(iii) At what distance will the rocket be from the starting point (0, 0, 0) in 10
seconds?
(@) 40 km (b) 60 km (c) 30km (d) 80 km

(iv) If the position of rocket at certain instant of time is (3, -6, 6), then what will
be the height
of the rocket from the ground, which is along the xy-plane?
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(@ 3 km (b) 2km (c) 4km (d) 6 km

Answers: ha i) b )b iv) d

A butterfly is moving in a straight path in the space. Let this path be denoted by a
line | whose equation is == = 2222 = * say,

Using the information given above, answer the following with reference to the line
I
(i) What are the direction ratios of the line?

(@2,4,-6 (b)-2,2,2 (c)2,-3,4 d)2,2,-2
(i) If the z-coordinate of a point on this line is 7, then the x-coordinate of the
same point on

this line, is

(@) -5 (b) 5 (©o0 d1
(iii) The vector equation of the given line is

@) F =@ +4] —6k)+A (i +2] +3K) (D) F =(i —2] +3K)+4 (2i +4
j —6K)

() F=(l +2] —4k)+A (2i +3] +6k) (d)F=( —] +k)+1 (2i +2] —
2K)
(iv) The unit vector in the direction of the vector parallel to the given line, is

1 a 1 » 1 1 - 1 » 1~ 1 - 1 » 1 1 -
(a)\/—gl _\/_EJ +Ek (b)\/—gl +\/—§J —ﬁk (C)\/_§| _\/_§J —Ek (d)ﬁl +

1 » 1.

Answers: i)d i) a iii)d iv) b
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CHAPTER : LINEAR PROGRAMMING

SYLLABUS: Introduction, related terminology such as constraints, objective function,
optimization, graphical method of solution for problems in two variables, feasible and
infeasible regions (bounded or unbounded), feasible and infeasible solutions, optimal feasible
solutions (up to three non-trivial constraints.)

Definitions and Formulae:

1) Let R be the feasible region (convex polygon) for a linear programming problem and
let Z = ax + by be the objective function. When Z has an optimal value (maximum or
minimum), where the variables x and y are subject to constraints described by linear
inequalities, this optimal value must occur at a corner point* (vertex) of the feasible
region.

2) Let R be the feasible region for a linear programming problem, and let

Z = ax + by be the objective function. If R is bounded**, then the objective
function Z has both a maximum and a minimum value on R and each of these occurs
at a corner point (vertex) of R

Remark: If R is unbounded, then a maximum or a minimum value of the

objective function may not exist. However, if it exists, it must occur at a corner

point of R.

> Solving linear programming problem using Corner Point Method.

The method comprises of the following steps:

1. Find the feasible region of the linear programming problem and determine its corner
points(vertices) either by inspection or by solving the two equations of the lines
intersecting at the point.

2. Evaluate the objective function Z=ax+ by at each corner point. Let M and m,
respectively denote the largest and smallest values of these points.

3. (i) When the feasible region is bounded, M and m are the maximum and

minimum value of Z.
(ii) In case, the feasible region is unbounded, we have:
(a) M is the maximum value of Z , if the open half plane determined by
ax+ by >M has no point in common with the feasible region.
Otherwise, Z has no maximum value.
(b) Similarly, m is the minimum value of Z, if the open half plane determined by
ax+ by<m has no point in common with the feasible region.

Otherwise, Z has no minimum value.
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MULTIPLE CHOICE QUESTIONS

Q.NO QUESTIONS AND ANSWERS
1 Solution set of the inequality 2x +y >5is
a) Half-plane containing origin
b) Half plane not containing origin
C) xy-plane except the points on the line 2x +y =5
d) No solution
Solution: Origin does not satisfy this inequality.
Ans: b
2 Objective function of a LPP is
a) constant graph
b) A function to be optimized
c) Inequality
d) Quadratic function
Solution: Objective function is a function to be optimized.
Ans: b
3 In an LPP, if the objective function Z = ax + by has same maximum at two corner
points of the feasible region, then the number of points at which maximum value
of Z occurs is
a)0 b) 1 c) 2 d) infinite
Solution: every point on the line joining these two corner points gives same
maximum.
Ans: d
4 The corner points of the feasible region determined by a system of linear
inequalities are (0, 0), (4, 0), (2, 4) and (0, 5). If the maximum value of Z = ax +
by where a,b > 0 occurs at both (2, 4) and (4, 0), then
a)a=2b b)2a=Db c)a=Db d) 3a=b
solution: Zp, 4y = Zu,00=>2a+4b=4a=>a=2b
Ans: a
5 A linear programming problem is as follows:

Maximize /minimize objective function Z = 2x —y + 5 subject to constraints
3x +4y <60, x +3y<30, x>0, y>0.
If the corner points of the feasible region are A(0, 10), B(12, 6), C(20, 0) and O(0,
0), then which of the following are true
a) Maximum value of Z is 40
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b) Minimum value of Z is -5
c) Difference between maximum and minimum values of Z is 35
d) At two corner points the values of Z are equal

Solution: Z,10)=2x0-10+5=-5 is minimumvalueof Z Ans: b

A linear programming problem is as follows:
Minimize Z = 2x + y subject to constraints x >3, x<9,y>0,x—-y>0,x +y <
14
The feasible region has
a) 5 corner points including (0, 0) and (9, 5)
b) 5 corner points including (7, 7) and (3, 3)
¢) 5 corner points including (14, 0) and (9, 0)
d) 5 corner points including (3, 6) and (9, 5)

Solution: Five corner points as shown in the figure.

(7.7} /
(3 3}2 2,5l

b(_:h W) 9,4d) H

It includes (3,3) and (7, 7)
Ans:b

The objective function Z = ax + by of an LPP has maximum value 42 at (4, 6) and
minimum value 19 at (3, 2). Which of the following is true

a)a=9,b=1 b)ya=5Db=2

c)a=3,b=5 d)a=50b=3

solution: Zu,6) = 42 =>4a + 6b =42 Z3,2) =19 => 3a + 2b = 19 solving we get
a=3,b=5

AnNs:c

The corner points of the feasible region of a linear programming problem are (0,
4), (8, 0) and (20/3, 4/3). If Z = 30x + 20y is the objective function, then

(Maximum value of Z — Minimum value of Z) is equal to

a) 40 b) 96 c) 160 d) 136

Solution: Max. = Z(8, 0) =240 and Min. = Z(0, 4) =80

Ans: c

The position of points O(0, 0) and P(2, -1) is------- , in the solution region of the

inequality 2y — 3x <5
a) O isinside the region and P is outside the region
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b) O and P both are inside the region

¢) O and P both are outside the region

d) O isoutside and P is inside the region
Solution: Both O and P satisfy the inequality.
Ans: b

10 If the corner points of the feasible region of an LPP are (0, 2), (3, 0), (6, 0), (6, 8)
and (0, 5), then the minimum value of the objective function Z = 4x + 6y occurs
at

a) (0,2)only

b) (3, 0)only

c) The midpoint of the line segment joining the points (0, 2) and (3, 0)

only

d) Every point on the line segment joining the points (0, 2) and (3, 0)

Solution: If Z has same min.value at two points, then Z has same min. value at

every point on the line segment joining the two points.

Ans: d
CHAPTER VIDEO LINK SCAN QR CODE FOR VIDEO
LINEAR
PROGRAMMING https://youtu.be/Zx0yeGYWOkw
EXERCISE
1 The feasible region of constraints x+y <4, 3x+ 3y >18, x>0, y> 0 defines on

a) bounded feasible region
b) unbounded feasible region
c) feasible region in first and second quadrants

d) does not exist

2 The maximum value of Z = 3x+ 4y subject to constraints x+y <4, x>0, y>0

is
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https://youtu.be/Zx0yeGYW0kw

a) 16 b) 12 c)0 d) not possible

3 Which of the following statement is correct?

(a) Every L.P.P. admits an optimal solution

(b) An L.P.P. admits a unique optimal solution

(c) If an L.P.P. admits two optimal solutions, it has an infinite number of
optimal solutions

(d) The set of all feasible solutions of a L.P.P. is not a convex set.

4 The shaded region in the given figure is the graph of.........

W

(@) 4x—2y<3
(b) 4x— 2y<-3
(c) 2x— 4y>3
(d) 2x— 4y<-3

5 Under the constraints X — 2y < 6, x+ 2y > 0, x < 6, the maximum value of Z = 3x
+4yis
(@) 16 b) 17 c) 18 d) 19

ANSWERS:
1) d 2) a 3) ¢ 4) a 5) ¢

ASSERTION AND REASONING QUESTIONS

The following questions consists of two statements-Assertion(A) and Reason(R).
Answer these questions selecting appropriate option given below.

a) Both A and R are true and R is the correct explanation for A

b) Both A and R are true and R is not the correct explanation for A

c) Alstrue but R is false

d) Alis false but R is true

1 Assertion (A):The maximum value of Z = 5x + 3y, satisfying the conditions
x>0, y>0 and 5x+2y<10,is 15
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Reason(R): A feasible region may be bounded or unbounded
Solution: corner points are (0, 0), (2, 0) and (0, 5)
Zmax =5x0 + 3x5 =15 at (O, 5)

So, both A and R are true but R is not the correct explanation for A
Ans: b

Assertion (A):The max. value of Z=x + 3y subjectto 2x +y <20, x+2y<20
x>0,y>01s30

Reason(R): The variables that are present in the problem are called decision
variables.
Solution: corner points are (0, 0), (10, 0), (20/3, 20/3) and (0, 10)

Zmax. =X +3y =0+ 3x10=30

both A and R are true but R is not the correct explanation for A
Ans: b

Assertion (A): The feasible region represented by 2x + 5y > 80, x + y <20, x >0,
y >0 is bounded.

Reason(R):  Arregion is said to be convex if the line joining any two of its
points lies completely in the region.

Solution: There is no feasible region

=> Ais false R is true

Ans: d

Assertion (A): The maximum value of Z = 11x + 7y subjected to 2x + y < 6, x <
2,x,y>0, occurs at (0, 6)

Reason(R): If the feasible region of an LPP is bounded, then maximum and
minimum

Value of the objective function occurs at corner points.

Solution: corner points are (0, 6), (3, 2), (3, 0)

=>Zismax. at (3, 2) Ais false , clearly R is true

Ans: d

The corner points of the feasible region for an LPP are (60, 0), (120, 0), (60, 30)
and (40, 20). The objective function Z = ax + by, a, b > 0 has maximum value
600 at points (120, 0) and (60, 30)

Assertion (A): Minimum value of Z is 300

Reason(R): a=5,b=10

Solution: Z = ax + by maximum value 600 at points (120, 0) and (60, 30)
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120a+0=600=>a=>5

Also, 60a + 30b = 600 => 60x5 + 30b = 600 => b = 10
Z at (60, 0) = 5 x 60 + 0= 300 is min.

Ans: a

6 Assertion (A): If the feasible region of an LPP is bounded, then the objective
function Z = ax + by has both maximum and minimum values.
Reason(R): A feasible region of a system of linear inequalities is said to be
bounded if it can be enclosed within a circle.
Solution: conceptual /theory
Ans; b

7 Corner points of feasible region are (0, 0), (3, 0) and (0, 3) and the objective
functionis Z=4x + 3y
Assertion (A): Minimum value of Z is 9
Reason(R): Maximum value of Z is 21
Solution: Z is min. at (0, 3) => Z min. = 4x0 +3x 3 =9
Cleary, Ais true and R is false
Ans: ¢

8 Assertion (A): The point (4, 2) does not lies in the half plane 4x + 6y — 24 <0
Reason(R): The point (1, 2) lies in the half plane 4x + 6y — 24 <0
Solution: Clearly A is true and R is false
Ans: ¢

9 Assertion (A): If the corner points of the feasible region for an LPP are (0, 4), (1,
4), (4, 1) and (12, -1), then the minimum value of the objective function Z = 2x +
4yisat (4, 1)
Reason(R): If the corner points of the feasible region for an LPP are (0, 4), (1,
4), (4, 1) and (12, -1), then the maximum value of the objective function Z = 2x +
4y is 20.
Solution: min = Zy, 1) = 2x4 + 4x1 = 12, max.= Zo, -1)= 2x12 + 4x(-1) = 20
Hence A is true and R is true but R is not correct explanation
Ans: b

10 | The corner points of the feasible region for an LPP are (4, 0),(5, 0), (5, 3), (3, 5),

(0,5) and (0, 4). The objective function Z = ax - by + 1900, a, b > 0 has maximum
value 1950 at (5, 0) and minimum 1550 at (0, 5).

Assertion (A): The value of Z at the point (5, 3) is 1740

Reason(R): a=10,b=70
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Solution: Z maxat (5, 0) = 1950 => 5a — bx0 + 1900 = 1950 => a = 10
Zmin-at (0,5) = 1550 => ax0 — bx5 + 1900 =1550 =>b = 70

Z5,3) = 10x5 — 70x3 + 1900 = 1740

Ans:a

EXERCISE

Assertion: All feasible regions are convex sets
Reason: A set is said to be convex set if the line segment joining any two points

of the set, is completely within the set

Assertion: Graphical method is not suitable for solving all Linear programming
problems

Reason: Graphical method is applicable only in case of LPP having two variables

Assertion: The objective function describes the purpose of formulating LPP

Reason: The objective function can be maximized or minimized

Assertion: The objective function is always non-negative
Reason: The variables involved in the objective function are non-negative due to

constraints

ANSWERS:
1) d 2) a 3) a 4) a

2 MARKS QUESTIONS

Minimise Z = 13x — 15y subject to the constraints x +y<7,2x -3y +6>0,x>
0,y>0
Solution:clearly Z is min. at C(0, 2) and Zmin.= 13x0 -15x2 = 30

e

C(O})/

A7-0)
/5P

O

Maximise Z = 80x + 120y subject to the constraints 3x + 4y < 60, x + 3y < 30,
x,y =0
Solution: The corner points are (0, 0), (20, 0), (12, 6), (0, 10)
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N
c(o, 10)

0 \ A(20, 0) X

Corner points Z=80x + 120y
(0,0) 0

(20, 0) 1600

(12, 6) 1680 maximum
(0, 10) 1200

Maximise Z = 100x + 120y subject to the constraints 5x + 8y <200, 5x + 4y

Maximise Z = 20x + 10y subject to the constraints 1.5x +3y <42, 3x +y <24, X,

<120, x,y>0

Solution: Corner Z = 100x +
points 120y
(0, 0) 0
(0, 25) 3000
(24, 0) 2400
(8, 20) 3200

O \A(24,0) X
y =0
Solution:

N

/

/ B(4, 12)

5 ' \A(S, 0)
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Corner points | Z =20x + 10y

0, 0) 0
(8,0) 160
(0, 14) 140
4,12) 200 maximum
5 Find max. value of Z = 3x + 4y subject to the constraints x +y<1,x,y>0
Solution:
(0, 1)
/1, 0)
X
O
Z(1,0)=3+0=3
Z(0,1) =0+ 4 =4 maximum
6 Find Zmax=3x + 2y subject to the constraints x +y <2, x, y>0
Solution:
y
~.(0, 2)
X
0]
Corner Z=3Xx+2y
points
0, 0) 0
(2,0) 6 Max.
©, 2) 4

Let Z = ax + by has optimal value at two points (2, 3) and (5, 7), then find the
relation between a and b

Solution: Z(2,3)=2(5,7)
=>2a+3b=5a+7b
=>3a+4b=0

Feasible region for an LPP is shown in the figure. Maximize Z =5x + 7y
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Solution:

N
C(0, 2)

0 \A(7,0) X

Corner points Z=5x+7y
(0,0) 0
(7,0) 35
(3,4) 43 Maximum
0, 2) 14
9 Maximise the function Z =9x + 11y, subjecttox <3,y <2,x,y>0
Solution:
x=3
N
(0,2) 32—y =2
O 30 X
Corner points Z=9x +11y
(0,0) 0
(3,0) 27 Maximum
0, 2) 22
10 | The feasible region for an LPP is shown in the figure. Find the min. value of Z =
11x +7y
Y
K
X
O x+ 3y =9
x+y=>5
Solution:
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Corner points Z=11x+17y
0, 3) 21 Minimum
(3,2) 44
(0, 5) 35

EXERCISE

1 Find the maximum of Z = 6x + 16y subjecttox +y>2,x,y>0

2 Find the maximum value of Z = 3x + 2y where the corner points of the feasible
region are (0, 0), (0, 8), (2, 7), (5, 4) and (6, 0)

3 Solve the linear inequation -3x + 2y > 6 graphically

4 Find the maximum value of Z = 4x + 3y subjectto x +y<10,x,y>0

5 Is the feasible region represented by x +y > 1, x, y > 0 bounded? Justify your

answer

ANSWERS:
1) 32 2) 23 4) 40
5) Unbounded from the graph

/
/
////
d 1

3 MARK QUESTIONS

1 Maximise: Z=3x + 9y subjecttox +y>10,x+3y<60,x<y,x,y>0
Solution: Onsolving x +y=10and y — x =0 we get (5, 5)
Similarly solving y — x = 0 and x + 3y = 60 we get (15, 15)

(0,2®y y-x =0

(0, 10) / 15, 15)

\JI"\\k
Ox +y = 10x+%y = 60
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Corner points Z=3x+9y
(0, 20) 180 Maximum
(0, 10) 90
(5, 5) 60
(15, 15) 180 Maximum
Zmax. = 180 at infinitely many

points on the line segment joining (0, 20) and (15, 15)

Maximise: Z = 5x + 10y subject to x + 2y <120, x +y>60,x -2y>0,x ,y >0
Solution:

On solving x + y =60 and x — 2y = 0 we get (40, 20)

On solving x + 2y = 120 and x — 2y = 0 we get (60, 30)

(120, 0)
/€90, 0)\ NOTX
X+y =60 x + 2y = 120

Corner points Z =5x + 10y

(40, 20) 400
(60, 0) 300 Minimum |z, =300 at (60, 0)

(120, 0) 600
(60,30) 600

Maximise : Z =300x + 190y subjecttox +y<24,x+ 2 y<16, x,y>0
Solution:

Onsolvingx +y =24, x + %y = 16 we get (8, 16)

\
co, ) x + 1/2v

/ (8,
/. S
o A8 Xy

Maximum value of Z is 5440 at (8, 16)
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EXERCISE

Maximise :Z = 6x + 3y subject to 4x + y >80, 3x + 2y < 150, x + 5y >15,x,y>0

Minimise: Z = 200x + 500y subjecttox +2y>10,3x+4y<24,x,y>0

Maximise: Z = 20x + 10y subject to 1.5x + 3y <42, 3x +y<24 ,x,y>0

ANSWERS:

1) Zmax= 285 at (40, 15)
2) Zmin. = 2300 at (4, 3)
3) Zumax = 200 at (4, 12)

5 MARK QUESTIONS

Maximise : Z = 70x + 40y subject to 3x +2y<9,3x +y<9,x,y>0

Solution:
Y

3x + 2y (E ;)/;)
7’ /
/

0 3,0 X

Corner points Z =70x + 40y

(0,0) 0
(3,0) 210 maximum
(0, 9/2) 180

Maximum value of Z is 210 at (3, 0)

Maximise : Z = 60x + 40y subject to 5x + 6y <45,3x +2y <18 .,x,y>0
Solution:
On solving 5x + 6y = 45, 3x + 2y = 18 we get (9/4, 45/8)

O A(6, 6) 5x +X6y = 45
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Corner points Z=60x+40y
(0,0) 0
(0, 15/2) 300
(9/4, 45/8) 360 Maximum
(6, 0) 360Maximum
Maximum value of Z is 360 at any

point on the line segment joining (6, 0) and (9/4, 45/8)

Minimise: Z=5x + 7y subjectto 2x +y>8,x +2y>10,x,y>0

Solution:

Onsolving 2x +y =8, x + 2y =10 we get (2, 4)

Y
(0,8 7
~\
(2,4)
(LZ 0)
— X
O2c+y=8 ¥ - 10
Corner points Z=5x+7y
(10, 0) 50
(2, 4) 38 Minimum
(0, 8) 56

The minimum value of Zis 38 at (2, 4)

EXERCISE

Minimise : Z = 5x + 2y subjectto x -2y <2,3x + 2y <12, -3x + 2y <3,x,y >0

Minimise : Z =x +2y subject to x + 2y > 100, 2x —y <0, 2x + y <200, x, y > 0

Minimise : Z = 3x + 5y subjectto X + 2y > 10, x +y>6,3x +y>8,x, y>0

1) Zmin =0at (O s 0)
2) Zmin = 100 at all points on the lin segment joining (0, 50) and (20, 40)
3) Zmin = 26 at (2, 4)
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CASE BASED QUESTIONS

A dealer Ram Singh residing in a rural area opens a shop to start his business with
an investment of Rs.5760. He wishes to purchase ceiling fans and table fans. A
ceiling fan costs him Rs. 360 and table fan costs Rs.240
Based on the above information answer the following questions.
1) Ram Singh purchases x ceiling fans and y table fans. He has space
in his store for at most 20 items. Write its constraint
i) If he sells ceiling fan at a profit of Rs. 22 and table fan for a profit
of Rs. 18, then express the profit Z in terms of x and y
iii) What is the maximum profit of selling all the fans
Solution: i) He has space in store for at most 20 items => x +y < 20
i) profit on ceiling fans = Rs.22, Profit on table fans = Rs18
Hence Z = 22x + 18y
111)360x + 240y < 5760 => 3x +2y <48
also x +y <20 and x,y >0
on solving we get the corner points(0, 0), (16,0), (8, 12), (0, 20)
Maximum value of Z occurs at (8, 12)
Zmax. = 22x8 + 18x12 = 392

The students of class XII are asked to write linear inequalities in two variables.
They have written : 3x + 5y < 15,5x +2y<10,x>0andy>0
Based on the above information answer the following questions.

i) Draw the feasible region of above system of inequalities

i) Find the corner points of the solution region

Solution: i)

y

~J
(o, 3)
/ B(20/19, 45/19)

D \A(2, 0) X
(i) corner points are (0, 0), (2, 0), (20/19, 45/19) and (0, 3)

Corner points of a feasible region of an LPP are (0, 0), (7, 0), (6, 2), (0, 5).
Let Z = 3x + 4y be the objective function

Based on the above information answer the following questions.

) The minimum value of Z occurs at
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a) (7,0) b) (6, 2) c) (0, 5) d) (0, 0)
i) The maximum value of Z occurs at
a) (7,0) b) (6, 2) c) (0, 5) d) (0, 0)
iii) Maximum value of Z — Minimum value of Z is equal to
a) 26 b) 28 c) 21 d) 20
iv) The feasible solution of LPP belongs to
a) First and second quadrants b) First and third quadrants
c) Only second quadrant d) Only first quadrant
Solution:
Corner point Z=3x+4y
(0, 0) 0 Minimum
(7,0) 21
(6, 2) 26 Maximum
(0, 5) 20
i) d i) b i) a iv) d
EXERCISE

In an LPP, the objective function Z =3x + 4y + 370 is to be optimized subjected to
the constraints : x +y>10, x+y<60, x<40, X, y=>0

Based on the above information answer the following questions.

) The maximum value of Z occurs at

a) (40,0) b) (40, 20) c) (20, 40) d) (0, 40)
i) The minimum value of Z is

a) 300 b) 400 c) 500 d) 600
iii) The value of Z at (40, 20) is

a) 490 b) 530 c) 550 d) 570
iv) Max. Z—-Min. Z =

a) 190 b) 210 c) 230 d) 250
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2 The feasible region of an LPP is shown in the figure.

Y
C(0, 50)
/ B(30, 20)
0 \ A(40, 0) X
1) Equation of AB is
a) 2x+y=80 b)x +y =50 c) x+2y=50
d) x+y=40
i) Equation of BC is
a) 2x+y=80 b)x +y =50 c) x+2y=50
d) x+y=40
iii) Constraints are
Q) x+y<50,2x+y<80,x>0,y>0
b) x+y<50,2x+y>80,x>0,y>0
C) x+y>50,2x+y<80,x>0,y>0
d) None of these
(\Y] The objective function Z = 10500x + 9000y is maximum at the point
a) A b) B c) C d) O
ANSWERS:
1) i)a i) b i) a iv) d
2) 1) a i) b iii) a iv) b
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CHAPTER:PROBABILITY

SYLLABUS:

Conditional probability, multiplication theorem on probability, independent events, total
probability, Bayes’ theorem, Random variable and its probability distribution, mean of random
variable.

Definitions and Formulae:
Conditional Probability: If A and B are two events associated with any random experiment,

then P(A/B) represents the probability of occurrence of event A knowing that the event B
has already occurred.
P(ANB)

P(B)
P(B) # 0,, means that the event B should not be impossible.

P(A/B) = ,P(B) % 0.

Multiplication Theorem on Probability: If the event A and B are associated with any
random experiment and the occurrence of one depends on the other, then
P(ANB) = P(A).P(B/A),whereP(A) # 0

Independent Events:
When the probability of occurrence of one event does not depend on the occurrence /non-

occurrence of the other event then those events are said to be independent events.
Then P(A/B) = P(A) and P(B/A) = P(B)
So, for any two independent events A and B ,P(A N B) = P(A).P(B).

Theorem on total probability:
IfE;(i = 1,2,3,...n) be a partition of sample space and all E; havenon-zero
roabability. Abeanyeventassociatedwiththesamplespace, which occurs with
E,orE,orEsor...orE, then
P(A) = P(E\)P(A/E,) + P(E2)P(A/Ez) + P(E3)P(A/E3)+....+P(En)P(A/Ey)

Bayes’ Theorem:
"Let " S "be the sample space and " E, E,, ..., E, " be " n" mutuallyexclusive and
"exhaustive events associated with " a" random experiment.” If A is any event
which occurs with E; or E, or,..or E,, then

P(E;)P(A/E;)

PSR = S P EYPA/EY

Random Variable: It is a real valued function whose domain is the sample space of random
experiment.

Probability Distribution: It is a system of number of random variable (X) such that

X X1 Xz Xn
P(X) Py P, Pn

where P(Xi) >0and ¥, P(E;)) = 1
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Mean: Mean or Expectation of a random variable X is denoted by E(X)

E(X)= X1 x:P;

MULTIPLE CHOICE QUESTIONS:

Q. No

QUESTIONS AND SOLUTIONS

If P(A/B)=0.3, P(A)= 0.4 and P(B)=0.8, then P(B/A) is equal to
(@ 06 (b) 03 (c) 0.06 (d) 0.4
Solution:
P(AnB) P(AnB
(P(B) - (0.8 <03
P(AnB)=0.24
PB/A)=0.24/0.4=0.6
Ans: (a)

P(A/B) =

Ashima can hit a target 2 out of 3 times. She tried to hit the target twice. The
probability that the she missed the target exactly once is

(@ 2/3 (b) 1/3 (c) 49 (d) 1/9

Solution:

2
P(A) = 3 P(A") == (A - hit, A’ — nothit)

P(onlyoncehit) =-.-+-.=-=4/9.

WIN Wl -
Wl =
W =
wl N

Ans: ()

For any two events A and B, P(A) = gand P(ANB) = %,

then P(B/A)is
(@) 1/10 (b) 1/8 (c) 17/20 (d) 7/8
Solution:

_7/10
P(B/A) =27 =T7/8

Ans: (d)

Five fair coins are tossed simultaneously. The probability of the events that at
least one head comes up is
(@ 27/32 (b) 5/32 (c) 31/32 (d) 1/32
Solution:
P(atleastoneH) = 1 — P(noneisH)
=1-1/32=31/32.
Ans: (c)
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If A and B are two independent events such that P(A)=1/2 and P(B)=1/4, then

P(B'/A) is

@14 (b) 3/4 (c) 1/8 (d) 1
Solution:
pe < PENA _PEWA _ oo oy

P(4) P4
Ans: (b)

If the sum of numbers obtained on throwing a pair of dice is 9, then the probability
that number obtained on one of the dice is 4, is
@ 19 (b) 4/9 (c) 1/18 (d) %
Solution:
A = Sum9 = {(3,6), (4,5), (5,4), (6,3)}
B = onedieshows4 = {(1,4), (2,4), (3.4), (5,4), (6,4), (4,1), (4,2), (4,3), (4,5), (4,6)}
P(A) = 4/36P(B) = 10/36

P(BNA) 2/36 _
P(4)  4/36

P(B/A) = 1/2

Ans: (d)

If A and B are two events such that P(A/B)=2.P(B/A) and P(A)+P(B)=2/3, then
P(B) is
@29 () 79 (¢c) 49 (d) 5/9.

Solution:
P(ANB) _P(ANB)

P(B) P(A)
P(A) = 2P(B)
3P(B) = 2/3
P(B)=12/9
Ans: (a)

If two events A and B, P(A-B)=1/5 and P(A)= 3/5, then P(B/A) is equal to
@%¥ () 3/5 (¢c) 2/5 () 23

Solution:

P(A—B)=1/5P(A) = 3/5

P(ANB)=3/5-1/5=2/5

P(ANB) 2/5
P(A)  3/5

P(B/A) = = 2/3.

Ans: (d)

IfP(A N B) = 1/8andP(A) = 3/4,thenP(B/A)is equal to
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@ 12 () U3 (c) 16 (d) 23

Solution:

P(A)=1-3/4=1/4

P(B/A) = PAnB) _1/8_ 1/2
P(A) 1/4

Ans: (a)

10. | Foranytwoevents Aand B, P(4") =1/2,P(B’) = 2/3and P(AN B) = 1/4,
then P (g) equals
(@ 8/9 (b) 58 (c) 18 (d) Y%
Solution:
(A) =1/2,P(B) = 1/3
P(AUB) =1/2+1/3—1/4 =712
P(AnB) 1-P(AUB) 1-7/12 5/12 _

P(A'/B") = = = = =5/8
(4'/B) P(B" P(B" 2/3 2/3 /
Ans: (b)

CHAPTER VIDEO LINK SCAN QR CODE FOR

VIDEO
E | E

| |
PROBABILITY https://youtu.be/YNifzbxLS5M

O

EXERCISE

MCQ -PRACTICE QUESTION

1. | XandY are independent events such that P(X " Y)=2/5 and P(X)=3/5.
Then P(Y) is equal to:

@ 2/3 (b) 2/5 (c) U3 (d) 1/5

Answer:c

2. | The probability that A speaks the truth is 4/5 and that of B speaking the truth is %.
The probability that they contradict each other in stating the same fact is
@ 7/20 (b) 1/5 (c) 3/20 (d) 4/5
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Answer:a

3. | Forany two events A and B, if P(A)=0.4 and P(B)=0.8 and P(B/A)=0.6, the
P(AUB)is:

(@ 0.24 (b) 0.3 (c) 048 (d) 0.96

Answer:d

4. | The events E and F are independent. If P(E) = 0.3 and P(E\UF)=0.5
then P(E/F)-P(F/E) equals:

@ 17 (b) 2/7 (c) 3/35 (d) 1/70
Answer:d

5. | If A and B are independent events such that P(A)=0.4 , P(B) =x
and P(AUB)=0.5then x is

(@4/5 (b)0.1 (c) 1/6 (d) None of these
Answer: ¢

ASSERTION-REASONING QUESTIONS

Select the correct answer from the codes (a), (b), (¢) and (d) as given below.

(a) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
the Assertion (A)

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation
of the Assertion (A)

(c) Assertion (A) is true and Reason (R) is false.

(d) Assertion (A) is false and Reason (R) is true.

1. | Assertion (A): Two coins are tossed simultaneously. The probability of getting two
heads, if it is know that at least one head comes up, is 1/3.
Reason (R) : Let E and F be two events with a random experiment, then

b/ £) - PEDF)

P(E)

Ans: (a)
For Assertion
F={HH} E={HH,HT, TH}
1/4
PF/E)==——-=1/3
(F/E) 3/a /
Ais true and R is a correct formula and correct explanation.

2. | Let A and B be two events associated with an experiment such that
P(AnB)=P(A).P(B)

Assertion (A): P(A/B)=P(A) and P(B/A)=P(B)

Reason (R): P(A uB)=P(A)+P(B)

Ans: (c) as A is correct but R is false.
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For any two events A and B. P(A)=p and P(B)=q

Assertion (A): The probability that exactly one of the events A and B occurs is p+g-2pq
Reason (R): P(A wB)=P(A)+P(B)-P(A N B)

Ans: (b)

A is correct but R is not the correct explanation of A.

Assertion (A): Consider the experiment of drawing a card from a deck of 52 playing
cards, in which the elementary events are assumed to be equally likely.

If E and F denote the events the card drawn is a spade and the card drawn is an ace
respectively, then P(E/F)=1/4 and P(F/E)=1/13.

Reason (R): E and F are two events such that the probability of occurrence of one of them
is not affected by occurrence of the other. Such events are called independent events.
Ans: (b) as A is correct but R is not the correct explanation of A.

Consider that following statements:

Assertion (A): Let A and B be two independent events. Then P(A and B)= P(A)+P(B)

Reason (R): Three events A,B and C are said to be independent if
P(ANBNC)=P(A).P(B).P(C)

Ans: (d) as P(Aand B) =P(A) +P(B) —P(A).P(B), hence A is false and R is True.

Assertion (A): Inrolling a die, event A= {1, 3, 5} and event B = {2, 4} are mutually
exclusive events.

Reason (R): in a sample space two events are mutually exclusive if they do not occur at
the same time.

Ans: (a) Aistrue as P(An B) = ¢ and R is the correct explanation of A.

Let A and B be two independent events.

Assertion (A): If P(A)=0.3 and P(A\B)=0.8 then P(B) is 2/7
Reason (R) : P(E)=1-P(E), for any event E.

Ans: (a) as

P(AUB") =P(A) +P(B") —P(A).P(B")

P(B)=5/7

P(B)=2/7

Hence A is true and R is the correct explanation for A.

Assertion (A) : Let A and B be two events such that P (A) =1/5 and P (A or B) =1/2 then
P(B)=3/8 for A and B are independent events.

Reason (R) : For independent events P (A or B) =P (A) + P(B) - P(A).P(B).

Ans: (a) as Aistrue and R is the correct explanation for A.

For Assertion:

P(AUB)=1/2
P(A)+P(B)-P(A)PB)=1/2
PB)=3/8(-P(A)=1-1/5=4/5)
R is correct exxplanation.

Assertion (A) : If A and B are mutually exclusive events with P (A”) =5/6 and P (B)=1/3.
Then P (A/B’)=1/4.

Reason (R) : If A and B are two events such that P (A)=0.2, P(B)=0.6 and P(A/B)=0.2
then the value of P(A/B’) is 0.2.

Ans: (b) as A is true and R is not the correct explanation for A.
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P(AnB) P(A)-P(AnNB) 1/6—0 _
PBY = 1-P(B)  1-1/3

P(A/B") = 1/4

Re a son:
P(ANB)=0.12
peaspy = PANB) _PA)-P(AnB) 008

P(BY =~ 1-P(B) = 04 =02

10

Assertion (A): If A and B are two independent events with P(A)=1/5 and P(B)=1/5, then
P(A’/B) is 1/5.
, P(A'nB)
Reason (R) : P(A"/B)=———+
R) : PN /B)="00

Ans: (d)

P(A’/B) _ P(A'nB) _ P(A").P(B) _p(A")

P(B) P(B)

=1-P(A)=4/5

So A is false and R is True.

EXERCISE

Assertion A: Two cards are drawn from a well shuffled pack of 52 playing cards without
replacement. Probability of getting 02 jacks is 16/169

Reason (R): For independent events A and B, P(A and B)=P(A).P(B)

Answer: d

Assertion (A): A can solve 80% of the problems in a book and b can solve 60%. then
probability that at least one of them will solve a problem is 0.92

Reason (R): P (at least one solve a problem) = 1- P(none of them solve it)

Answer: a

Assertion A: P(A) =0.6 and P(B) = 0.4 then P(AUB) = 1 when A and B are mutually
exclusive events
P(ANB)

Reason (R) : P(A/B) = P (B)

Answer: b

The given below is a probability distribution table:
X |0 1 2 3

P k k/2 k/4 k/8
Assertion A: The value of k is 8/15

Reason R: Mean of X= Y px
Answer: b

Assertion A: Three numbers are selected from first six natural numbers at random without
replacement. If X denotes the greatest of three numbers selected, then X={2,3,4,5,6}
Reason R: Random variable is a real valued function whose domain is a sample space of a
random experiment.

Answer: d

2 MARK QUESTIONS

A pair of dice is thrown. If the two numbers appearing on them are different, find the
probability that the sum of the numbers is 6.

Ans: A: Number appearing are different n(A)=30 (except (1,1),(2,2),(3,3),(4,4),(5,5)
and (6,6))
B: Sum of the numbers is 6.
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P(A)=30/36
A and B={(1,5),(2,4),(4,2),(5,1)}
P(A and B)=4/36

_P(AnB)  4/36

PEIA="om “30736 1/

In a school, there are 1000 students, out of which 430 are girls. It is known that out of
430, 10% of the girls study in class XII. What is the probability that a student chosen
randomly studies in class XII given that the chosen student is girl?

Ans: A: Student of Class X1l B: The student is a girl.
n(A & B)=10% of 430=43.
P(A/B)= P(ANB) _ 43 :l

P(B) 430 10

Two balls are drawn from a bag containing 2white,3 red and 4 black balls one by one
without replacement. What is the probability that at least one ball is red?

Ans: P(at lest one red ball)=1-P(none of the ball is red)
(that is 1% ball is non red and 2" ball is non red.)

4. 65 _4_7
9’8 72 12
If P(A)=3/8, P(B)=1/2 and P(A and B)=1/4, find P(A’/B’)
ANS:
P(AY/B") - P(A'"B') _P(AUB)' _1-P(AUB)

P(B") 1-P(B) 1-P(B)
P(AUB) = P(A) + P(B) - P(A N B)

=3/8+1/2—1/4:g

1-p(AUB) !

PATB) =)

1/2

5
?:3/8=3/4
1_
2

A committee of 4 students is selected at random from a group of 8 boys and 4 girls.
Given that there is at least one girl in the committee, calculate the probability that there
are exactly 2 girls in the committee.

Ans:
A: at least one girl in the committee.
B: exactly 02 girls in the committee.

PB/ A) = —P(Q(Z)B)

'C,_,_ 70 _85
2C, 495 99
°C,.'C, 28.6 56
®C. 495 165

P(A) =1-P(none is girl) =1 -

P(AnB)=P(2G and 2 B) =

Events E and F are independent. Find P(F), if P(E) =0.35 and P(EUF)=0.6.

Ans:
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P(EUF) = P(E) + P(F) — P(E ~F)
= P(E) + P(F) - PE) P(F)
0.6 = 0.35 + X — 0.35x

0.25 =0.65x
_5_5
65 13
7. | Aand B are two candidates seeking admission in a college. The probability that A is
selected is 0.7 and the probability that exactly one of them selected is 0.6. Find the
probability that B is selected.
Ans: E: Selecting A F: Selecting B
E and F are independent events.
P(E) =0.7,
P[(E NFYUE'm F)] =0.6
P(E).P(F") +P(E").P(F)-P [(E NFYN(E'm F)] =0.6
P(E)(1-P(F)) + (1 —P(E))P(F) =0.6
P(E) + P(F) - 2.P(E).P(F) =0.6
0.7+x-2(0.7)x=0.6
0.1=0.4x
1
X =—=P(F).
7 =P6)
8. | A bag contains 3 white, 4 red and 5 black balls. Two balls are drawn at random. Find
the probability that both balls are of different colours.
Ans:
P(both balls are of different colours) =1 —P(both balls of same colour)
'C, C, °C, 3 6 10 19
P(both balls of samecolour) = —2 -
( =i tectvC 66766 66 66
P(both balls are of different colours) =1- 19 _47
66 66
9. | Anunbiased die is thrown thrice. Find the probability of getting at least 2 sixes.
Ans:
P(at least 2 sixes) =P(02 sixes) +P(03 Sixes)
115,111 16 2
666 666 216 27
10. | A problem is given to A, B and C. The probabilities that they solve the problem

correctly are 1/3, 2/7 and 3/8 respectively. If they try to solve the problem
simultaneously, find the probability that exactly one of them solve the problem.

Ans:
P(Exactly one solve)=P(AB’C’)+P(A’BC’)+P(A’B’C)
1 55 225 253

w
N
oo}
w
N
oe]
W
N|
|

231



EXERCISE

A die is tossed once. If the random variable X is defined as
_ |1, if the die shows an even number
- {O, otherwise

Find the mean of X.

There are 5 bags, each containing 5 white and 3 black balls. Also, there are 6 bags,
each containing 2 white balls and 4 black balls. A ball is taken at random from a bag.
Find the probability that it is a white ball.

The odds against a man who is 45 year old, living till he is 70 are 7:5 and the odds
against his wife who is now 40, living till she is 65 are 5:3. Find the probability that
the couple will be alive 25 years hence.

A coin is tossed thrice. Let E be the event, ‘first throw results in a head’ , and the event
F,
‘the last throw results in a tail’. Find whether the events E and F are independent.

In a class, 40% students study mathematics; 25% study biology and 15% study both
mathematics and biology. One student is selected at random. Find the probability that
he studies biology if it is known that he studies mathematics.

Answers: (1) 1/2 (2)41/88 (3) 5/32 (4) Yes. Eand F are independent (5) 3/8

3 MARK QUESTIONS

The probability distribution of a random variable X is given below:

X 1 2 3

P(X) | k/2 | ki3 |ki6
(i) Find the value of k (ii) Find P(1<X) (iii) Find E(X), the mean of X.

Ans:

®) p=1

ko ko k_12k
27376 12
k=1

()P(1<x)=P(1)+P(2Q)+P3)=1/2+1/3+1/6 =1
(ii)E(X) = sz —1/2+2/3+3/6="5/3

A and B are independent events such that P(A " B) :% and P(A N B) :é
Find P(A) and P(B).

Ans:
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P(A)P(B)=1/4 & P(A)PB)=1/6
P(A)=x, P(B) =y
Xx1l-y)=1/4and (1-x)y=1/6
on solving weget, x -y =1/12
Xx=y+1/12

On substituting, we get 12y* -11y +2=0
y=1/40ry=2/3

Corresponding x=1/3or 3/4
P(A)=1/3PB)=1/4

(OR)

P(A)=3/4PB)=2/3

Two balls are drawn at random one by one with replacement from an urn containing equal
number of red balls and green balls. Find the probability distribution of number of red
balls. Also, find the mean of the random variable.

Ans:

X={0,1,2}-No. of red Balls.

P(0)=G and G =1/2.1/2=1/4
P(1)=GR +RG=1/2.1/2+1/2.1/2=1/2
P(2)=RR=1/2.1/2=1/4

X 0 1 2
P(X) 1/4 1/2 | 1/4
xP(x) |0 1/2 | 1/2
Mean=0+1/2+1/2=1

A and B throw a die alternately till one of them get a ‘6’ and wins the game. Find their
respective probabilities of winning, if A starts the game first.

Ans: S-Getting 6 F- not getting 6
P(S)=p=1/6 P(F)=0=5/6
P(A-Wins)=p+qqp+qqqqp+......
=1/6+(5/6)?1/6+(5/6)*1/6+....

_1/6 _6
1_2£ 11
36
P(B—Wins):l—gzi
11 11

Two number are selected from first six natural numbers at random without replacement. If
X denotes the greater of two numbers selected, find the probability distribution of X.Also
find the mean of X

Ans: Total number of ways of selecting two numbers one by one without
replacement=6x5=30

X=the greater number obtained={2,3,4,5,6}

P(2)=2/30=1/15 (1,2),(2,1)

P(3)=4/30=2/15 (1,3),(2,3),(3,1),(3,2)

P(4)=6/30=3/15 (1,4),(2,4),(3,4),(4,1),(4,2),(4,3)

P(5)=8/30=4/15 similarly as above

P(6)=10/30=5/15

X 2 |3 4 5 6
P(X) 115 [2/15 | 3/15 | 4/15 | 5/15
X(P(X) 2/15 | 6/15 | 12/15 | 20/15 | 30/15
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6. | A fair coin and an unbiased die are tossed. Let A be the event, “Head appears on the coin”
and B is the event, “3 comes on the die”. Find whether A and B are independent events or
not.

Ans: S=((H,1),(H,2),(H,3),(H,4),(H,5),(H,6),(T,1),(T,2),(T,3),(T,4),(T,5),(T,6)}
A: H appears B: 3 ondie

P(A)=6/12=1/2

P(B)=2/12=1/6

P(A and B)=1/12

P(A).P(B)=1/2.1/6=1/12=P(A and B)

Hence A and B are independent events.

7. | A pair of dice is thrown simultaneously. If X denotes the absolute difference of numbers
obtained on the pair of dice, then find the probability distribution of X.

Ans: X={0,1,2,3,4,5}

X 0 1 2 3 4 5

P(X) |6/36 |10/36 |8/36 6/36 | 4/36 2/36

XP(X) | 0 10/36 | 16/36 | 18/36 | 16/36 | 10/36
Mean= ) PX=70/36=35/18

8. | There are two coins. One of them is a biased coin such that P(head): P(tail) is 1:3 and the
other coin is a fair coin. A coin is selected at random and tossed once. If the coin showed
head, then find the probability that it is a biased coin.

Ans:

A: Selecting Biased Coin B; Selecting fair coin C: Getting H

P(A)=P(B)=1/2, P(C/A)=1/4 (since ratio for head and tail is 1:3)

P(C/B)=1/2

P(C) =P(A).P(C/A)+P(B).P(C/B)=1/2.1/4+1/2.1/2=1/8+1/4=3/8

P(B/C): P(B).P(C/B) :1/4:2/3
P(A)P(C/A)+P(B)P(C/B) 3/8

9. | From a log of 30 bulbs which include 6 defective bulbs, a sample of 2 bulbs is drawn at
random one by one with replacement. Find the probability distribution of the number of
defective bulbs and hence find the mean number of defective bulbs.

Ans: X={0,1,2}
p-getting good 24/30=4/5 qg=getting defective=6/30=1/5
P(X=0)=both good=4/5.4/5=16/25
P(X=1)=1 good and 1 def=4/5.1/5+1/5.4/5=8/25
P(X=2)=both defective=1/5.1/5=1/25
X 0 1 2
P(X) |16/25 |8/25 |1/25
XP(X) | 0 8/25 | 2/25
Mean=ZxP(x) =0+8/25+2/25=10/25=2/5
10. | Two fair dice are thrown simultaneously. If X denotes the number of sixes, find the mean

of X.

Ans:

X={0,1,2}

P(0) =both non six=5/6.5/6=25/36

P(1)=one six and one non-six=2.(1/6.5/6)=10/36
P(2)=both six=1/6.1/6=1/36
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X 0 1 2
P(X) | 25/36 |10/36 | 1/36
XP(X) |0 10/36 | 2/36

Mean =) xP(x)=0+10/36+2/36=12/36=1/3

EXERCISE

1. | Inagame, a man wins Rs.5 for getting a number greater than 4 and loses Rs.1 otherwise,
when a fair die is thrown. The man decided to throw a die thrice but to quit as and when he
gets a number greater than 4. Find the expected value of the amount he wins/loses.

2. | A.urn contains 3 white and 6 red balls. Four balls are drawn one by one with replacement
from the urn. Find the mean of the distribution of the number of red balls drawn.

3. | A and B throw a pair of dice alternately, till one of them gets a total of 10 and wins the
game. Find their respective probabilities of winning, if A starts first.

4. | A coin is biased so that the head is 4 times as likely to occur as tail. If the coin is tossed
thrice. Find the mean of the distribution of number of tails.

5. | If A and B are two independent events, then prove that the probability of occurrence of at

least one of A and B is given by 1- P(A”).P(B’).

Answers: (1) Mean=57/27 (2) Mean=8/3 (3) For A wins:12/23, B wins:11/23

(4) Mean=3/5

5 MARK QUESTIONS

1. | In answering a question on a multiple choice test, a student either knows the answer or
guesses. Let 3/5 is the probability that he knows the answer and 2/5 be the probability that
he guesses. Assuming that a student who guesses at the answer will be correct with
probability 1/3. What is the probability that the student knows the answer, given that he
answered it correctly?

Ans: A: Knows the answer B: Guesses the answer E: Answered Correctly
P(A)=3/5, P(B)=2/5 P(E/A)=1, P(E/B)=1/3
By Bayes theorem,
P(A / E) _ P(A)P(E/A)
P(A).P(E/A)+P(B).P(E/B)
3

) g.1 3

EFTEREEY

5 53

2. | A box contains 10 tickets , 2 of which carry a prize of Rs.8 each, 5 of which carry a prize of
Rs.4 each, and remaining 3 carry a prize of Rs.2 each. If one ticket is drawn at random, find
the mean value of the prize.

Ans:
X 8 4 2
P 2/10 5/10 3/10
XP 16/10 | 20/10 | 6/10
Mean=42/10=4.2 Rs. 4.2
3. | There are three coins. One is a two-headed coin ( having head on both faces), another is a

biased coin that comes up heads 75% of the times and third is also a biased coin that comes
up tails 40% of the times. One of the three coins is chosen at random and tossed, and it shows
heads. What is the probability that it was the two-headed coin?
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Ans:
A: two headed B : Biased(75%H) coin C: biased (40%T)

P(A)=P(B)=P(C)=1/3

H: getting H
P(H/A)=1,P(H/B)=75/100 , P(H/C) =60 /100
_ P(A)P(H/ A) 100
PIATH) = P(A)P(H/A)+P(B)P(H/B) +P(C)P(H/C) 235
EXERCISE

LONG ANSWER (LA)- PRACTICE QUESTIONS

A man is known to speak truth 3 out of 4 times. He throws a die and report that it is a more
than 4. Find the probability that it is actually more than 4.

Bag A contains 3 red and 5 black balls, while bag b contains 4 red and 4 black balls. Two
balls are transferred at random from bag A to bag B and then a ball is drawn from bag B at
random. If the ball drawn from bag B is found to be red, find the probability that two red
balls were transferred from A to B.

In a factory which manufactures bolts, machine A,B and C manufacture respectively 30% ,
50% and 20% of the bolts. Of their outputs, 3, 4 and 1 percent respectively are defective
bolts. a bolts is drawn at random from the product and is found to be defective. Find the
probability that this is not manufactured by machine B.

An electronic assembly consists of two sub-systems say A and B. From previous testing
procedures, the following probabilities are assumed to be known:

P(A fails)=0.2, P(B fails alone)=0.15, P(A and B fail)=0.15. Evaluate the following
probabilities. (i) P(B fails) (ii) P(A fails or B fails) (iii) P(A fails/B has failed)

(iv) P(A fails alone)

Answers: (1) 6/10 (2) 18/133  (3) 11/31.  (4) (i) 0.30 (ii) 0.55 (iii) 0.5 (iv)0.05

CASE STUDY QUESTIONS

Case Study-04 Marks

There are different types of yoga which involve the usage of different poses of yoga
Asanas, Meditation and pranayama as show in fig. below.

~

" Anusara Yoga Q.,

! Vinyasa Yoga ﬁwﬁ-
o b e -

Types of Yoga
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The Venn diagram below represents the probabilities of three different types of Yoga A,
B and C performed by the people of a society. Further, it is given that the probability of a
member performing type C yoga is 0.44.

T Oc

11

S

(i) Find the value of x. (ii) Find the value of y (iii) (a) Find P(C/B) (OR)
(a) Find the probability that a randomly selected person of the society does Yoga
type A or B but not C.

Ans: (i) x=0.44-021=0.23 (il) y=1-0.96=0.04
P(CAB) 023 23
P(C/B)= _9_ 23
(i) P(C/B) == 5Ey =036~ 36
(OR)
P(A OR B notC) = 0.32 +0.09+ y = 0.41+0.04 = 0.45

Recent studies suggest that roughly 12% of the world population is left handed. Depending
upon the parents, the chances of having a left handed child are as follows:
A: When both father and mother are left handed:
Chances of left handed child is 24%
B: When father is right handed and mother is left handed:
Chances of left handed child is 22%
C: When father is left handed and mother is right handed:
Chances of left handed child is 17%
D: when both father and mother are right handed:
Chances of left handed child is 9%
Assuming that P(A)=P(B)=P(C)=P(D)=1/4 and L denote the event that child is left handed.
Based on the above information, answer the following questions:
(i) Find P(L/C) (ii) Find (L’/A)
(iii) (a) Find P(A/L) (OR) (b) Find the probability that a randomly selected child is
left handed given that exactly one of the parent is left handed.

Ans:
(i) P(L/C) =17/100
(i) P(L’/A) =1-24/100=76/100

(AnL)
(i) (@)P(4/L) =7
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“P(ANL) _ 6/100

Pea/L) P(L) ~ 12/100 =1/2
(OR)

P[(L) n (BUC)]
(byP (BUC) P(BUC)

P[(LNnB)U(L N C)]

~P(B) + P(C) — P(B). P(C)
_P(LNB)+P(LNC)—P(LNBP(LNC)

P(B) + P(C) — P(B) P(C)
22

22 1 17 1
_100°2 1 100°2 200 400
= 1 T 11
1t71727

39 374
_ %00 _ 160000
-1 1

2 16

= 0.217

An octagonal prism is a three-dim polyhedron bounded by two octagonal bases and eight
rectangular side faces. It has 24 edges and 16 vertices.

¥ 8 \

1 \
/ . 3 T
The prism is rolled along the rectangular faces and number on the bottom face (touching
the ground) is noted. Let X denotes the number obtained on the bottom face and the
following table give the probability distribution of X.

X 1 2 3 4 |5 6 |7 8
P(X) P |2p |2p |p |2p |P?|2P%|7P?%p

Based on the above information, answer the following questions:
Q) Find the values of p.

(i) Find P(X>6)
(i) (a) Find P(X=3m), when m is a natural number
(OR)
(@) Find the Mean E(X).

Ans:
(i) Sum of P(X)=1, 9p+10p?=1 on solving p=1/10 or p=-1<0 (Rej) . p=1/10
(ii) P(x>6)=P(7)+P(8)=2p2+7p?*+p=9/100+1/10=19/100
(iii) (@) P(X=3m)=P(x=3)+P(x=6)=2p+p?=2/10+1/100=21/100 (OR)
33 76 406

(b) E(X ) > XxP(x) = 33p + 76p’ _E 100" 100
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EXERCISE

1. | Acoachis training 3 players. He observes that the player A can hit a target 4 times in 5
shots, player B can hit 3 times in 4 shots and the player C can hit 2 times in 3 shots. From
this situation answer the following:

e N - ——

2y v o
atatal

(i) What is the probability that B,C will hit and A will lose?

(if) What is the probability that none of them hit the target?

(iif) (a) What is the probability that only one of them hit the target? (OR)
(b) What is the probability that at least two of them hit the target?

2. | A building contractor undertakes a job to construct 4 flats on a plot along with parking
area. Due to strike the probability of many construction workers not being present for the
job s 0.65. The probability that many are not present and still the work gets completed on
time is 0.35. The probability that work will be completed on time when all workers are
present is 0.80.
Let E1: represent the even when many workers were not present for the job
E2: represent the event when all workers were present
E3: represent completing the construction work on time
Based on the above information, answer the following questions:
(1) What is the probability that all the workers are present for the job?
(i)  What is the probability that construction will be completed on time?
(i) (a) What is the probability that many workers are not present given that the
construction work is completed on time?
(OR)
(b) What is the probability that all workers were present given that the
construction job was completed on time?

Answers: (1) (i) 1/10 (i) 1/60 (iii) (a) 9/60 (b) 50/60
(2) 35/100 (i) 5075/10000 (iii) () 2275/5075 (h) 2800/5075
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SAMPLE QUESTION PAPER -1

BLUE PRINT

CLASS XII MATHEMATICS

CHAPTERS MCQ | A&R | VSA(2M) SA LA(5M) | CSQ(4M) | TOTAL
(3M)
Relations &
Functions
Inverse
Trigonometric ) 1 1 ) 1 } 8
Functions
Matrices &
Determinants 5 - - - 1 - 10
Continuity &
Differentiability 2 - 1 - - - 4
Application Of
Derivatives - - 1 - - 2 10
Integrals 2 - - 3 - - 11
Application Of
Integrals - - - - 1 - 5
Differential
Equations 2 - - 1 - - 5
Vector Algeb
ector Algebra 3 ] 1 ] i i 5
Three-
Dimensional
Geometry 1 1 1 ) 1 B 9
Linear
Programming
Problem 2 ) B 1 B B 5
Probabilit
robability 1 ] i 1 i 1 8
18(1M) | 2(AM) | 5(2M) | 6(3M) | 4(5M) | 3(4M) 80 M
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CLASS X1l : MATHEMATICS

SAMPLE QUESTION PAPER -1

Time Allowed: 3 Hours

Maximum Marks: 80

General Instructions :

l. This Question paper contains - five sections A, B, C, D and E. Each section 1s
compulsory. However, there are internal choices in some questions.

ATl o i

assessment (4 marks each) with sub parts.

SECTION-A
(Multiple Choice Questions)
Each question carries One Mark

1. Given a matrix A =[a;;| of order 3 x 3 whose elements a;; =

the element
as, of matrix A is :
a) 12 b) 18 ok
_ (0 1 2 ;
2.1f A = (1 0), then A< is equal to

9 o) (3 o) 9o 1)
3.IfA=(1 2 3),thenAA’isequalto

1
a(1 4 9) b) (4) c) (14)
9
_( sin15° cos15° .
4.1fA = (_ Sin75°  cos 750) then the value of [A] is

a) 0 b) 1 c) -1

2 1 -3
5 1fA = (O 2 5 ) then A~1 exists if :
1 1 3

al=2 b) A = 2 C)A# -

Section A has 18 MCQ’s and 02 Assertion-Reason based questions of 1 mark each.
Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.
Section C has 6 Short Answer (SA)-type questions of 3 marks each.

Section D has 4 Long Answer (LA)-type questions of 5 marks each.

Section E has 3 source based/case based/passage based/integrated units of

(2i—j)?
i+j

, then

d) =

4

9o 1)

d)A+#—-
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A(x? —2x), if x <0

6. For what value of A, the function defined by f(x) = { dx +1, if x>0

IS continuousatx = 0

al=1 b) 1=2 ¢) No possible value exists  d) A = -2
. ay ..
7.1f3x + 2y = sin y, then — s
3 siny — 3 2-siny 2—cosy
a) cosy—2 b) 2 C) 3 d) 3

8. The value of fgex(sinx + cosx ) dx is

a) e b) ez ¢) ezt d) e2

9.The area bounded by the shaded figure is :

1 9
) ; b) + ) - d)=
10. If m and n are the order and degree of the differential equation

:—x [(Z—z)r =0,then m+n=

a)l b) 9 )3 d) 4

11. The integrating factor of Z—Z +y= HTy IS

a) ex—x b) ? c) xe* d) x%e*

12. The vector in the direction of the vector § — 2j + 2k that has magnitude 9 is:

b) i—2j+2k

a)i—2j + 2k -

¢) 3(i — 2j + 2k) d) 9(t — 2j + 2k)
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13. I @ is the angle between the vectors, @ and b then @ eb > 0, only if
)0 <<= b)0 <6 <=
)0 <b<m d0 <6<nm

14.1f |d@| = 10, |b| = 2, @ eb = 12, then the value of |d@ x b is

a) 5 b) 10 c) 14 d) 16

15. If a line makes angles a, 3, y with the positive direction of the coordinate
axes, then the value of sina + sin?p + sin?y is :

a) 0 b) 1 c) 2 d) 3

16. The feasible solution for a LPP is shown in the given figure.

(0. 8) (6, 8)
: (6, 5)
-9 -8 -7 -6 -5 -4 -3 -2 -1 (ﬁ(i)' 8 Q 10 11 12 13
Let Z = 3x — 4y. Minimum of Z occurs at:
a) (0,0) b) (0.8) c) (5,0) d) (4, 10)

17. The graph of the inequality 2x + 3y > 6s

a) Half plane that contains the origin
b) Half plane that neither contains the origin nor the points on the line
2x + 3y = 6
c) Whole XOY plane except the points on the line 2x + 3y = 6
d) Entire XOY plane
18. A die is thrown and a card is selected at random from a pack of 52 cards.

The probability of getting an even number and a spade card is:

a) - b) c)> d) =

52
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ASSERTION-REASON BASED QUESTIONS
In the following questions, a statement of assertion (A) is followed by a statement of
Reason (R). Choose the correct answer out of the following choices.

(a) Both A and R are true and R is the correct explanation of A.
(b) Both A and R are true but R is not the correct explanation of A.
(c) A 1s true but R 1s false.

(d) A 1s false but R is true.

19. Assertion: The domain of the function sec™(2x) is

(o -Jut

Reason : sec™(-2) = —

. . +1 +3 +3 +5 -4
20. Assertion:( A) The lines xT = % =and == =22 =Zgre

perpendicular

|
|
QD
>
o
]
=
IN)
3
<
N
N
|
N
IN)

Reason:( R): The lines =2 = X8 = 274 = = %772 g
a; by c1 a; b, Cy
: b
parallel if 2 =-22="22
a by ¢
SECTION B

(Each question carries 2 marks)
21. Given a relation R on the set R, the set of real numbers as

R ={(x,y),x% — 3xy + 2y? = 0}. Is R reflexive, symmetric?

x%+3x-10 £ .
22. Find the value of ‘k’ for which f(x) = { x—2 X IS
k x=2

continuous at x = 2

23. Show that the function f(x) = tan™!(sinx + cos x) is decreasing for all
<G
X 4 2
(OR)

A particle moves along the curve y = §x3 + 1. Find the points on the
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curve at which the y-coordinate is changing twice as fast as the x-
coordinate
24. Find the area of the parallelogram whose one of the sides is  — j + k and
diagonal is 41 + 5j
25. Find the vector equation of the line passing through the point A(1,1,—1)
and parallel to the line 5x - 25 = 14 - 7y = 35z
(OR)
Find the direction ratios and direction cosines of the line whose equation is

6x-12 = 3y + 9= 2z- 12

SECTION C
(Each question carries 3 marks)
26. Evaluate: f\/%dx
(OR)
sinx

Evaluate: f (1-cos x )(2—cos x)

A

> 1
27. Evaluate: [*;cosx log (;—i) dx
2
cos™

xz

1x

dx

LAY y
29.So|ve.xa—y—xtan()

X

28. Evaluate: f

(OR)
Solve ; & = Xzycosx
dx 1+ sinx .
30. Solve the Linear Programming problem graphically:
MinZ = 16 x+ 20y,
subject to the constraints: x + 2y > 10,x + y < 6,3x +y >8,x = 0,y = 0
31. From a lot of 10 bulbs, which includes 3 defectives, a sample of 2 bulbs are

drawn at random. Find the probability of the number of defective bulbs.
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SECTION D
(Each question carries 5 marks)

32. Let f: W —W be defined by f(x) = {9;"‘_11 l{;fcl;eozedn

. Show that £ is

bijective.

2 3 10
33.1fA = (4 -6 5 ) find A1, Using A~ solve the system of

6 9 -—-20
equations:
x oy z x ¥y z x y z

34. Using integration find the area of the region
{(x,y):9x% + y*> < 36,3x + y = 6}
(OR)
Find the area bounded by the region {(x,y): x?2 + y? <1 <x+y}

35. Find shortest distance between the following pairs of lines

x-3 -5 z =7 x+1 +1 zZ+1
=Y = Cagnd S =2 =

1 -2 1 7 -6 1

(OR)

Find the vector equation of the line which is perpendicular to the lines with

. +2 -3 +3 -1 +1 -3
equations x1 =y2 =Z4 andx2 =y3 =Z4 and passes through the

point (1, 1, 1). Also find the angle between the given lines
SECTION-E

(This section consists of three case study questions of 4 marks each)
36. A company is interested in making a new complex. It is planned to make an

open space the shape of rectangle and a restaurant in the form of semi-

circular portion is attached

along the breadth 21
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The total perimeter of the complex is 400 m.
Based on the above information answer the following questions
a) Derive the function for the total area of open space and the restaurant
b) What is the value of r for which the area of the rectangular region is
maximum
37. The Production function of a company is given by
P(x) = x3—12x%+36x + 17

where x is the years of production.

f

The company wants to decide the production rate for first 10 years
a) Find the range of years in which the production was increasing
b) Find the range of years in which the production was decreasing
38. In a hockey match both teams A and B scored same number of goals up to

the end of the match.
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To decide the winner, the referee asked both captains to throw a die
alternatively and decided that the team, whose captain gets a six first, will
be declared winner.

a) If the captain of the team A was asked to start, find their respective
probabilities of winning the match

b) Show that the decision of the referee was not fair.
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CLASS X1l : MATHEMATICS -1
SAMPLE PAPER
MARKING SCHEME

Q.No Answer Marks
e 1
1 0 1
2 |d(y 4)
3 |¢)(14) 1
4 |b)1l 1
5 |d)a=-:2 1
6 | c) No possible value exists 1
3 1
/ a) cosy—2
8 |b)ez 1
9 1
9 |0 .
10 |¢)3 1
11 )< 1
12 |c)3(i—2j+ 2k) 1
13 |b)0 << 1
14 |d) 16 1
15 |¢)?2 1
16 | b)(0,8) 1
b) Half plane that neither contains the origin nor 1
17 | the points on the line2x + 3y = 6
18 |b): 1
19 |(c) Aistrue but R is false 1
20 b) Both A and R are true but R is not the correct 1
explanation of A
21 Proving R is Reflexive 1
Proving R is not symmetric 1
99 Using the condition for continuity x = 2 1
Getting the value of k =7 1
Find f'(x) 1
23 | Checking the nature of f'(x) in the given interval 1

and writing the conclusion
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Q.No Answer Marks
’ Find the derivative and using the condition 1
. . 5 1
Find the points as (1 5) and (—1 5) 1
o4 | Getting the other side as b=3i+j+4k 1
Getting the area as V42 square units 1
Getting the direction ratios of the required line as 1
7: —5:1
25 Getting the required equation as 1
= (i+j—k)+A(7i—5j+ k)
. Getting the direction ratios of the line as% : % : % 1
. . . . 1 2 3
Getting the direction cosines as o T o 1
Splitting the integral 1
Getting the answer as 1+1
o6 | —2V2sin G — g) + % log |sec G — g) + tan G —
X
Al
Converting into partial fractions using substitution 1
Getting the correct values of the constants at partial 1
26 | fractions
Getting the answers as 1
log(1 —cosx)—log(2 —cosx)+C
97 Proving f(x) is an odd function 2
Getting the answer as 0 by using the property 1
Converting the problem to integration by parts 1
using substitution
Integrating using integration by parts 1
28 | Getting the answer as 1
cos 1 x 14++V1—x2
— + log +c
X
Converting the given Differential Equation by using 1
substation y = vx
o9 | Applying the variable separable method and 1
separating the variables
Getting the solution : log (sin %) = —logx+C 1
Writing in general form of Linear Differential 1
29 Equation
Find the Integrating factor as 1 + sin x 1
Getting the general solution as 1
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2
yﬂ+smx)=%+c

Q.No

Answer

Marks

30

Drawing the graph of lines

Getting the corner points as A(S, % ), B(1,5); C(2,

4), D(10, 0)
Getting the minimum value as 107.2 at (9 E)

e

31

5’5
Getting the probability for x=0,1,2

N

N

Expressing the distribution in tabular form

32

Proving one-one

Proving onto

Conclusion as bijection

33

Getting the value of |[A| = 1200

75 150 75
anﬁngA-l———l—(11o ~100 —30)

" 1200
72 0 —24

NIFRPIFRPINDNN -

Expressing the given system in matrix form

Getting thevaluesasx=2; y=-3; z=5

N —

34

For rough figure of the region

Finding the limits for integration

Calculating the area using integration

Getting the answer as 3(r — 2)

34

For rough figure of the region

Finding the limits for integration

Calculating the area using integration

Getting the answer as (% — %)

35

Identifying the vectors for the formula

Using the formula to get the shortest distance

Getting the answer as 229

RINN| RPON RPN RIRPWN RPN R+ N
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Q.No | Answer Marks
35 Getting the direction ratios the given lines 1
Getting the direction ratios of the required line 2
using the given condition
Getting the equation of the line as 1
r=(l+j+k)+A(-4i+4j—k)
Getting the angle as 1
cos™1 ( 24 )
V609
36 a) | Getting the total area as 2
nr?
(400 r — mr? — 2r%) + —
36 b) | Finding the first and second derivative 1
Proving area is maximum when r = % 1
37 a) | Finding years in which increasing 2
37 b) | Finding years in which decreasing 2
38 a) | Calculating the probabilities 3
38 b) | Drawing conclusion from the values of probabilities 1
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CLASS:XII

SAMPLE QUESTION PAPER (2023-24) - 02
MAX MARKS:80

SUBJECT : MATHEMATICS

TIME : 3 HRS

BLUE PRINT
General Instructions :
1. This Question paper contains - five sections A, B, C, D and E. Each section is
compulsory. However, there are internal choices in some questions.
2. Section A has 18 MCQ'’s and 02 Assertion-Reason based questions of 1 mark each.
3. Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.
4. Section C has 6 Short Answer (SA)-type questions of 3 marks each.
5. Section D has 4 Long Answer (LA)-type questions of 5 marks each.
6. Section E has 3 source based/case based/passage based/integrated units of
assessment (4 marks each) with sub parts.

CHAPTER MCQ’S & | VERY | SHORT [LONG [SOURCE [TOTA [UNIT
ASSERTI | SHORT | ANSWE | ANSW | BASED/CA | L TOTA
ON- ANSW R ER SE BASED L
REASON ER B |6 (4 MARKS
(1 MARK) v MARK) | MARK)
MARK)
RELATIONS & 1(2) * 1(5)* 2(7)
FUNCTIONS
INVERSE 1(1) (AR) 11) | 38
TRIGONOMETRI
C FUNCTIONS
MATRICES 1(1) 1(1) | 6(10)
DETERMINANTS 4(4) 1(5) 5(9)
CONTINUITY & 2(2) 1(2) 3(4)
DIFFERENTIABI
LITY
APPLICATION 1(2) 2(8) 3(10)
OF 15(35)
DERIVATIVES
INTEGRALS 2(2) —  [1@*+2(] - 5(11)
6)
APPLICATION 1(5) 1(5)
OF INTEGRALS
DIFFERENTIAL 2(2) 13)* 3(5)
EQUATIONS
VECTOR 3(3) 1(2) 4(5)
ALGEBRA 8(14)
THREE 1(V)+1(1) | 12 * 1(5)* 4(9)
DIMENSIONAL | (AR)
GEOMETRY
LINEAR 2(2) 1(3) 3(5) | 3(5)
PROGRAMMING
PROBABILITY 1(1) 1(3)* 1(4) 38) | 3(8)
TOTAL 20(20) 5(10) | 6(18) | 4(20) 3(12) | 38(80) | 38(80)

* QUESTIONS WITH INTERNAL CHOICE
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SAMPLE QUESTION PAPER (2023-24) - 02
CLASS:XII MAX
MARKS:80
SUBJECT : MATHEMATICS TIME : 3HRS

General Instructions :

1. This Question paper contains - five sections A, B, C, D and E. Each section is
compulsory. However, there are internal choices in some questions.

2. Section A has 18 MCQ’s and 02 Assertion-Reason based questions of 1 mark
each.

3. Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.

4. Section C has 6 Short Answer (SA)-type questions of 3 marks each.

5. Section D has 4 Long Answer (LA)-type questions of 5 marks each.

6. Section E has 3 source based/case based/passage based/integrated units of
assessment (4 marks each) with sub parts.

SECTION A
(Multiple Choice Questions)
Each question carries 1 Mark
1. The number of all matrices of order 2 x 2 with each entry 2 or 3 is
a) 4 b) 8 )16 d)32

2. IfA = [g 62{] and |43] = 27 , then the value of « is

a)+1 b)+2 c)+V5 d) +V7
3. The angle betweeni—j andj—k is

T 2 [ 51
. 3x—8, x<5 . i
4. If the function f(x) = { 2k x> 5 IS continuous , then the value
of k is
2 7 3 4
5. [e* (log\/z+%) dx =
a)e*logx + ¢ b) e*logvx + ¢ C)§+c

d)e*logx? +c

6. The order and the degree of the differential equation
3

(Z—z)g + (%) +5x =0are

a) 3;6 b)3;3 ) 3,9 d) 6;3

7. The graph of the inequality 2x + 3y > 6 is
a) Half plane that contains the origin

254



b) Half plane that neither contains the origin nor the points of the line
2x+3y =6
c) Whole XOY -plane excluding the points on the line 2x + 3y = 6
d) Entire XOY-plane

8. Ifd,b and ¢ are the position vectors of the points A4(2,3, —4) ,

B(3,—4,—5) and C(3,2, —3) respectively then |d + b + ¢|=

a) v113 b) V185 c) v209 d) v203
9. [—¥ gy =
© Jo Tiveotx & T

10. For what value of x the matrix g : i 41}

a) 1 b) —1 C)2 d)-2
11.Based on the given shaded region as the feasible region in the graph ,
at which point(s) is the objective function z = 3x + 9y maximum

\‘

Is a singular matrix

x+ 3_]' =60

a) Point B b) Point C ¢) Point D
d) every point on the line segment CD

12. If |§ ‘11 = |26x fz| then x =
a) +1 b) +2 c)+v2 d) +V3
13. If A = [3 _13] then the value of |adj A| is
a) 11 b)—11 c)9 d)—9
14.1f A and B are two independent events such that P(A) = § and
P(B) =, Find P(A'/B")
a) - b) 2 ok d) 2
15. The integrating factor of the differential equation x Z—i’ —y = x?cosx
is
a) logx b) —logx C) x d) %
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16. If e* + eY = e**Y | then Z—z =

a) eV ™* b) eXtY c) —e¥™* d) 2e*7Y
17. The value of p for which p(i + j + k) is a unit vector is
a) 0 b) % 0) 1 d) V3

18.The coordinates of the foot of the perpendicular drawn from the point
(2,—3,4) on the y —axis is
a) (2,3,4) b)(—2,—3,—4) ¢)(0,-3,0) d)(2,0,4)
ASSERTION-REASON BASED QUSETIONS
In the following questions , a statement of assertion (A) is followed by as
statement of Reason ( R) . Choose the correct answer out of the following
choices .
a) Both A and R are true and R is the correct explanation of A.
b) Both A and R are true but R is not the correct explanation of A.
c) Alistrue but R is false.
d) Ais false but R is true .
19.Assertion(A): sin~1(0.76) is defined
Reason (R) : sin~1(0.76) is defined because it is defined for all real
numbers.
20. Assertion(A): @ =1+ j + 2k is perpendicular to b=—i + 7
Reason (R ) : Two vectors d and b are perpendicular to each other if
d.b=0is
SECTION B
This section comprises of very short answer type questions (VSA) of
2 marks each
21. Show that the signum function f: R — R given by
1,ifx>0
fx)=40,ifx=0
-1 ,ifx<0
Is neither one-one nor onto
OR

131

Find the value of sin™* [sin (7)]

22. If x = at? , y = 2at then find ijzl
dx

23. The radius of a right circular cylinder is increasing at the rate of
2cm/s and its height is decreasing at the rate of 8cm/s. Find the rate of
change of its volume, when the radius is 3 cm and height is 6¢cm.

24. Using vectors, find the area of triangle ABC with vertices
A(1,1,1) B(1,2,3) and C(2,3,1).
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25. Find the angle between the lines 7 = (2f — 3k) + (i + 2j + 2k)
and 7 = (21 + 6] + 3k) + 1(21 + 3f — 6k)

OR
Find the value of k so that the linesx =-y = kzand X-2 =
2y + 1 =-z + 1 are perpendicular to each other.
SECTIONC

(This section comprises of short answer type questions (SA) of 3
marks each)
26. Find [ sin™! x dx.

27. Evaluate f_44|x + 2| dx.

OR
Vx
Vx+/a—x

2x

Evaluate [ 13 dx

28. Find [ —
x“+3x+2
29. Find the general solution of the following differential equation

er%dy + (x — 2ye%) dx =0
OR
Find the particular solution of the differential equation (2x?% +
y)Z—;C/ =x giventhatwhenx =1,y =2

30. Solve the following linear programming problem graphically
Maximize z = 3x + 5y subjecttox+y <5;x=>3;x<4;y=>0
31. A bag contains 19 tickets, numbered 1 to 19. A ticket is drawn at
random and then another ticket is drawn without replacing the first
one in the bag. Find the probability distribution of the number of even
numbers on the ticket. Also find the mean of the probability
distribution.
OR
Find the probability distribution of the number of successes in two tosses
of a die, when a success is defined as “number greater than 5”.Also find
the mean of the probability distribution.

SECTIOND

(This section comprises of long answer-type questions (LA) of 5
marks each)

3 4 2
32.1fA=]0 2 3| ;Find4a™?
1 -2 6

Hence , solve the following system of equations
3x+4y+2z2=8
2y —3z=3
x—2y+6z=-2
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33. Let N be the set of natural numbers and R be the relation on N x N
defined by (a, b) R (c, d) iff ad = bc for all a, b, ¢, d € N. Show that R
Is an equivalence relation.
OR
Show that the relation R on the set Z of all integers defined by
(x,y) € R = (x- y) isdivisible by 3 is an equivalence relation.
34. If the area between the curves x = y2 and x = 4 divided into two
equal parts by the line x = a , then find the value of a using
integration .
35. Prove that the line through A (0, -1, —1) and B(4, 5, 1) intersects the
line through C(3, 9, 4) and D(— 4, 4, 4).
OR
Find the vector and Cartesian equations of the line which is perpendicular

to the lines with equations 32 = 22 = 22 gpg L2223
1 2 4 2 3 4
and passes through the point (1, 1, 1).
SECTIONE

(This section comprises of 3 case-study/passage-based questions of 4
marks each with two sub-parts. First two case study questions have
three sub parts (i), (ii) ,(iii) of marks 1,1,2 respectively . The third
case study question has two sub parts of 2 marks each )

36.

2ym

Case-study 1 :Read the following passage and answer the questions
given below (2x and 2y are length and breadth of rectangular part)
The windows of a newly constructed building are in the form of a
rectangle surmounted by a semi circle . The perimeter of each window is
40m.
(i)  Find the relation between x and y
(i)  What is the area of the window in terms of x
(iii)  Find the value of x for which area of window will be maximum ?
OR

Find the value of y for which area of window will be maximum ?

37. Case Study -2 : The total profit function of a company is given by
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find

P(x) = —5x2% + 125x + 37500 where x is the production of the
company

(i) Find the critical point of the function ?

(if) Find the interval in which the function is strictly increasing ?

(iii) If P(x) = —5x2 + mx + 37500 and 14 is the critical point , then

the value of m
OR

Find the absolute maximum for this value of m in [0,16]

38. Case Study -3

An insurance company believes that people can be divided into two
classes: those who are accident prone and those who are not. The
company’s statistics show that an accident-prone person will have an
accident at sometime within a fixed one-year period with probability 0.6,
whereas this probability is 0.2 for a person who is not accident prone. The
company knows that 20 percent of the population is accident prone.
Based on the given information, answer the following questions.
(i)what is the probability that a new policyholder will have an accident
within a year of purchasing a policy?

(if) Suppose that a new policyholder has an accident within a year of
purchasing a policy. What is the probability that he or she is accident
prone?

k*khkkhkkhkkikkikkhkkikkikkikkik
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SAMPLE QUESTION PAPER (SESSION 2023-24) -02

CLASS:XII MAX
MARKS:80
SUBJECT : MATHEMATICS TIME : 3 HRS
MARKING SCHEME
Question Value Points Marks
No
1) c) 16 2)d) +V7 3) b)
2T
? 7
4)b) - 5) b) e*logvx + ¢
6) b)3; 3
1t020 |7) b) Half plane that neither contains the origin nor 1 Mark
the points of the line 2x+3y=6 for each
8) c) V209 9) d) = correct
10) ¢) 2 4 answer
11) d) every point on the line segment CD
12) d) +v3 13)b)-11  14)b):
15) d)- 16) ) —e¥~*
1
17) b) N 18) ¢) (0,—-3,0)

19) ¢) Ais true but R is false.
20) a) Both A and R are true and R is the correct
explanation of A.

21 f(1)=f(2)=1,So fis notoneone 1
as f(x) takes only 3 values (1, 0, or —1) there does not Y5
exist any x in domain R such that f(x) = —2. Yo
=~ fis not onto.
1
OR
13n s 1
. _1 . - _ . _1 . _
Sin [sm( 7 ) ] = Sin [Sll’l (27'[ 7) ]
—cin— 1l (| - _ T
o (-5)] =
22 ay
dy _de _2a _1 1
dx dx 2at t
dt
dy 1dt 1 1 1 1
dx?2  t2dx  t? 2at  2at3
23 |Z =2 cm/s and L =—8cmis &
dt dt
Vemho Y o me o D 1
=T7r dt =T1r dt A r dt
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d
“(atr=3andh=6)=0 Y
— 1 ~ 1
24 AB=j + 2k /2
A n 1
AC=1+ 2 /2
. Y
AB x AC=-41+2) -k
. | 1
Required area = 5@ 72
25. (i + 2+2k)(2i + 3}—61&)‘
cos 0 = ' : 1
NN
0= cosfli 1
B 21
OR
y+1
Xy oz ox-2 Y5 z-l
The lines, liflii and - T ) 1
k 2
. _ 1 1
are perpendicular .. I*E*EZO k=2
26 I = Isill’lx-ldx
:sin’lx-x—J. 1 = - x dx 1%
v1—x"
2x 1
=x-sinlx+%J‘\/12%dx /2
2 _ 2
1
= x-sin’lx+%-2vfl—x2 +C
orx sin'x + {1-x% + C
27 4 -2 4
f|x+2|dx= f —(x+2)dx + f—(x+2)dx
- DA s
x? - x?
i2—0[7+2x]_4+[?+2x]_2 11
Yo
1

261



27(OR)

t
L e

dx
X

3
4- .
= J.ild : (usmgproperty) 1
1
r 3
=27=[1dv=x] =2 1Y%
I Ya
=I=1
28 I J- 22\ ~dx J- 2x I
4342 Y (D +2) Y2
= dx using partial fraction
-‘-(x+1 x+2] ep 1%
_ . . - Yo
=2log|x+1|+4log|x+2|+ C
29 Given diff. equation is
d}’ ~ 2}-‘8":“‘ oy 1/2
dx 2xe” ¥
1
Put, Y vV+x ﬁ %
X dx dx
dv  2ve’ -1
VHx—=
dx 2{31"
, 1
d\ 21*@‘—17“_7 l /2
d\ 2¢e" 2¢¥
= 2e"dv = _dx
x
. v . 1
Integrating to get, 2e” =—log| x|+ C
—2e¥/7 +log|x| =
OR
Given diff. equation can be written as 1
dy dv 1
x—} —y= 2x2 or & ——y=2x
dx dx x A
IF = efi%dr =g logx — elOg% = 1
¥
.. | | .
Solutionis y-—= I2x-—a’x =2x+C
X X 1/2
=y= 237 + Cx Yo
whenx=1, y=2=2=2+C=C=0 Y2

—> Particular Solution is y = 247
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30

5 ] [} [] ]

The corner points of the feasible region are
A(3,2),B(3,0),€(4,0) and D(4,1)

Corner Points Z =3x+5y
A(3,2) 19
B(3,0) 9
C(4,0) 12
D(4,1) 17

Maximum of Z occurs at (3,2) and maximum of
Z =19

Correct
graph 1

Yo

Yo

31

Let X = No. of even tickets drawn

X 0 1 2

mC2 R 10(‘1-9(‘1 10 °C,

P(X) 19C2 715' 19C2 *19

19(.2 - 19

Mean of the distribution = 0 X > +1x 10 + 2 X 2=
18 19 19 19
19

OR
X =No of successes = No of times getting a number
greater than 5

X 0 1

5 5 25 1 5 10
P(X) Xe T3 2X=X—=—

1
36 6 6 3616

Mean of the distribution =0 x 2> +1x2yo2xt=
12 36 36 36

1
36 3

Yo

Yo +Yo+Y2

Yo

Yot+1o+Y2
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32

Al = 2. 72
co-factors of the elements of the matrix. 5
- (2 mark
Ap=6 Ap=-3 A3=-2 1 for 4
factor
Az ==16 A3 =9 Az =6 J cofactors)
6 =28 -16 1
LA =] -udj(A):l -3 16 9
[Al 2
=2 10 6
The given system of equations can be written as
Yo
A-X=B
X 6 =28 -16]|| 8 -2
where, X=A'B= y =% -3 16 9 3 (=3
z -2 10 6 -2 1 1
.'.X:—Z,y:3,Z:]
33 Reflexive: Forany(a,b) e N xN
ab=b-a
~. (a, b) R (a, b) thus R is reflexive 1
Symmetric: For (a, b), (¢, d) e N x N
(a,b)R(c,d) =a-d=b- ¢
=c¢-b=d-a
1%

= (c,d) R (a, b) .. R is symmetric
Transitive :  For any (a, b), (¢, d), (e, f), e Nx N

(a, b) R (¢, d) and (¢, d) R (e, £

—> a-d=b-candc-f=d-¢

= a'dc-f=b:c-de =>af=b-e
So(a,b) R (e, D, .. Ris transitive

. R is an equivalance Relation

OR

Yo

264



(x —x)=0i1sdivisible by 3 forallx € z. So, (x,x)e R 1%
- Ris reflexive.
(x—y) is divisible by 3 implies (y — x) is divisible by 3.
So (x,y)e Rimplies(y,x)e R, x,ye z 2
= Ris symmetric. 1y
(x —y) is divisible by 3 and (y — z) 1s divisble by 3.
So (x—2z)=(x—-y)+ (y—2z)isdivisible by 3.
Hence (x, z) € R = Ris transitive
— R s an equivalence relation
34 y
4 y2=xA B
SN T ° Correct
| B graph 1
ar (OAEO) = ar(ABDEA)
— 2-ar(OAFO)=2- ar(ABCFA) 1
a 4 1
J&dx = J\/; dx
0 a
2 32 _ 2 3/2 3/2 1
E - a = 5(4 —a )
2 3 2032 32
_— ; a = 2(4 —a ) 1
—1 a3.--"2 —4 o a= 421
35 | Equation of line AB is > = yT“ = Z:—l 1
1
Any point on this line is of the form (44,61 — 1,22 - 1) f
Equation of line CD is *= = 2= = £=
Any point on this line is of the form (-7u + 3, -54 + 9,4) Ys
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If line intersect then (44,64 — 1,24 — 1) = (=7u + 3, —5u +
9,4)

:>/1=§andy=—1 1%
Also these values of A and u gives the same set of .
points .Hence lines intersect /2
OR
Let equation of required line is XT_I = )I—Zl = Z;l .............. (1) 1
Since this line is perpendicular to x-i—2 = });3 = ZII and% = _1);2 = Z;3
a+2b+4c=0 (ii) 1
2a+3b+4c=0 ... (iii) 1
Solving (if) and (i) -%:%:—% Yy
~ DR’s of line in cartesian formis : —4,4,—1 Y
Equation of line in Cartesian form is: % = yT_l = Z__ll 1
Vector form of line is 7= (; +j+k)+ /’1(—4}+ 4j-k)
36 (i) 2x+4y+mx =40 1
2
(i) 40x —2x% - = 1
(iii) Area is maximum when £ (40x — 22> - =) = 0 1,
That is x = — 1
(T+4) 1y
Second derivative = —4 —m < 0
OR
Using in the equation related to x and y 1
40 1
Y = 2w+ 4)

37 i) x=125 1
(i) (0,12.5) 1
(iii)  For differntiating and equation to 0 1

m = 140 1
OR
For finding P(0), P(14),P(16) 1Y%
Absolute maximum = 38480 Y2
38 Let E1 = The policy holder is accident prone.
E2 = The policy holder is not accident prone.
E = The new policy holder has an accident within a
year of purchasing a policy.
(i) P(E)= P(E1)x P(E/E1) + P(E2)x P(E/E2) 1
=20 0 8 2 7 1
100 10 100 10 25
(ii) By Bayes’ Theorem, P(E,/E) = P(El):(—i()‘g/m 1
- 20 _ 6
100 *T0 _3 1
280 7
1000
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SAMPLE QUESTION PAPER - 03

CLASS XII MATHEMATICS (041) 23—24
BLUE PRINT OF SAMPLE QUESTION PAPER (SQP)

5] O A
£ 25
UNITS — d  Chapters 1 Mark 2 marks 3 marks Smarks | ©F &
c g 23 g
> (@) (SENS
S S S S
g |22 g 22 2l 22 2 22
QL s o 25 —o| L5 | 235 - o
22 | 08| 23 03| 28 CF| 29 97
= @ R N - ! - O = O
"3 1223233233 £33
i, i, w w
Relation and
Relations function LA&R) 11
and 8 | Inverse
Functions Trigonometric 1/1
Functions
Matrices 1
Algebra 10
Determinants 4 1
Continuity and 2 1
Differentiability
Applications of
Derivatives HA&R) 2 11 1
Calculus 35 | Integrals 1 1 1 1/1
Application of 1
the Integrals
Differential
Equations 2 11
Vectors and Vectors 3 1
Three- 14
dimensional Three
Geometry dimensional 2 1/1
Geometry
Linear Linear
grogrammm 5 Programming 2 1/1
Probability 8 | Probability 1 1 1
Total 80 Total 18+ 2 5 6 4 Ql?jes
Marks Questions Questions | Questions | Questions | Questions tions

‘ Assertion Reason based guestions
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SAMPLE QUESTION PAPER - 03
MATHEMATICS (CODE - 041)
SESSION 2023-2024

Time: 3 hours Maximum
marks: 80

General Instructions:

1. This Question paper contains - five sections A, B, C, D and E. Each section is
compulsory. However, there areinternal choices in some questions.

o UTA W

Section A has 18 MCQ’s and 02 Assertion-Reason based questions of 1 mark each.
Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.
Section C has 6 Short Answer (SA)-type questions of 3 marks each.

Section D has 4 Long Answer (LA)-type questions of 5 marks each.

. Section E has 3 source based/case based/passage based/integrated units of

assessment of 4
marks each withsub-parts.

SECTION A
(Multiple Choice Questions )
Each question caries 1 mark

Q1

If A =1 a;;] is a skew-symmetric matrix of order n, then
a)a;=— Vij b)a;=0Vij c)a;=0 whereisj d)a; #0,wherei=
ij

j

Q2

Given arelation Rinset A={1, 2, 3}.Is relation R = {(1,1),(2,2), (2,3)}.
a) Reflexive  b) Symmetric c) Transitive d) All the three

Q3

If |2: _21| = B (1)| then x is
a) 3 b) = 0> d) -+

Q4

A function f is said to be continuous for x € R, if
a) itis continuous at x =0 b) differentiable at x =0
C) continuous at two points  d) differentiable for x ¢ R

Q5

The general point on the line # = (2i +j -4k ) + A(31 + 2j-k ) is
a) (2,1, -4) b) 3,4,-1) ¢ (-1,1,3) d)(2+3A, 112X, -4-1)

Q6

Integrating factor for the solution of differential equation (x — y3)dx + y dx=0
is

2> blgy oy dy

Q7

The corner points of the bounded feasible region determined by a system of linear
constraints are (0,3), (1,1) and (3,0) . Let Z=px + qy, where p, g>0. The
condition on p and q so that the minimum of Z occurs at (3,0) and (1,1) is
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a) p=29 b) p=1  ¢p=31 d)p=qg

The area of a triangle with vertices A, B, C is given by

% 9|45 x ac| b)%@xm o) LIACxAB|  d)L[aC 7B
Q9 If a is such thatf .o dx =~ , thenthe value of ais
1

QlO If [x + 3y y] [4 - ] then Xty is

a) 7 b) -1 ¢)8 d)6

The feasible region corresponding to the linear constraints of a linear programming
Q11 problem is given below.

y Which of the following is not a
constraint to the given linear
o programming problem?
Ax+y=>2 b)x +2y <10
\ Cx—y=>1 dx—-—y<2
0.2)
€ (%) (l\.?/ (2,0) (10,0) >x
"'x
\:, X‘
Q12 If |d| = V3, |b| = 2 and angle between & and b is 60°, then @ . b is
1 1

a)VvV3  b)2 ©) d)
013 Given a matrix A of order 3 x 3. If |A| = 3, then find |A.AdjA.

a)3 b) 27 c)9 d) 81

A four digit number is formed by using the digits 1, 2, 3, 5 with no repetition. The
Q14 | hrobability that

number is divisible by 5 is

1 b) = c) = d) =

a) 3 4 2 6
015 Order of differential equation corresponding to family of curves y = Ae?* + Be=2*

IS

a) 2 b) 1 c)3 d) 4
016 If @, b and ¢ are mutually perpendiculars unit vectors, then the value of | 2a + b +

Clis

a) V5 b) V3 )2 d) V6
017 The set of all points where the function f(x) = x + |x| is differentiable, is
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a) (0,0)  b) (-0, 0) ¢) (0,00 U (0,0)  d) (-0,00)

Q18

. . . . 4—x 1-—
Direction ratios of the line - = % = TZ are

a)2,6,3 b) -2,6, 3 c)2,-6,3 d) none of these

ASSERTION-REASON BASED QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a
statement of Reason (R).Choose the correct answer out of the following
choices.
(a) Both (A) and (R) are true and (R) is the correct explanation of
(A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of
(A).

(c) (A) is true but (R) is false.
(d) (A) is false but (R) is true.

Q19

ASSERTION (A) : The functiony = [x(x — 2)]? is increasing in (0,1) U (2, )

REASON (R)  :22=0,whenx=0,1,2

Q20

ASSERTION (A) : The relation f: { 1, 2, 3,4} — {x, Y, z, p} defined by f =
{(1.x), 2y), 3.2)}
is a bijective function.
REASON (R) : The function f: {1, 2, 3} — {x,y, z, p} defined by f = {(1,%),
2y), 3,2)}is
one-one.

SECTION -B
[This section comprises of very short answer type questions (VSA) of 2 marks
each]

Q21

Find the value of sin‘l[sin(lz%n)]
(OR)
Find the value of tan®(; sin™12).

Q22

A man 1.6 m tall walks at the rate of 0.3 m/sec away from a street lightt is 4 m
above the ground .At what rate is the tip of his shadow moving? At what rate is
this shadow lengthening?

Q23

Show that the function f(x) = log|cosx| is strictly decreasing in ( 0, g ).
(OR)
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Find the intervals in which the function f given by f(x) = 2x3 - 9x2 + 12x + 15 is
strictly
increasing or strictly decreasing.

Q24

-1
em n X

dx.

ta
Evaluate [ ——;

Q25

Check whether the function f : R — R defined by f(x) = x3 + «, has any critical
point/s or not ?
If yes, then find the point/s.

SECTION-C
[This section comprises of short answer type questions (SA) of 3 marks each]

Q26

ex

o7 erra) X

Find [

Q27

The random variable X has a probability distribution P(X)of the following form,
where ‘K’ is some real number:
k,if x=0
2k,if x =1
3k,if x =2
0, otherwise
(i)Determine the value of k
(iFind P(X < 2)
(ii)Find P(X>2)

P(X) =

Q28

Evaluate f_21|x3 — x|dx.
(OR)

Evaluate [ sin~? /i dx.
2+x

Q29

Solve the differential equation: ydx +(x-y?)dy.
(OR)
Solve the differential equation: xdy - ydx = /x? + y2dx.

Q30

Solve the following linear programming problem (LPP) graphically.
Maximize Z=x+y
Subject to the constraints —— + < 1;2x + 5y <100, x >0, y >0
(OR)
Solve the following linear programming graphically,
Maximize Z = 3x + 4y +370
Subject to the constraints,
y=0

271



X +y<60

x <40
y <40
x+y=>10
2
Q31 | Iy =Ae™ +Be™, prove that U;xyz -(m+ n)Z—z + mny =0
SECTION-D
[This section comprises of Long answer type questions (LA) of 5 marks each]
Make a rough sketch of the region{(x,vy): 0 <y<x?,0<y<x,0<x < 2}and find
Q32 | the area of the region using integration.
Let N be the set of all natural numbers and R be a relation on Nx N defined by
Q33 | (@, b)R(c, d)e ad =bc for all (a, b), (¢, d) € NxI .Show that R is an equivalence
relation on
NxN. Also, find the equivalence class of (2, 6), i.e.,[(2,6)]
(OR)
Show that the function f : R—{x e R: —1 < x < 1} defined by f(x) = 1+x|x| :
Xe R is
One-one and onto function.
-4 4 4111 -1 1
Q34 | Determine the product [—7 1 3 [|1 —2 —2]and use it to solve the
5 =3 1112 1 3
system of equations
X-y+tz=4; x-2y-2z=9;2x+y+3z=1
035 Find the shortest distance between the following two lines :

P=(1+0)1+Q2-0f+ A+Dk; 7= (2i-]-k) +n(2i +] +2k)
(OR)
Find the equation of a line passing through the point P(2,-1,3) and perpendicular
to the lines:
7 = (i+]-k)+M21-27+k) and 7 = (21-]-3k)+u(i+2j+2k)

SECTION -E
[ This section comprises of 3 case — study /passage based questions of 4 marks
each with sub parts. The first two case study questions have three sub
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parts(i),(ii) of marks 1, 1, 2 respectively. The third case study questions has
two sub parts of 2 marks each.]

stions given below.

[

0% Case — Study: Read the following passage and answer thg_que

I

. Su
These days competitive examinations are online, a student has to go to a particular
place to give the examination at the given time. For this , company has to make
perfect arrangements and students are expected to be well prepared . But as a
human nature sometimes a student guesses or copies or knows the answer to a
multiple choice question with four choices each.
1) If the probability that a student makes a guess is 1/3 and that he copies the
answer is 1/6 .
what is the probability that he knows the answer?
i) If answer is correct what is the probability that he guesses it?
I11) What is the conditional probability that this answer is correct and he knew it?
OR
iii) what is the probability that he copied it given that his answer is correct?

Case — Study 2: Read the following passage and answer the questions given below.
Q37 | A village panchayat wants to dug out a square base tank. For preparing fertilizers
and wants capacity to be 250 cubic meters. On calculations it was found tht cost
of the land is Rs. 50 per square meter and cost of digging increases with dept and
cost of the whole tank is Rs. 400 (Depth) . Tank is shown as

=

A e
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1) If the side of the square base is’ x’ m and the height of the tank is ‘h ‘m. then

establish relations between’ x ‘and ‘h *

i1) Find the cost C for digging the tank in terms of ‘x” and’ h’
iii) Find the cost C in terms of * h ‘only

OR

i11) Find the value of ‘h’ for which cost C is minimum.

Q38

Case study- 3
Read the following passage and answer the questions given below

A

A building is to be constructed in the form of triangular pyramid, ABCD as shown
in the figure. Let its angular points are A(0,1,2), B(3,0,1), C((4,3,6) and D(2,3,2)

and G be the point of intersection of the medians of triangle ABCD

i)Find the coordinates of point G
ii)Find the length of vector
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Time: 3 hours

MARKING SCHEME

SAMPLE QUESTION PAPER -03
MATHEMATICS (CODE - 041)
SESSION 2023-2024

marks: 80

General Instructions:

7. This Question paper contains - five sections A, B, C, D and E. Each section is
compulsory. However, there areinternal choices in some questions.

8. Section A has 18 MCQ’s and 02 Assertion-Reason based questions of 1 mark each.

9. Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.

10.
11.
12.

Section C has 6 Short Answer (SA)-type questions of 3 marks each.
Section D has 4 Long Answer (LA)-type questions of 5 marks each.
Section E has 3 source based/case based/passage based/integrated units of

assessment of 4
marks each withsub-parts.

Maximum

Q. SECTION A Mark
No. (Multiple Choice Questions )
Each question caries 1 mark
(©), In a skew-symmetric matrix, the (i, j)th element is negative of the 1
QL | (j,i)th element. Hence,
the (i, i)th element = 0.
(d), Relation R in set A is not reflexive asfora€ A, (a,a) ¢ R,e.g.(33) ¢ |1
Q2 | RbutzeA.
Relation R in set A is not symmetric as for a,, a, € A, (a,, a,) €ER,
(ay, a;) € R but
(3,2)¢R
Relation R in set A is not transitive as (2, 3) € R, (2,2) € R but (3, 2)
¢ R
2x -1 30
@ |@ s = '
=4x+4=3-0
—x =
04 (d), as differentiable functions is continuous also. 1
05 (d),  asgivenlineis F=(20+] - ak) + A (31 + 2 - _IE) 1
. position vector of a point through which line passes.
LF=(2+3)0+ (L +20)) + (-4 -k
. General pointis (2+3A4,1+24,-4—- 1)
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(c), Equationis (x —y3) dy +ydx =0 1
Q6 dy _ x-y3 dx 1 _.2
—==- =—+-.X=y
dx y dy vy
Integrating factor = ¢/»® = elogy =y
. (b),  Z=px+qy - (i) 1
Q At(3,0),Z=3p ----- (i) andat (1,1),z=p + q -------- (iii)
From (ii) & (iii), 3p=p+g=2p=q
08 (b), The area of the parallelograms with adjacent sides AB and AC = |ﬂ§ 1
x AC |. Hence,
the area of the triangle with vertices A, B, C = % |AB x AC |.
a —rt -1 a 1
Q9 (b), as J, VT dx = [2 tan™" 2x]§
_m
)
| _r
> tan (2a) = 5
2a =tan-
4
1
a ==
2
x+3y yl_[4 -1 1
Quo | (@ [7—x 4'{0 4]
x+3y=4 andy=-1  thereforex =7
X+y=7+(-1) =6
(©, We observe, (0,0) does not satisfy the inequality x —y > 1 1
Q11 So, the half plane represented by the above inequality will not
contain origin
Therefore, it will not contain the shaded feasible region.
- 7 - T 0 — 1 —
012 (a) as d.b = |d| |b] cos 60° = V3 x 2 x ~=+/3 1
013 (b), as |A.Adj A= |A]2 =32 =27 1
(b), As total possibilities for four digit number is n(S) = 4! 1
Q14 Favourable possibilities for number to be divisible by 5, n(A) =
3Ix1=3!
: i ility = "A 3t _1
.. Required probability = " %3
015 @ Two arbitrary constants present therefore order is 2 1
016 (d), as @, b and ¢ are mutually perpendicular unit vectors. 1

wlal=1b] = c] =1

Consider, [2a4 + b + ¢|> = (24 + b +T )?
=44 + b?+ 2 +44.b +44.¢ + 2b.¢
=4|al> +|b|>+|¢|>?+0+0+0
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=4+1+1=6
= [2a+b+¢]? =6
017 (©, Method 1: 1
_ _(2x,x =0
f(x)‘x”x"{o,x <0
A
y=2x,x2=>0
y =0, 2<0
X o) — X
v
Y
There is a sharp corner at x =0, so f(x) is not differentiable at x =
0.
Method 2:
Lf’(0) = 0& Rf'(0) = 2 ; so, the function is not differentiable at x
=0
For x = 0,f(x) = 2x (linear function) & when x <0, f(x) =0
(constant function)
Hence f(x) is differentiable when x € (-0, 0) U (0, ).
- -4 -1 ,
018 (b) line=—=2="—=, drsare <-26,3> 1
ASSERTION-REASON BASED QUESTIONS
In the following questions, a statement of Assertion (A) is followed
by a statement of Reason (R).Choose the correct answer out of the
following choices.
(e) Both (A) and (R) are true and (R) is the correct explanation of
(A).
(f) Both (A) and (R) are true but (R) is not the correct
explanation of (A).
(9) (A) is true but (R) is false.
(h) (A) is false but (R) is true.
019 (b), Both A and R are true but R is not the correct explanation of A. 1
(d), Assertion is false. As element 4 has no image under f, so relationf | 1
Q20 | js not a function.
Reason is true. The given function f :{1, 2, 3} - {«x, y, z, p} is one
— one, for each
a€ {1, 2, 3}, there is different image in {x, y, z, p} under f.
SECTION-B
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[This section comprises of very short answer type questions (VSA) of 2

marks each]

Q21 sin™[ sin(BT")] = sin"![sin(27 — g)] 1
=sin™1[ sin(— g)]
_ T
= - ; l
(OR)
Let9:sin‘1§=> sin9:§,c059:%
. 20 . -0
tan?(Esin"12) = tan? 2 = _sz; = _25‘"2';
2 3 2 cos?; 2cos?;
_1-cosf _ 1‘% 1
" 1+cosf 1+ﬁ
3
_3-+5 _ (3-V5)2 . ..
=37 Ve - 3 sy [ on Rationalisation]
_ (3-V5)2 _ 9+5-6v5
T4 4
_7-3V5
= > 1
Let AB represent the height of the street light from the ground. At any
Q22 | {ime t seconds, let the man represented as ED of height 1.6m be at a distance of
x from AB and the length of his shadow EC by y m.
B Using similarity of triangles , we have
4 x+y
1.6 vy 1
3y =2x
Differentiating both sides w.r.t ‘t ¢, we get
A c d_y — d_x
dt dt
dy 2
— =-(0.3
dt 3 0.3)
2= (02)
At any time t seconds, the tip of his shadow is at a distance of (x+y) m from
AB 1
The rate at which his shadow is lengthening = 0.2m/s
f'(x) = ——. (-sin x) = - tan x.,tan x > 0 for (0, Z) 1
Q23 cosx ' . T2/
1

f'(x) < 0. Hence function is strictly decreasing.

(OR)

Consider f(x) = 2x3- 9x2 + 12 x + 15
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f'(x)=6x2-18x+12=6(x%-3x +2)

=6(x—1) (x—2)
1
For critical pointsf'(x) =0 =2 x=1,2
-00 < T \ > o0
-2 -1
x<1l | 1I<x<2 x>2
6 + + +
x—1 . - )
x—2 } ; +
f'(x) + - +
1
) ) T
Strictly increasing for (-0, 1) U (2, o), strictly decreasing in (1, 2)
B etan_lx 1 ¢
Q24 | Consider [ — dx —;fe dt
=Zet+C=Zemtan'x 4 Letmtan tx =t
m m
= = dx = dx
1+ x
0% f(x)=x3+ x,forallx € R.
S (f(x))=F'(x) =322 + L; forall x € R, 2% 2 0= f'(x) >0 1

Hence, no critical point exits.

SECTION-C
[This section comprises of short answer type questions (SA) of 3 marks
each]
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emtan_lx
26 _
Q f 1+ x? dx
let u = tanx
1
du=— ~dx
1+x
femtan‘lx dx :f emu du l
1+ x2
emu
T T
emtanlx 1
==+
m
Q27 | \We have )YPX)=1
k+2k+3k=1
6k=1
k:% 1
1)P(X<2)=P(X)=0+P(X)=1
k+2k=3k
=3. 1
6 1
=1
T2
i) P(X>2)=0 1
Q28 Consider f_21|x3 — x|dx,
Now x3-x =0 = x(x? —1) =0 =x(x+1)(x—1) =0
=x=0,-1,1
For-1<x<0, x3-xispositive
For 0 <x <1, x3-x is negative
For 1 <x <2, x3-xis positive 1
A L2013 —xldx= [0 —x0)dx- [ (63 —x)dx + [ (63 — x)dx
! 2210 |4t %211 et %212 1
B VY APl Y PR S M
_ 1 1 1 1 16 4 1 1
=0-0(5-5)-G-)+t00)+(-5)-G-3) 1
:l+l+2+1:2+§ :E
4 4 4 4 4
(OR)
Consider [ Sin~1 /i dx.
2+x
Let X = 2tan?8 =dx = 4tanf Sec? 0 d 6 1

2tan?6
2+2tan?6

=[Sin™?! X 4tan 6 Sec®> 0 d 8

=4[ Sin~! (Sinh) .(tan 6 Sec? 6 )d 6.
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=4 [0 (tanfSec?6)d 6. 1
_ 2 tan?6 .
=4 (6 tan?0 - [ 1.°22 a6 E
2
[ (tan6 Sec?2 6)dg == o ]
=2 [0 tan?8 — [(sec?8 — 1)dO]
= 2[6 tan?6 — tanf + 6] + C
:2[tan_1\/?.£—\/z—tan_1\/g]+0 1
2 2 2 2
=(x-2)tan‘1\/2 -2\/E +C
2 2
ydx +(x-y?)dy=0
Q29 Reducing the given differential equation to the form
ax = Y
& + Px =Q
dx  x _
We get, ay +; =y
Xa
|E = el Pay = oJ5% "
- elogy =y
The general solution is given by 1
X.I.LF = [Q.IF dy
=>xy = [y*dy
> Xy = y; +C,
1

Which is the required general solution

(OR)

x dy - y dx = {/x2 + y2dx.
It is a Homogeneous Equation as
dy _ J@xr2+yr2)+y
dax x

Put y=vx
dx dx

dv
Vix— = Vi+v2+v

Separating variables , and by integrating we get

Yo

Yo
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log|v + V1 + v2| = log|x| + log K, k>0 1
log|y + /x2 + y2| =log x? k
= y+Jx?2+y? =+ Kx?
= y+/x2+y? =Cx?
Which is the required general solution 1
Q30 2(graph
)
Points Z=x+Yy | Values
25+0 25
A(25,0)
50 40 30
50 20y 13 '3
BE 3
0+20 20
C(0.20)
Plotting the in equations as graph we notice shaded portion is feasible solution
.Possible points for maximum Z are A(25,O),B(53—0 , ?) and C(0,20).
Z is maximum atB(S—O,ﬂ) e x= @,y:ﬂ
3 '3 3 3 1
(OR)
Points Z=3x+4y+370 | Values
+0+
A(10,0) 30+0+370 400 2(graph
120+0+370 a0 |)
B(40,0)
120+80+370 570
C(40,20)
60+160+370 590
D(20,40)
0+160+370 530
E(0,40)
0+40+370 410
F(0,10)
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30 l
C
20
\
\A B
o' 10 B\za 30 3 50 5
On plotting the in equations we notice shaded portion is feasible solution.
Possible points for minimum Z are
A(10,0),B(40,0),C(40,20),D(20,40),E(0,40),F(0,10)
Z is minimum for A(10,0),i.e,x =10,y =0
We have,y = Ae™ + Be™ ...(0)
Q31 dy ma nx . 1
= — - Ame™ + Bne ...(11)
and L = AmZe™ +BnZe™  ..(ii) 1
Consider ZZT’Z’ -(m+n) Z—Z + mny
= Am?e™ + Bn2e™ - (m + n)( Ame™* + Bne™) + mn(Ae™* + Be™)
[from (i), (ii) and (iii)]
= Am?e™ + Bn’e™ - Am?e™* - Bmne™ - Amne™” - Bn?e™ + Amne™ | 4
+ Bmne™
SECTION-D
[This section comprises of Long answer type questions (LA) of 5 marks
each]
Q32 5 /
4
} 1
2
fy //
The points of intersection of the parabola y=x? and the line y=s are (0,0)
and (1,1) 1
Required area =/ ydx + [ ydx '
q oY 4
parabola line
1+1
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:folxzdx + flz xdx = 11/6 ( after integration and
applying the limits)

Q33

Let (a, b) be an arbitrary element of NxN. Then (a, b) € NxN and a ,b€ N
We have ab = ba ;(as a ,b€ N and multiplication is commutative on N)
=(a,b)R(a,b),according to the definition of the relation R on NxN

Thus (a, b)R(a, b),v(a,b) € NxN

So,R is reflexive relation on NXN.

Let (a, b),(c, d) be arbitrary elements of NxN such that (a,b)R(c,d)
Then (a,b)R(c,d) = ad=bc=bc =ad;(changing LHS and RHS)
=cb=da; (Asa,b,c, d € N and multiplication is commutative on N)
=( ¢, d) R (a, b); according to the definition of the relation R on NxN
Thus (a,b)R(c,d) = (¢, d) R (a, b) So R is symmetric relation on NxN

Let (a, b),(c, d), (e, ) be arbitrary elements of NxN such that (a,b)R(c,d) and (
c,d)R (e f)
Then (a,b)R(c,d) = ad = bc

(c,d)R (e, f) > cf=de } =(ad) (cf) = (bc) (de) = af = be

= (a,b) R (e,f) ; according to the definition of the relation R on NxIN

Thus (a,b)R(c,d) and (¢, d) R (e, f) = (a,b) R (e,f)

So R is transitive relation on NxN

as the relation R is reflexive, symmetric and transitive so, it is equivalence
relation on NxIN

[(2,6)]={(xy) € NN :(x,y) R (2,6)}
={(x,y) € NxN:3x =y}
={(x,3x):xeN}={(1,3),(2,6),3,9),..c......... }
(OR)
=, x<0

we have f(x) = {13*

—, x20
1+x
Now we consider the following cases

Case 1: when x>0 we have f(X)::_x
Injectivity; Let x,y eRTU{0}

such that f(x)=f(y)
N
1+x  1+y
X+Xy=y+Xy
X=y
so, f is injective function.
Surjective : When x=0, f(x)=—= =0
and f(x)=1 — —<1, as x> 0
1+x

y

let ye[0,1), thus for each ye[0,1) there exists x:% > 0 such that f(x)=——2—=

1_§

y
so, fis onto function on [0,0) to[0,1)

1.5

1.5
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Case 2: when x<0
we have f(x)= 1%

Injectivity; Let X,y €R"such that f(x)=f(y)
X y

1-x  1-y 1
X-Xy=Y-Xy
X=y
so, f is injective function
Surjective : When x<0 f(x)zé <0
and f)=1 - =
1
= 1+;> —1<1, -1<f(x) <0 1
let ye (—1,0), be an arbitrary real number and there exists lei’—y < 0 such
i
that f(x)= 1_1+"VL= y
1+y
s0, for ye (—1,0)there exists x:%<0 such that f(x) =y
Hence f is onto function on (-c0, 0) to (—1,0)
Case 3: (Injectivity) Let x>0 & y<0 such that f(x)=f(y)
x )y
1+x 1-y 1
X-Xy=y+Xy
X-y=2Xy
LHS>0 but RHS <0 which is in admissible
hence f(x) # f(y)when x=# y
so f is one-one and onto function
[—4 4 4
Q34 | Consider A=|-7 1 3 ]
|5 -3 -1
(1 -1 1
And B=(1 -2 -2
12 1 3
[—4 4 471 -1 1
AB=|-7 1 3][1 -2 —2]
|5 -3 1112 1 3
[—4+4+8 4—-8+4 —4-8+12
=|-7+1+6 7-2+3 -7-2+49
| 5-3-2 —-546-1 5+4+6-3
8 0 0
AB=|0 8 0| =8I .0
0 0 8 2
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Consider equations
x—y+z=4x—-2y—-2z=9;2x+y+3z=1
Corresponding matrix equation is

=

= BX = C is matrix equation.

—_

Its solution is X = B~1C

From (i), we have
AB=8l = (%A)B:I

= B1=1iA
. -4 4 47714
From (ii),X:EAC: -7 1 3”9]
5 -3 -—-1111

- B[

. x=3,y= —2,z= —1Is required solution.

ool Mo

—-16+36+4
—28+9+3
20-27-1

Q35

Consider the line
7=+ + @2 -0f+ +Dk
e 7=(@+2f+k)+Mi-j+k)

Herea; =i +2f+k, by =i-f+ke..... @)

Consider ,the line

7 = (21-]-k) +n(2i +f +2k)

Here @y =21-j -k , b, =20+ ] +2k.......... (ii)
Shortest distance between the lines

(@z -az) (b1 xbs)

|by xb,|

Now @ ~a; =21-f -k-i-2f - k
=1-3j 2k [from (i) and (ii)]

~

. A

by xb, =[1 -1 1
2 1 2
=1(-2-1) - j(2 - 2) + k(1+2)
= -31+ 3k

|by xby| =+v9+9 =3v2

Yo

Yo

Yo

Yo

Yo
Yo
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~Shortest distance = |(=3/=2k)(z31+3K) 1
3V2
_|=3-6| _ 3
- | Wz |l V2
_ 3v2 .
= units 1
(OR)
Let line through point (2, -1,3) is # = (2i-j-3k) + A'(al + bj + ck).......... 0
If line (i) is perpendicular to lines
7 = (1+]-k)+MQ2i-27+k) and 7 = (21-f-3k)+p(i+2j+2k)
Then (ai + bj + ck). (2i-27+k) =0 =2a-2b+c =0 1+1
And (ai + bj + ck). (i+2j+2k) =0 =a+2b+2c=0
a _b ¢ joa_b _c¢
Taz 2112 855733 T %
2
=a; b:cis-6:-3;60r2:1:-2
From (i),line is 7 = (2i-j-3k) + ' (21 + ] -2k) 1
SECTION -E
[ This section comprises of 3 case — study /passage based questions of 4
marks each with sub parts. The first two case study questions have three
sub parts(i),(ii) of marks 1, 1, 2 respectively. The third case study
questions has two sub parts of 2 marks each.]
Q36 | A: Guesses B: Copies, C=Knows, E= Correct
i) P(A)+P(B)+P(C)=1
2+ 24p(0) =1
3 6 ( ) - 1
P(C) = L
(0)=3
ii) There are four choices for guesses 1
1
P(A)=7
iii) P(B/IC)=1 1
OR
111) using Baye’s theorem
2
P(B/E)= 29
48
1
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) Volume = x.x.h = 250 1
Qa7 x%h = 250
i) Cost (C) =50 X x2 + 400(h)?
=50x2+400(h)? 1
250
iii) C = 50——+400h? 1
h
_ 12,5100+400h2 1
OR 2
iii) h=2.5M
i) Clearly, G be the centroid of the triangle ABCD, there fore coordinates | 2
Q38 | ot G are
3+4+2 0+3+3 1+6+2
( ) ) ) =(3,2,3)
3 3 3
ii) Since A=(0,1,2) and G = ( 3,2,3)
AG=3B-0)i+(2 - D+ -2k
=3i+j + k
|4G|"=32+12412
=11
|4G|=v11 2

https://www.youtube.com/channel/UCFcMLspE4JTudI9T16JwgZ0

ZIET MYSURU YOUTUBE CHANNEL
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