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MESSAGE

The eloquent words of Galileo Galilei resonate: ‘The laws of nature
are written by the hand of God in the language of mathematics.' In this
profound observation, the great astronomer awakened humanity to the
paramount importance of mathematics. Within our school education
system, mathematics holds a pivotal role, with a dedicated focus on
foundational numeracy and literacy.

This year marks a significant milestone, as the project extends its
reach to Government-Aided schools and introduces Level [V for classes
11t and 12t as well,

In the competitive arena, where time is of the essence, a strong
command over mathematics is indispensable. These skills are not only
prized in competitive exams but also wield significant influence in the
realms of entrepreneurship and innovation, Mental Maths, with its
transformative impact, enhances students' number sense, fosters an
understanding of relationships between quantities, and cultivates
logical thinking for problem-solving.

The meticulously crafted Mental Maths Question Banks recognize
the diverse abilities, needs, and interests of students. As the saying
goes, ‘Nothing great can be achieved without consistent and persistent
hard work’. Heartfelt congratulations to the State Core Team members,
District Cordinators and Subject Experts for their silent and steadfast
dedication to bring forth these impactful publications.

(Ashok Kumar)
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MESSAGE

Beyond mere numbers and equations, Mathematics serves as a
foundational language, intricately woven into the fabric of everything from the
technology we rely on to the scientific principles shaping our understanding of

the cosmos.

Enter Mental Maths — a captivating art of calculation sans paper or tools,
a dance of numbers performed within the confines of the mind. It's not just
about crunching numbers; it's about empowerment. Mental Maths nurtures the
comprehension of place wvalue, fortifies basic operations, and establishes a
robust foundation for grappling with more complex mathematical concepts in the

future.

Engaging in Mental Maths includes exercising multiple cognitive
processes — memory, attention, and critical thinking. Studies reveal that regular
Mental Maths exercises contribute to maintaining cognitive reserve, postponing
the onset of age-related memory loss, and fending off other cognitive declines. In
essence, Mental Maths keeps our minds agile and adaptable, akin to the benefits
of physical activity for our bodies. It becomes the catalyst for swilt decision-

making and adept situational adaptation.

A heartfeli commendation goes to the dedicated State Core Team
members and subject experts who meticulously crafted the Mental Maths
Question Banks. These resources, tailored for students in Government and
Government-Aided Schools of the Directorate of Education are a testament to
their sincers efforts and the wise guidance of the Project Director of Mental
Maths. It brings me immense pleasure to present this Mental Maths Question
Bank to students, encouraging them to weave the magic of Mental Maths into
the tapestry of their daily lives.

B— o

(BHUPESH CHJIJ'DHARY!
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MESSAGE

At the tender age of 16, RPraggnanandhaa, the prodigious talent in Indian chess, sent
waves through the global chess community by outsmarting Chess Grandmaster
Magnus Carlsen in a lightning-fast game at the Airthings Masters Rapid Chess
Tournament, His secret weapon was the remarkable ability for mental calculations.
This young genius effortlessly combines his exceptional talent with lightning-quick
numerical intuition, fortifying his strategic thinking skills.

At the age of 20, Neelakanta Bhanu Prakash of Hyderabad secures his place as
the fastest human calculator on the planet, clinching India’s first gold in the Mental
Calculation World Championship at the Mind Sports Olympiad in London. Holding an
impressive tally of 4 world records and 50 Limca records for speed calculation, his
journey is even more remarkable considering a childhood setback. A skull fracture at
the age of 5 kept him away from school for a year, but he turned adversity into
opportunity, delving into puzzle-solving and mathematics games to hone his cognitive
skills.

Mental Mathematics isn't just about acing cxams; it's a cognitive superpower
that equips the brain to think strategically, break down challenges into manageable
steps, and devise creative solutions. This skill transcends academic boundaries,
proving invaluable when estimating shopping costs, calculating expenses, or planning
a trip. Imagine confidently tallying a shopping bill without reaching for any gadgets.

Recognizing that each student has a unique learning style, Mental Maths
Question Banks cater to diverse needs, offering a plethora of materials. Through
collaborative efforts, students engage in exhilarating Mental Maths competitions,
learning from one another and building self-confidence.

A heartfelt acknowledgment goes to the Mental Maths State Core Team, District
and Zonal Coordinators, and HOSs for their unwavering dedication to bringing the
Mental Maths superpower to students across all Government and government-aided
schools of the Directorate of Education. Gratitude extends to the esteemed Secretary
Education and the Director of Education for their guidance and constructive feedback,

steering the Mental Maths Project toward continuous improvement. -

(VIKAS KALIA)
PROJECT DIRECTOR (MMP)
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STATE LEVEL MENTAL MATH QUIZ COMPETITION RESULT 2023-2024

LEVEL-4
REGION SOUTH (1st PDHITIGN}
NAME OF
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STUDENT CODE
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CONSTITUTION OF INDIA
[PART IV A

FUNDAMENTAL DUTIES

Article 51A. Fundamental duties. — It shall be the duty of every citizen of
India—

a) to abide by the Constitution and respect its ideals and institutions, the
National Flag and the National Anthem;
to cherish and follow the noble ideals which inspired our national
struggle for freedom;
to uphold and protect the sovereignty, unity and integrity of India;
to defend the country and render national service when called upon to
do so:
to promote harmony and the spirit of common brotherhood amongst
all the people of India transcending religious, linguistic and regional or
sectional diversities; to renounce practices derogatory to the dignity of
women;
to value and preserve the rich heritage of our composite culture;
to protect and improve the natural environmentincluding forests, lakes,
rivers and wildlife, and to have compassion for living creatures;
to develop the scientific temper, humanism and the spirit of inquiry and
reform:
to safeguard public property and to abjure violence;
to strive towards excellence in all spheres of individual and collective
activity so that the nation constantly rises to higher levels of endeavour

and achievement;]

’[(k) who is a parent or guardian to provide opportunities for education to
his child or, as the case may be, ward between the age of six and fourteen
years. |

1. Ins. by the Constitution (Forty-second Amendment) Act, 1976, Sec. 11 (w.ef 3-1-1977).
2. Ins. by the Constitution (Eighty-sixth Amendment) Act, 2002, Sec. 4 (w.e.f. 1-4-2010).




THE CONSTITUTION OF INDIA

PREAMBLE

WE, THE PEOPLE OF INDIA, having solemnly
resolved to constitute India into a '[SOVEREIGN
SOCIALIST SECULAR DEMOCRATIC REPUBLIC] and
to secure to all its citizens:

JUSTICE, social, economic and political,

LIBERTY of thought, expression, belief, faith and
worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of the individual
and the “[unity and integrity of the Nation];

IN OUR CONSTITUENT ASSEMBLY this twenty- sixth day
of November, 1949, do HEREBY ADOPT, ENACT AND

GIVE TO OURSELVES THIS CONSTITUTION.

1. Subs. by the Constitution (Forty-second Amendment Act, 1976, Sec. 2,  for
“SOVEREIGN DEMOCRATIC REPUBLIC" (w.ef. 3.1.1977)

2. Subs. by the Constitution (Forty-second Amendment Act, 1976, Sec. 2, for
“Unity of the Nation” (w.ef. 3.1.1977)




SCHEDULE OF MENTAL MATHS QUIZ
COMPETITIONS

FOR THE YEAR 2024-2025
DIRECTORATE OF EDUCATION
GOVT OF NCT OF DELHI
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Practice to students from Question Bank - 01.04.2024 to 19.10.2024
School Level Quiz Com petitions - 21.10.2024 to 30.10.2024
Cluster Level Quiz Competition - 14.11.2024 to 20.11.2024
Zonal Level Quiz Competition - 20.11.2024 to 30.11.2024
District Level Quiz Competition - 07.12.2024 to 13.12.2024
Regional Level Quiz Com petition - 26.12.2024 to 31.12.2024

State Level Quiz Competition - 18.01.2020 to 31.01.2020



INDEX

EI RELATIONS AND FUNCTIONS

‘ 2, |‘ INVERSE TRIGONOMETRIC FUNCTIONS |

‘ 3. |‘ MATRICES |
DETERMINANTS

EI cnmnmmw AND DIFFERENTIABILITY
- APFLICATIUN OF DERIVATIVES

INTEGRALS

APPLIACTION OF INTEGRALS
‘9. H DIFEERENTIAL EQUATIONS \

‘ 10. HUECTGH ALGEBRA \

‘ 11. |‘ THREE DIMENSIONAL GEOMETRY |

- LINEAR PROGRAMMING
FHDEABILIT\"




CHAPTER 1

RELATIONS AND FUNCTIONS

POINTS TO REMEMBER

1. Cartesian Product of Sets:-

Ax B={(ab):a e Aandb e B}.
Results on Cartesian Products of Sets:
@HAXBuUC=AxBUIMXCO).
(i) A % (B C)= (Ax By (A x C).
(iii) A x (B= C) = (A x B) - (A x C).

(iv) If A and B have 'n' elements in common, then A x Band Bx A haven’? elements

in common.
(v) If n(A) = a and n(B) = b, then
@nAxB=axbh @®nBxA=hbxa
(¢) (A % A) = a (d) n(B xB) = b?

2. Relation: Let A and B be any two non-empty sets. Any subset of A % Bis said to
be a relation from the set A to the set B.

3. Binary Relation on a set: Every subset of A » A is called a binary relation on A.

I. (i) Identity Relation: [a={(a ,a):aeA}.
(ii) Universal Relation: A x A is called the universal relation on A.
I1. A relation K on A is said to be:

(i)  Reflexive, ifaRaVae A




(ii) Symmetric, ifa Rb=bRaVabeA
(i) Transitive,ifaRbandbRc=DaRcVa b&ce A
(iv) Anti-symmetric,ifa Rbandb Ra = a=b.
I1I. Equivalence Relation: A relation which is Reflexive, Symmetric and Transitive

is called an equivalence relation.

(i) The inverse of an equivalence relation is an eguivalence relation.

(ii) The intersection of two equivalence relations is an equivalence relation.
(1ii) The union of two symmetric relationsis symmetric.

(iv) The union of two transitive relations need not be transitive.

(v) If n (A) =m and n (B) =n, then total no. of relations from A to Bis2™",

(vi) If n (A) =m and n (B) = n, then total no. of relations from B to A is2™",

(vii) If n (A) = m, then total no. of relations from A to A is 2’“:,

(viii) If n (B) = n, then total no. of relations from B to Bisz"'.
IV. Arelation R on a set A is:

(i) Reflexive A& IaAC R
(ii) Symmetric <> R1= R
(iiiy Transitive<» RoRC R

4. Functions or Mappings:

Let A and B be two non-empty sets. Then, a rule or a correspondence f which
associates to each xe A, a unique element f (x) € B, is called a function or a mapping

from A to B, and we write, f: A— B. f (x) is called the image of x and xis called the
pre-image of f (x).

A is called the domain of f and { f (x): x € A) £ Bis called the range of f, where Bis

the co-domain of f.




5. Various Types of Functions:

A function f: A— B is said to be:

(i) Many-One, if two or more than two elements in A have the same image in B.

(ii) One-One, if distinct elements in A have distinct imagesin B
ie,fisoneone iff(x))=f(x;) = x; = X,V x4, X5 €A

(iii) Into, if 3 at least one element in B which has no pre-imagein A.

(iv) Onto, if Range = Co-domain i.e., each element of B hasa pre-imagein A.

One-one mapping is called Injective; onto mapping is called surjective and a one-

one, onto mapping is called bijective.

6. Letf: A—» Band ¢ B —C, then

gof: A— C s.t. (zof) (x) = g(f(x))

Note I: gof is defined when Range (f) ¢ Dom (g).
Note II: fog is defined when Range (g) ¢ Dom (f).

7. Chart to find the domain of various functions:-

Function Domain

D=1{x:1f(x) = 0]

D={x:gix) =0}

D={x:1(x) = 0]

D={x:f(x) >0}

log(f(x)) D={x:f(x) >0}
If(x)], [f(x)], efix) D = Domain(f)




8. (i) Dom(f + g) = Dom(f) ~ Dom(g).

(ii) Dom (f — g) = Dom (f) » Dom (g).

(1ii) Dmﬂié}:mm () ~ {Dom (g) — {x : g (x) =0}}

0. To find the range of f (x), firstly put y =1 (x ) and find value of 'x' in terms of y
only, i.e. x = g (y), then find the domain of g (y), this domain (g) = Range (f).

Notes:
(i) Asrange of all functions cannot be derived by one method. 50, students are

advised to be a bif careful while finding range.

(ii)If a line parallel to x - axis cuts the graph of f (x ) at more than one point, then

the function is not One-One,

(iii)If a lime parallel to x —axis cuts the graph of f (x ) at atmost one point, then the
function is One-One.

(iv)If f '(x ) remains unchanged in its sign for every point in the domain of the

function, then f (x ) isalways One - One.




QUESTIONS:

. Let A={1, 2, 3}, then find the Maximum Number of Reflexive Relation on A?
. Let B= {m, a, t, h}, then find the total Number of Symmetric Relation on B?
. Let C= {1, 4, 9}, then find the total Number of Equivalence Relation on C?
. Let D = {d, o, e}, then write the Smallest Equivalence Relation on D?
. Let A= {m, e, n, t, a, 1}, then find the number of elements in the Smallest
Equivalence Relation on A?
. Let A = {d, o, e}, then find the number of elementsin the Largest Equivalence
Relation on A?
JA={2,3 4} & B= {7, 8}, then find the number of Injective functions from A
to B.
AEA={1,2 3,4} & B= {5, 6, 7, 8}, then find the number of Injective functions
from A to B.
AfA={1,2 3} & B={d, o, e}, then find the number of Surjective functions
from A to BE.
10. If A={1,2,3} & B={5, 06, 7, 8}, then find the number of Surjective functions
from A to BE.
11. A relation is defined as K= {(a, b): 1 + ab =0, a, be R }. What is the nature of R
in terms of Reflexive, Symmetric and Transitive?
12. Arelation R on R is defined as: aRb <> |a| <b. What is the nature of R in terms

of Reflexive, Symmetric and Transitive?




13. If n (A) = 2 and n (B) =3, then what are the total number of relations from A to
B?

14. What is the nature of the relation K = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1, 3)} omn
set A={1, 2, 3} in terms of Reflexive, Symmetric and Transitive?

15. What is the nature of the relation '"less than"' on the set of natural numbers in

terms of Reflexive, Symmetric and Transitive?

16. For real numbers x and y, we write x R y € x - y + 2 is an irrational number,
What is the nature of the relation R in terms of Reflexive, Symmetric and

Transitive?

17. Arelation R is defined from {2,3, 4,5} to {3,6, 7, 10} by x R y & xisrelatively
prime to y. Find the domain of the relation E.

18. What is the nature of the void relation on a set A in terms of REeflexive,
Symmetric and Transitive?

19. Let § be the set of all straight lines in a plane. A relation R is defined on S by
aRb&all b. What is the nature of R in terms of Reflexive, Symmetric and

Transitive?

20. Let A=(1,2,3, 4} and let R={(2, 2), (3, 3), (4, 4), (1, 2)} be a relation on A.
What is the nature of R in terms of Reflexive, Symmetric and Transitive?

21. Let f: N — N such that f (x) = x% . What is the nature of f in terms of one-one and

onto?

22. Let f: R R st f(x) =x% . What is the nature of fin terms of ene-one and onto?

23. Let f: R—> R s.t f(x) = x* . What is the nature of fin terms of one-one and onto?

24 Let R be the set of all positive real numbers. A function is defined as

fi "= R stf (x) = ¢. What is the nature of fin terms of one-one and onto?




. f Q-0 such that f (x) = 3x + 5, then find £~ ().

(0 =2 -1 and g (x) = (3x + 1) then find the value of (g 2. (x).
> 1 .
. Iff (.:r = ;) =x"tg.xF 0, then what is the value of f (x)?

. Letfix) = +v9— x%. Find the domain of £ (x).
. What is the domain of £ (x) = sin™? 2x?

sin~le
.Letf(x) = . What is the domain of £ (x)?

X

. What is the range of f (x) = a*, wherea = 07

32. Letf: R — R be defined hyf{x}z%. x» 0, f(0) = 2. What is the range of f?

33. What is the range of the function f (x) = % x»07?

34 If fbea function from the set of natural numbers to the set of even natural

numbers given by f (x) = 2x. What is the nature of fin terms of one-one and onto?

1: xisrational
: x is irrational

35. Consider the function /- R — {0, 1} such that £ (x) ={ 0

What is the nature of fin terms of one-one and onto?

36. Let f(x) = E . What is the domain of f ?

37. Let f(x) = ,,-% — 41— x2 . What is the domain of [ ?

38. Let f (\)= 5——. What is the domain of f 7

30. Letf: N = N: f(x)=2x. What is the nature of fin terms of one-one and onto?

40. Let f: R = A : f(x) = 3(sinx) + 4. Find set A so that f is onto function?




41.Letf: R = A: f(n)=n?+ 2n +2. Find set A so that f is onto function?

42. A function is defined asf: R — A 5.t f(x) = cos x such that f(x) is onto. Find set
A,

43. Let f (x) = cos ! (3x- 1). What is the domain of f?

4. If f(x) = E , then what is the value of f[f (cos26)] ?

45. Let set A has 3 elements and set B has4 elements. What are the number of
injections that can be defined from A to B?

46.If f: R — R, sach that f (x) = | x|, then what is the nature of fin terms of one-one

and onto?

47. What is the domain of sin~ 1 [lung3 (’-;}] ?

48. What is the domain of f (x) = log [logx{ 7

x+2

49. What is the range of the function f (x) = e 7

50. What is the range of f (x) = cosx — sin x?

51. Thearrow diagram of a functionf : A — B is given below.

Pl B

Find the total number of one-one function from A to B.




52. Thearrow diagram of a functionf : P — Q is given below.

Find the total number of functions which are one-one & onto both from P to Q.

53. If f: A—{4,00) such that f(x) = x? is onto, then what can be the largest set A?

34. I 1 A—{4,0) such that f(x) = xZ is one-one, then what can be the largest set A?

55. If n (A) =5, then how many bijections can be defined from the set A to A?




ANSWER

Reflexive, Symmetric,
Transitive / Equivalence
relation

1024

Transitive neither
Reflexive nor Symmetric,

5

One-one, not onto

{(d, d), (o, 0), (e, )}

Not one-one, Not onto /
Many-one, into

5

One-one, onto

One-one, not onto

x5

E]

-2

4=

[-3.3]

Reflexive, Symmetric,
Not transitive

[-1/2, 172]

Not reflexive, not
syminetric, Transitive

-1, 1]-{0}

o4

(0, e}

Reflexive, Transitive
but not symmetric

11,12}

Transitive neither
Reflexive nor
Symmetric,

1. 1)

Reflexive, Not
syminetric, not
fransitive

One-one, onto

Domain = {2, 3, 4, 5}

Not one-one, onto

Symmetric &
Transitive but Not
reflexive,

(—oo 1]U ({4 oo)




1
(31

[1.9]

R-(1,2)

©, U (1, )

One-one, not onto

{1, 1}

[1,7]

[—VZ,2]

{hint:—va? + b* < asin x + beos x = va® + b%)

[1,00)

[-1, 1]

0

[0.2]

(—eo, =2]U [2 ,0)

cos 28

(—o0, -2] or [2 ,09)

24

120

Not one-one, not onto




CHAPTER 2

INVERSE TRIGONOMETRIC
FUNCTIONS

POINTS TO REMEMBER:

1. )sin"'x =6& x =sn 6.
(i) cos lx =94> x =cosH.

(iii)tan 'x =8> x =tan 6.

2. Domain & Range:

Functions Domain

(Principle Values)
[-1.1]

[-1.1]

cot 1lx

sec lx

cosec lx

(i) sin~! (sin x)=x if —gn_:xz;

(i) cos ! (cosx)=x, f 0=x=m

(iii) tan~"(tan x)=x,if —Z<x<Z




(i) sin"lx = cosec™! G) —l=x=1

(i) cos L x = 51.*1:_1(%) —l=x=1

(iii) tan~* x =cot™?! (;)

(i) sin ! (-x) =- sin "'x,

([iycos T (-x)=m —-cos x,—-1=x=1
(1ii) tan '(-x)=—-tan x, xER
(ivicot ' (~x)=m —cot ™ 'x, xER

(v) cosec L (-x)=—cosec Lx, x| =1

(vi) sec Y (—x)=m —sec lx, lx|=1

(i)sin~1x + l:ns‘ix=§. —-1=x=1

m

(i) tan~ x+ cot lx = -

, XER

(iii) sec” x + c-nr.ec_1x=§ Jxl= 1

(i) tan " 'x + tan" ly = tﬂ]l_i(ﬂ) when x>0, y>0andxy <1

(i) tan " 'x+ tan"ly=m +tm_1(ﬁ},.whmx}ﬂ.j}ﬂ,xy} 1

-1 . L — -1 *°F 2
(iii) tan "' x - tan”" ly = tan (Hw),whmzﬁﬂ.j::ﬂandxy} 1

8.

(i) sin~1x + sin‘lyzsin—i{x "1—F3+F'~"I1—KI)J—1 =xy<Lxi+yl=1

{ii) sin'ix—sin‘ljr=sin‘1(x\f1— y2 — F\.I'I].— KI) —l=xy= 1, x2 +F3 =1




(i) cos~1x + l:lls_ljl'=fﬂ5_1(xj.r— JI—y2A1- xz),—l <xy<Lx+y=0

(iv) cos " 1x— cos ly=cos™? (x}r +J1—y2N1— xz),—l =xy=Lx=<y
(i) sin"lx=sin"Y{ 2xv1—x2), — % =x= %

(ii) 2cos x=cos ™1 (2x2-1),0=x=1

(iii) 2tan~x =tan"* (2}, —1<x< 1

|

1
o - 1-x
Ztan x=— cos 1( :
X

},ﬂix*{m

T | =
2tan "x=sin (m),—lixil

10, (3sin ‘x=sin"'(3x-4x%),—--=x=

(ii) 3cos lx=cos 1 (4 -3x), - =x=1

< X o<

i
L] V3

.3
(iii) 3tan'x = tan 1 (X x:).—l._
1-3x

11. (i) ForD<=x<=1, wehave

e i ; 1
sin~!x=cos VI —x¥=tan! (-I,“=) =sec! [:-.=:I =
w1 — '.,'I 1—x

(1i) For0<=x<1, wehave

£ - o £ u - 1
cos lx=sin 141 —x? = cot l(lﬁ)=cn5ﬂ: 1( -
R S

(ifi) For x>0, wehave

tan 'x=sec! /1 +x?=sin"! (

1 3 [ BT -
I,“_:l =cos™! ( _:I =cosec ! (‘ | =cot! (—
.'."].+}'I:;l '\.'\.llll.'l-:'l'."z ® £




QUESTIONS:
. . . —q 1
. Find the principal value of cos (— E)'
. Find the principal value of cot1{ —/3).
. . . — VE]
. Find the principal value of sin (— ?)

. Find the principal value of cot ™ (- 1).

. Find the value of sin (cos ™! (g)}

. Find the value of ms{sin_ig + cns_ig].

-

. Find the value of ms[cns_i (— %3] + E] .
i —1 3w

. Find the value of tan " [tan {T“'

0. Find the value of ,-:m[z.r.;in‘i (E)] .

10. Find the value of L‘DS-

11. Find the value of tan | -

12. Find the value of tan~! 1‘“’”‘).

SiNX

1+ensx

\ 2

13. Find the value of cos ™1 (

1
14. Convert cosec™ L (H?x} in terms of tan™ x.

15. Iftan 1x= E - t;m_ie\j , then what is the value of x ?

16. What is the range of tan™'x?




. What is the domain of cos ™1 x?
. What is the domain of sec™1 x?

. What is the range of cosec™ 1x?
. What is the value of sin* (sin 2%) 7
. What is the value sin~{cos (sin"'x)} + cos 1{sin (cos x)}?

I cns‘i(;) = 0, then what is the value of cosec™1(+/5) ?

v

. Find the value of tan" /3 —sec™ (- 2).
. Find the value of sin[f = s;in-i(— 1}] j
3 z
e |
.sin? (%) — 4cos? (L_:T) + Etmfi(%) = 151 , then what is thevaluoe of x 7
. What is the value of tan™* (1/2) + tan* (1/3)?

Ifsin 11— .r.;in‘i‘;: sin~1x, then what is the value of x?

28. If tan™ 12 and tan™ '3 are two angles of a triangle, then what is the measure of
third angle of the triangle?

29.1f sin(sin ™ + cos 'x ) = 1, then find the value of x.
30. If 4 sin” *x + cos 1x = x, then find the value of x.

31. What is the value of sin 1>+ Ztan~13?

32. What is the value of tan™'2 + tan™ 137

33. If sin Ix + cnt"ig = g , then what is the positive value of x7

34 If sin™1 ::l c ad = ) . then what is the value of x?

al 1-x1




35. Ifsin” x—cos x =E , then what is the value of x7

36. Find the value of tan (cos ™ 'x).

37. The graph of an Inverse Trigonometric Function f(x) is given below:

Find the domain of (7).

38. What is the value llfl?ll!i_i(lfllﬁ %ﬂ) 7

30. What is the value of tan~1\/3 - cot™1 (— 3 )

40. The graph of an Inverse Trigonometric Function f(x) is given below:
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CHAPTER 3

MATRICES

POINTS TO REMEMBER:

Matrix: A matrix is an ordered rectangular array of numbers or functions. The

numbers or functions are called the elements or the entries of the matrix.

The elements in i™ row and j™ column of a matrix is denoted by a;;.

In general, an m * n matrix has the following rectangular array:

ay v ay,
A= [a;lmn = [ : : ]

g " Oy,

A= [ﬂ,‘j]m}cn,l‘i:i“_:lﬂ.lﬂjiﬂi isjEH

A matrix having m rows and n columns is called a matrix of order m x n or simply

m ¥ n matrix (read as m by n matrix).

A mairix having m rows and n columns is called a matrix of order m * n (read asm

by n).

2. Diagonal elements of a square matrix: The elements a;; for which i=j are called

the diagonal element of the matrix.

3. Comparable matrices: Two matrices A and B are said to be comparable if they

are of the same order.

4. Operations on matrices:

(I) Addition and subtraction of matrices: The sum or difference of two matrices is

defined only when they are of same order.




IfTA= [ﬂij]m}cn and B= [bij]:m el |1 then A+B= [ﬂij + bij]:mh-c I and

A—B= [ﬂij = bij]m::-c n

(II) Scalar multiplication: Let A= [a;],, », and k be any number, then
kA =[kﬂ|ij]m I

(I1I) Multiplication of matrices: For iwo maitrices A and B, the product AB exist
only when number of columns in A = number of rows in B. Otherwise AE does not

exist.
Let A= [ﬂij]mxn and B= [bﬂr] nxp then C=AB= [cik]mx P wherec;, = E,:'I':'l. ﬂfijbjit
If ABand BA are both defined, then it is not necessary that AB= BA

5. Transpose of a Matrix:

The Matrix obtained by interchanging the rows and columns of a matrix A is called

the transpose of A, written as AT or A’,
For any two matrices A and B of snitable orders, we have

(i) (A")Y = A (ii) (kA)' = kA’ (where k is any constant)
) (A B)Y=A'"tB (ivV{(AB'=BA'

6. Types of matrices:

(I) Diagonal matrix: A square Matrix A= [a;],, . 5 in which every non diagonal
elementsis 0 is called a diagonal matrix.
0

. J = ﬂmg [I'.l1_1_,r 3z, M3z, - ﬂ,"“_]
Ly,

(II) Scalar Matrix: A diagonal Matrix in which all diagonal elements are same is

called a scalar matrix.




(III) Unit or Identity Matrix: A scalar Matrix with each diagonal element 1, is called

a unit Matrix.

We denote a unit matrix of order n by L, or 1.

(IV) Triangular Matrix: The matrix A= [ay;],, « , is called:

(i) an upper triangular matrix if a;; = 0 when i > j.

(i) a lower triangular matrix if a;; =0 when i <j.
(V) Symmetric matrix: A square matrix ‘A’ is said to be symmetric if (A)' = A
(VI) Skew-symmetric Matrix: A square matrix ‘A’ is said to be skew-symmetric if
(A)'=—A
For any square matrix A, we have

* A+ A'isalways symmetric.

o A — A'isalways skew - symmetric.




QUESTIONS:

Find the order of the matrix 31' : ‘-’E ]

3 0
Find the total number of eletnents in the matn'x[ 1 2]
—5

IfA+H=[i ‘;] andA—E=[_11 “].ﬂlmﬁndA.

1
Find the additive inverse of thematrix Y=[7 —> 9]

—2
IfA =[—1 ﬂ.thm find 3A.
—5

If [2x 4] [ ‘“] =0, then find the value of x.

—38
Z 3

7. WA=[ay]=[5

_?]  then find the value of (3a,; + Zays) .
8. Find the order ufﬂz.ifﬁ=[i ‘]'J.

0. Find (a+ b+ c+d) where [® f'[]=ﬁ f‘;[_“l _':;J.

# 1 =2 3 i £ 3 .
0.16A=[ay] = ; "5 3| andB=[b;]=|4 5|, thenfind by +ass

cos@ TS ang A+ A’ =1, then find the value of a.

11. A=
[Eiﬂﬂ' COSC

sina cosa
—CcOosSa  Sinda

1 2
5 2

12. IfA=[ . then find the value of A'A.
Z 4

13. If [10 s

= k[ ], then find the value of k. (k isa scalar)

14 If A= [: g] is the sum of symmetric matrix P and skew-symmetric matrix

(), then find the value of Q.

15. For a 33 matrix A = [a,;]3 . 3 Whose elements are given by a;; = ? , finda ,5

16. For a 2x2 matrix B = [b;;]; « ;Whose elements are given by b; =-, find by,




17.If A= [_ﬂﬁ 3] is the sum of symmetric matrix P and skew-symmeiric matrix

Q, then find the value of Q).

HEESE

19. Find the number of all possible matrices of order 33 with each eniry 0 or 1.

-3 6 9
II].IfI=[ 15 30 3ﬂ and - X = Bwhere B= [b;;]s . 3 then findb,,.
—42 45 7

18. If [ _21 3';] and matrix A = [a,] 5 5 , then finda,s

21. If P = cos@ [_‘;‘;:lg ‘;‘ﬂgﬂ +sing [i:‘;g _E;?:g , then find matrixP.

22.If x [; +y [_ﬂ =[ 15“]1 then find the value of x and y.

3 4

IS.HQT:-z _21 ‘ﬂ :mdP=[—1 il.thmfindﬂmsumnfa]]ﬂlmmtsuf
' 0

the matrix P — Q).
0 1 1
24.fX=|1 0 1| thenfindX?-X.
1 1

3 11 1 1 0 0
5. IfA=BxI,whereB=|15 6 1|.I=|0 1 O|and A=[a;];.3,

12 13 0 0

then find a,; + a3

26. IfK—}Y:[g ;]andx—'f=[g |, then find the value of Y.

2y — 1
27.Find x + y,if A= 0 isa scalar matrix.
0

b g
28. Find x x y, if A= ] is a diagonal matrix.

0 a -
20, If the matrix A = [ 2 D = 1] is a skew-symmeiric matrix, then
b 1 0
find the values of @ and b.




. Let A and B be the matrices of order 3 x 2 and 2 x 4 respectively.
Find the order of matrix (A B) '.

. Find the number of all possible matrices of order 2 x 2 with each entry 1, 2 or
3.

If [it;] = [f].tlmnfmﬂthevﬂlueuth{y.

2 0
.Ifamatrix,ﬁ=[l} 2 ﬂ,mmﬁndmemluauff.
0 0

.Hfamatrix A=[1 2 3], then find AAT.

.If A =diag|[2, 3,-1], B= diag [1, 3, -4], then find the order of AZB.

.If A and B are two matrices such that AB= Band BA = A, then find k such
that AZ+B% = k(A + B).

If A= [‘: ;] and A? is the identity matrix, then find the value of x.

0 -1 3x
. If the matrix A= [ 1 ¥y - ] is a skew symmetric, then find the value
-6 5 0

of 6x + y.
. If A is a square matrix such that A% = A, then find the value of (1 +A)% — 7A.

.IfA=[; ‘;],13:['; ‘ﬂ and A = B2, then find the value of x.

18 0 a0 ;
.IfA—[Eﬁ o] andkﬁ—[zb 3¢ - then find the value of a and b.

-1 2 3x
. If thematrix A= [ 2y 4 —llis symmetric, then find the value of
6 -1 0

2x+ y.
. 1A=[3 7] thenfind A-AT.

. If a matrix A is both symnmetric and skew-symmetric, then find the matrix A.

=[2 -3 4].E=E.K=[1 . 3]nnd?=H.thmfmﬂAB+KY.
4




6 8 5
-:I-ﬁ.lfthemah'i;A=[ 4 2 i]isthesumnfa symmetric matrix Band a
9 7

skew-symmetric matrix C, then what is the value of b5 ?

1 1

i . then what is the value of A1%?7

41HA=[

6 8 5
48. What is the order of the resultant matrix [Z -3 4] [4 2 3‘] [31 7
9 7 4

1 2
40 IFA= [ﬂ_ﬂl.]h:1l = [3 g E].then find the Area of Triangle.

Titd

] . then find the perimeter of Rectangle,




4

512 or 2?

10

[:ll]

0 1] orl

x=3y=—4%

—-10

T

[or [1 “]

0 1

2

[ll]]




a=108.b =108

5




Chapter 4

DETERMINANTS

POINTS TO REMEMBER:

Determinant:

To every square matrix A =[a;;] of order n, we can associate a number (real or
complex) called determinant of the square matrix A, where a;; = i row, j™ column

element of A.

Definition of determinants in terms of function:

If Mis the set of squarematrices, K is the set of numbers (real or complex) and
f: M— Kisdefined by f (A) =k, where A € Mand k € K, then f(A) is called the
determinant of A. It is also denoted by | Al or det A or A.

det (A)

If A= [i 3] then determinant of A is written as |A| = |3 2|=

Remarks:

(1) For matrix A, | A| isread as determinant of A and not modulus of A.

(ii) Only square matrices have determinants.

Properties of Determinants:

Property 1: The value of the determinant remains unchanged if its rows and

columns are interchanged.

Property 2: If any two rows (or columns) of a determinant are interchanged, then

sion of determinant changes.




Property 3: If any two rows (or columns) of a determinant are identical (all

colTesponding elements are same), then value of determinant is zero.

Property 4: If each element of a row (or a column) of a determinant is multiplied by
a constant k, then its value gets multiplied by k.

Property 5: If some or all elements of a row or column of a determinant are
expressed as sum of two (or more) terms, then the determinant can be expressed as

sum of two (or more) deferminants.

Property 0: If each element of a row or column is added with the multiple of another

row or element, then the determinant of the matrix remains unchanged.

EKey points to remember about determinants:

(1) Let A= [a;] of order n, then [kA|= k" |A|

(2) If A and B are square matrix of the same order, then |[AB| = |A| |B|.

(3) Let A= [a;]isa diagonal matrix (lower triangular matrix or upper
triangular matrix or scalar matrix) of order n (n = 1), then

Al = @yy X Gz X Ggz X .. X Ay,

Aren of a Triangle:

Area of a triangle whose vertices are (x4, ¥,), (X5, ¥, and ( x3, y3) is given by the

27 ol :
EIPIEEEI““EW*.L (¥z —¥3) + %2 (¥3 V1) + X3 (¥4 — ¥z )| sSquare units.

Now this expression can be written in the form of a deferminant as

x3 ¥yq 1
1
ﬁ = E "T'Z .]'FZ 1

x¥3 ¥z 1

Remarks:

(i) Since area is a positive gquantity, we always take the absolute value of the

determinant.




If area is given, use both positive and negative values of the determinant for
calculation.
The area of the triangle formed by three collinear pointsis zero and vice

Versa.

Minors and Co-factors

Definition: Minor of an element a;; of a determinant is the determinant obtained by
deleting its i™ row and j™ column in which element a;; lies. Minor of an element a;;

is demoted by M;;

Remark: Minor of an element of a determinant of order n (n = 2) is a determinant of

ordern —1.

Definition: Co-factor of an element a;, denoted by Ay is defined by Ag = (1) M;;

where M;;is minor of a;;.

Note: If elemnents of a row (or column) are multiplied with cofactors of any other

row (or colummn), then their sum is zero.
For example, A=y Aay +qs Aos + @43 As3=10.

Adjoint of a matrix:

The adjoint of a square matrix A = [ag jun is defined as the transpose of the matrix
[Ag]nm, where As is the cofactor of the element ag . Adjoint of the matrix A is
denoted by adj A.

39 @42 Q43 Ayy Aqp Agg %
Let |@21 @2z @z3| thenadjA= |43 Az Az

Azq O3z 0Ozz 31 Az Az
Theorem 1:

If A beany given sguare mafrix of order n, then A {(adj A)=(adj A) A=A |,

where I is the identity matrix of order n.




Definition: A square matrix A is said to be singular, if [A| =0.
A square mairix A is said to be non-singular, if |A| £ 0

Theorem 2: If A and B arenon-singular matrices of the same order, then AE and

BA are also non-singular matrices of the same order.

Theorem 3: The determinant of the product of matrices is equal to product of their
respective determinants, i.e. |[AB| = |A| |B|, where A and B are square matrices of the

same order.
Theorem 4: A square matrix A is invertible if and only if A is a non-singular matrix.

Al= “ﬁl‘“ where |A| # 0.

Some important points to remember related to adjoint and inver se of a Matrix.

(1) Let A be a square matrix of order n, then Jadj Al =]4]" L.
(2) If A and B are square matrices of same order, then
adj (AB) = (adj B) X (adj A).
(3) If A is an invertible sqguare matrix, then adj (AT = (adj A)T.
(4) Let A bea square matrix of order n, then adj(adj A) = |APA.

(5) Let A bea non-singular square matrix, then |41 = %.

(06) If A and B are non-singular square matrices of same order, then
(AB)™'=(B)"{A)™"

(7) If A is an invertible square matrix, then AT is also invertible and

{HT}_i = [:A—“l.]‘.l‘

(8) If A is an invertible square matrix, then A A= A"'A =Tand (A7) "1=A




Solution of system of linear equations using inverse of a matrix:

Consider the system of equations
a;x+byy+ecz=dy
aax + by + 02 = d,
azx + by +c3z =d;
a; by dy
LetA:[ﬂz b, ¥y and E:EE
as b

Then, the system of equations can bewritten as, AX = B, i.e.

X d'l.
J’]: [‘iz‘
z! ldg

Case I: If A isa non-singular matrix, then its inverse exists.
X=AlR

This matrix equation provides unique solution for the given system of equationsas

inverse of a matrix is unique. This method of solving system of equations is known

as Matrix Method.
Case II: If A isa singular matrix, then | A| = 0. In this case, we calculate (adj A) B.

If (adj A) B O, (O being zero matrix), then solution does not exist and the system

of equationsis called inconsistent.

If (adj A) B= O, then system may be either consistent or inconsistent accordingly

the systemn have either infinitely many solutions or no solution.




QUESTIONS:

2 4|
"t

Evalu::te| e

Fhﬂthevaluesufxfurwhich|_3 ‘; =| -3 1

4 2zl

1 0 o
IfX=|3 —1 0 |, then find [X].
79 1 -

Find the sum of minors M,, and My, of the mafrix [l]l
0

1 0
Subtract cofactor €43 from €5, of the matrix [{3} 5 —
1

A= ** %] isa singular matrix, then find x.

sin 10° —cos 10°

Evaluat
vaua E| sin 80° cos 80°

z2 -3
If C; is the cofactor of the element a;; of the matrix A = [ﬁ 0
1 5

then find the value of a3,C;5.

: .?]. ,then find k such that A(adjA)=k L.

. If A is a square matrix of order 2 and |[A] =- 5, then find |adjA|.
. If A isa square matrix of order 3 and |AT|=- 3, then find [AAT|.
. If A isa square matrix of order 3 and |A| =8, then find [adjA)|.

3 5 . .
. ?] . then find A(adjA).

If A= [

.IfA:[

. Find the adjoint of the m::trl'x[_; i]

1 0 0
fX=|3 2 0 then find X7
i 0

cosx —Sinx

-HA= I[Efﬂ.l' COSX

] . then find |A7Y].




19. For a non- singular matrix A :[

30.

31.

A= Jox=|

A=

.Ifﬂc:x{mandmatrixﬁ=[

. The area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is 9 square units.

Find the value of k.

. For what value of k, inverse does not exist for I‘l'lilt['il[ 1 i]

k

1 2

] 4], find |AY].

. Given that A is a non-singular matrix of order 3 such that A’=2A, then find

2A].

X

1
.Find x,if X=|1 I:J isa singular matrix.
2

2

 For matrix A = -?] find | @djA) T,

—1

1 0 0] [ 1
If |0 1 l]'[_F=— , then find x + v+ z.

0 0 z L 0
2 4 mn

1

: . B.=[131] and AX=B, then find n.

> 0 0

. If A is a square matrix such that A (adjA)=|0 5 2], then find the value of

0 0
ladj Al
[ COSX sinx
L —5inx cosx
a 0O
0 a 0], then find the value of [adjA]|.
0o 0

1 -1 1

] amiA[ade}=[:; :],thmftndtlmmlueufk.

A= [1 —& ] and square matrix B satisfy AB = 81, then find the

Z 1 3
value of |B.

"5_"3’“ 5::1 is singular, then find the value of
x.

Let A and B be 3 = 3 matrices with |[A| =3 and |B| = 4, then find the value of
|2ZAB:.

If A is a square matrix such that A* = I, then find the value of |AJ.




.Find A" Lif A r ﬂ]
0 0 4

A= [y & :m[l x y=1, then find |JAAT|.

0 x vy
. Evaluate the determinant | —x 0 =zl
-y —z 0

. If A isa square matrix of order 3 and A.(adjA) = 101, then find the value of
—ladjal.

. If a matrix A is such that 4A% + 2A2 + 7A + [ = O, then what is the value of
A7

. For non-singular matrices A, B and C of same order, find the value of
(AB~1¢) 1

Z 1] |

7 4

. If A is singular matrix, then find the value of A.(adjA).

. If a square matrix A is such that AAT=1= ATA then what is the value of |A|.
M AF0and B £ 0arenxn matrices such that AB= O, then what can you say
about A and |B|?

. If A is singular matrix, then find the value of |AT?4|,

1 5 m

. Find the value of the determinant | log.e 5 V5| .
log.10 5 e

1 2 3 7 20 29
IAl=(2 5 7 |and|B|=|2 5 7 | thenwhat is the relationship
3 9 13 3 9 13

between Al and |Bj?
. If A and B are square matrices of order 3 such that |A|= —1 and |B| = 3, then

. Find the multiplicative inver se of the matrix [

what is the value of 3AB|?

40. Find the Mid-point of the line segment PQ), such that 4 = [_25 'ﬂ

%
P (A, |AT]) Q (A [2A])




47. If D = diag[d1, ds, d3], then what is the value of (D1)?

1 0
15 2

43.1f,4=[

] , then find the Volume of cuboid given Below.

Cuboid

H

49, What is the value of k for which system eguations

ox+3y=3 and 3x + ky =8 hasno solution?

3 Lics
50.f|Al=3and A" 1= _ 5 EI, then what is the value of adjA?
3 3







4 0

—4A-2A-T1 |A| = |B

c-1BA-1 -81
(% 5
-7 2
Null matrix of order

same as A

+1

Either |A| =0 or [B|=0.




CHAPTER 5

CONTINUITY AND
DIFFERENTIABILITY

POINTS TO REMEMBER:
Limits:

We say lim f(x)is the expected value of f at x = ¢ given the values of f near x to the

X

left of ¢. This value is called the left hand limit of f at c.

We say ]inl fix)is the expected value of f at x = ¢ given the values of f near x to the
x—

right of ¢. This value is called the right hand limit of f(x) at c.

If the right and left hand limits coincide, we call that common value as the limnit of
f(x) at x=cand denoteit by Hf{x}.

Continuity:

Supposefisa real function on a subset of the real numbers and let ¢ be a point in

the domain of f. Then f is continuous at ¢ if lim f{x) = f(c).

More elaborately, if the left hand limit, right hand limit and value of the function at

X = ¢ exist and are equal to each other, then f is said to be continuous at x = c.

A real function f is said to be continuous, if it is continuous at every point in the

domain of f.

Differentiability:

Supposef is a real function and ‘a’ is a point in its domain. The derivative of f at “a’

is defined by




fim 2 ovided this limit exists. Derivative of f (x) at ‘a’ is denoted by f' (a)

The derivative of f at x' is defined by '(x) = lim w  provided this Limit
exists.

The process of finding derivative of a function is called differentiation.

Theorem: If a function f is differentiable at a point ‘c’, then if is also continuous at

that point.

Corollary: Every differentiable function is continuous whereas a continuous

function may or may not be differentiable.

Basic rules for differentiation:

L 2 (F(x) + g(x)) = o f(2) % = g(x)
2. = (F(x).g(x)) = fx) - g(x) + g(x) == F(x)

3. LI =1 [f(3)] x 2, where y = g(x)

i |
el f[xh) _ glxlflxl—flxlg(x)

4, — glx) =0

dx gix)

(g(xnt

Basic formulae for differentiation:

d = 1
1. 3 " =nx"

i | 1
. o log, x)=—

1

d -
- g 108a %)=

d —
.E(el]—e

d — x
.El_“ax}—a log a

d L] =
.E[smx}—msx

. (cosx) = —sinx
B




1

d —_—
8. e (tanx) = sec'x

d —
9. — (cotx) =— coseclx
10. i (secx) = secx tanx

11. % (cosecx) = —cosecx cotx

. 1
]_Z.E[sm 1}cli—\‘Il.m,—l*:::vc-f:l

d opmees ok
B.a{ms )= ﬁ,-le:xczl

1
L x| =1

d = —
S (sec x) = W

15. % (cosec %) =— x| =1

1
el xE—1"

d I |

d = 2o i

QUESTIONS:

1. Determine the value of the constant ‘k' so that the function is continuous at
x=13.

_(kx+Tifx =3
f“j_{x—qu}ﬂ

Find the value of 'p' for which function is continuous at x= 2.

f{x}={px3i‘fx =2

4 ifx=12
Determine the value of the constant ‘a’ so that the function is continuous at

x=0.




Determine the value of the constant 'k’ so that the function is continuous at
x=0.

(1 —cos 2kx)cosx _
_,f |:.’-I::| — 33:3 l-fx =0
1 ifx=0

Find the set of points at which the function f(x) = tanx is disconfinuous.

Find the value of ‘b’ for which the function is continuous at every point of its

dornain.

3x +4 if0=x=<1
f{x:I:{ 2 .
4x° +3bx ifl<x <2

If the function f(x) is continuous at x = 0, then find the value of k.

sin:.t:+ 5 i
f(x) = = cos x when x +

k whenx =10
If the function f(x) is continuous at x =0, then find the value of k.

sin—lx i
f{I}:qT lf.l'%ﬁ 0

k ifx=10
Determine the value of constant "K' so that the function f(x) is continuous at
x=0.

k
= whenx <0

f(x) = {m

3 whenx =0

. Determine the value of constant 'k' so that the function f(x) is continuous at
x=2.

x2 +3x— 10
ﬂx:':l x—2

k whenx= 2
. If for the function f{x) = Ax - 4x + 4 and f '(2) = 36, then find the value of A.

whenx =2

. Write the value of the derivative of f(x) = |[x-1|+|x-3|at x=2.5
. If x= cost & y = sin t, then find the miuenf[}r%+ x).

. Find the derivative of x with respect to yx .

1.
I x=at’ and y = 2at, then find rat t =1




. d ¥
. Find E(Iﬂg x*)
3 e
. Find E(Iﬂgmx}

Ll _
.Fmdalix latx =e.

. Find & {tan-i ll““’”}
fax 1-cosx
Find = ( 27%)
' nx

. If y=sec(tan"1x), then find :—i

[
Ify =7~ cosx, then find l—i

1.
Iy = sin3x cosSx, then find 7.

1

: Finﬂ%{sin‘ix + cos 1x).

Ify=sintx+sin1yI— 2, then find:—”.
x

H 3 ,
AMy=1+x I sl - SN L ,ﬂlmfmdd—}.
2 3 dx

i &

_ x X %! . 5
Ay= - Al e ...,thenfmda.

57
. aih¥
— + ===, then find=.
4 dx

. e
: Fuula cos x °, where x " = x degree.

-1 sin x+eos x

Afy= tan } then ﬁndg.

LI X—COSY

. Finﬂ.:—x [cos~1(4x3 — 3x)] .

. Find the value of di [cos? x +sin?x + 2024] .

X

. Find the value of :ii [cos*x + sinx + 2025]

X

. Find the value of :—I [1— 2cos® x]

. Find the derivative of f(x) = | x Patx = — L.
. Find the points of continuity of f(x)= | x -1| +| x +1].

Y d A-teanlx
. Find the value of —— [miﬂ

X




1.,
. If y= ¢!* then find the value of k such t]mth:= ky.

1
. If y = sin3x, then find the value of k such that :i?{ =ky.

I f{x) = | x - 2|, then at how many points f(x) is not differ entiable.
. f{x) = |sin x |, then find the points of differentiability.

. If f{x) = sin| x |, then find the points of differentiability.

. If f{x) = cos x, then find the points of differentiability.

. I f{x) = [log x |, then find the points of non-differentiability.

. The graph of a function y = f(x) defined on [-1, 3] is given below.
Find the number of integral points where f(x) is differentiable.

¥

5.
T
3

. Find the derivative of cos’x with respect to sin® x.

. Find the points wheref(x) = | x | + | x -1| is continuous, but not differentiable.

Ay =J5inx 4 x,f'lsi*n x +/sinx + -+ oo, then find j—i

 If f(x) = [x], where 1 < x < 10, then find the points where f(x) is not
continuous.

. The graph of a function y = f{x) is given below.

\\1 v
b e T




(X= .:rz};

m
(Zn+ 1) 7 I 2sin2x —32sin 8x

x(log.10)
Ze®




R—-{nmnel}

K — (0]
R




CHAPTER 6

APPLICATION OF DERIVATIVES

Points to remember:

Rate of change: Whenever one quantity y varies with respect to another quantity x,

satisfying some rule y = f{x), then % {or ' (x)) represents the rate of change of ¥

with respect tox and f "(x,) or :—i at x = x,, represents the rate of change of y with

respect tox atx = x;.

Increasing and decreasing functions:

Let [ be an interval in the domain of a real valued function f. Then f is said to be

Increasingon I if xy <x;in I = f(x,) = f(x;) forallx,,x; €L
Strictly increasingon I, if x; <x, in [ = f{x,) < f(x;) forallx, ,x; €L
Decreasingon I, if x; < x5 in I = f(x;) = f(x5) for all x;, x5 € L
({iv)  Strictly decreasingon I, if x; <x,in I = f(x;) = f(x,) for all x;, ¥, € L.
{v) Constant on I, if f(x) = c for all x € I, where ¢ 15 a constant.

Derivative test:

Let f be continuous on [a, b] and differentiable on (a,b), then

(a) fis increasing in [a,b],if f "( x) > 0 for each x € (a, b)

(b) fis decreasing in [a,b], f f'( x) <0 for each x € (a, b)

(c) fis a constant function in [a,b] if f '( x) =0 for each x € (a, b)

Maxima and Minima:

Let f bea function defined on an interval 1. Then

{(a) f is sald to have a maximum value in I, if there exists a point c in I such that
f(c) = f(x), for all x € I. The value f(c) is called the maximum value of f in [ and the

point c is called a point of maxirum valuoeof fin I.




(b) f is said to have a minimmum value in I, if there exists a point ¢ in I such that
f(c)<1f(x) forallx € L. The valuef (c), in this case, is called the minimum value of f

in [ and the point ¢, in this case, is called a point of minimum value of f in 1.

(c) f is said to have an extreme value in [ if there exists a point ¢ in I such that f (¢) is

either a maximum value or a mininum value of f in I. The valuef (c), in this case, is

called an extreme value of f in [ and the point c 15 called an extreme point.

By a monotonic function f in an interval I, we mean that f is either increasingin [ or

decreasing in .

Every continuous function on a closed interval has a maximnum and a minimum

value.

Theorem: Let f bea function defined on an open interval I. If f has a local maxima
or a local minima at x = ¢, then either f "(c) =0 or f is not differentiable at ¢ , where

cEl

Critical points: A point ¢ in the domain of a function f at which either f '(c)=0or f
is not differentiable is called a critical point of f.

Theorem (First Derivative Test): Let f be a function defined on an open interval I.

Let f be continuous at a critical point ¢ in I, then

(i) Iff'( x) changes sign from positive to negative as x increases through c,
ie if f'(x)>0at every point sufficiently close to and to the left of ¢, and
f'(x) <0 at every point sufficiently close to and to the right of c, then c is
a point of local maxima.
If f'{ x) changes sign from negative to positive as x increases through c,
iLe if f'(x) =0 at every point sufficiently close to and to the left of ¢, and
f'(x) =0 at every point sufficiently close to and to the right of c, then c is
a point of local minima.
Iff'( x) does not change sign as x increases through c, then ¢ is neither a
point of local maxima nor a point of local minima. In fact, such a point is

called point of inflexion.




If c is a point of local maxima of f, then f(c) is a local maxitnum value of £.

Similarly, if ¢ is a point of local minima of f, then f{c) is a local minivoum value of f.

Theorem (Second Derivative Test): Letf bea function defined on an interval I
and c¢ € L. Letf be twice differentiable at c, then

X = cisa point of local maxima, if f '(c)=0and f "(c) <0.

The valuef (c) is local maximum value of f.

X = cisa point of local minima, if f' (¢)=0and f "(c) = 0.

In this case, f (¢) is local minimum value of £

The test fails, if f "(c) =0 and f "(c) =0.

In this case, we go back to the first derivative test and find whether cisa

point of local maxima, local minima or a point of inflexion.

Theorem: Letfbea continuous function on an interval I = [a, b]. Then f has the
absolute maximum value and f attains it at least once in 1. Also, f has the absolute

minimum value and attains it at least oncein 1.

Theorem: Letf bea differentiable function on a closed interval I and let ¢ be any

interior point of I. Then

(i) f'(c) =0, if f attains its absolute maximum value at c.

(ii) f'(c) =0, if f attains its abselute minimurm value at c.

QUESTIONS:

Find the intervals in which function f(x) = 2x* — 15x! + 36x +1 isincreasing,
Find the intervals in which function f(x) = x” + 3x” +6 isincreasing.

Find the intervals in which function f(x) = x* + x is decreasing.

Find the minimnum value of (x! + % where, x = 0.

If x>0and x + y = 18, then find the maximum value of xy.

Find the least value of f{x) = e¢*+ &*,

Find the maximum area of rectangle of perimeter 160 cm.

The sum of two positive number is 60. If the sum of their squaresis

minimum, then find the numbers.




If f(x) = x? e~ then find the intervals in which function is increasing.

. Find the minirnum value of f{x) = |x+1|.

. Find the point of maxima of f(x) = cosx.

. Find the extreme point(s) of f(x) = tanx.

. Find the intervals in which the function f(x) = x* — 6x’ + Ox +2 is
monofonically decreasing.

. Find the intervals in which f(x) = sinx — cosx is decreasing, where < x < 2.
. Let f(x) = x* defined on [-2, 2], then find the absolute maximum value of f(x).
. If xisreal, then find the minimum value of f(x) = X’ — 8x +17.

. Find the intervals in which f(x) = [x(x—3)]® increases for all value of x.

. For what value(s) of x the function f{x) = cosecx has a maxima in the interval
(-m,0)7

. Find the intervals in which f(x) = sin’x defined on (0, ) is increasing.

. FiInd the minimnum value of the function f(x) = sin 3x.

. Find the maximum value of the function f(x) =— [x—1| —3vx € k.

. Find the minimum value of the function (x—a) (x—b).

logsx

. Find the maximum value of f(x) = ===

. Find the minimum value of f(x) = sinx + cosx.

. If the function f(x) = a*is strictly increasing, then find the interval in which
‘a' lies.

. In which interval the function f{x) = tanx — x isa decreasing function?

. In which interval the function f(x) = |x| is strictly decreasing?

. Find the interval in which f(x) = x — sinx is increasing.

. Find the values of 'a’ for which f(x) = X! — ax is an increasing function on R.
. Find the value(s) of 'b' for which the function f(x) = sinx —-bx + cisa
decreasing function on K.

. At what points, the slope of the curvey = -x* + 3x* + Px - 27 is maximum.

. Find the value of 'a' for which the function f(x) = x* - 62x + ax +3 attains its
maximum value at x = 1 in the interval [0, 3].

. What is the least value of function f(x) =x*+ x + 17




. If x lies in the interval [0, 1], then find the least value of the function
flx)=x'+x+4.

. Find the maximum value of sinxcosx.

. What is the rate of change of the circumference of a circle with respect to
radinsr when r=4 m?
. The total revenue (in rupees) received from the sale of x units of a product is

given by R(x) = 4x’ + 26x +1. Find the marginal revenue when as x = 10.

. Find the Minimum value of the function f(x), where

() 2+'1|r =0
fx_x 2%

. If C(x) = 100 + 300x — 3x?, Find the value of ‘x’ for which C(x) is decreasing,
. Find the absolute maximum valueof y=x* -3x+2in0< x< 2.

. Find the point(s) on the curve y = 3x? + 1, at which y-coordinate is changing
six times as fast as x-coordinate.

. The rate of change of y with respect to x is 3. Find the equation of line when
x=0,v=2.

. The distance covered by a particle (in metres) in t secondsis given by

x=5 + Tt - 2. What will be its velocity after 1 second?

. Find the least value of the function f(x) = 2cosx + xin [0, =/2].

. The Graph of a function f(x) is shown below, Find the interval where the

function f{x) is Increasing,




46. Find the value of x for which f(x) =- & + 2024 is strictly increasing function.
47. Find the Maxirnum value of f(x) =- x* + 2x.

48. Find an angle &, which increases twice as fast asits cosine where0 <@ < 2m.
490. If the function f{x) = x* — 122 + kx - 8 attains its maximum valueatx=1in
the interval [0, 3], then find the value of k.

S0. The graph given below is showing the variation of Temperature with time.

Find the rate of change of temperature with time.

T.:mpem{-ur‘e. (°F)

:
3455?59[Hx

Time (hours)







CHAPTER 7

INTEGRALS

POINTS TO REMEMBER:

L _ i+l o
1.[ x"dx = —+C(n= 1)

2.f Zdx =log|x| +C

3.fe*dx=e*+C

X

T _ £
4. [a dx = —+C

S [sinxdx=—cosx+C

6. [cosxdx =sinx+C

7. [ sec’xdx =tanx + €

8. [cosecixdx= —cotx+C

0. [secxtanxdx = secx+ C

10. cosec x cot xdx = —cosec x + C

11.[ tan x dx = log| secx| + € = —log| cosx| + C

12.] cot xdx = log | sinx| + C = —log| cosecx |+ C

13.f sec x dx = log|secx + tanx| + € = log tan (E +§) +C

14.[ cosec xdx = log |cosec x — cot x| + C = log| t;m;—-| +C




17.f rdx = Stan 1+ C

18.f — dx=sin"tZ+4¢

.",“I__t-: e

19.f-,.1==dx =log|x+vxZ—a?|+C

ﬁx:—n

20. [ ——dx=log|x+xZ+ af| + C

1.-'_1'1 +er

1
21. [Va? — x%dx = Jl-:ﬂ.l'uz A R?Sin_i ;i+ C

: 1
22. [V —atdx = %*.I'xz —aZ— ft?]nrghl: +VxI—af|+C

e 1 —ee
23. [Va? + x%dx = %'-.-'ﬂz + x2 + ﬂ?]ngpr +vaz+ x|+ C

24. Integration by parts: [ w.vdx = w. [ vdx — [ E{%f l?l.'i.’-l:} dx+C

25. [e*{flx) + f(x)}dx = e*f(x) + C

26. [ e sin( bx + c) dx = %[a.sﬁ:[bx +¢)—b.cos(bx+e)]+C

posing g eesx
27
f s x+boo sx

dx = Ax + B.log|a.sinx + b.cosx| + C where,

_ apthg _ ag—bp
A= al+bl &B = ab +b1

EI'II.'I:'

mx - he
28. [ e™*.sin(nx) dx = =i

[m.sin{nx) — n.cos(nx)] + C

20 J‘ EH!I_I:HE{ n;r:I dx = m;;l:ﬂ [m Si]'ll:?l;l":l + n. I:ﬂSl:?lI:l] +C

30. f n:m.i':.t:ir!fr'.u:.t dx = ﬁfﬂﬂ_i (Et-ﬂ]l I) +C

32. (7 f(x)dx = [F(x)]% =F(b) — F(a), where F(x) = f(x)dx
b b

33. [ flxddx =J_ f(t)dt

34, [ f(x0)dx = — [ flx)dx




35. " flx)dx = [ flx)dx + [ f(x)dx
36. [, f(x)dx = [, fla —x)dx

37. [ f(x)dx =" fa + b —x)dx

38. [° fla)dx = [ [f(x) + f(—x)]dx

30. [, f)dx = [J[f(x) + f(2a — x)]dx

40. If f(x) is a periodic function with period *T’, then [ f(x)dx =n [, f(x)dx

41. Walli's Formaula:-

(n—1n—3)n—-5.1mxn
nn—-2n—-4)..2 2
m—1)in—3)(n—-5)..2

| n(n—2)n—4) .1

if nis even

T o

z T

J- sin™ xdx = J- cos" xdx = 14
0 by

1 ifnisodd

42, f: | f{x)] dx, limit of this integral will split at all those points for which f(x)=0

and a=< f(x)<b

T i
43.fglng| sinx| dx =fg]ng| cosx|dx = —E]ngz

b fix) . .
L f'lxll+fin+h—.tlldx _E“’ a)

as. [* 5

aleosl x+ bl sinl x

16. J-; asiny +h.oosx

0 smxteosx

T
I‘.'I.II'ZI(I‘.I+ EJ:I

T
T amny+beots
47. "rﬂ ALy + eo T X

dx =E[a+ b)

14
T A0 SeCT +h .58 x

48. [

0 cosecxtsecy

dx =2 (a+ b)49,

2a . _
f:sinﬂ.r.msbxdxz{nl_b: tif a — b is odd
0 :ifa—biseven




QUESTIONS:

4 3
Find [ 5 dx

B |
Find [ 2 iy

cofes x

Find f

—Lix-logx)

x

Find [ cot 2x.log sin 2x dx
Find [ log 3xdx

Find [ 2 dx

Find [ cosec x .log|cosec x — cot x| dx

Find [ e "' * sin x cos x dx

Find [ % dx

Find [ == dx

[ )

. Find [ vax + bdx

. [1-x
.Fm:lf\{?dx

. Find [ dx

1-eosx

Find [ == dx

. Find [ cos®nx dx

. Find [ sin3x . sin 2x dx

. Find [

siilx+ee )

.Find [(4sinx — 3sinx)dx

.Find [ 4cos*(2Zx+ 1) — 3 cos(2x + 1) dx
f (x)

flxidog fix)

f i.tll

*.-JF -":'

. Find [ dx

.Find [ 122




. cotx
. Find | s O

_IJF

.Find [ x sin®*x?. cos x* dx
. Find [ sinx. cosx. tanx.cotx. secx.cosecx.dx

SHOLX — 05X

. Find [ dx

sy +eosx

.Find [ V1 + sin2xdx
siny
(Iteosxi(Z+ensx )

. Find [

. Find [ dx

zxt +4x+4

. Find [ tx+13[x+zh

; ; = 1
. Find [ * [fﬂﬂ F +m] dx

.Fmdfe"

dx
1;1

.Find [ e*secx (1 +tanx)dx
sindx

Find [ tan™t(

) dx
sindx
1— oo s 4

.i'!i!ﬁ.t' +E‘-ﬂ£‘ﬁ_l

I F].“.ﬂ.f I'HIE.I -E'ﬂ‘.i'!.‘-l' d

4 -1 1-wos2x
. Find [ tan ( 1+m52_t) dx

. Find [ cat“i( ) dx

. Find [ —— dx

S8t ¥ —tAny
i
sinlx+ealeosix+b)

. Find [

sy

dx

. Find [

Veinly—sinlea

.Find [ a*e*dx

igi_u(f]

44. Find ﬂ‘—x!*"—dx

e u:hg )t

.Find [ dx




Find [~ dx
Find [ x N1+ 2Zdx

.Fmdj4 = dx

E‘ﬂfl

. Find f(0), if [ e*( —sinx + cosx)dx = f(x) +¢
T

.Find [*rsin®xdx
T
. Let [x] denote the greatest integer function less than or equal to x, then find

S [x] dx.

. Let [x] denote the greatest integer function less than or equal to x, then find
_fz x[x]dx.

. Find ff fiz)

fm+f[r1]

_Find [’ 1%

] _fl:.t:l+f[u+b—1':ldx

oSl

. Find f‘ —___dx

0 oSEY | 0851

. Find j,?r =1

05 X+ sinx
% i
.Find | x*cos®x dx

.Find [° xVa?—x%dx

T
. Find j_m sinx |dx

. Find f" dx

r4 SiNE 05X

Find [, x.e* dx

Find ““g"

. Find f_ (x + sinx) dx

- Find f 0 V3x+¥

. Find J”Emtx dx
¥




. Find fﬂ cos® 3 x dx

.Find [ Hm”dx

. Find f ﬁd:tf
Find [, dx

. Find fﬂ“|sin:.r|d.r
_Find ["| cos x|dx
Find [ | sinx|dx

. Find f:{msx + |cos x| }dx

Find [)|2x— 1|dx

. The graph of a trigonometric function f(x) is given below. Find the value of

= F(x)

fff(x}dx where d[fm]

-360° -270° 18




Answer

Answer

x
—+5x+C
5 X

sin.r_ sinE.r_i_E
2 10

=1

+C
3

xcosa—snaleg|sinix+a)|

+C

log|sinx|+ €

3
cos3x .

(x — logx)?
2

+C

sin3(2x +1)
.ﬁ +C

legsin2 x)°
( gq.r j+c

log|legfix)| +C

x.log3x —x+C

2,/f(x)+¢C

ibe=|cosec x — eaitx|)”

3 + £

log|logsinx|+ C

E,s'['rt‘*x
+6
2

zetﬁrl'T-.,-T +C

3
X .
- x4+ 2tanlx

+C

logse.sin~ (2% +C

—lbog|sins 4+ cosx |+ C

3
Liax+b)T

Ta +C

2log|l + x|+ C

1
1 +C
og| sinx + cnsxi

sin~lx+.1—x?

+C

sinx —cosx+0C

X
—cot_+C
iCd )
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CHAPTERS

APPLICATION OF INTEGRALS

POINTS TO REMEMBER:

Area bounded by the curve y = f(x), x-axis

and the ordinates x = a and x = b is given by

A= ydx=[] f(x) dx

Area bounded by the curvex = g(y), y-axis

and the ordinates y = cand y = d is given by

i d
A= xdy=[ g(y)dy

Remarks: If the integral while calculating the area is negative, then we take its

absolute value.

Shortcut to find area of some particular curves:

Bal

and y = mx is =3

sq.units.
1

L Sq. units.

andy = mx + ¢ is —
m

. Area between x® = 4by and y = mx is ; bim?*sq. units.

. Area between xZ = 4by andy = mx + ¢ is 72 b?m?®*sq.units.




. Area between y® = 4ax and x% = 4by is 1;11‘ sq. units.

. . Bal :
. Area between y® = 4ax and its latus rectum is gi Sq. units.

o R |

. Aren of e]]ipse“—z+i—z= 1 is mab sq. units.

Wherea, b, m and ¢ are non-zero constants.

QUESTIONS:

Find area of the region bounded byy —x=0x=4,y=0.

Find area of the region bounded by the parabola y2 = 8x and itslatus
rectum.

Find area of the region bounded by y = |x|, ¥y = 1 and y-axis.

Find area of the region bounded by the parabola y2 = x, ¥y = 3 and y-axis.
Find area of the region bounded byy =[x — 1], * = 1,x = 2 and x-axis.
Find area enclosed by the curve y = cosx, between x = 0 and x = E

1l
Find area of the region bounded by the e]]ipse;—ﬁ + ;—5 =1

Find area of the region bounded by the curve x2 + y2 = 4,
Find area bounded by the curve y = cosx, y = sinx and x-axis between
x=0and x= %

. Find area enclosed by the curve y = sinx, betweenx = 0 and x = m.

. Find area of the region bounded y? = 4x and x? = 8y.

. Find area of the region bounded y = x andx = .E,r

. Find area of the region hounded y? = 4x andy = 3x.

. Find area of the region bounded by x? = 8y and y = |x].

. Find area of the region bounded by y% = Zx and x = 2.

. Find area of the region bounded by y = 2x — x? and x-axis.

. Find area of the region bounded by y = 4 — x%, x-axis and the lines
x=0andx=12.

. Find area of the region hounded by y = x% and y = |x]|.




. Find area of the region bounded by y2 = 2y — x and y-axis.

. Find area bounded by the curve x = 2cost, ¥y = sinf and x-axisin the first
quadrant.

. If the area bounded by y = ax? &x = ay®. a > 0is 1, then find the value of a.

. Find area of the region bounded by y = sinx and x-axis between x =0 and
x=1m.

. Find area of the region bounded by y* = x, x = 1, x = 4 and x-axis.

. Find area of the region bounded by thelines=0,y = 0andx =y + 2.

. Find area of the region bounded by thecurvey =x* .2 =1,x = 2 and
X -axis.

. Find area of the region bounded hetween y2 = 4x and x = 3.

. Find area of the region bounded by the circle x? + y2 = 4 and the lines
x=0& x= 2.

. Find area lying between y% = 4x and y = 2x.

. Find area of the dllipse 4x% + 9y? = 36.

. Find area of the region in first quadrant bounded by the curve y = 4x7,

x=0, y=1landy=4.
. Find area bounded by thelinex+y=2, x=0&v=0.

. The graph of a function f(x) is given below. Find the value of f_ﬂz flx)dx.

o




33. Find area of the region bounded by thelines | x| + |[v| = L

34. Find area of the region bounded by the curve y = x | x|, x-axis and the
lines x =—1andx =1

35. Find area of the region bounded byy =[x — 2|, x = 1,x = 3 and x-axis.




Answer

8 square umits

square units

31 o
~ Square units

squAare units

N -
2 SQuare unis

V3
3

9 square units

4 square units

i :
7 Square units

14

3 Square units

1 square umnit

2 sguare units

30 square units

15 -
- Tquare units

4 square units

$/3 square units

(2 —+/Z ) square units

2n square units

L square uniis

5 .
3 Square units

31 .
< Square units

O square units

i -
3 Square units

square units

3 z
51 Sduare units

7
3
2

square uniis

64 .
5 Square units

4 square units

16 .
3 Suare unit

2 sguare units

) A
3 Square unis

z .
3 Square umits

1 square unit




CHAPTER Y

DIFFERENTIAL EQUATIONS

POINTS TO REMEMBER:

1. Differential equation:

An equation involving derivative (derivatives) of the dependent variable
with respect to independent variable (variables) is called a differential
equation.

A differential equation invelving derivatives of the dependent variable with
respect to only one independent variable is called an ordinary differential

equation, e.g.,

%+ oy = 2Ze* and ::h:—_f— %)I+F=cﬂﬂ'

Order and degree of differential equation:

Order of a differential equation is defined as the order of the highest ordered
derivative of the dependent variable with respect to the independent variable
involved in the given differential equation.

The integral power of the highest ordered derivative involved in a
differential equation when expressed as a polynomial in dependent variable
and its derivatives is called the degree of the differential equation.

Forming a differential equation:

Method- Suppose an equation f(x, v,¢4,€5,€3 .. €,,) = 0 contains n arbitrary
constants or parametersis being given. It represents a family of curves and
its differential equation will be formed as given below:

Stepl: Differentiate the given equation n times to get n more equations.

Step 2: Using all these equations, eliminate the constants to get the required
D.E.

Note: If an equation contains n arbitrary constants then order of its D.E. isn

but you cannot say anything about its degree.




4. Solution of a Differential equation:

@)
(i)

A function of the type f(x,y) satisfying the D.E. is called its solution.
General solution: If the solution of a D.E. of order n contains n
arbitrary constants, then the solution is called the general solution or
complete integral.

Particular solution: A selution obtained by giving particular values to
arbifrary constants in the general solution, is called a particular
solution or particular integral.

Types of Differential equation:

()

Differential equations in which variables can be separable.

A first order-fir st degree differential equation is of the form

If F (x, y) can be expressed as a product f (x) g(y), where, f(x) isa
function of x and g{ y)is a function of y, then the differential equation
is said to be of variable separable type.

The differential equation dﬁ = F(x,y) ,then has the form :—l = f(x)g(y)
Homogeneous differential equations

A function F(x, v) is said to be homogeneous function of degree n if
Firpx,hy)=3"F(x, v) for any non-zero constant i.

or

A function F (x, ¥) is a homogeneous function of degree n if
Fy) =x*g(D)ory™g(3)

Linear differential equations

A differential equation of the form %+ Py = @ where, P and ) are

constants or functions of x only, is known as a first order linear
differ ential equation.

The function g(x) = el P4% jg called Integrating Factor (I.F.) of the
oiven differential equation.




QUESTIONS:

Find the order and decree of each of the following differential equations:
dly.g  dvig o _ cdly.g
L +(E} "'ﬁ—':m:l

d}'z _d:j-r
) #8=0%

dy.z dly .3
{Ej _f2+m)f

Cy=x24 [(a2(2)+ (b

Ly Yyt (e =0
How many arbitrary constants are there in the general solution of a
differential equation of degree 2 and order 37
Find the differential equations whose general solution is
tan~'x + tan~ly = c.

Find the general solution of the differential equations:

10. :i}'+ tany —0

dx (SiEe

11. :% +vyvilogycotx=0

dy “l.—_1:I

12. = o

=0

13.x/1+ yidx+yV1+ x3dy =0
14. (% — yxBdy + (¥ +xyH)dx =0

e +¥+L
P i)
fax x+y—1

i
1&.13£=13+x}r+;}r3

1?.1% =vy(logy— logx + 1)
18. x%dy + yix + y)dx = 0

ay
19. — — v = cosx
dx ¥




dy
. + ytanx = secx

. Find the integrating factor of ( 1 + x*)dy + 2xy dx = cotx dx (x = 0)
. Find the integrating factor of ( 1 + y%)dx = (tan" 'y — x)dy

. Find the infegrating factor of x!ngx% + y = 2logx

. What is the product of order & degree of the differential equation

(529 = k(1+ (22)2 9

. Find the sum of the order and degree of the differential equation

el dy
LM+ x=0

. What is the integrating factor of (x + 3y?) % =y, y=07

fdx—xel
n’ ‘=0,

. Find the general solution of the differential equatio

. If the graph of a function y = f(x) is given below such that (%) = 2x.

Find the value of f{1.1).

20, If y = f(x) is the solution of differential equation (j—i) — 2, f(0) = 0, then
find the value of f(5).

30. Find the general solution of the differential equation i—i =xy+x+y+1




Answer

Answer

Degree 2 and order 3

tﬂﬂ_i(i) = log|x| + ¢

Degree 1 and order 2

o3 ]
og|—| = cx
¥

Degree not defined and
order 2

y+ 2x = cxly

Degree not defined and
order |

Sinx — cosx
¥y = 2 +ce

x

Degree not defined and
order 4

¥ = sinx + ccosx

Degres | and order 2

1+ x2

Degree not defined and
order 3

1.

3

I
(L+ x‘jd—i+(1+}~‘j =0

sinx siny =c

sinx log|y|=c

sin"x+sin"ly=c¢

3
1
4 3

¥ =cx

JA+2 +JT+yh =c

1.21

. 1
log |5| = -+ - +¢
a1, e

10

(x—y) +tloglx+y|l=¢

1,
Eﬂg|y+ll=ix +x+¢




CHAPTER 10

VECTOR ALGEBRA

POINTS TO REMEMBER:

1. Scalars: Real numbers are called scalar.

1. Vectors:
(1) A directed line segment AB is called a vector.
(1) A vector AB has ma onifude and direction.

(1ii) Its length or magnitude is denoted by |TB‘| and its direction is from A to
B.

(iviIf@=ai+ b j+ ck,then in short we denoteit by (a, b, ¢). Thus we say
that the components of & along x-axis, y-axisand z-axisarea, b and ¢

respectively.

(Vya=ai+bj+ck ,thenmagnitudeofa =|al = VaZ + bZ + ¢2

(vi) Collinear vectors: Vectors along the same straight line are called

collinear vectors.

» gandb are collinear < a=a b for some .

— Sy

* Thenecessary condition for a and E to be collinear isa *» b=0

(vii) Position vector of a point: Let O be the origin and P(x, y, z) be a point

then

OP =xi+ v+ z k is called the position vector of P.

a

(x) The unit vector of OP denoted by OP = oF

(xi) Consider the position vector ﬁ (r)of a point P(x, y. ). The angles a, B, 7
made by the vector with the positive directions of x, y and z-axes respectively,

are called its direction angles. The cosine values of these angles, i.e., cosa,




cosp and cosy are called direction cosines of the vector, and usually denoted
by I, m and n respectively.

The numbers Ir, mr and nr, proportional to the direction cosines are called

as direction ratios of vector, and denoted asa, b and c respectively.

Ifﬁ=xi+yj‘ +zk ,then djrecﬁunmtiusufﬁnrﬂx,ymldznnd
direction cosines ufthavev:mrﬁare S i

¥ z
T
TSR N e —

Section formula:
(i) Let A and B be two points with position vtctursﬁandgrespﬁcﬁvﬂj
and let P be a point which divides AB is in the ratio m:n (internally) ,

I'.'IF+ n E

then position vector of P= —
m-+n

Let A and B be two points with position vectors a and b respectively

and let P be a point which divides AB is in the ratio m:n (externally) ,

'ﬂl--g— n E

then position vector of P = —
=1t

Position vector of mid-point of AB=2 (a + _I;]

Let the position vector of vertices of a triangle ABC bea ,3 and ¢

respectively, then position vector of centroid =:7 (@ + E -+ E}]

Points A, B and C will be collinear <>AB = tAC for some scalar t.

Points A, B, C and D be coplanar <>AB,AC,AD are coplanar.

IfE=ﬂ1i+ ﬂ-zj+ﬂ3E,E=h1i+bzi+b3Eﬂnﬂ
@ ap ag

¢=¢cq4i+ c3j+ cskwillbecoplanar <> |by by bg =0
| €y Cao f_.'sl

S calar multiple of a vector: Let @ bea given vector and i isa scalar. Then
the product of the vector a by the scalar i, denoted as ra is called
multiplication of vector by the scalar & .




5.

6.

(iii)

Scalar or dot product of vectors:

The scalar product of two nonzero vectors a and E denoted hﬁf : _EJ, is

defined as

E.E= |E||.|EJ| cos 6 where @ isﬂleanglﬂhehvEﬁlﬁandEﬂndﬂEEE .

Observations:
(i)

(ii)
(iif)
ivi a.a
& is acute {;‘H_i.g‘;* 0

a.
|b]

Iszﬂ-ii"' ﬂ-zi"‘ﬂ-gi;ilﬂd E=bii+b=j+b3E

then @ .b=a.b;+asbs+asbs

Length of projection of a onb =

Vector or cross product of vectors:

The vector product of two non-zero vectors dand b , denoted by @ band

—

defined as@ X b = || . |E| sinf7i, where 6 is the angle between a and b and

0 < @ <n where 1 is the unit vector perpendicular to a and E

Ob servations:

s
| < b|
ey - o - o

la] |b]|

— —3 — —
Two non-zero vectors a and b are parallel, if and only if a x b= 0.

—

axb=-(bxa)

A a _ﬂ- e —3 o - e

fa=a,t1+asyj+azk and b=by1+b,y+ b3k
. 28 F E
then a X b= |a; a, a;
by bz bs




—_— —_

If @ and b are two adjacent sides of a triangle then its arm=% |a x b

square unitsi.e. Area of triangle ABC isé |ﬁ it E| sqguare units.

If @ and E are two adjacent sides of a parallelogram then its area is

|a % El'| square units.

If ¢ and E are the diagonals of a parallelogram then its area =

square units.

If @ and E are two adjacent sides of a parallelogram then the length of its

diagonals are |E + E| units and [a — §| umnits.

QUESTIONS:

Find the magnitude of the vector 6i — 2j + 3 k .

Find a vector whose initial and terminal points are (2, 5, 0) and (-3, 7, 4)
respectively.

Find the projection of the vector a =2 i — j+ k along the vector
b=i+2j+2k.

Find the projection of the vector 1 + j+ Eﬂlung vector j.
fa=2i+j+2kandb=5i— 3j+ k, then find the projection of b on a.
If the projection of @ =1 — 2j + 3 k on b = Zi + pk iszero, then find the
value of p.

If @.b=_|b||a|, then find the angle between d and b.

-

Find the angle between vectorst — jand j— k.
Find a vector in the direction of the vector 1 — 27+ 2 k and magnitude 3

units.

-
10. fa = (1L-1) and b = (—2, m) are collinear vectors, then find the value of m.
11. 1If |E| =4 and -3 < k < 2, then find the range of [k a |.




. Find the value of 4 , for which the vectors3i— 6 j + k and

2i—4j+ .ﬂ:Ear-ep:am]lel.

. If the sides AB and AD of a parallelogram ABCD are represented by the
vectors 21+4j— Skand 1+ 2]+ 3k, then find a unit vector
alnngﬁ.

. If three points A, B and C with position vectorsi+ xj+3 k,
3i+4j+7 kand yi—2j— 5krespectively are collinear, then find the
valueof (x,y).

. Find the value of A for which the vectors 2i + 1§+ k and
i+ 2]+ 3 k are perpendicular to each other.

. Find the position vector of the point which divides the line segment joining
the points with position vectors 2a-3 E and a + E in theratio 3:1
(internally).

A, B, C,Dand E are five coplanar points , then find the value of

DA+DB +DC +AE+ BE +CE .

. Find the value of (a.i)? + (@.j)! + (a. k)%

—% D =
. Ifja] = 3 and |b| = 4, then find the value of A for whicha + A b and

a-1b are perpendicular.

CIf@i)=a.(i+ j)=a.(i+ j+ k) =1, then find the value of a.

. If & is the angle between two vectors Tlandg then find the range of & when
a.b>0.

. If the points A, Band C with position vectors Zi — j+ k,i— 37—5 k and

al—3j+ k respectively are the vertices of a right angle triangle with

£C=n/2, then find the value of a.

. Find the angle between two vectors a and -E; with magnitude V3 and 4
respectively and a . E =24/3.

Ha, E;::md V3 a- E are unit vectors , then find the angle between a :mdi; :

. If OACB s a parallelogram with OC = @ and AB = b, then find the value of
04 .




26. If the angle between the vectorsi + kand i+ j+ A4k isn/3, then find the
value of A
. If ABCD is a rhombus whose diagonals intersect at E, then find the value of

EA+EB+EC+ED.

—_

If E.b and ¢ are unit vectors such thatE+E + ¢ =0 then find the value

. a _E; and ¢ are vectors satisfying the condition a + E +c=0. If|Ei'r =3,
|b| = 4 and |¢| =2, then find the valueof @ . b + b .C +¢.a.

. Find the area of a parallelogram whose adjacent sides are determined by the
vectorsa =i— j+3 Eaudg=2’i—?f+E.

IfAB < AC=21i— 4 j+ 4k then find the area of triangle ABC.

. Find the area of a triangle formed by the vertices O, A and B where

OA-=i+2j+3kand0B=—-3i—2j+k.

. In the given figure, If H, B&R represents the sides of a triangle such that

—

A=i+2jandB = i+ k then find |R|.

%
fOA=1+3j— 2kand OB=31i— j+ 2k, then find the vector which
bisect ~AOB.
. Find the value of 7 whose magnitude is+/Z units and which makes angle of
/4 and n/2 with y-axisand z-axis respectively.
. Find the unit vector perpendicular to the vectorsi — jand i+ J.
. Find area (in square units) of the triangle having vertices with position

vectorsi— 2j+ 3k,—2i+3j— kand4i— 7j+ Tk respectively.




. a _E; are two unit vectors and & is the angle between them. IfE+E isa

unit vector, then find the value of 5.

If|a+b|=|d— b|,then find the angle between d and b.

. Find the number of unit vectors perpendicular to the vectorsa = 21+ jand
b=j+k.

Hfa.a=|a xb[+|a.b =144 and |a]=4, then find the value of | b|.
If|@|=10, |b|=2 and @ . b = 12, then find the value of |a * b|.
Ha=i+j+k,d.b=1anda x b= j— k,then find the value of b.

. If the position vector of a point A isa +2 b and P with position vector

a divides a line segment AB in the ratio 2:3, then find the position vector of
the point B.

If[a|=|b|=1and|a * bj=1, then find the angle between @ and b.
_If|a|=3, |b|=4and |a x bi= 10 , then find the value of |a . b|2.

If|a* b=4and| @.b| =2, then find the value of |a |2|b |%.

. If O represents the Origin, WE represents the x-axis & NS represents y-axis,
then Find AB.

Ifa ﬂ]ldEEll‘El].l‘lit vectors inclined at an angle a, then find the value of

la - bl.

Ha=i+j+p + j+kandla+b|=|al+|b| ,then find the
value of p.




Answer

7 units

—5i+2j+4k
2

3
1
3

9

2
152 sguare units

3 square units

3~.f'§ square units

3 units

4i+ 2]

t(i+ J)

+ k







Chapter 11

THREE DIMENSIONAL GEOMETRY

POINTS TO REMEMBER

Direction cosines: If a directed line L. passing through the origin make angles a, i

and  with x, y and z-axes, respectively called direction angles, then cosine of these

angles namely cos o, cos [} and cos v are called direction cosines of the directed line

L.

Direction ratios: Any three numbers which are proporfional to the direction cosines

of a line are called the direction ratios of the line. If1, m and n are direction cosines
and a, b, ¢ are direction ratios of a line, then a = il, b=Am and ¢ = in, for any

nonzero i € E.

The direction ratios of the line segment joining P(xy , y1 , 71 ) and Q(x2 , ¥2 , 72 ) may

hetakenass s —xa, 2—V1,Z2 —Z1 O X3 — X2 , Y1 —¥2 ,21 —Z2

EQUATION OF A LINE THROUGH A GIVEN POINT AND PARALLEL TO A
GIVENVECTOR

Vector equation of a line:

Let a be the position vector of the given point A with respect to the origin O of the
rectangular coordinate system. Let [ be the line which passes through the point A

and is parallel to a given vector b . Let 7 be the position vector of an arbitrary point
P on the line, then the vector equation of thelineis givenbyr= a +i b . where i

is some real number,

Cartesian eguation of a line:

Let the coordinates of the given point A be (x4 , ¥4 , 24) and the direction ratios of
the line bea, b, ¢, then cartesian equation of the line is given by




If I, m and n are the direction cosines of the line, then the equation of the line is

X—x)] ¥-¥1L_ET2}
i P )

EQUATION OF A LINE PASSING THROUGH TWO GIVEN POINTS

Vector equation of a line:

Letdand b bethe position vectors of two points A (x, , v, ,24) and B (x5 , ¥2 , 23)
respectively that are Iying on a line. Let - be the position vector of an arbitrary
point P(x, v, Z) on the line then the vector equation of the lineis given by

—* -3 I . :
r= a+i (b-a)wherel issomereal number.

X—x] _ ¥TFL _27Z])
xXj—x1 Fi17¥1 =217%]

Cartesian equation of the line:

ANGLE BETWEEN TWO LINES

Let [; and I, be two lines passing through the origin and with direction ratiosa,, b,,
ciand a5 , b5 |, c; respectively. The angle 6 between them is given by

aya +bb,+cyc,
cosh =

I'.I--:I_z + biz + l:-'-:I_z Jﬂ-zz = bzz + sz

Two lines with direction ratiosa, , b, , cyand a, , b, , ¢; respectively are

(i) perpendicular i.e. if 8 =90° when aya, + bybs + cye5 =0

i ie if B = ap _ b1_c1
(id) paralld i.e. if 8 =0, when e

DISTANCE BETWEEN TWO SKEW LINES

Let [; and I; be two skew lines with taquatim'ur;i11 = E; + & E andr= a;+n E

The required shortest distanceis




DISTANCE BETWEEN PARALLEL LINES

Let [; and I5 be two skew lines with ﬂquntim'ur;i11 = E; + i 3 and r= rE + 1 E

The required shortest distanceis |29 ~ 1) ynits.

| b |

QUESTIONS:

1.

If a line makes angle of 90°, 135° and 45° with x, y and z axes respectively,
then find its direction cosines.

If a line has direction ratios 2, -3 and - 6, then determine its direction
cosines.

Find the direction cosines of x, v and z axes.

Find the direction cosines of the line passing through the two points (3, 5,-4)
and (-1, 1, 2).

Find the vector equation of the line passing through the point (5, 2,-4) and
parallel to the vector 3 i+ 2 j— 8k .

Find the cartesian equation of the line passing through the point (1, 2, 3) and
parallel to the vector 3 i+ 2 j — 2k .

Find the cartesian equation of the line passing through the point with

x+3 ¥v—4 _=z+8
3 5 &

position vector 2 i — j + 4k and parallel to the line given by

x—h y+4 z-
3 7 2

The vector equation of a lineis ¥ = (i+ 2j—4k)+ 1(2i+3j— k).

ﬁ. Find its vector form.

The cartesian equation of a line is

Find its cartesian form.

. Find the vector equation of the line that passes through the origin and

(5,-2, 3).

. Find the Direction ratio’s of the line that passes through the origin and

1,2, 4).

. Find the vector equation of the line that passes through the points (3, -2, -5)

and (3, -2, 0).




. Find the cartesian equation of the line that passes through the points (2, -1, 3)
and (2, -4, 3).

. Find the angle between the lines 2x = 3y = -z and 6x =-y = -4z.

. If a Iine makes angles x/3 and x/4 with the x-axis and y-axis respectively, then
find the acute angle made by the line with z-axis.

. If a line is equally inclined with the co-ordinate axes, then find its direction
cosines.

. Find the equation of x-axis.

. Find the coordinates of foot of the perpendicular drawn from the point
P(2-34) on y-axis.

. Find the distance of the point P(a, b, c) from x-axis.

. FInd lemngth of the perpendicular drawn from the point (4, -7, 3) on y-axis.

. If the direction cosines of a line are <k, k, k= then find the value of k.

. If the direction angles of a line area, b and ¢ respectively, then find the value
of sin’a + sin’b+ sin?

. If the direction angles of a lineare ¢, Jand ¥ respectively, then find the

C.

value of Cos2 & + cos2 & + cosl 7.

. If thelines I__: = J;: —3;3 and :;1 =¥ IE —5: are mutually perpendicular,

then find the value of k.

. Find the value of p so that the lines i A T el i

T—Tx y—h &=z
and = =

are
3 2p 2 3p 1 5

at right angles.
. The cartesian equation of a line are 6x-2 = 3y+1 = 2z-1. Find its direction

ratios.

. Find the direction ratios of the line perpendicular to the lines :3

x+Z2 y+3 _z-b

and — N e

. Find the equation of the line in vector form passing through the poimnt

-1, 3, >) and para to the ae-;=';,z=.
(-1, 3, 5) and parallel th]jn": ‘“: 2

. O 1s the origin and P is a point at a distance of 7 units from the origin. If the
direction ratios of OP are< 3, -2, 6 =, then find the coordinates of P.




30.

37.

30,

40.

41.

. Find the angle between the pair of lines x;'

. Find the length of the perpendicular drawn from the point P (1, -1, 2) on the

xt1_ y-2 _=z+2

line .
2 -3 4

. A point P lies on the line segment joining the points (-1, 3, 2) and (5, 0, 6).

If the x-coordinate of P is 2, then find its z- coordinate.

. Find the direction ratios and direction cosines of a line parallel to the given

line 6x—12=3y+0=2z—2,

. Find the angle between the lines

r=(4i— j)+ A(2i+ j—3k)and ¥ = (i— j+ 2k)+ u(i—3j+2k).

4 3 =42

.Fimll:luaanglel:lEl:ll.r.rtaaml:l}lualinvzasI+ = ﬂ]‘[d%:l—

1 7 3 -z 1

. Find the ratio in which the line segment joining the points (-2, 4, 5) and

(3, 5, -4) is divided by the line x=0.

Find the angle between a line with the direction ratios < 2, 2, 1 > and a line
joining the points (3, 1, 4) and (7, 2, 12).

Find the coordinates of foot of perpendicular drawn from the point (-2, 8, 7)
on X7 plane.

. If the points (3, 2, 2), (2, 3, 4) and (1, p-2 , 6) are collinear , then find the value

of p.
If a line joining the points (2,-1, 1) and (3, 1, 5) is perpendicular to the line
joining the points (3, ¢, 7) and (1, 0, 4) , then find the value of «.

. : : : ., 4-x 3y—6 4-2=
Find the direction cosines of the line i

The equation of the lineis —— = 2+ ==

- 5 = Find the direction cosines of a

line parallel to this line.

3 =z—4

. If the lines If B it 0. [ R 3;5 are intersecting, then find the

1 —k k 1
value of k.

. O is the origin and P isa point at a distance of 3 units from the origin. If the

direction ratios of OP are< 1, -2, -2>, then find the coordinates of P.

2 -1 g+32 x+1 —4  z~5
=¥ "= and =¥ == :
4 1 1 2

. Find the angle between the pair of lines given by

r=(31+2j—4k)+A(i+ 2j+ 2k)and ¥ = (5i—2 )+ (3i+ 2]+ 6k).




40. If P is a point in a space such that OP is inclined to x-axis at 45° and y-axis at
60°, then find its inclination with z-axis.

47. A(-1, p, 2), B(-2,0,-1), C(-5,0, p) and D(-2, 3p, 3) are four points in space. If
lines AB and CD are parallel, then find the value of p.

48. Find the length of perpendicular from the (1, 2, 3) to the ]inei = I

Z
I u
49 If [,4]] I; in figure given below, then find the direction cosines of line [,.

Tz (@)

> [
r .
4

50. If Equation of TP in figure givmhelnwis: n =”;”,thmwhatisﬂm

value of k.




10
7

5i+27—4k)+ A
2j — 8k)

70
11

=1 -2 =z-3
3z -3

1,23

x—2 yt1_z—4
3 5 [

<4,5 7=

r=(5i—4j+6k)+ i
(3i+ Tj+ 2k)

r=(—i+3j+5k)+
A(2i+ 3j)

x~1 y-2 _ztéd
2 3 -1

3,-2,0)

r= A(5i—2j+ 3k)

0 unit

<-1, 2, 4= Or <-a, 2a, 4a>

Where a is a non-zero constant

4

r=(3i—2j—5k)+ A
(11k)

11 1

23150 0r(l,2,3)
)

i T X
and (—, —, —
viz ' 1a e

'3

cos’! {%’)

v b2 + ¢? units

5 units







CHAPTER 12

LINEAR PROGRAMMING

POINTS TO REMEMBER:

The term linear implies that all the mathematical relations used in the problem are
linear relations while the term programming refers to the method of determining a

particular programme or plan of action.

Linear Programming Problem is one that is concerned with finding the optimal
value (maximum or minimum value) of a linear function (called objective function)
of several variables (say x and y), subject to the conditions that the variablesare

non-negative and safisfy a set of linear inequalities (called linear constraints).

Obj ective functions:- Linear function Z = ax + by wherea and b are constraints

which has to be maximized or minimized is called a linear objective function.

Constraints:- The linear inequalities or in equations or restrictions on the variables

of a linear programming problem.

Optimization problem:- A problem which seeks to maximise or minimise a linear
function (say of two variables x and y) subject to certain constraints as determined
by a set of linear inequalities is called an optimization problem.

Feasible region:- It is defined asa set of points which satisfies all the constraints.

Feasible solutions:- Points within and on the boundary of the feasible region

represents feasible solutions of the constraints.

Optimal feasible solution:- Feasible solution which optimises the objective function
is called optimal feasible solution.

Convex set: Convex set isa set of points in a plane, on which the line segment
joming any two points in the set, completely lies in the sef.




Convex polygon: A polygon is a convex polygon if the line seginents joining any two
points inside it lies completely inside the polygon.

Theorem 1: Let R be the feasible region (convex polygon) for a linear programming
problem and let Z = ax + by be the objective function. When Z has an optimal value
(maximum or minimum), where the variables x and y are subject to constraints
described by linear inequalities, this optimal value must occur at a corner point

(vertex) of the feasible recion.

Theorem 2: Let R be the feasible region for a linear programming problem, and let
Z = ax + by be the objective function. If R is bounded, then the objective function Z

has both a maximum and a minitnum value on K and each of these occursata

cormer point (vertex) of K.

Remark: If R is unbounded, then a maximum or a minimmum value of the objective

function may not exist. However, if it exists, it must occur at a corner point of R.

(By Theorem 1).

QUESTIONS:

1. If the objective function for an LPP is Z = 5x + 7y and the corner points of
the bounded feasible region are (0, 0), (5, 0), (2, 5) and (4, 1), then find the
points where value of Z is maximnum.

In an LPP with the objective function Z = px + qy has same maximum value
on two corner points of the feasible region, then find the number of points at
which value of Z is maximum.

For an objective function Z = ax + by, a, b > 0, find the relationship between
a and b when maximnum value of Z occurs at (10, 5) and (0, 15).

If the objective function for an LPP is Z = 2x + 3y and the corner points for
bounded feasible region are (7, 1), (5, 2), (2, 5) and (0, 8), find the points on

which we gef minimmum value of Z.




5. The feasible region for an LPP is shown in the figure with objective function
Z =5x+7y. Find the point(s) at which Z is maximum.

6. The feasible region for an LPP is shown in the figure with objective function

Z = 5x + 4y. Find the point(s) at which Z is minimum.




10.

11.

Find the maximum value of Z = 2x + 5y subject to constraints x + y = 5,

x, v=0.

Find the maximum value of Z = 3x + 5y subject to constraints 3x—y = 0,
x=2and x, y=0.

The feasible region for an LPP with objective function Z = 3x + 5y is shown
in the figure. Find the points at which Z is maximum.

Z=Tx + y subject to the constraints 2x +y=< 6, x - y>= 0 and x, vy = 0. Find the
point(s) at which minimum value of Z occurs.

The corner points of the feasible reason for an LPP are (0, 3), (3, 0), (6, 2),

(1, 2) and (0, 5). Let Z = 4x + 5y be the objective function. Find the point(s) at

which minimum value of Z occurs.

. The corner points of the feasible region determined by the system of linear

constraintsare (1, 1), (0, 2), (3, 3) & (3,0). Let Z = px + qy, p,g=0. Find the
condition on p and q suach that the minimum value of Z occurs at (3, 0) &
(1, 1).

. The corner points of the feasible region determined by the system of linear

constraints are (g, i} ©,0), (5,0), (3,2) & (0,4). Let Z=px + qy, p, q > 0.

Find the condition on p and q so that the maxitnum value of Z occursat (3, 2)

& (0, 4).




14. The feasible region for an LPP is shown in the figure. Let Z = 5x — 2y be the

objective function. Find the point at which we get minimum value of Z.

R, EEE
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15. The corner points of the feasible region for an LPP are (0, 0), (0, 6), (2, 7),
(5,3) and (6, 0). Let P =3 x + 1y be the objective function. Find the points at

which we gef maximum value of P.

16. Find the point(s) at which we get maximmum value of Z =3 x + 4y subject to
the constraints x +y=<20,2x -y=40and x, y = 0.

17. Let Z =5x + 2y be the objective function. The corner points of the feasible
regionare A (, =), B, 2), C (, 5 and D (3, 2). Find the point(s) at
which we get the maximum value of Z.

18. Let Z =2x + 5y be the objective function. The corner points of the feasible
region are A {:‘:r, 1?3), B (5,3), C(34), D{4.2) and E (2,4). Find the point(s) at

which we get the minimum value of Z.




19. The corner points of the unbounded region for an LPP are shown in the
figure. Find the points where we get minirnum value of the objective function
Z=4dx + ay.

T

20. For the objective function Z = Sx + 2y, the corner points of the bounded
feasible region are (15, 5), (20, 3), (16, 10), (18, 12) & (12, 12). Find the
minimum value of Z.

2]1. How many of the following points satisfy the inequality 3x — 2y = 57
0,0), 1, 1), (1, 1), (1,-1), (1,-1), (-2, 1), 2,-1), (-1, 2), & (-2, D).

22. For the objective function LPP, Z = 2x + Sy, the coordinates of the corner
points of the bounded feasible region are (0, 10), (9, 5), (2, 7), (16, 2) & (17, 5).
Find the minimum value of Z.

123. The corner points of the feasible region determined by the system of linear
constraints are (0, 20), (0, 9), (0, 50), (15, 15) & (9, 20). Suppose Z = px + 3y
wherep = 0. If Z attains its maximum value at both the points (30, 30) and
(0, 50), then find the value of p.

Fill in the blanks:
24. A solution of LPP which satisfies the non-negativity restrictions of the

problem is called its solution,




. The linear inequalities or equations or resirictions on the variables of a linear

programming problem are called

. If the value of objective function Z can be increased or decreased

indefinitely, such solution is called

. The cornmon region determined by all the constraints of an LPP is called the

region.

. The corner points of the feasible region determined by the system of linear
constraints are (0, 0), (0, 40), (20, 40), (60, 20), (60, 0). If the objective
function is Z = x + y then find the maximum value of Z.

. Corner points of the feasible region determined by the system of linear
constraints are (0, 3), (1, 1) and (3, 0). Let Z = px+qy, p, q = 0 be the
objective function. If Z attains its minimum value at (3, 0) & (1,1) then find
the value of E ;

. Itis given that shaded region ABCD as the feasible region determined by the
systemn of linear constraints. If the objective Function be Z = 2x +y then find

the value “fgfd' EaE I TTE . EMhu'mlml .

T 20y

.am=z!
xl’

v+ My i)




Answer

©, 20)

G2

(4,2)

At every point on the line
segment joining the points
(1.5, 3) and (3,2)

84

feasible

constraints

unbounded solution

fensible




CHAPTER 13

PROBABILITY

POINTS TO REMEMBER:

1. Random Experiment:-

If in each trial of an experiment conducted under identical conditions, the outcome
is not always the same, but may be any of the possible outcomes, then such an

experiment is called random experiment.
Examples:

Tossing a fair coin, rolling an unbiased die, drawing a card from well shuffled pack

of cards are all examples of random experiments.

2. Sample Space:-

The set of all possible outcomes in a random experiment is called a sample space.

Examples:

(i) In tossing a fair coin, we have: § = {H,T}

(ii) In a throw of a die, we have: 5= {1,2,3,4,5,6}

(iii) When two coins are tossed together, §S = {HT,TH HH,T'T}

(iv) When two dice are thrown together, § = {(1,1), (1,2), (1,3), (1.4), (1.5), (1,6), (2,1),

(2,2), (2,3), 2.4), (2,3), (2,6),(3.1), (3.2), (3,3), (3.4), (3,5), (3,6), (4.1), (4.2), (4.3), (4.4),
(4.5), (4,6).(5,1).(3.2), (5.3), (54), (5,3), (3,8), (6.1), (6, 2), (6,3), (6.4}, (6,5), (6,06)}

3. Event:- Any subset of sample spaceis called an event. It i5s denoted by E.

4. Simple Event:- Event with only one outcome is called a simple event.




5. Mutually Exclusive Events:-

A set of events is called mutually exclusive, if the happening of one event excludes
the happening of the other. Thus E1 and E: are mutually exclusive, if E1 N Ez=@.

Example: In a throw of a die, wehave §= {1,234 5,6}

Let E1 = event of getting a number less than 3 = {1, 2}.

And, Ez = event of getting a number greater than 4 ={5,6}. Clearly, E1 mn E1 = ¢.

6. Exhaustive Events: -

The events E1,E:? | ...., Ex such that E:wExw WEr= 5 are called exhaustive

events.

7. Probahbility:-

In a random experiment, let § be the sample space and let E ¢ 5§ where E isan

event.

number of distinet elementsin E ni(E)

P(E)=

number of distinct elements in§  n(§)

8. Complementary Events:-

Let § be the sample spaceand Let E ¢ 8. Then, an event containing those outcomes
which arein § but not in E is called complementary event of E and is denoted by E* ,
Eor E".

0. Addition Theorem:-

PEiwE:)=P(E1)+P(E:)-P(E1~ Ez)
Remarks, fEinEr= ¢, then P(E1 v Ez ) = P(E1 ) + P(Ez)

10. Independent Events:-

Two events are said to be independent, if the occurrence of one does not depends

upomn the occurrence of other.

Example: Suppose two fair coins are tossed.




Let E1 = event of getting a tail on first coin and E; = event of getting a tail on second

coin.

Clearly, the occurrence of tail on second coin does not depend upon the occurrence

of tail on first coin.
50, F1 and E; areindependent events.

11. Multiplication Theorem:-

If E1 and E; are independent events, then P(E1n E2 ) = P(E1)xP(Ez2)

12. Conditional Probability:-

The probability of the occurrence of an event E;, when an event E; hasalready

occurred is called the conditional probability and is denoted by P(E1 / Ez ).

Wehave: (i) P(E1 / E )= 25105 ii) P(E2 / Ea )= 2EL7EL)
e have: (i) P(E1/ Ez2) = (ii) P(E2/ E1) P(E{)

13. Theorem of Total Probability: Let events E1, Ez,....., Ex form partitions of the

sample space §, where all the events have a non-zero probability of occurrence. For

any event A associated with §, according to the total probability theorem,
P(A) = P(E,).P(A/E,) + P(E;).P(A/E;) + - + P(Ey). P(A/E)

14. Baye's Theorem:-

If Ea, Ea......, Ex forms a set of mutually exclusive and exhaustive events of a random

experilment and A isan event, then

P(E; ).P(A/E)
P(E,).P(A/E,) + P(E,).P(A/E,) + -+ P(E;). P(A/Ey)

P(E/A) =

Specific case: forn=12,

P(E, ).P(A/E,)
P(Ey).P(A/E) + P(E;).P(A/E;)

P(E,/A) =




15. Bimomial Theerem of Probability:-

Suppose there aren independent trails of an experiment with p as the probability of
success and g = (1) as the probability of failure. Then,

PX=r)="Cp"¢q"", r=012...n

16. More Results: -

(i) P(E) = 1- P(E) {)P(E-F)=P(E)-=P(En F)

(iii) P(¢) = 0, P(§) = land 0< P(E) < L.

17. Binomial Distribution:-

Supposen trials are made in an experiment. Let p = probability of getting a success
and g = probability of getting a failure. Then, clearly p +g= 1.

() Binomial Distribution is (p + q)".
(ii) Mean = np
(iii) Variance= nupg

(iv) Standard Dewviation = ,/npqg




QUESTIONS:

1. A pair of diceis thrown simultaneously and the numbers appearing on them have

sum greater than or equal to 10, then what is the probability of getting a sum of 107

2. A bag contains 4 white and 2 black balls. Another bag contains 3 white and 5
black balls. If one ball is drawn at random from each bag, then what is the
probability that both balls drawn are white?

3. A bag contains 5 white and 4 red balls. Another bag contains 4 white and 2 red
balls. If one ball is drawn at random from each bag, then what is the probability

that one ball is white and other isred?
4. If E and F are mutually exclusive events, then find P(En F) .

5. If E and F are mutually exclusive events with P(E) = 0.45 & P(F) = 0.35 , then find
P(EWF).

6. For any two events E and F such that P(E) =065, P(F) =055 & P(En F)=03,
then find P(E - F).

7. The probabilities of occurrence of two events E and F are 0.25 & 0.50
respectively. The probability of their simultaneous occurrence is0.14. What is the
probability that neither E occursnor F occurs?

8. The probability that at least one of the events A and B occursis0.6. If Aand B
occur simultaneously with probability 0.2, then find P(4) + P(B) .

0. Let E and F be events such that P(E) = 1/3, P(F) = 1'4 and P(E ~F) = 1/5, then
find P(E/F).

10. Let E and F be events such that P(E) = 1/4, P(F) = 1/3 and P(E nF) = 1/5, then
find P(F /E).

11. A dieisrolled once. If the outcome is an odd number, then what is the

probability that it is prime?




12. If E and F are events such that P(E) =04 , P(F)=0.8 and P (F/E) =0.6 , then
find P{E/F).

13. A die is thrown twice and the sum of the numbers appearing is observed to be 7.
What is the conditional probability that the number 2 hasappeared at least once?

14. In a class 40% of the stndents study mathematics, 25% study biclogy and 15%
study both. One student is selected at random, what is the probability that the
student studies mathematics, if it is known that he studies biology?

15. A couple has 2 children. What is the probability that both are boys, if it is known
that at least one of them isa boy?

16. Two numbers are selected at random from the integers 1 to 9. If the sum is even,

then what is the probability that both the numbers are odd?

17. If E and F are independent events such that P(E) = 0.65 , then find P(E /F).

18. If E and F are independent events with P(E) = 0.5 & P(F) = 0.25 ,then what is the
probability of simultaneous eccurrence of both?

19. A can solve 90% of the problems given in a book while B can solve 70%. A
problem is selected at random from the book , then what is the probability that at
least one of them will solve it?

20. The probability of a problem being solved by two students independently are 1/3
and % respectively. What is the probability that the problem is solved?

21. The probabilities of solving a problem by three students A, B and C are 1/2, 1/3
and 1/4 respectively. What is the probability that the problem is solved?

22. A speakstruth in 75% of the cases and B in 80% of the cases. In what
percentage of cases are they likely to contradict each other in stating the same fact?

23. If the probabilities that A and B will die within a year are p and q respectively,
then what is the probability that only one of themn will be alive at the end of the

year?




24. An unbiased die is tossed twice. What is the probability of getting 4, 5 or 6 on

the first tossand 1, 2, 3 or 4 on the second toss?

25. A husband and a wife appear in an interview for two vacancies in the same post.

The probability of husband's selection is 1/7 and the probahility of wife’'s selection is

1/5. What is the probability that only one of them is selected?

26. If A and B are independent events such that P(d) = 0.65 , P(4du B) = 0.65 and

P(B) = p , then what is the value of p ?

27. A bag contains 3 red and 5 black balls and a second bag contains 6 red and 4
black balls. A ball is drawn from each bag. What is the probability that one ball is

red and another one is black?

28. A coin is tossed 5 times. What is the probability that tail appears an odd number
of times?

29 A pair of diceis thrown 7 times. If getting a total of 7 is considered a success,
then what is the probability of getting atmost 0 successes?

30. A dieis thrown twice and the sum of the numbers appearing is noted to be 6.
Find the condifional probability that the number 4 has appeared at least once.

31. Given that the events A and B are such that P{(A) =12, P (Av B)=35and
P(B) = p. Find the value of p, if they are

(1) mutually exclusive

(ii) indep endent

31. 5 cards are drawn successively with replacement from a well-shuffled pack of 52
cards. Find the probability that only 3 cards are spades.

33. A coin is tossed twice. If the outcome is at most one tail, then what is the

probability that both head and tail have appeared?




34. The probability that a person A hitsa target is 1/3 and that person B hits is 2/5.
What is the probability that the tar get will be hit if both A and B shoot at it?

35. In a school there are 1000 students, out of which 430 are girls. It is known that
out of 430, 10% of the girls study in class XII. What is the probability that a student
chosen at random studies in class X1II, given that the chosen student isa girl?

36. A die thrown three times. Events A and B are defined as
A: 4 on the third throw

B: 6 on the first and 5 on the second throw.

Find the probability of A given that B has already occurred.

37. Mother, father and son line up at random for a family picture. The events E and
F are defined as:- E : Son on one end & F : Father in middle

Find P (E/F).

38. An instructor has a gquestion bank consisting of 300 easy True/ False questions,
200 difficult True/ False questions, S00 easy multiple choice questions and 400
difficult multiple choice questions. If a question is selected at random from the
gquestion bank, what is the probahility that it will be an easy question given that it is
a multiple choice question?

30. A Box of oranges is inspected by examining three randomly selected oranges
drawn without replacement. If all the three oranges are good, the box is approved
for sale, otherwise, it is rejected. What is the probability that a box containing 15

oranges out of which 12 are good and 3 are bad ones will be approved for sale?

40. Three cards are drawn successively without replacement from a pack of 52 well
shuffled cards. What is the probability of getting two kings and an ace?

41. Let X denote the number of hours you study during a randomly selected school

day. The probabhility that X can take the values x, has the following form, where k is

sommn e unknown constant




0.1:ifx=0
kx:if x= lorl
k(5 —x):if x = 3o0r4
0: otherwise

P(X=x)=

Find the value of k.

42 A man is known to speak truth 3 out of 4 times. He throws a die and reports that
it is a six. What is the probability that it is actually a six?

43. Supposea girl throwsa die. If she gets a 5 or 6, she tosses a coin three times and
notes the number of heads. If she gets 1, 2, 3 or 4 she tosses a coin once and notes
whether a head or tail is obtained. If she obtained exactly one head, what is the
probability that she threw 1, 2, 3 or 4 with the die?

44. m?hatisthemluenfr(g] ¥ PG).

45. If a leap year is selected at random, what is the chance that it will contain 53
Tuesdays?

46. Assume that each born child is equally likely to be a boy or a girl. If a family has
two children, then find the conditional probability that both are girls, given that the
youngest isa girl.




47. P speaks truth in 70% of the cases and Q) in 80% of the cases. In what percent of

cases are they likely to agree in stating the same fact?

48. A random variable X has following probability distribution:

X 0 1 2 3 4 5 6
PMX) (O k 2k 2k 3k K 2K?

Find the value of k.

49. Two fair dice are tossed simmultaneonsly. Find the conditional probability of
getting two sixes given that at least one six has occured?

S0. If A and B are two mutually exclusive events, them what is the relation between
P (A) and P (B)?




ANSWERS

Q. No.

26

27

28

29

1— (1/6)7

30

2/5

31

() 1/10 (i) 1/5

32

45/512

44/01

6/(13x17x 25)

3/20

3/8

1/8

8/11

097 or 97%

4/5

2/7

1/2

1/10

1/11

P(A)< P(B) or P(B) < P(A)
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