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CHAPTER 1- RELATIONSAND FUNCTIONS
RELATION
A and B are two non-empty sets, the Cartesian product A X B is the set of all ordered pairs of
elementsfrom A to B.

AxB={(a b):a€eA, beB}

Let A and B be two sets. Then relation R from set A into set B is a subset of A x B. Thus, R is
relationfromAtoB < R< A X B.
If (a, b) € R then we write aRb which isread as ‘@’ is related to ‘b’ by the relation R, if (a, b) € R,

then ‘@’ isnot related to ‘b’ by therelation R.

DOMAIN
Let R be arelation from a set A to set B. Then, set of al first components or coordinates of the

ordered pairs belonging to R is called the domain of R.

RANGE

Let R be arelation from a set A to set B. Then, set of all second components or coordinates of the
ordered pairs belonging to R is called the Range of R.

Thus, domainof R={a: (a b) € R} andrangeof R={b: (a b) € R}

Note: If n(A) = p, nB) = q from set A to set B, then n(A x B) = pg and

number of relations = 2™,

TYPES OF RELATION
Empty or Void Relation

A relation R from A to B is called an empty relation or a void relation if R = ®.

Universal Relation

A relation Rfrom A to B issaid to betheuniversal if R=A xB

Note: Both the empty relation and the universal relation are sometimes called trivial relations.



Reflexive Relation
A relation R defined on aset A issaid to bereflexiveif aRa, Vae Ai.e(a @ ER,Va€eA.

Example: A ={1, 2} then, R={(1, 1), (1, 2), (2, 1), (2, 2)} isReflexive relation.

Symmetric Relation
A relation R defined on aset A issymmetricif (a,b) e R=(b,a € R,V a b€ A.i.eaRb= bRa

Example: Therelation R={(4,5),(5,4),(6,5),(5,6)} on set A={4,5,6} issymmetric.

Transitive Relation
A relation Ronaset A istransitiveif (a,b) e Rand (b,c) e R= (a,¢) € R.i.eaRb and bRc = aRc.

Example: Relation R={(1,2),(2,3),(1,3)} on set A={1,2,3} istrangitive.

Equivalence Relation
A relation R is said to be an equivalence relation, if it is smultaneoudly reflexive, symmetric and

transitive.

Equivalence Classes
Let R be an equivalence relation in aset A and leta € A. Then, the set of all those elements of A
which are related to ‘a’ is called equivalence class determined by ‘a’ and it is denoted by [a]. Thus,

[a] = {b € A: (a,b) € A).

RESULTS

(i) Number of reflexive relations on a set with n elementsis 2"~ Y,

n(n+1)

(if) Number of symmetric relations on a set with n elementsis 2™ 2

. . . n(n-1)
(iii) Number of Reflexive and Symmetric relations defined on a set of n elements =2 2 .

(iv) No. of Transitive relations defined on a set having 0, 1, 2,3 and 4 elementsare 1, 2, 13, 171

and 3994 respectively.




FUNCTION
A relation f from a set A to another set B (f: A — B) is said be a function (or mapping) from A to B if

with every element (say x) of A, the relation f relates a unique element (say y) of B. Thisy is called
image of x. Also x is called pre-image of y under f.

Set A isDomain and Set B is co-domain.

For any element x € A, function f correlates it to an element in B, which is denoted by f(x) and is
called image of x under f. Againy = f(x), then x is called as pre-image of y.

Range = {(f(x): x € A}. Range < Codomain.
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TYPES OF FUNCTION

Many to One Function
A function f: A — B which maps two or more elements of A to the same element of B, then f is

called many to one function.

¥ |,'.-

My
One - One Function or Injective Function
A function f: A — B is one-one function or injective function if distinct elements of A have distinct

images in B. Thus, f: A — B is one-oneiff f(a) = f(b) = a=b, Va, b € A.

Onto Function or Surjective Function
A function f: A — B is said to be onto or surjective function iff Range = B. i.e V b € B, there existsa

€ A such that f(a) = b.



Bijective Function

A function which is both Injective and Surjective is called Bijective function.

Working Rulefor One-One or Injectivity of a function

(i) Take any two arbitrary elements of x4, X, in domain of f.

(i) Put f(xy) = f(xo).

(iii) Solve f(xy) =f(xy), if it gives X, = X,, then f is a one-one function.

Working Rulefor Onto or Surjectivity of afunction

(i) Takean element y € B, where B is the codomain of the function.

(i) Put f(x) = y

(i) Solve the equation f(x) =y for x and obtain x in terms of y. Let x = g(y).

(iv) If for adl values of y € B, the values of x obtained from x = g(y) arein A, then f isonto. If there

aresome of y € B, for which values of x obtained from x = g(y) isnotin A, then f is not onto.

NOTE

If f: A — B is a function such that,
(i) f is one-one = n(A) < n(B).
(ii) fis onto = n(B) < n(A).

(ii1) f'is one-one onto i.e., f is a bijection = n(A) = n(B).



KESULTS \

Let A and B are two nom empty set that n(A) = p and n(B) = q. Then

(i) Number of functions from A to B = qP

.. : L4 ,P<q
(ii) Number of one-one functions from Ato B = { -
0 ,P>q

¥, (-1)9q.r?, p=q I

(iii) Number of onto function from A to B {
0 P <Q.

pLp=gq

\i\/) Number of bijective functions from Ato B = {0’ B /

MULTIPLE CHOICE QUESTIONS

1. Let Rbeareationintheset N givenby R = {(a,b):a=b —2,b > 6}. Then

(@ (8,7 €ER (b) (6,8) ER (c) (3,8) ER (d) (2,4) €ER

2. Let A ={3, 5}. Then the number of reflexiverelationson A is

@2 (b) 4 (©0 (d) 8

3. If the set A contains 5 elements and the set B contains 6 €lements, then the number of both
one-one and onto mapping from A toB is

(@ 720 (b) 120 (c) 30 (d)o

4. The number of equivalence relations in the set {1, 2, 3} containing the elements (1, 2) and
(2,1)is

@0 (b) 1 (c)2 (d) 3

5. If a relation R on the set {1,2,3} be defined by R = {(1,2)}, then R is

(a) Reflexive (b) Transitive (c) Symmetric (d) None of these

6. Let R be a relation on A = {a, b, c} such that R = {(a, a), (b,b), (c,c)}, then R is

() Reflexive (b) Symmetric only (c) Non-Transitive (d) Equivalence



7. Let A and B be finite sets containing m and n elements respectively. The number of relations
that can be defined from A to B is

(a) 2mn (b) 2m+n (c) mn (d)0

8. Let A ={3, 5}. Then number of reflexiverelationson A is

@2 (b) 4 (0 (d) 8

9. The relation R in the set {1,2,3} given by R = {(1,2), (2,1), (1,1)} is

() Symmetric and Transitive but not Reflexive

(b) Reflexive and Symmetric but not Transitive

(c) Symmetric but neither Reflexive nor Transitive

(d) An equivalence relation

10. Set A has 3 elements and the set B has 4 elements. Then the number of injective mappings
that can be defined from A to B is

(a) 144 (b) 12 (c) 24 (d) 64

11. Let A={1,2,3},B={4,5,6, 7} and let f ={(1, 4), (2, 5), (3, 6)} be a function from A
to B. Based on the given information, f is best defined as

(a) Surjective function (b) Injective function

(c) Bijective function (d) Function

12. The number of functions defined from {1,2,3,4,5} — {a, b} which are one-one is

@5 (b) 3 (c)2 (d)o

13. Let f: A — B be a one-one function such that range of f is {b}. Then the value of n(A) is

@1 (b) 2 (€0 (d) 4

14. Let A = {1,2,3,4} and R = {(1,1), (2,2), (3,3), (4,4), (1,2), (2,1)} be defined on set A. Then
the equivalence classes of [1] is

@ (1.2 (b) [1, 2] ©{12 (d) {1,234



15. Let f: R = R, f(x) = sinx. Then f(x) is

(a) One-one function (b) Onto function (c) Both (d) None of these

16. Let A = {1,2,3}. Then number of symmetric relations defined on A is

(@8 (b) 64 (o1 (d)o

17. Let A = {1,2}. Then number of reflexive and symmetric relations defined on A is

(@8 (b) 4 (c)2 (d) 1

18. For real numbers x and y define xRy if and only if x —y + /2 is an irrational number. Then
therelation R is

() Reflexive (b) Symmetric (c) Transitive (d) Equivalence

19. Let A = {1,2,3}. Then the smallest equivalence relations defined on set A is

(@ (L), (2,2), (33)} (b) {(1,1), (22),(33), (1,2), 2,1)}

(© {(1,1),(2,2), (3,3),(1,3), 3,1} (d) {(1.1),(2,2), (3,3), (2,3), (3,2)}

20. The maximum number of equivalence relations on the set A = {1,2,3} are

@1 (b) 2 ()3 (d)5

21. The function f: [0, ) — R given by f(x) = ﬁ
(@) f is both one-one and onto (b) f is one-one but not onto

(c) f isonto but not one-one (d) Neither one-one nor onto

22. Let A = {1,2,3},B = {1,4,6,9} and R is a relation from A to B define by ‘x is greater than y’.
Then the range of R is given by

@{1,4,6,9} (b) {4, 6, 9} () {1} (d) None of these

23. Let N be the set of al natura numbers and let R be a relation in N, defined by
R ={(a b): aisafactor or b}, then Ris

(a8) Symmetric and transitive but not reflexive  (b) Reflexive and symmetric but not transitive

(c) Reflexive and transitive but not symmetric  (d) Equivalence



24. Let N be the set of all natural numbers and let R be a relation on N x N defined
by (a, b) R (c, d) & ad = bc, then R is

() Symmetric and transitive but not reflexive  (b) Reflexive and symmetric but not transitive
(c) Reflexive and transitive but not symmetric  (d) Equivalence

25. Let R be a relation defined on Z as follows: (x,y) € R © |x —y| < 1. Then R is:

(a) Reflexive and transitive (b) Reflexive and symmetric

(c) Symmetric and transitive (d) An equivalence relation

26. Let f:R - R be defined as f(x) = x*. Then fis

(a) One-one and onto (b) Many-one and onto

(c) One-one but not onto (d) Neither one-one nor onto

27. Which of the following functions from Z to itself is bijection?

(@ f(x) = x° (b) f(x) =x + 2 (c)2x+1 (d) f(x) = x* + X

n-1 .
—, whennisodd

28. A function f from the set of natural numbersto integers f(n) = {_2 is

5 when n is even

(a) One-one but not onto (b) Onto but not one-one

(c) One-one and onto (d) Neither one-one not onto

29. Let f: N — N be defined by f(1) = f(2) = 1 and f(x) = x — 2,x > 2, then f(x) is
(a) One-one and onto (b) Many-one and onto

(c) One-one but not onto (d) Neither one-one nor onto

30. Let f: N — {1} = N be defined by, f(n) = the highest prime factor of n, then f is
(a) One-one but not onto (b) Onto but not one-one

(c) One-one and onto (d) Neither one-one not onto

31. Let A ={3, 5}. Then number of reflexiverelationon A is

(@2 (b) 4 (©0 (d)8



32. Arelation Rdefinedonset A = {x:x € Zand 0 < x < 10}as R = {(x,y):x = y}isgivento
be an equivalence relation. The number of equivalence classesis
@1 (b) 2 (c) 10 (d) 11

33. A function f: R, — R (where R, is the set of all non-negative real numbers) defined by

f(X) =4x + 3is
(a) one-one but not onto (b) onto but not one-one
(c) both one-one and onto (d) neither one-one nor onto

34. Let f:R, — [—5, ) be defined as f(x) = 9x2 + 6x — 5, where R, is the set of al non-
negative real numbers. Then, f is

(a) one-one (b) onto (c) bijective (d) neither one-one nor onto

35. Let R, denote the set of all non-negative real numbers. Then the function f: R, — R, defined
asf(x)=x*+1is

(a) one-one but not onto (b) onto but not one-one

(c) both one-one and onto (d) neither one-one nor onto

36. A function f: R — R defined as f(x) = x? — 4x + 5 is

() injective but not surjective (b) surjective but not injective

(c) both injective and surjective (d) neither injective nor surjective

37. A function f: R — A defined as f(x) = x* + 1 is onto, if A is

(8) (~00,00) (b) (1, ) (€) [1, o) (d) [-1, o)

38. Let Z denote the set of integers, then function f: Z —» Z defined as f (x) = x3 — 1 is
() both one-one and onto (b) one-one but not onto

(c) onto but not one-one (d) neither one-one nor onto



ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the following choices.

(a) Both (A) and (R) aretrue and (R) isthe correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).

(c) (A) istrue but (R) isfalse.

(d) (A) isfasebut (R) istrue

1. Assertion: Therelation f: {1,2,3,4} = {x,y,z,p} defined by f ={(1, X), (2, y), (3, 2)} isabijective
function.

Reason: Thef: {1,2,3,4} = {x,y,z,p} suchthat f ={(1, x), (2, Y), (3, 2)} isone-one.

2. Assetion: Let R be the relaion on the set of integees Z is given by
R = {(a, b): 2 divides (a — b)} isan equivalence relation.
Reason: A relation R in aset A issaid to be an equivalence relation if R is reflexive, symmetric and

transitive.

3. Assertion: Let f: R — R given by f(x) = X, then f is a one-one function.

Reason: A function g:A — B is said to be onto function if foreachb € B,3a € A such that

9(a) = b.

4. Assertion: Let function f: {1,2,3} = {1,2,3} be an onto function. Then is must be one-one function.
Reason: A one-one function g: A — B where A and B are finite set having same number of elements,

then it must be onto and vice versa.

i 1 if x>0
5. Assertion: Let f: R = R given by f(x) = — =0 if x = 0isbijection.
-1 if x<0

Reason: A function g: A — B is said to be bijection if it one-one and onto.

10



6. Assertion: Therelation Rintheset A ={1, 2, 3,4, 5, 6} defined as R = {(x,y):y is divisible by x}
is not an equivalence relation.

Reason: The relation R will be an equivalence relation, if its reflexive, symmetric and transitive.

7. Assertion: If Ristherelationintheset A = {1, 2, 3, 4, 5} givenby R = {(a,b):|a—b| iseven } R
IS an equivalence relation.

Reason: All elementsof {1, 3, 5} arerelated to all elements of {2, 4}.

8. Assertion: The function f: R* — R* defined by f(x) = i is one-one and onto, where R* is the set of
all non-zero real numbers.

Reason: The function g: N — R* defined by f(x) = i one-one and onto.

9. Assertion: Let f: R — R defined by f(x) = x? + 1. Then pre-images of 17 are +4.
Reason: A function f: A —» B is called a one-one function if distinct elements of A have distinct

imagesin B.

10. Assertion: The function f: R = R, f(x) = |x| is not one-one.

Reason: The function f(x) = |x| is not onto.

11. Assertion: The function f: R — R given by f(x) = x3 is injective.
Reason: A function f: A — B isinjectiveif f(x) =f(y) = x =y fordl x,y € A.
12. Assertion: Let A ={2,4,6}and B = {3,5,7,9} and defined a function f = {(2,3),(4,5),(6,7)}

from A to B. Then f is not onto.

Reason: A function f: A —» B said to be onto if every element of B is the image of some elements of A

under f.

13. Assertion: Let L be the set of al lines in a plane and R be the relation in L defined as
R = {(L4, Ly): Ly, is perpendicular to L,} R isnot an equivalence relation.

Reason: R is symmetric but neither reflexive nor transitive.
11



14. Assertion: If R = {(Ty, T,, ): Ty, is congruent to T, }. Then R is an equivalence relation.

Reason: Any relation R is an equivalence relation if it isreflexive, symmetric and transitive.

15. Assertion: Set A has 3 elements and set B has 5 elements then number of injective function set A
to set B will be 60.
Reason: If set A has m elements and set B has n elements where n > m, the number of injective

function "p,.

16. Assertion: A function f(x) = cosx,x € [0,3;] is bijective.

Reason: For one-one function each elements in domain has unique image in co-domain.

17. Assertion: The function f: R — R defined by f(x) = [X] is neither one-one nor onto.

1 x>0
Reason: The signum function f: R = R given by f(x) =10  x = 0 bijective function.
-1 x<0

18. Assertion: Domain and Range of relation R = {(x,y):x — 2y = 0} defined on A = {1, 2, 3, 4} are
respectively {1, 2, 3,4} and {2, 4, 6, 8}.
Reason: Domain and range of relation R are respectively the sets {a:a € A and (a,b) € R} and

{b:b € A and (a,b) € R}.

19. Assertion: If X = {0, 1, 2} and the function f: X - Y defined by f(x) = x? — 2 is surjective then
Y ={-2,-1, 0}.

Reason: If f: X — Y is surjectiveif f(X) =Y.

20. Assetion: Let R be the relaion in the set {1, 2, 3, 4} given by
R ={(1,2),(2,2),(1,1),(44),(1,3),(3,3),(3,2)}. Risnot an equivalence relation.

Reason: R is not reflexive but it is symmetric and transitive.

12



21. Assertion: Let Z be the set of integers. A function f: Z — Z defined asf(x) =3x -5, Vx € Z is
abijective.

Reason: A function isa bijective if it is both surjective and injective.

22. Assertion: The number of onto function from a set P containing 5 elements to a set Q
containing 2 elementsis 30.

Reason: Number of onto function from a set containing m elements to a set containing n elements

isn™,

23. Assertion: The relation R = {(X, y): (X + y) isaprime number and x,y € N} is not reflexive
relation.

Reason: The number ‘2n’ is composite for all natural numbers n.

VERY SHORT ANSWERS
1. Let the relation R be given as R = {(x,y):x,y € N and x + 3y = 12}. Find the domain and

range of R.
2. Show that the function f: R — R, f(x) = x* is neither one-one not onto.

3. Prove that the greatest integer function f: R — R given by f(x) = [x] is neither one-one nor

onto.

4, Show that the relaion S in the st A={x€Z:0<x<12}given by

S={(a,b):a,b € Z,|a— b|isdivisible by 3} isan equivaence relation.

5. Check whether the relation R in the set N of natura numbers given by

R = {(a, b): a is divisor of b} R isan equivalence relation.

6. Show that the modulus function f: R — R given by f(x) = |x|, iSneither one-one nor onto.

13



—, if nis odd
7. Prove that the function f is surjective where f: N — N such that f(n) = 1,2 s
2 ifnis even

the function injective? Justify your answer.

8. Check whether the relation R defined inthe set {1, 2, 3,4, 5,6} asR={(a,b):b =a + 1} is

reflexive, symmetric or transitive.

9. A function f: A — B defined as f(x) = 2x is both one-one and onto. If A ={1, 2, 3, 4}, then find

the set B.

SHORT ANSWERS

1. Show that function f: R — R defined as f(x) = ? is both one-one and onto.

2. Check whether afunction f: R — [—%ﬂ defined as f(x) = —

. Show that f is a one-one function.

3. Letf:R— {— 5} — R be afunction defined as f(x) =

Also, check whether f is an onto function or not.

p—l

4. Let A=R—{2}and B =R — {1}. If f: A - B is a function defined by f(x) = —, show that f

-2’

IS one-one and onto.

5. Prove that a function f: [0, ©) — [=5, ) defined as f(x) = 4x* 4+ 4x — 5 is both one-one and

onto.
6. Show that the function fin A = R — { } defined as f(x) = —4 is one-one and onto.

7. Prove that the function f: N — N, defined by f(x) = x* + x + 1 is one-one but not onto.

14



8. Let R be a relaion defined on the set of natura numbers N as follows
R={(x,y) | x € N,y € N and 2x + y = 24}. Find the domain and range of the relation R. Also,

verify whether R is equivalence or not.

9. Show that the relaion S in the set of R of read numbes defined as

S={(a b): a, b€ Rand a < b3} isneither reflexive nor symmetric nor transitive.

10. Show that the relaion S in the set A={x€Z:0<x<12} given by
S ={(a,b):a,b € Z,|a — b] is divisible by 4} is an equivalence relation. Find the set of all

elementsrelated to 1.

11. Let f: X = Y be afunction define arelation R on X given by R = {(a, b): f(a) = f(b)}. Show

that R is an equivaence relation on X.

12. Prove that therelation Rintheset A = {1, 2, 3, 4, 5} given by R = {(a,b): |a — b| is even} is

an equivalence relation.

13. Show that f: N — N given by f(x) = {i t i gi 12 gjsn is both one-one and onto.

n+1

—, ifnisodd
14. Let f:N —> N be defined by f(n) =12 o for all n € N. Check whether the
2 if n is even

function f is bijective.
15. If f: R — R bethe function defined by f(x) = 4x* + 7, show that f is a bijection.

16. A relation R on set A = {1, 2, 3, 4, 5} is defined as R = {(x,y): [x? — y?| < 8}. Check
whether the relation R is reflexive, symmetric and transitive.

17. Find function f isdefined from R - R as f(x) = ax + b, such that f(1) = 1 and f(2) = 3. Find
function f(x). Hence, check whether function f(x) is one-one and onto or not.

15



LONG ANSWERS

1. Show that the function R — {x € R:—1 < x < 1} defined by f(x)=——,x€R is

14|x|

one-one and onto function.

X

x2-1"

2. A function f: R — {—1,1} - Risdefined by f(x) =

Check (i) f isone-one (ii) f is onto.

3. Consider f:R, — [—5,®) given by f(x) = 9x? + 6x — 5 where R, is the set of al non-

negative real numbers. Prove that f is one-one and onto function.

4. Let set A = {1, 2, 3....,10} and R be a relation in A x A defined by
(a,b)R(c,d) ®a+d=Db+cforadl (a b) and (c, d) € A x A. Prove that R is an equivalence

relation.

5 Show that the relation S in st R of real  numbers defined by

S ={(a,b):a < b3 a € R,b € R} isneither reflexive nor symmetric nor transitive.

6. Let R be the relation defined in the set A = {1, 2, 3, 4, 5 6, 7} by
R = {(a,b) : both a and b are either odd or even }. Show that R is an equivalence relation. Hence,

find the elements of equivalence class[1].
7. Show that the functionf in A =R — {3} defined as f(x) = g IS one-one and onto.

8. Let N denotes the set of all natura numbers and R be the relation on N x N defined by

(a,b)R(c,d) if ad(b + c¢) = bc(a + d). Show that R is an equivalence relation.

9. Determine whether the relation R defined on the set R of al rea numbers as

R={(a,b):a,beR anda — b + /3 € S, where S is the set of all irrational numbers}, IS

reflexive, symmetric and transitive.
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10. A relation R is defined on a set of real numbers R asR = {(x,y): X.y is an irrational number}.

Check whether R isreflexive, symmetric and transitive or not.
11. Consider f: R, — [—9, ©) given by f(x) = 5x% + 6x — 9. Prove that f is invertible.

12. Consider f: R, — [4, o) given by f(x) = x* + 4. Show that f is invertible.

13. Show that the function f: (=0, 0) = (—1,0) defined by f(x) = ——,x € (—o0, 0) isone-one

1+|x|

and onto.

14. Prove that the greatest integer function f: R — R givne by f(x) = [X] is neither one-one nor

onto, where [x] denotes the greatest integer less than or equal to x.

n—1,ifnis odd

e . Show that f is invertible. Here W is
n+ 1, if nis even

15. Let f: W — W be defined as f(n) = {

the set of all whole numbers.

= Show that f is bijective.

16. Consider f: R — {— %} - R - {g} given by f(x) =

4xX+
3x

17. Letf: R — {— g} — R be a function defined as f(x) = 4X4. Show that f is one-one function.

3x+

Also, check whether f is onto function or not.

X
2 )
X“+1

18. Show that the function f: R — R defined by f(x) = Vx € R isneither one-one nor onto.

19. Let R be the relation defined in the set A = {1, 2, 3, 4, 5 6, 7} by
R ={(a, b): both aand b are either odd or even}. Show that R is an equivalence relation. Hence,

find the elements of equivalence class[1].

20. A relaion R on set A = {-4, -3 -2, -1, 0, 1, 2, 3, 4} be defined as
R={(x,y): x +yisaninteger divisible by 2}. Show that R is an equivalence relation. Also, write

the equivalence class [2].
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2. A relaion R on st A = {xx-10<x<10,x€Z} is defined as
R = {(x,y): (x — y) is divisible by 5}. Show that R is an equivalence relation. Also, write the

equivalence class[5].

22. A relaion R is defined on a st of readl numbers Ras
R = {(x,y): x - y is an irrational number}. Check whether R is reflexive, symmetric and transitive

or not.

23. If N denotes the set of all natura numbers and R is the relation on N x N defined by

(&, b) R(c, d), if ad(b + ¢) = bc(a+ d). Show that R is an equivalence relation.

24. A relation R is defined on N x N (where N is the set of natura number) as
(a,b)R(c,d) ©® a—c =b —d. Show that R is an equivalence relation.
25. A relation R is defined on N x N (where N is the set of natural numbers) as

(a,b)R(c,d) & % = S. Show that R is an equivalence relation.

26. Check whether the relation S in the set of rea numbers R defined by

S = {(a,b): where a — b + V/2 is an irrational number } is reflexive, symmetric or transitive.

4x

. Show that f is a one-one function.
3xX+4

27. Letf: R — {— g} — R be a function defined as f(x) =

Also, check whether f is an onto function or not.

| w

28. Let A=R—{5}and B = R — {1}. Consider the function f: A — B, defined by f(x) = i:

wu

Show that f is one-one and onto.

29. Show that afunction f: R - R defined as f(x) = ? is both one-one and onto.

18



30. Prove that a function f: [0, ©) — [—5, o) defined as f(x) = 4x% + 4x — 5 is both one-one

and onto.

31. A function f: [—4,4] — [0,4] is given by f(x) = V16 — x2. Show that f is an onto function but

not a one-one function. Further, find all possible values of ‘a’ for which f(a) = /7.

32. Show that a function f: R — R defined as f(x) = x> + x + 1 is neither one-one nor onto.

Also, find all the values of x for which f(x) = 3.

X
1+x2

33. Check whether afunction f: R — [— % , %] defined as f(x) = IS one — one and onto or not.

2x
1+x2

34. Show that a function f: R — R defined by f(x) =

IS neither one-one nor onto. Further,

find set A so that the given function f: R — A becomes an onto function.

35. Let A=R—{3}and B =R — {a}. Find the value of ‘a’ such that the function f:A — B

defined by f(x) = g isonto. Also, check whether the given function is one-one or not.

CASE BASED QUESTIONS

1. The Earth has 24 time zones, defined by dividing the Earth into 24 equal longitudinal segment.
These are the regions on Earth that have the same standard time. For example, USA and India fall
in different time zones but Sri Lanka and India are same time zone.

A relation R is defined on the st U = {All people on the Earth} such that
R ={(x, y)| the time difference between the time zones x and y reside in in 6 hours}

Based on the above information, answer the following:

(i) Check whether the relation R isreflexive, symmetric and transitive.

(i) Isrelation R an equivalence relation?
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2. Swathi and Danju are playing ludo at home. While rolling the dice, Swathi’s sister Raji
observed and noted the possible outcomes of the throw every time belongs to set
{1,2,3,4,5, 6}. Let A bethe set of players while B be the set of all possible outcomes.

A={S D}andB={1 2 3, 45,6}
(i) Let R: B = B be defined by R = {(Xx,y):y is divisible by x}. Verify that whether R is reflexive,
symmetric and transitive.
(i1) Raji wants to know the number of functions from A to B. Find the number of all possible
functions.
(iii) Let R be arelation on B defined by R = {(1,2), (2,2), (1,3), (3,4), (3,1), (4,3), (5,5)}. Then
R iswhich kind of relation?

(Or)

Raji wants to know the number of relations possible from A to B. Find the number of possible

relations.

3. Students of Grade 9 planned to plant saplings along straight lines parallel to each other to one
side of the playground ensuring that they had enough play area. Let us assume that they planted
one of the rows of the saplings aong the liney = x — 4. Let L be the set of al lines which are
parallel on the ground and R be arelation on L.
() Let relation R be defined by R = {(L;,L,):L; Il L, where L;,L, € L}. What is the type of
relation R?
(i) Let R = {(L,,L,): L; L L, where L, L, € L}. What is the type of relation R ?
(iii) Check whether the function f: R = R defined by f(x) = x — 4 is bijective or not.

(Or)

Let f: R = R be defined by f(x) = x + 4. Find the range of f(x).
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4. Read the following passage and answer the following questions:

Dhanush wants take test of his son Amit is a student of class XII. Dhanush said to Amit, “observe
the two functions f(x) and g(x) carefully” f: R - R, g: R — R such that f(x) = x, g(x) = x2.
Then, Dhanush asked some questions related to f(x) and g(x) and Amit answered correctly. Write
the correct response given by Amit of the following questions.

(i) Check whether f(x) is bijective or not.

(ii) Check whether g(x) is bijective or not.

5. Inaschool library around 8000 books are there. It is divided and kept in different places in the
big library room based on the language — English, Malayalam, Hindi, Sanskrit. It is again divide
based on poems, novels, literature, short story, dictionary etc.

Let B is set of al book in the library. A relation R is defined on B is given by
R = {(x,y); X and y have same number of pages}.

Based on the above information, answer the following questions:

(i) Is R a reflexive relation?

(i1) Is R a symmetric relation?

(iii) Is R a transitive relation?

6. A scout master wants to make different groups of students so that they can be given different
tasks. Students started making groups with their friends, then scout master interfere and told them
to make groups as per rule “a student will make group with roll number such a way that the
difference of roll number isdivisible by 3.

Based on the above information, answer the following questions:

(i) Write arelation R in set builder form for the rule told by the scout master.

(i1) Which roll number of students will be in the group of students with roll number 2, if there are

30 students in the class?
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(ii1) Which roll number of students will be in the group of students with roll number 3, if there are

30 studentsin the class?

7. Mohan and Swathi were playing a game. The rule for the game is that when Mohan plots a
point say P on a cartesian plane, then Swathi has to find points on the plane in such way the
distance of points from the origin O is same as that of the distance between the origin and the
point P. Mohan’s sister Avantika put the rule of the gamein set for asR = {(P, Q): OP = 0Q}.
Based on the above information, answer the following:

(i) Is R a reflexive relation?

(if) Is R a symmetric relation?

(iii) Is R a transitive relation?

8. Abhimanu is having a collection of al linesin XY plane and his friend Arjun made a relation
on this collection of linesas Ry, ={(L4, L,): L, isparale to L,}. Arjun also made another relation
on the same collection as R, ={(L4, L,): L, isperpendicular to L,}.

They ask their classmates to check the following:

(i) Istherelation R, form and equivalence relation?

(it) Find the set of linesrelated to y = 2x + 4 with respect to R;.

(iii) Istherelation R, form and equivalence relation?

9. An organization conducted bike race under two different categories — Boys and Girls. There
were 28 participants in all. Among all of them, finally three from category 1 and two from
category 2 were selected for the final race. Ravi forms two sets B and G with these partici pants
for his college project.

Let B = {by,b,, b3} and G = {g,, g,}, where B represents the set of boys and G the set of girls

selected for the final race.
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Based on the above information, answer the following question:

(i) How many relations possible from B to G?

(i) Among all the possible relations from B to G, how many functions can be formed from B to
G?

(iii) Let R: B — B be defined by R = { (X, y): x and y are students of the same sex}. Check R isan
equivalence relation.

(iv) A function f:B — G be defined by f = {(b,,g,), (b,, g,), (bs,g,)}.Check f is bijective.

Justify your answer.

10. Students of a school are taken to a railway museum to learn about railways heritage and its
history. An exhibit in the museum depicted many rail lines on the track near the railway station.
Let L be the set of al rail lines on the railway track and R be the relation on L defined by
R = {(ly,1,): 1, is parallel to [, }.

On the basis of the above information, answer the following questions:

(i) Find whether therelation R is symmetric or not.

(if) Find whether the relation R is transitive or not.

(iii) If one of the rail lines on the railway track is represented by the equation y = 3x + 2, then
find the set of rail linesin R related to it.

(iv) Let S be the relation defined by S = {(l,,1,): 1, is perpendicular to [,} check whether the

relation Sis symmetric and transitive.

23



UNIT TEST
Duration: 1 hour Marks: 30

SECTION A

Each carry 1 mark

1. Areation Rinset A = {1, 2, 3} isdefined as R = {(1,1), (1,2), (2,2), (3,3)} which of the
following ordered pair in R shall be removed to make it an equivalence relationin A.

@ (1. 1) (b) (1,2) © (22 (d) (3,3

2. Let the relation R in the Set
A={x€eZ:0<x<12}, given R = {(a,b): |a — b| is a multiple of 4}. Then [1], the equivalence
classcontaining 1is

@{1,5,9} (b) {0, 1, 2, 5} © ¢ (d A

3. A relation R isdefined on N. Which of the following is the reflexive relation?
@R={(xy):x>yxy€N} (b)R={xy):x+y=10,xy € N}

(c) R = {(x,y): Xy is the square number, x,y € N} dR={(xy):x+4y =10;xy € N}

4. Assertion: The number of onto functions from a set P containing 5 elements to a set Q
containing 2 elementsis 30.

Reason: Number of onto functions from set containing m elements to set containing n elements
iIsn™.

(a) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.
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SECTIONB
Each carry 2 marks

5. A relation R is defined on a set of real numbers R asR = {(x,y): x - y is an irrational number }.

Check whether R is reflexive, symmetric and transitive or not.

4xX
3x44

Show that in

6. Letf: R — {— g} — R be a function defined as f(x) =

f:R— {— %} — Range,f is one-one and onto.

7. Show that the relation R on the set Z of all integers given by R = {(a, b): 2 divides (a — b)} is

an equivalence relation.

SECTION C

Each carry 3 marks
8. A function f: [—4,4] — [0,4] isgiven by f(x) = V16 — x?. Show that f is an onto fucnrtion but

not a one-one function. Further, find all possible values of afor which f(a) = V7.

N

9. Let A=R—{3},B=R~—{1}. If f: A — B be defined by f(x) =

j ,Vx € A. Then show that f

w

is bijective.

SECTIOND

Each carry 5 marks

10. Prove that afunction f: [0, ©) — [—5, ) defined as f(x) = 4x? + 4x — 5 is both one-one and
onto.

11. Let N be the set of al natural numbers and R be a relation on N x N defined by
(a,b)R(c,d) & ad = bc for all (a,b), (c,d) € N x N. Show that R is an equivalence relation on

N x N. Also, find the equivalence class of (2, 6). i.c., [(2,6)].
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SECTION E
12. An organization conducted bike race under two different categories — Boys and Girls. There
were 28 participants in all. Among al of them, finally three from category 1 and two from
category 2 were selected for the final race. Ravi forms two sets B and G with these participants
for his college project.
Let B = {b;,b,,bs} and G = {g;, g,} where B represents the set of Boys and G the set of Girls
selected for the final race.
Based on the above information, answer the following questions:
(i) How many relations are possible from B to G?
(i) Among all the possible relations from B to G, how many functions can be formed from
B to G?
(iii) Let R: B — B be defined by R = {(X, y): X and y are students of the same sex}. Check if R is
an equivalence relation.

(Or)
A function f: B - G be defined by f = {(b;, g,), (b,, g2), (b3, g,)}. Check f isbijective. Justify

your answe.
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ANSWERS

MCQ A-R VSA SA LA CS

1. (b) (6,8) €eR |1 (d) 1. Domain = {3, 6, | 2. Not one-one but onto 2. f is not one-one but f is| 1. (i) R is symmetric but not

2. (a) 9} 8. Domain of R = | onto reflexive and transitive
2.(b) 4 3. (b) Range={1, 2, 3} {1,2,3,4,...,11} 6.{1,3,5,7} (if) Not an equivalence relation
3.(d)0 4. (a) 5. Not an | Range of R 9. R is reflexive but neither | 2. (i) Reflexive, transitive but
4.(c)2 5. (d) equivalence = {2,4,6,8,10,12, ...,22} | Symmetric nor transitive not symmetric

5. (b) Transitive 6. (8 7. fisnot injective R is not an equivalence 10. R is symmetric but | (ii) 36

6. (d) Equivalence | 7. (c) 8. Neither reflexive | 10. {5, 9} neither reflexive not | (iif) R is neither reflexive nor
7.(a) 2™" 8. (¢) nor symmetric nor | 14. f is not bijective transitive symmetric nor transitive
8.(b) 4 9.(b) | trangitive 16. Reflexive, symmetric | 19.{1,3,5,7} (Or)

9. (@ Symmetric | 10.(b) |9.B ={2,4,6,8} but not transitive. 20. Equivalence class [2] = | 2'2

and Transitive but | 11. (8) 17. a =2, b = -1 and | {—4,-2,0,2,4} 3. (i) Equivalencerelation

not Reflexive 12. (3) function is one-one and | 21.  Equivalence  class | (i) Symmetric but neither
10. (c) 24 13.(3) onto. [5] = {~10,-5,0,5,10} reflexive nor transitive

11. (b) Injective | 14. () (iii) Bijective (Or) R

22. Symmetric but not
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function

12.(d) 0

13.(a) 1

14. (¢) {1, 2}

15. (d) None of
these

16. (b) 64

17. (c) 2

18. (d)
Equivalence

19. (@
{(1,1),(2,2), (3,3)]
20, (d) 5

21. (b) f is one-
one but not onto

22.(c) {1}

15. (3)
16. (d)
17. (c)
18. (d)
19. (a)
20. ()
21. (d)
22. ()

23. ()

reflexive and transitive

26. Reflexive

But Neither Symmetric nor Tr
27. f isnot an onto
3l.a=43

32.-2,1

33. f isonto.

35. a=1, fisone-one.

4. (i) fisbijective

(if) gisnot hijective.

5.(1) Yes(ii) Yes (iii) Yes
6. (i) R={(a,b):]a—
b| is divisible by 3}

(i1 {2,5,8,11,14, ... ... }
(iii) {3,6,9,12,15 ... ... }
7.(1) Yes(ii) Yes (iii) Yes
8.() Yes

(if)

y =

2X +

c; C is any arbitary constant
(iii) No

9.()64 (i) 8

(i) Equivalence Relation
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23. (d)
Equivalence

24, (d)
Equivalence

25. (b) Reflexive
and symmetric

26. (d) Neither
one-one nor onto
27. (b) f(x) = x +
2

28. (c) One-one
and onto

29. (b) Many-one
and onto

30. (d) Neither

one-one not onto

(iv) f isnot bijective
10. (i) Symmetric
(ii) Transitive

(iii)

The set is {1: 1 is a line of type )

3x +c,c €ER}

(iv)  Symmetric

transitive

but

not
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31. (b) 4

32. (d) 11

33. (d) one-one
but not onto

34. (c) bijective
35. (d) one-one
but not onto

36. (d) nether
injective nor
surjective
37.(c) [1, )
38. (b) one-one

but not onto

UNIT TEST

1. (b) (L, 2)
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2.(a){1,5, 9

3.(¢) R = {(x,y): xy is the square number, x,y € N}

4. (c) Assertion (A) istrue but Reason (R) isfalse.

5. Symmetric but not reflexive and transitive.

6. Proof

7. Proof

9. Proof
10. Proof
11. {(1,3),(2,6), (3,9),

12.() 64 (i) 8

(ili) Risan equivalencerelation (Or) f is not bijective.
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CHAPTER 2-INVERSE TRIGONOMETRIC FUNCTIONS

INVERSE OF A FUNCTION

Let f: A — B be a function which is one-one and onto, then f1: B — A is said to be the inverse of the

functionfify = f(x) © f~1(y) = x.

INVERSE TRIGONOMETRIC FUNCTIONS

Trigonometric functions are many-one functions but we know that inverse of function exists if the

function is bijective. If we restrict the domain of trigonometric functions, then these functions become

bijective and the inverse of trigonometric functions are defined within the restricted domain. The

inverse of f is denoted by ‘f**. Let y = f(x) = sin x, then its inverse is x = sin™" y.

DOMAIN AND RANGE OF INVERSE TRIGONOMETRIC FUNCTIONS

Function Domain Range
(Principal Value Branch)
sin"1x [—1,1] _r
2'2
cos lx [—1,1] [0, ]
tan1x R _rrT
(22
cot 1x R [0, 7]
cosec lx R-{-1,1}
[-3.5]-©
2'2
sec 1x R-{-1,1} _AT
0,71~ {7}

NOTE

(i) sin™! x should not be confused with (sin x)~*. In fact, (sinx)™! = $ and similarly for other

trigonometric functions.

(if) The vaue of inverse trigonometric functions which lies in the range of principal branch is

called the principal value of those inverse trigonometric functions.
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PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS

Property |

. _1(1 _
(i) sin 1(;)=cosec Ix;x>1orx< -1

.. _1(1 _
(i) cos 1(;)=sec Ix;x>1orx< -1

-1
.os -1 (1 ;
(iii) tan~?! (—) = { cot X 1X >0

X —m+cot " x;x<0

Property 11

(i) sinT1(—x) = —sin"1x;x € [-1,1]
(ii) tan~1(—x) = —tan"1x;x € R

(iii) cosec 1 (—x) = —cosec™1x; x| = 1

Property |11

(i) cos™(—x) =m—cos™1x;x € [-1,1]
(ii) sec™I(—x) =m—sec lx; |x| > 1

(iii) cot™1(—x) = m— cot ™ x;x ER

Property IV

1 1

(i) sinT* X+ cos™"x = g;x € [—-1,1]
(ii) (i) tan™1x + cot ™1 x = g;x €ER

T
(iii) cosec™lx + sec™1x = > x| =1

Property V

: -1 e -1 (XY .

(i)tan™ " x +tan™ "y = tan (1_Xy) ;xy <1
X—y
1+ xy

(ii)tan"'x —tan~ly = tan™?! < );Xy > —1

Property VI

2X

. _1 _ . _1
(1) 2tan™ " x = sin (1+X2

)ngs1

.. 1-x2
(i) 2tan"1x = cos ™} (—);x = 0
1+x2

e -1 _ -1
(i11) 2tan™ " x = tan (1
(iv) 2sin~t x = sin™1(2xV1 — x )
(v) 2cos~tx = sin"}(2xV1 — x2

(or)

2cos ™ 'x =cos71(2x* —-1);0<x<1

2x
2 )i-1<x<1

X <

=X T
1

Jig <X

Property VII

(i) sin"x + sin"ty = sin™!(x/1 — y% + yV1 — x2)

(i) sin™*x — sin"'y = sin"}(xy/1 — y2 — yV1 — x2)

(iii) cos ™t x 4+ cos 1y = cos " (xy — V1 — x2\/1 — y?)

(iv)cos™tx —cos™ly = cos™?! (xy +41—x2/1- yz)
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MULTIPLE CHOICE QUESTIONS

1. The domain of the function sin"!(2x) is
11
(@ [-1,1] (b) [0, 1] © [-3.:]
2. The principal value of tan™! (tan 3?“) is
2T 21 3T 3T
@+ (b) - (©— (d) —
3. The principal value of cos™? G) + sin™! (— —) is
T e
@ (b)n (© 3 (d)=
4. The principal value of cos™! {sin (cos_1 %)} is
T T e T
@~ (b) 3 (© 3 (d)
5. The principal value of cot[sin"*{cos(tan™1 1)}] is
1 1
@3 (b) © 5 (d)1
6. Thedomain of sec*(2x — 1) is

(@ (=00, =1) U [0, ) (b) (=90, =1) U (0, =)

() (—o0,—1] U [0, ) (d) None of these

7. sec [90" — cot™? G)] is equal to

(8) VI0 (b) : ©3 (@2
8. Domain of f(x) = sin~*(—x?) is
@ (-1, 1) (b) (~0,-1] (¢ [~1,00)

9. The principal value of tan™? [Zsin (Zcos‘1 ?)] is
T T T T
@~ (b) 5 © 3 (d) -

10. The value of sin™?! (cos 13?“) is

@-= O ©F (d) =~

() (—3.2)

(d) [-1, 1]



11. sin E —sin™? (— %)] is equal to

(3 (b) = (9 -1 ()1

12. The value of cot(sin™! x) is

VITE x Vi
(a) == (b) == (©) = (d) =
13. The value of sin™?! (cos g) is

T 5T 5T 7T
@3 (b) - © - d 5

14. Let 6 = sin~(sin(—600°)), then value of 0 is

T T 2T 2T
@3 (b) > © (d)
15. The value of cot E sin™?! ?] is

(@1 (b) = (©) V3 (d) 0

16. sin(tan™' x), |x| < 1 is equal to

1 X

X 1
@ == 0 7=z ‘& = o
17. The domain of the function defined by f(x) = sin"!vx — 1 is
@[3, 2 (b) [-1, 1] (© [0, 1] (d) None of these

18. Which of the following is the principal value branch of cosec™x?

@(53) ®) (0, - [] @33 @[33]-©
19. Let cos(2tan™ ' x) = %, then the value of x will be
@ V3 (b)% ©1-3 (d)1-v—1§

20. Ifk < sin"'x 4 cos ! x + tan™ ! x < m then

T

@k=0,m=n (b)k=0,m=2= ©k=2m=n  (d)(k m)=(0,n)

2
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21. sin E + sin™! G)] is equal to

(a1 (b) = COF (o)~

22. The graph of a trigonometric function is as shown. Which of the following will represent

graph of itsinverse? ¥y
i Fi
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2 2 X
(@ ' (b)
l -
x'l 14 o
/ e
g "
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I
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ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).

Choose the correct answer out of the following choices.

(@) Both (A) and (R) aretrue and (R) is the correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).
(c) (A) istrue but (R) isfalse.

(d) (A) isfdsebut (R) istrue

1. Assertion: All trigonometric functions have their inverses over their respective domains.
Reason: The inverse of tan™x exist for somex € R.

2. Assertion value of (cos™!x)? is m?.

Reason; Range of the principal value branch of cos™!x is _7” , g] .
3. Assertion: [sin™! x + 2cos™ ! x] is [0, Tt].

Reason: Principal value branch of sin~! x has range [— g, g] .

4. Assertion: The principal value of cot=1(+/3) is g.

Reason: Domain of cot ! x is R — {—1,1}.

5. Assertion: Principal value of tan~*(—/3) is — g

Reason: tan™*: R — (— g,g) so for any x € R, tan~1(x) represents an angle in (— E,E) :

2°2

6. Assertion: sin"'(—x) = —sin"'x;x € [-1,1]
Reason: sin~*: [-1,1] - [—g,g] is a bijection map.

: o 1 (. 17T .
7. Assertion: Principal value of sin™? (sm 1—;) is 1“—8.

Reason: Domain of principal value branch of sin™? is [—1,1]
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8. Assertion: The value of tan~1+/3 — cot™1(—V/3) is ‘7“

Reason: The principal branch of tan~? is [_7“%] and cot™1(—x) = w— cot ! x.

9. Assertion: The principal value of tan™1(—1) is — E.

Reason: The principal branch of tan™? is [_7“%] and tan"1(—x) = —tan"!x.
10. Assertion: The principal value of cos™! cos(—680) = %ﬁ.

Reason: cos™1(—x) = w— cos™!x.

11. Assertion: Domain of y = cos™1(x) is [—1,1].

Reason: The range of the principal value branch of y = cos™(x) is[0, ] — {g}

12. Assertion: All trigonometric function have their inverses over their respective domains.

Reason: The inverse of tan~! x exists for some x € R.

13. Assertion: The range of the function f(x) = (x) = 2sin™*x + 37” x € [—1,1], s Es?” :
Reason: The range of the principal value branch of sin™* x is [0, n].

14. Assertion: Maximum value of (cos™! x)? is 2.
Reason: Range of the principal value branch of cos ™ x is [_7”, g] .
15. Assertion: Range of [sin™! x + 2cos™! x] is [0, 7].

mT T

Reason: Principal value branch of sin~! x has range [— oy ;] )

VERY SHORT ANSWERS

1. Find the domain of y = sin™1(x? — 4).
1.3 _ 3 _
2. Evaluate: sin™? (sm T“) + cos™! (cos Tﬂ) + tan™1(1).

3. Evaluate sin™? (sin %ﬂ) + cos™(cosm) + tan~1(1).
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. -1 331
4. Find the value of sin (cos (T)) :
5. Find the domain of the function y = cos~1(|x — 1|). Show your steps.
6. Draw the graph of the function: y = 2sin™*(x), -t <y < m.

7.1f cos ™t a+ cos™ B + cos™1y = 3, then find the value of a(B + y) — B(y + ) + y(a + B).

V1+sinx+vV1-sinx
V1+sinx—V1-sinx

8. Reduce cot™?! { } where g < x < T in to simplest form.

9. Simplify: tan_l( = )

1-sinx

10. Write the value of tan™?! [ZSin (2cos_1 g)] .

11. Write the principal value of [cos‘1 \/2—5 + cos™! (— %)] :

12. Write the principal value of cos™! (cos 7?“) :

13. Prove that tan™? ( L ) =2-2xe (—E,E).

1+sinx 4 2 2

14. Prove that sin‘1(2xV1 — xz) =2cos 1x,—=<x<1.

Siks

Vi+xZ-1
X

15. Write y = tan™! [ ] ,X # 0 in the simplest form.

16. Evaluate : cos [sin"1 i + sec”! %] )

cosx—sinx T T
— ), —— < X< g

17. Express in the simplest form: tan™?! ( "

cos x+sinx

18. If sin (sin"1 % + cos™?! X) = 1, then find the value of x.

1

19. Draw the graph of cos™" x, where x € [—1,0]. Also, write its range.



20. Draw the graph of f(x) = sin"1x,x € [— \%,%] . Also, write range of f(x).

21. Evaluate: 3sin™! (%) + 2cos™! (?) + cos™1(0)

22. Draw the graph of f(x) = sin"1x,x € [ Also, write range of f(x).

=l
23. Evaluate: sin™* (sin2) + cos™* (cos &) + tan™1(D).

24. Evaluate: sin™* (sin 2) + cos ™ (cos ) + tan™* (1).

25. Find the value of tan~* (= =) + cot™* (%) + tan~2 [sin (- 2)].

26. Draw the graph of cos™! x, where x € [—1,0]. Also, write its range.

27. Find the domain of y = sin™1(x? — 4). Also, find its range.

28. Evaluate: cos™?! [cos (— 7?”)]

29. Find the value of tan~?! [2cos (ZSin_1 %)] +tan~11.

30. Simplify: tan~2 ( - )

1-sinx

31. Find the value of sin™? (— %) + cos™?! (— £) + cot™?! (tan 4?”) !
32. Find the domain of f(x) = cos™*(1 — x?). Also, find its range.
33. Evaluate: sec? (tan‘1 %) + cosec? (cot‘1 g)

34. Find the value of [sin2 {cos‘1 ( )} + tan?{sec™ 1(3)}]

35. Evaluate: cot?{cosec 13} + sin? jcos™ ( )}

{
36. Find the value of k if sin™?! [ktan (ZCOS‘1 \/_)] g .

37. Simplify : cos ! x + cos™! E o0 ] % x<1
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SHORT ANSWERS

VTii—VTZQ]:Z T 1

ARV T leos lx ——<x<1
Nes TN cos™ X, x<1.

1. Prove that: tan™?! [ 25 5 S

b
2. Prove that tan {E +2cos! 3} + tan {E — Lcos1 3} =2,
4 2 b 4 2 b

3. Prove that if i < x < 1thencos™'x+ cos™?! [g +—

4. Show that: tan (l sin~?! E) Agol?
2 4 3

5. Prove the following: cos[tan™1{sin(cot 1 x)}] = / ;erz

+x2 "
6. Solve: sin[2cos™{cot(2tan"1x)}] = 0.
7. Solve: tan(cos ! x) = sin(tan™1 2), (x > 0).

LONG ANSWERS

1. Simplify the following: (i) sin™*(xv1 — x — &m) (ii) tan~! (V1+X2+V1—X2)_

V1+x2—-V1-x2

31

2. Solve the following: (i) sin™ () + sin™ (£) = (i) cos2 + cos 1 2= I

1-cosx 1-sinx

3. Simplify the following: (i) tan~!

(ii) tan™?

1+cosx 1+sinx

CASE BASED QUESTIONS
1. Read the following passage and answer the following questions:

In a school project Manish was asked to construct a triangle ABC in which two angles B and C
are given by tan™? G) and tan~! G) respectively.
() Find the value of sinB

(i) Find the value of cosC
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(i) Find the value of cos(B + C).

2. Two men on either side of a temple 30 meters high observe its top at the angles of elevation a
and B respectively (as shown in the figure). The distance between the two men is 40v/3 meters

and the distance between the first person A and the temple is 30+/3 meters.

Based on the above information, answer the following questions:
(i) Find the principal value of sin™?! sin (a + g)

(ii) Find the principal value of cos™* cos (oc + g)

3. Swathi and Uma are students of class XII. Teacher told them about inverse trigonometric

functions and he sketched the graph of sin™x as follows.

Y

|
L =

-1 [} I

b | =

¥

Based on the above information, answer the following questions:

(i) Find the domain of sin™! x.
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(ii) Find the range of principal value branch of sin™! x.

(iii) Find the domain of sin™1(1 — x).

3. If afunction f: X — Y defined as f(x) = y is one-one and onto, then we can define a unique
function g: Y — X such that g(y) = x, where x € X and y = f(x), y € Y. Function g is caled the
inverse of function f.

The domain of sine function is R and function sine: R — R is neither one-one nor onto. The

following graph shows the sine function.

y=S8nx

Let sine function be defined from set A to [-1, 1] such that inverse of sine function exists, i.e.,
sin~! x is defined from [-1, 1] to A.

On the basis of the above information, answer the following questions:
(i) If A istheinterval other that principal value branch, give an example of one such interval.

(i) If sin"!(x) is defined from [-1, 1] to its principal value branch, find the vaue of
. _1 _l _ . _1

sin ( 2) sin™ " (1).

(iii) Draw the graph of sin™! x from [-1, 1] to its principal value branch.

(iv) Find the domain and range of f(x) = 2sin™1(1 — x).
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UNIT TEST
Duration: 1 hour Marks: 30

SECTION A

Each carry 1 mark

1. What is the domain of the function cos™ (2x — 3)?

@ [-1, 1] (b) (1,2) © 11 (d) [1, 2]

2. The principal value of [tan™* V3 — cot™*(—V/3)] is

(a)m (b) (©0 (d) 2v3

3. The domain of sin~* x + cosx is

(@) [-1, ) (b) (-1, 1) (© [-1.1] (d) (o0, 1]

4. Assertion: The range of the function f(x) = 2sin™' x + 37” wherex € [—1,1], is ES?” .
Reason: The range of the principal value branch of sin™! x is[0, =].

(@) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.

SECTION B

Each carry 2 marks

5. Evaluate: cos™! [cos (— 7?”)]

6. Write the principal value of cos ™! G) + 2sin™! G) :

7. Find the principal value of cos™*[cos(—680°)].
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SECTIONC

Each carry 3 marks

sin x+cosx

) , where — = < x < =, in the simplest form.
V2 4 4

8. Express sin™! (

. _4 2b _
+ sin 11+b2 = 2tan ' x

- 2a
9. Solve: sin™' —;
1+a

SECTION D

Each carry 5 marks

10. Express the following in simplest form: (i) tan2 (w) (i) tan? (ﬂ)

bcos x+asin x a—bx

1-Vx
1+Vx

11. Express the following in simplest form: (i) sin <2tan‘1 /%) (i) tan™?!

SECTION E

12. Two men on either side of a temple 30 meters high observe its top at the angles of elevation a
and B respectively (as shown in the figure). The distance between the two men is 40v/3 meters

and the distance between the first person A and the temple is 30+/3 meters.

Based on the above information, answer the following questions:
(i) Find 2CAB = a in terms of sin™ 1.
(ii) Find 2CAB = a in terms of sin™?1.

(iii) Find ZBCA = f in terms of tan™1.
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ANSWERS

MCQ A-R VSA SA Il LA CS
1. [-23 1.(d) 1[-V5—V3]U  |6.41,-1+v2 142 |L()sin""x— L) =
X 2 (¢ [\/§, \/g] Vg sin~! \/} ,
2.(0) © 75 (i) 2
3. (d) 2 %” (i) =+ %Cos_l x2
3. (iii)
4.(0) 3.3 2. (i) 13 (ii) +17
o | 0
5. (a) 4T 3.31)5 ()T -2
> @1 6. (b) (i) =
3 . 5.[0, 2]
SR el P 3. () [-1, 1]
[0, 0) 7.2
8. (3) Pl (i) [-£. 7]
7.(d) 2 272
9. (a) (i) [0, 2]
8. (d) [-1, 1] 0.1 42
10. (b) )
9. (b) %
11. (c) 10.5 E?’?”] or any other
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10.(b)-f%

11. (d) 1

V1-x2

X

12. (d)

13.(d)§§

14.(a)§

15. (c) V3

16.(d) 77—

17. (@) [1, 2]

18. (d) | =, 5] - {0}

22

19.(b);%

20. (d) (k, m) = (0, m)

21. (a) 1

12. (d)

13.(¢)

14. (c)

15.(d)

11. —
12. —

15. %tan‘1 X

16.

17.2—x
4

18.

1971
12

22. Range

T n]
4’4

23.5%

24, —

interval corresponding

to the domain [—1,1]

(i) ==

(iii) Y

(iv) Domain = [0, 2]

and Range = [-m, 7]
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22.(b)

25.—
26. Range: E, n]

27.
Domain is [—\/g, —/3
[V3,V5], Range

)
©
Wl

29.

30.

NE
+
N R

ul
K

31—

32. Domain =

[—V2,V2] &
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Range = [0, 7]

33,2

36
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UNIT TEST
1.(d) [1, 2]

2. (b) g
3.(c) [-1, 1]

4. (c) Assertion (A) istrue but Reason (R) isfalse.

a+b
"1-ab

10. () tan” (3) — x (i) + tan 1
11. (i) V1 —x? (ii) %COS_l Vx

2wt et

(iii) tan~1 (+/3)
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CHAPTER 3- MATRICES

MATRIX
Matrix is an ordered rectangular arrangement of numbers (or functions). The numbers (or functions)

are cdled the element of the matrix. Horizontal line of el ementsisrow of matrix and vertical line of

elements is column of matrix.

n columns

Column | Column 2 Columnj  Column »

Vo o

ay, G, - a; 4, |« Rowl
a, a, - a; - a, |« Row2
. m TOWs
A=[a;],., = _
a, a, - a - a4, |« Rowi
|9m Gu2 Gy Gy, |« Rowm

ORDER OF MATRIX

If a matrix has ‘m’ rows and ‘n’ columns, then order of the matrix is m x n (read as m by n). A

matrix of order mx nis depicted as A = [&j]mun; I, ] € N.

Note
= Ingenera, 3 meansan element lying in thei™ row and j™ column,
= Number of elements in the matrix A = [&j]m x n IS given as (m)(n). If number of rows and
columns of matrix are 2 and 3 respectively then number of elements in the matrix = (2)(3) =
6 elements.

TYPESOF MATRICES

Column Matrix

A matrix having only one column and any number of rows is called a column matrix or column
vector.

General Notation: A = [a]ma.

Row Matrix

A matrix having only one row and any number of columnsis called arow matrix or row vector.

General Notation: A =[] 1xn.
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Square Matrix
Square matrix isamatrix in which the number of rowsis equal to the number of columns.

Diagonal Matrix

A square matrix is said to be a diagonal matrix if al the elements expect those in the leading
diagonal are zero. i.e., g; = 0, for all i #.
A diagona matrix is a square matrix with al non-diagonal elements equal to zero and diagonal

elements not all zeroes.

Scalar Matrix
A diagonal matrix A = [aj]mxm IS Said to be a scalar matrix if its diagonal elements are equal.

0, wheni #j

1.8, &) = {k, wheni = j for some constant k

A scalar matrix isadiagona matrix in which all diagonal elements are equal.

Unit Matrix or Identity Matrix

1, ifi=j

A sgquare matrix A = [&j]mxm IS Said to be an identity matrix if &; :{ Y A

An identity matrix is a scalar matrix in which each diagonal elementsis 1(unity).

ZeroMatrix or Null Matrix

A matrix is said to be zero matrix or null matrix if each of its dementsisO.

Equality of Matrices

Two matrices A and B are said to be equal and written as A = B, if they are of the same order ans

their corresponding elements areidentical. i.e., a; = by;.

OPERATIONSON MATRICES
(a) Addition of Matrices

Let A and B be two matrices each of order m x n. Then, the sum of matrices A + B isdefined only if
matrices A and B of same order.

IfA = [aij]mxn andB = [bij]mxnthenA +B= [aij + bij]mxn-
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(b) Subtraction of Matrices

Let A and B be two matrices of the same order, then subtraction of matrices A - B isdefined as
IfA= [aij]mxn andB = [bij]mxntlnIenA -B= [aj - bij]mxn-

(c) Multiplication of a Matrix by a Scalar

Let A = [aj]m x n be amatrix and k be any scalar. Then, the matrix obtained by multiplying each
element of A by k is called the scalar multiple of A by k and is denoted by kA is given as
KA = A = [kaj]mxn.

(d) Multiplication of Matrices

The product of two matrices A and B is defined if the number of columns in A is equa to the
number of rowsin B. Let A =[]y xn and B = [by] » « o then the product of the matrices A and B is
the matrix C of order m x p. To get the (i, k)™ element ¢, of matrix C, we take the i row of A and

k™ column of B, multiply them element wise and take the sum of these products.

NOTE

e The product AB is defined only when the number of columns in matrix A is equal to
the number of rowsin matrix B.

¢ Intheproduct AB, A iscalled the pre-factor and B is called the post-factor.

e If A and B are square matrices of the same order say n, then both the product AB and
BA are defined and each is a square matrix of order n.

e If Aand B arem x n and n x p matrices respectively, then matrix AB will be m x p
matrix i.e., order of matrix AB will be m x p.

e If two matrices A and B are such that AB is possible then it is not necessary, that
product BA isalso possible.

e |f Aismx nmatrix and both AB aswell as BA is defined, then B will be n x m matrix.
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TRANSPOSE OF A MATRIX
If A =[a;] bean mx n matrix, then the matrix obtained by interchanging the rows and columns of A

is called the transpose of A. Transpose of the matrix A isdenoted by Alor AT.i.e, A = [&j]mxn then

AT = [aji]nxm-

Properties of Transpose of the Matrices
= (Ahl=A
= (kA)!=kAl
. (A+B)|:A|+ B!
= (AB)!=BAl

= (ABC)!=CB/Al

SYMMETRIC AND SKEW SYMMETRIC MATRICES
Symmetric Matrix

A sgquare matrix A = [g;] is said to be a symmetric matrix if Al=A.

Skew Symmetric Matrix

A sguare matrix A = [g;] is said to be a symmetric matrix if Al=-A.

Orthogonal Matrix

A matrix A issaid to be orthogonal if AAl= AlA =1.
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RESULTS
e If A isasquare matrix, then () A + AT is always symmetric (b) A — AT is always
skew-symmetric matrix.

e For any matrices, AAT and ATA are symmetric matrices.

e If A and B are two symmetric (or skew-symmetric) matrices of same order, then
A + B isaso symmetric (or skew-symmetric).

o If A issymmetric (or skew-symmetric), then kA (k is a scalar) is aso symmetric
(or skew-symmetric matrix).

e If A and B are symmetric matrices of the same order, then the product AB is
symmetriciff AB = BA.

e Every square matrix can be expressed uniquely as the sum of a symmetric and a
skew-symmetric matrix. i.e., A = %[P + Q], where P = A + AT is symmetric and
Q=A — AT isaskew-symmetric.

e Thematrix BTAB is symmetric or skew-symmetric according as A is symmetric or
skew-symmetric matrix.

o All positive integral powers of a symmetric matrix are symmetric.

e All positive odd integral powers of a skew-symmetric matrix are skew-symmetric
and positive even integral powers of a skew-symmetric are symmetric matrix.

e If A and B are symmetric matrices of the same order, then (a) AB — BA is a

skew-symmetric (b) AB + BA is symmetric.
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MULTIPLE CHOICE QUESTIONS

1.IfA= [ai]-] is a square matrix of order 2 such that a;; = {

1 0 1 1 1 1
@ [} ® [y ol ©; 4
3c+6 a—-d]_[12 2
Z'If[a+d 2-13b _[—8 —4
@4 (b) 16 (c) -4 (d) -16
3 4 i
3. For two matrices P = [—1 2] and QT = [ A
0o 1
2 3 4 3
(eo[-3 0 ] (b)[——S 0 ]
0 -3 1 -2
1 2 31 1 3
4.1fx=[O i] and 3X — [ 2]: 5 3
(@1 (b) 2 (© 0 (d) -2

2
2

(©

-1

1, whe
0, whe

ni+j
ni=j

,then A? is

@ [y ]

éiP—Qis:

[ 4 3
0 -3

-2

] then'a’is equal to —

] are equal, then value of ab — cd is:

|

-3
-3

5. If A and B are square matrices of the same order, then (A + B)(A — B) isequal to
() A%- B? (b) A>- BA — AB — B?
(c) A~ B?+BA —AB (d) A~ BA + B>+ AB

6. Total number of possible matrices of order 3 x 3 with each entry 2 or O is
@9 (b) 27 (c) 81 (d) 512

7. If A and B are two matrices of the order 3 x m and 3 x n respectively and m = n, then the

order of matrix (5A —2B) is

@mx3 (b)3x3 (cgmxn (d)3xn
i T 0 2 0 1 23
8. The order of the single matrix obtained from |0 2 {[ }
2 3 1 0 21
(82x3 (b)2x2 (c)3x2 (d)3x3

9. A sguare matrix A =

[aﬁlnxn

(b)i<]

is called adiagonal matrix of a;; = 0 for

@i=j (©i>] (d)i+#]
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i 0 —i —1i i
10. If P = [O —i i‘ and Q = [0 0‘ ,then PQ is equal to

—i i 0 i =i
-2 2 2 -2 — 10 0
@) [1 —1] ) -1 1] © 5 5] ) lo 1 o]
1 -1 -1 1 0 0 1
[ 3 4
11. For two matrices P = |—1 2] and QT = [_1 2 1], P-Qis
1 2 3
L0 1
2 3 4 3 4 3 2 3
@|-3 o0 (b)|-3 0 ©f-0 -3 d|fo -3
0 -3 -1 =2 -1 =2 0 -3
2i+3j, i<j
12. A matrix A = [ai]-]3X3 is defined by a;; = { = i = j. The number of elementsin A are
3i—2j, i>]
morethan 5is
(@3 (b) 4 (©)5 (d) 6

13. If A = [a;;] is a skew-symmetric matrix of order 3 then the value of 5a;, + 6a,;, — 5ay; is

P ol 3

14. If the matrix B=|—1 4 b]| is a symmetric matrix,thena + b + cis
c —4 9

@-1 (XY (91 (d) 2

15.If A = B ‘3‘]  then A2 — 4A =

(@) (b) 31 (c) 51 (d)0
16. If Aisa2x 3 matrix and AB is2 x 5 matrix, then B must be a

() 3 x 5 matrix (b) 5 x 3 matrix (c) 3 x 2 matrix (d) 5 x 2 matrix
17. Choose the correct option

(a) Every scalar matrix is an identity matrix

(b) Every square matrix whose each element is 1 is an identity matrix
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(c) Every scalar matrix is adiagonal matrix

(d) Every diagona matrix is a scalar matrix

18. Choose the correct option

(a) If diagonal elements of a square matrix are O then it is skew symmetric
(b) If al the elements of amatrix are samethen it is a scalar matrix

(c) Matrix denotes a number

(d) None of above

19. If [x E 3 is a scalar matrix then value of X is

2l
X+ 3
(@3 (b) -3 (0 (d) 2
20.1fA = [ X] and A = AT, then

y 0
@x=0,y=5 (b)x+y=5 (c)x=y (d) None of these
21. If A and B are two matrices such that AB = B and BA = A, then A% + B2is
(a) 2AB (b) 2 BA (©OA+B (d) AB

4 6] _[3 —6 .
22.06x+| % O =3 T thenXis

-1 -12 -1 —-12 1 —-12 -1 14

(a)[s _15 (b) [—6 _15 (© [8 _15 () [—6 _15
23. If A isa3 x 4 matrix and B is a matrix such that A'B and B'A are both defined then B is of
the type
(8 3x4 (b)3x3 (c)4x4 (d)4x3

24. The number of all possible matrix of order 2X2 with entries 0, 1, 2 is

(a) 81 (b) 16 () 27 (d) 9

25. If B ﬂ [?] = [i] then y is

@5 (b) 4 (©) 2 (d) -3
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26. If amatrix has 36 elements, the number of possible ordersit can have, is:

(@13 (b) 3 ()5 (d)9

27. If the sum of all the elements of a3 x 3 scalar matrix is 9, then the product of all its elements
IS

@0 (b)9 (c) 27 (d) 729

28. The number of all scalar matrices of order 3, with each entry -1, 0 or 1is

@1 (b) 3 (c) 2 (d) 3°

7 0 x
29.1f A=|0 7 0] is a scalar matrix, then y* is equal to

0 0 y
@o (b) 1 (©7 (d) £7
30. If for the matrix A = tan x - ],A + A’ = 2+/31, then the value of x € [O,E] is

-1 tanx 2
s s [

(@0 (b) ©2 OF

31 If A = [a;] bea3x 3 matrix, where a;; = i — 3j, then which of the following is false?

(@a;; <0 (0) agz + azy = -6 (©) ai3 > az (d) as, =0
5

32.If[x 2 0] [—1] =[3 1] [_ﬁ] , then value of x is
X

(@ -1 (b) O ()1 (d) 2

33. If A is a square matrix and A% = A, then (I + A)? — 3A is equal to :

@ | (b) A () 2A (d) 3l

34. Find the matrix A% where A = [a;] is a 2 x 2 matrix whose elements are given
by aj; = maximum (i, j) — minimum (i, j):

@[° ¢ e[ 1 ©[y 3 @f; )
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35. If amatrix A =[1 2 3], then the matrix AA’(where A’ isthe transpose of A) is

1 0 0 1 2 3
(a) 14 (b) [O 2 O] () [2 3 1 (d) [14]

0 0 3 31 2

36. If matrices A and B are of order 1 x 3 and 3 x 1 respectively, then the order of A'B’ is
@1x1 (b)3x1 (c)1x3 (d)3x3

37. The product of matrix P and Q is equal to a diagonal matrix. If the order of matrix Q is 3 X
2, then order of matrix Pis
@2x2 (b)3x 3 (c)2x3 (dy3x2

38. If A and B are two skew symmetric matrices, then (AB + BA) is

(a) askew symmetric matrix (b) asymmetric matrix
(c) anull matrix (d) an identity matrix
39. If [x ty 2 ] ] then the value of ( 24) is
xy y

@7 (b) 6 (c) 8 (d) 18
40.If A = [g AZL and 24 + B is a null matrix, then B is equal to :

8 ) 55 -5 8
@ [10 4 e gy © [10 3] @[y T

41. If A = [_01 (1)] and (31 + 4A)(3] — 4A) = x2I, then the value (s)x is/are :

(@ +V7 (b) 0 (c) 45 (d) 25
42.1f A = [g (1)] , then 42923 is equal to

0 1 0 2023]

C 0[5 *% 2023

(©) [g g (d) 2023]

43. If [é 2 = P + Q, where Pisasymmetric and Q is a skew symmetric matrix, then Q is
(2 %] [0 = T N 1
I I I I I I I I
@ l5/2 4J ® ls/z 0 J © l_ 5/2 OJ @ ls/z 4 J

60



1 -2 -1 -2
4. 1etA=]|0 4 —1] ,B = [—5‘ ,C=1[9 8 7], which of the following is defined?
-3 2 1 -7
(a) Only AB (b) Only AC (c) Only BA (d) All AB, AC and BA

45. For any square matrix A, (A — A’)isaways

(a) an identity matrix (b) anull matrix

(c) askew symmetric matrix (d) asymmetric matrix

46. If A isa2 x 3 matrix such that AB and AB! both are defined, then order of matrix B is
@2x2 (b)2x1 (c)3x2 (d)3x3

47. Number of symmetric matrices of order 3 x 3witheachentry 1 or -1is

(a) 512 (b) 64 (c)8 (d) 4
1 4 X
48.1fA=| z 2 y‘ Isasymmetric matrix, thenthevalueof x +y + zis
-3 -1 3
(& 10 (b) 6 (c8 (d)o

49. A and B are skew-symmetric matrices of same order. AB is symmetric, if:
@ AB=0 (b) AB =-BA (c) AB=BA (dBA=0

?

cosx Sin x]

50. For what value of x € [0, g] ,isA+ A" =31, where A = [—sinx cos x

@ (b) (©0 CE

51. A and B are square matrices of same order. If (A + B)? = A% + B2, then :

(d AB=BA (b) AB =-BA (ccAB=0 (dBA=0
1 1 1][x 6

52.1f |0 1 1] y| = 3] , then the value of (2x +y —z) is:
0 0 1llz 2

@1 (b) 2 (€3 (d)5

53. If Aisa3 x 4 matrix and B is a matrix such that A'B and AB’ are both defined, then the
order of the matrix B is

(@ 3x4 (b)3x3 (c)4x4 (d)4x3
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54.IfA=B (1)],B=[)1C (1)andA=B2,thenxequals

(@ +1 (b) -1 ©1 (d) 2
: , 1, wheni=#]j 2:
55. If A = [a;;] isasquare matrix of order 2 such that a;; = {0 wheni = j then A2is
1 0 1 1 1 1 1 0
@ ®], o O @], ;

56. If matrix A = [_11 _ﬂ and A% = kA, then the value of k is

@1 (b) -2 (©) 2 (d)-1

cosx —sinx 0
SI.IfF(x) = lsinx COS X 0] and [F(x)]? = F(kx), then the value of k is

0 0 1
@1 (b) 2 (©0 (d) -2
a c 0
58.1f |b d 0] is a scalar matrix, then the value of a + 2b + 3¢ + 4d is
0 0 5
@o (b) 5 (c) 10 (d) 25
a ¢ -1
9.IfA=([b 0 5 ] is a skew-symmetric matrix, then the value of 2a — (b + ¢) is
1 -5 0
@o (b) 1 (c) -10 (d) 10

ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the following choices.

(a) Both (A) and (R) aretrue and (R) is the correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).

(c) (A) istruebut (R) isfalse.

(d) (A) isfalsebut (R) istrue.
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1. Assertion: The possible dimensions of a matrix containing 32 elementsis 6.

Reason: The No. of ways of expressing 32 as a product of two positive integersis 6.

0 1 -2
2. Assertion: The matrix [—1 0 3 ‘ 1s a skew symmetric matrix.
2 -3 0

Reason: All the diagonals elements of a skew symmetric matrix are zero.

3. Assertion: If A and B are skew symmetric matrices then AB — BA is a symmetric matrix.
Reason: For amatrix to be asymmetric Al = -A.

4. Assertion: If the order of matrices A, B and C are 2 x 3, 3 x 4, 4 x 2 then order of matrix
ABCis2x2.

Reason: We can multiply two matrices if number of columns of first matrix is equal to number
of rows of second matrix.

5. Let A, B, C are three matrices of same order. Now, consider the following statements:
Assertion: If A =B, then AC=BC.

Reason: If AC = BC, then A = B.

1 -2 2
6. Assertion: IfA:Azé =2 SRl WD ],thenATAz I.
-2 -2 -1

Reason: For any square matrix A, (AT)T = A.

7. Assertion: If A isasymmetric matrix then BAB’ is symmetric matrix.

Reason: For any three matrices A, B and C, (ABC)' = C'B’A'.

8. Assertion: A and B be two symmetric matrix of order 3, A(BA) and (AB)A are symmetric
matrices.

Reason: AB is symmetric matrix if multiplication A and B is commutative.

1 0

9. Assertion: IfA = (2 1),3 = (0 1

2 ). then (A + B)? = A% + B2 + 2AB.

Reason: In the above, AB = BA.
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10. Assertion: A = (COSX Sin X) and B = (COSX cos X

. =1 . ),thenABth.
cosx sinx sinx sinx

Reason: The product of two matrices can never be equal to an identity matrix.
11. Assertion: The possible dimensions of a matrix containing 32 elementsis 6.

Reason: The No. of ways of expressing 32 as a product of two positive integersis 6.

12. Assertion: A and B are symmetric matrices, then AB =BA and AB is aso symmetric.

Reason: A and B are symmetric matrices.

13. Assertion: If (X+y 2X+ Z)

2x—y 3z+w =(_1 5),thenx:_?1,y:_

217 =
0 13 ,z—3andw 4,

Reason: Two matrices A = [a;], B = [by;] of the same type are said to be equal if a;; = by;.
-1 0

14. Assertion: If ( 4 s

X — v/
2% _yy W) = Transpose of (

Reason: An m x niscalled asquare matrix if m=n.

)andX+Y=(_13 g),thenX=(:i :g)

2. 2

15. Assertion: If Y = (1 4

Reason: If A, B and C are three matrices of the same order, then A+ (B + C) = (A +B) + C.

1 cos 0 1
16. Assertion: For matrix A = |—cos 0 1 cos 8|, where 8 € [0,2r], |A| € [2,4].
-1 —cos 0 1

Reason: cos 6 € [—1,1],V0 € [0,2x].

17. Assertion: For any symmetric matrix A, B'AB is a skew-symmetric matrix.
Reason: A square matrix P is skew-symmetric if P’ = —P.

18. Assertion: Every scalar matrix is adiagonal matrix.

Reason: In adiagonal matrix, all the diagonal elements are 0.

),thenx=3,y=4,z=5,w=6.
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VERY SHORT ANSWERS

L -2 0 -3 4
LIfA={3 o |B=| |, prove that (AB)' = B'A"
e 1 2 0

2. If A = diag[2,5, —3] and B = diag[—1,6,4], find 3A — 2B + 41.

1 3 0 1 0 11 , .
. = = . + B+
3.1fA [_3 _y 3] and B [2 1 3] Find the matrix C such that A + B + C isa zero
matrix.
2 ifi<j
4. Construct a4 x 3 matrix whose elements a;; are given by a;; = ]1 ifi=j
iz ifi>]

5. IfA =

2 =2 8 0
4 2 ] and B = l4 —2] ,find the matrix X such that 2A + 3X = 5B.
-5 1 3 6

6. Find the matrix X such that [i :;] -3X = [_53 _41]

2. -1 5
7. Expressthefollowing asasingle matrix: [1 —2 3] l 0 2 4] —[2 -5 7]
-7 5 0

R i) -
02| (5 A- 3 3

8. Express the following as a single matrix:

9. Find a2 x 2 matrix B such that [

4
1{X =

3

s elB=lo 11

4
10. If -1
3

8
2
6

UGN

] ,find X.

1

11. IfAz[4

E 3] and A% + aA — bl = 0, find the values of a and b.
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0 1

12.1fA=[1 .

and B = [? 61] ,where i = v/—1, verify that (A + B)? = A% + B2,

13. If A and B are symmetric, then prove that AB + BA is symmetric and AB — BA is skew

symmetric.

14. If A and B are square symmetric matrices of same order, then prove that AB is symmetric if

and only if A and B commute.

15.1f A = [(5; 1 N '], then show that AA" and A'A are both symmetric.

2 4 -1 P =
16.1f A = | | andB = [-1 2|, verify that (AB)' = BA"
~1 0 2 5 174

0 2y zZ
17. Find the values of x,y, z, if the matrix A = |X % | Z] obeys the law A'A = 1.
X =y yA

18. Show that the matrix BTAB is symmetric or skew-symmetric accordingly when A is

symmetric or skew-symmetric.

31 - j, lfl S ] flnd aipt+azqtazs

19. If matrix A = [ai]-],where aj = {li _ 2 ifi> " &

20. Find 2A% when x =  where A = (COSX i X) |

sinx cosx

SHORT ANSWERS

3

2 3 01]

. . 1 -2
l.FmdAandB,1f2A+BB—[2 0 1 ¢ 2f

]andA—2B=[

2.LetA = [_21 3] and f(x) = x? — 4x + 7.Show that f(A) = 0. Use this result to find A®.

2 -1 -1 -8
3. Find matrix A such that | 1 0 JA=[1 =21

-3 4 9 22
66



4 4 7

4. FindXandYif2X+Y = 7 3 4

] and X — 2Y = [_3 2 1]

1 -1 2F

-3 1

5. a=[', ZB=[2 jJandc=[° |

], verify tha (i) (AB)C = A(BC)

(i) A(B + C) = AB + AC.

6.7.IfA=El ;1] andB=[£1 ﬂ,provethat(A+B)2¢A2+2AB+B2.

1 0 2
7. Compute A3 — 5A% + 4A + 71, where I is the unit matrixand A = [0 1 2].
1 2 0
_[0 1 3 _ .3 2
8.1fA = | O],show that (al + bA)? = a3[ + 3abA.
0 1 O
9.1fA=]0 0 1|andl istheunit matrix of order 3, show that A*> = pl + gA + rAZ.
p q T
10. IfA = [_31 ; ,show that A> — 5A + 71 = 0. Use this result to find A*.

11. Find the matrix X so that X [1 2 3] = [_27 _48 _9]

4 5 6 6 I
112 2
12. Find x and y if the matrix A = § &iamilacai— 2] may satisfy the condition AA" = A'A = 1.
x 2 y
2 3%—2
13. Expressthematrix |—-1 0 8 | asthe sum of a symmetric and skew-meatrices.
4 0 3
1 2 4
14. Find the symmetric and skew — symmetric parts of the matrixA=|6 8 1|.
3 57
15. If A= B ~ ﬂ and B = [Z _ﬂ and (A + B)? = A% + B?, then find the values of a

and b.
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LONG ANSWERS

cosa —sina 0 cosp 0 sinf
1 IfF(a) = |[sina cosa 0| andG(B) = 0 1 0 |, show that
0 0 1 —sinf3 0 cosf

[F()GB)]" = G(—=B)F(~).

2 0 1
2. If A = [2 1 3],findA2—5A+4I and hence find a matrix X such that
1 -1 0

A2 —5A+41+X=0.

1 3 2
IfA=1|2 0 —1] then show that A3 — 4A% — 3A + 111 = 0, Hence find A~1.
1 2 3

cosa -—-sina 0

4-Iff(a)=lsina cos @ 0],provethatf(a)‘f(—ﬁ)=f(06—ﬁ’)-

0 0 1
1 0 2
5.IfA=|0 2 1|, thenshow that 4> —64% + 74+ 21 = 0.
2 0 3

CASE BASED QUESTIONS
1. A manufacture produces three stationary products pencils, eraser and sharpener which he sells

in two markets. Annual sales are indicated below:

Mar ket Product (in numbers)

Pencil | Eraser | Sharpener
10000 | 2000 18000
B 6000 | 20000 8000

If the unit sale price of pencil, eraser and sharpener are X 2.50, % 1.50 and X 1.00 respectively
and unit cost of the above three commodities are X 2.00, X 1.00 and X 0.50 respectively.
Based on the above information answer the following:

(i) Find the total revenue of market A.
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(i) Find the total revenue of market B.

(i) Find the profit in market A and B respectively.

2. Three students Ram, Mohan and Ankit go to a shop to buy stationary. Ram purchases 2 dozen
note books, 1 dozen pens and 4 pencils. Mohan purchases 1 dozen note book , 6 pens and 8
pencils. Ankit purchases 6 note books , 4 pens and 6 pencils. A note book costs X 15, a pen costs
%4.50 and a pencil costs X 1.50. Let A and B be the matrices representing the number of items
purchased by the three students and the prices of items respectively.

Based on the above information answer the following questions.

(i) What is the order of the matrix B representing the prices of the items?

(it) What is the order of the matrix A representing items purchased by the three students?

(iii) Find the total amount of bill by all the three students.

3. Three schools DPS, CVC and NVS decided to organize a fair for collecting money for
helping the food victims. They sold handmade fans, mats and plates from recycled material at a

cost of 25,100, and 50 each respectively. The numbers of articles sold are given below:

Article School P rSYS§ ) NS
Handmade fans 40 25 35
M ats 50 40 50
Plates 20 30 40

Based on the above information answer the following questions.
(i) What is the total money collected by all the three schools?
(i) If the number of handmade fans and plates are interchanged for all the schools, then what is

the total money collected by all the three schools.
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4. On her birthday, Swathi decided to donate some money to children of an orphanage home. If
there were 8 children less, everyone would have got X10 more. However if there were 16
children more, everyone would have got 210 less. Let the number of children be x and the
amount distributed by Swathi for one child be X y.

(i) Write the matrix equation to represent the information given above.

(ii) Find the number of children who were given some money by Swathi.

(ili) How much amount Swathi spends in distributing the money to all the children of

Orphanage?

5. Gautam buys 5 pens , 3 bags and 1 Instrument box and pays a sum of X160 . From the same
shop Vikram buys 2 pens , 1 bag and 3 Instrument boxes and pays a sum of ¥190. Ankur buys 1
pen , 2 bags and 4 Instrument boxes and pays a sum of X 250

Based on the above information answer the following questions.

(i) Write the matrix equation to represent the information given above.

(i) Find P = A% — 5A,

6. To promote the making of toilets for women, an organization tried to generate awareness
through (i) house calls (ii) emailsand (iii) announcements.
The cost for each mode per attempt is given below (1) * 50 (i1) X 20 (ii1) I40

The number of attempts made in the villages X,Y and Z are given below:

i @) (i)
X 400 300 100

Y 300 250 75

Z 500 400 150

Also the chance of making of toilets corresponding to one attempts of given modesis

70



(1) 2% (ii) 4% (iii) 20%

Based on the above information answer the following questions :
(i) What isthe cost incurred by the organization on village X?
(i)What is the cost incurred by the village Y?

(iii) What is the total number of toilets that can be expected after the promotion in village X?

7. A trust fund has X 35000 that must be invested in two different types of bonds say X and Y
.The first bond pays 10% interest per annum ,which will be given to an old age home and
second one pays 8% interest per annum which will be given to women welfare association. Let
A bealx?2andB bea2x 1 matrix representing the investment and interest rate on each bond
respectively.

Based on the above information answer the following questions

(1) What is the total amount of interest received on both bonds if 215000 is invested in bond X ?
(i)What is the amount of investment in bond Y if the amount of interest given to old age home

1s 35007
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UNIT TEST
Duration: 1 hour Marks: 30

SECTIONA

Each carry 1 mark

2 0 0
1. If the matrix A= |0 2 0] then A* =
0 0 2
(a) 4A (b) 8A (c) 16A (d) 6A

2. If A is a symmetric matrix and B is a skew symmetric matrix such that A + B = [é _31]

then AB is

4 -1 4 —2 4 =2 —4 2
@5 ] O I off 2 o
3. If a matrix A is such that 3A3 + 2A? + 5A + | = 0, then what is A~? equal to?
(a) — (3A2+2A+5) (b) (3A% + 2A + 5I)
(c) (3A2 — 2A — 5I) (d) — (3A% + 2A + 5I)

4. Assertion (A): If A isasquare matrix such that A*= I then (I + A)* - 3A =1

Reason (R): Al =1A = A, where |l isthe identity matrix.

(a) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.

SECTION B

Each carry 2 marks

2L 1>
5. Construct a3 x 3 matrix A = [a;;] suchthat a; = {i.j; 1=j
3, i<
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6. Find the values of x and y, if A = (1 1) satisfies the equation A + XA+ yl = 0

cosX —sSinx

1ITA = (sinx COS X

) then prove that A®> = (COS Sx —sin SX)

sin3x cos 3x

SECTION C

Each carry 3 marks

8. If f(x) = %(_1)( _1X) prove that f(x).f(y) = f(:xyy). Hence show that f(x).f(-x) = 1

where x| < 1.

O.LetA = [_21 ; and f(x) = x? — 4x + 7. Show that f(A) = 0. Use this result to find A>.

SECTIOND

Each carry 5 marks

1 2 3
10.IfA=1|3 -2 1] , then show that A3 — 23A — 401 = 0.
4 2 1

11. () IfA = [£1 g] and 1 = [(1) g] find Kk so that A% = 8A + K.

(i) If A= [é ?o] and | isan identity matrix of order 2, show that (21 — A)(10l — A) = 9I.

SECTION E
12. Amit, Birgj and Chirag were given the task of creating square matrix of order 2. Below are

the matrices created by them namely A , B and C respectively.

a=[4 Gle=[} ge=[f 2
()FINdA+B+C
(i) Find AC-BC

(iii) Find the matrix (a+b) B ,a=4,b=-2.
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ANSWERS

MCQ A-R VSA SA LA CS
10 1. (c) 2. diag[12,7,—13] _ 111 AN _ 2.X = 1. (i) 346000
1. (d) [o 1 1A 7[1 I 4]&13
2.(b) |3. 1 1 3 i
2.(a4 ® 1[—45 —122 ;] ll 3 1 0] (i) 53000
7 — =
. s 3.(9) |c= [22 —f —é 5 —4 -2 (iii) 15000 & 317000
_ % s _[—118 —93
3. (b) [_? _(j 4. (b) 1 2.0° = | o _118] 2 (i) 31
5.(d) 11 4 _ )
4. (b) 2 11 4 1 aa=[l 7 (ii) 3x3
i P iii) 2 756
5.(c) A~ B*+BA - AB ra [1 3] 1y = (ii)
7.(a) 36 4 AT 1 2 = .
6. (d) 512 5512 -14 3. (i) 21000
8. (b) 25 28 2 0 1
7.(d)3xn o 110 (i) ¥ 21250
9.(a) 5
6. NS g% & _a410x
8.(d)3x3 I_—l = 7 [—6 -5 12] 4.0 | ” ] =
5 -8
o ()i 10- ) P 6 12 —17 Y
(d)i#] 11.(¢) | 7-[-21 15 —10] . 139 55 40
T 12. (0 b1 e 55 16 80
.(C
10. (b) [-1 1 s o & LPE (i) 32
-1 1 5 —2 -3l [1x=| ]
13. (8 2 0
4 3 (111) X 960
6 -5 - o~
11. (b) [_3 0] 1@ 9% 72 12.x=2andy=-1
-1 -2
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12. (b) 4

13. (d) —10a,,

14. (b) O

15. (c¢) 51

16. (a) 3 x 5 matrix
17. (c) Every scalar matrix is a
diagonal matrix

18. (d) none of above
19.(a) 3

20.(c)x=y

21. (c)A+B

1 -12
22.(a)[8 b

23.(b)3x 3
24. (@) 81

25. () 2

15. (b)
16. (a)
17. (d)

18. (¢)

10.X=[-1 2 1]

11.a=2,b=11

1 1
l?.X—iE;y iﬁ;
Zz=* :

Gl

19.1

20. (;% ‘_‘/f)

+]-2

=
S O
w

14.

NN =
co

N Wi
N

15.a=1landb=4

5 3 1][x
ol 1H-

1 2 411z
160
190
250

7 5 13
@i)|s 8 2

8 3 3
6. (i) 30000
(ii) 23000
(iii) 40
7. (1) %3100

(ii) 30000
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26. (d) 9

27.(a) 0

28. (b) 3

29. (b) 1
30.(0) 5

31 (C) a3 > az;
32.(a) -1

33.(a) |

34. (0) [(1) (1’
35. (d) [14]

36. (d) 3x 3
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37.(c)2x 3
38. (b) asymmetric matrix

39. (d) 18
40.(b) [_‘160 :2]
41. (C) +5

42. (0) [g 8

0o —>/
43. (b)
5/2 0
44. (@) Only AB

45. (c) askew symmetric matrix

46.(d) 3x 3
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47. (b) 64
48. (d) 0

49. (c) AB = BA
50. (b) g

51. (b) AB = -BA
52. (d) 5

53. () 3x 4

54. (c) 1
55. (d) [(1) (1’

56. (c) 2

57. (b) 2
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58. (d) 25

50.(@0

UNIT TEST
1. (c) 16A

2. (b) [_41 :ﬂ

3.(d) — (3A2 + 2A + 5I)

4. (d) Assertion (A) isfalse but Reason (R) istrue.

1 9 27
5.4 4 27
8 8 9

6.x=-2andy=0
7. Proof

8. Proof
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9.[—-118 —93]

31 —118
10. Proof
11. () -7 (i) Proof
2ol] o[ 7

U“ﬂg fz]
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CHAPTER 4-DETERMINANTS
DETERMINANT
To every square matrix A = [aij] of order n x n, we can associate a number (real or complex)

called determinant of the square matrix A, where &; = (i, i)™ element of A. Determinant of A is

denoted by det A or |A| or A.

Remarks
(a) For matrix A, |A]isread as determinant of A and not modulus of A.

(b) Only sgquare matrixes have determinants.

DETERMINANT OF A MATRIX ORDER ONE
Let A =[a] bethe matrix of order 1, then determinant of A is defined to be equal to a.

Example: Let A =[6], then |A| =6

DETERMINANT OF A MATRIX ORDER TWO

a a
Let A = [a; aZ] be a matrix of order 2 x 2, then the determinant of A is defined as
a a
det (A) = JAl=A= |1 2| = - an

DETERMINANT OF A MATRIX OF ORDER 3% 3
Determinant of a matrix of order three can be determined by expressing it in terms of second

order determinants. This is known as expansion of a determinant along a row (or a column).
There are six ways of expanding a determinant of order 3 corresponding to each of three rows

(R1, R, and R3) and three columns (C, , C, and C3) giving the same value.

Note: For easier calculations, we shall expand the determinant along that row or column which

contains maximum number of zeros.

Result: for any matrix A of order n, k is any scalar then |kA| = k" |A|
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Remarks:

1. The value of determinant is same when expanded by any row or any column.

2. If arow or a column of a determinant consists of al zeros, the value of the determinant is
zero.

3. Always expand a determinant along a row or column with maximum number of zeros.

4. If each element above or below the main diagonal of a determinant is zero, then the value of

the determinant is the product of elements along the main diagonal.

AREA OF TRIANGLE
Area of a triangle whose vertices are (X1, Vi), (X2, Yo) and (X3, Yys) IS given by
X y1 1

X, Y2 1
X3 y3 1

0 Since areais apositive quantity, we take absolute value of the determinant.
o |If areaisgiven, use both positive and negative values of the determinant for calculation.
o If the points (X1, Y1), (X2, Y») and (X3, y3) are collinear, then A = 0.

0 The equation of a line passing through (x;, y1) and (X, y») can be obtained by the

x y 1
expressiongiven |x; y; 1(=0
X2 Y2 1

MINORSAND COFACTORS
Minors
Minor of an element &; of determinant is the determinant obtained by deleting its i"™ row and j™

column in which g; lies. Minor of an element aij is denoted by Mj;.
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Cofactors
Cofactor of an element g; is denoted by A;; and it is defined by A;; = (-1)' *! M;;, where M;; is

minor of a;.

Remark

A = sum of the product of elements of any row (or column) with their corresponding cofactors.
Le, A=ap Ap +ap A+ a3 Ags

A=ay Axn +apAxt+ a3 Ass

A=az Az + a5 Az + ag3 Ags

Note:

If elements of a row (or column) are multiplied with cofactors of any other row (or column) then
their sum is zero.

Example: ag1 Ay + @ A + a3 Az = 0.

ADJOINT OF A MATRIX

The adjoint of a square matrix A = [aj],x » is defined as the transpose of the matrix [Ajj], x n, Where

Ajisthe cofactor of the element a;. Adjoint of the matrix A is denoted by adjA.

Properties of Adjoint

For any square matrices A and B of order n

(i) AadiA) = (adjA)A = A (ii) laciA| = A"

(iii) |A.adjAl = JA]" (iv) adj(AB) = (adjB)(adjA).
(v) kediA| = KTA[™ (vi) adj(Al) = (adjA)

(vii) (adjA) ! = adj(A™) (viii) adj(kA) = k™ 'adj(A)

(ix) |adj(adjA)| = |A] D

83



SINGULAR MATRIX AND NON-SINGULAR MATRIX
Singular Matrix

A sguare matrix A issaid to be singular if JA|= 0.
Non-Singular Matrix

A sguare matrix A is said to be non-singular if |A| # 0.

INVERSE OF A MATRIX

Inverse of asquare matrix A exist if A isnon-singular matrix.

Al=—adiA.
j

Properties of Inverse of a Square Matrix
() AAT=A"TA = | (i(AB)*=B?A™
(iii) (ABC) = C'B'A™ (iv) AH*=A

(v) (A= (A (Vi) A=

SYSTEM OF LINEAR EQUATIONS
Consistent System

A system of equationsis said to be consistent if its solutions (one or more) exists.

Inconsistent System

A system of equationsis said to be inconsistent if its solution does not exist.

84



SOLUTION OF SYSTEM OF LINEAR EQUATIONSUSING THE INVERSE OF MATRIX.
ax+by+cz=d;
X+ by +Cz=d;
asX + by + C3z=ds.

Matrix form of the above equations can be written as

aq bl C1 X dl
[az b, Cz] [3’] = dz]

as b3 C3 Z d3

i.,eAX=B

X = A™B, such that |A| # 0.

MULTIPLE CHOICE QUESTIONS

1. Three points P(2x, x + 3). Q(0, x) and R(x + 3, X + 6) are collinear then value of x is

@0 (b) 2 (©3 (d)1
1 -1 2

2. If Cjj denotes the cofactor of element Pj of the matrix P= 0 2 —3], then the value of
3 2 4

Cs1.Cxlis

@5 (b) 24 (c) -24 (d) -5

3. If A isasquare matrix of order 3and |A| = -5then |adjA|is

(@) 125 (b) -25 (©) 25 (d) £25
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4. If for the matrix A = [_0( _0(2] , |A3] = 125, then value of a is

2
(@) =3 (b) -3 (c) 1 (d) 1
2 0 0
5. Theinverseof thematrix X = |0 3 0] 1s:
0O 0 4
1 1
- 0 0 - 0 0
I[Z . ]I . 1 0 O . 2 0 I[Z . ]I
(@ 2410 3 0 (b)zg (1) (1) (c)zg 3 2 (d)fo 3 0
[0 0 iJ [0 0 %J

6. If A isa3x 3 matrix such that |A| = 8, then value of |3A|is

(@8 (b) 24 (c) 72 (d) 216

7. 1f A isaskew symmetric matrix of order 3, then the value of |A|is

@3 (b) O ()9 (d) 27

8. The area of atriangle with vertices (-3, 0), (3, 0) and (0, k) is 9 square units. Then value of k
IS

@9 (b) 3 (c)-9 (d) 6

9. The equation of the line joining the points (1, 2) and (3, 6) is

@y=2x (b) x =3y () y=x (d)4x-y=5

10. If A and B are matrices of order 3 and |A| =5, |B| = 3, then value of [3AB|is

(a) 605 (b) 205 (c) 405 (d) 305
1 k 3

11.1f [3 k —-2|=0,thenkis
2 3 -1

(-1 (b) O (0 1 ()2

cosx  sinx

12.1fA=| .
—sinx cosx

| and A(adja) =k [(1) ‘1’] then the value of K is

(@0 (b) 1 ©) 3 (d) 2
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13. If kisascalar and | isaunit matrix of order 3, then adj(kl) is

@ K3 (b) K21 (c) kI (d) KA

14. If A isasquare matrix of order 3 and |A| = 7, then the value of |adjA|is
(a) 45 (b) 48 (c) 49 (d) None of these

15. If A isasquare matrix of order 3 such that |adjA| = 64, then |A]is

(@) £5 (b) 8 (c) 6 (d) None of these

16.1f A=[4 7 ]andA-1=xA, thenvalue of xis

@7 (b) -7 CF (d) -
17.1f [’2( 3:)3] =} 3] then [} %’]_1 is
S o TV, ) -y N
18.1F A= _23 g] and B = [2 ‘01] then (B*A YL is
@l 31 oL Z1 el @515
2 A -3
19.IfA=|0 2 5 ] then A~1 exists if
11 3
@r=2 (b)A#2 () A#-2 (d) None of these

20. If A isasquare matrix of order 3and |JA| = 7 then |2AT| =
(a) 28 (b) 14 (c) 56 (d) §
21. If A isnon-singular square matrix of order 3 and |A| = 3, then |adj(adjA)| is

(@ 3 (b) 9 () 27 (d) 81
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1 -2 5
22. There are two values of awhich makesthe determinant A =|2 a —1| equa to 86, then
0 4 2a

the sum of these two valuesis

(a) 4 (b) 5 (c)-4 (d9

23. For any matrix A, A® =1, then A™ =

(a) A? (b) A3 (©) A (d) |

24. The number of real roots of the equation x—6—12—3xx—3—32x
2 3 2
X X X
4 9 1
(a) 3 (b) 0 (©) -1 (d) 1

25. If A isanon-singular matrix of order 3 x 3 and [adjA| = JA[¥, then value of k is

24. 1f + 3 = 0, then the value of x is

(@ -2 (b) 2 (€4 (d1

26. For the matrix equation AB = ACwesay B = C provided A is

(@) Singular matrix (b) Square matrix
(c) Skew-symmetric matrix (d) Non-singular matrix
. : .y _ (12 0 3
27. For any 2 X 2 matrix A, if A- (adjA) = ( 0 12) , then |A|® equal to
(a) 122 (b) 123 (c) 124 (d) None of these
cost t 1 £
28. Letf(t) = |2sint t 2t|, then ltirg "y
sint  t t =

(@0 (b) -1 (c)2 (d)3
29.1f A =diag (1, 2, 3), then |A?| =
(a) 4 (b) 25 © 9 (d) 36

log, 512 log, 3
log;8 log, 9

log, 3 logg 3] .

30. The value of log; 4 log; 4

(a) 7 (b) 10 (c) 13 (d) 17
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—-a b c
31.If | a -b c| = kabc, then the value of k is
a b —c
@0 (b1 (c) 2 (d) 4

32. For which value of x are the determinants |§X - 3|

10 1
?
and 3 2| equal

(a) £3 (b) -3 (€ £2 (d) 2

33. The value of the cofactor of the element of second row and third column in the matrix

4 3 2
[2 -1 O] IS
1 2 3
@5 (b) -5 (c)-11 (d) 11
2 -3 5
34. If aj; and A;; represent the (i)™ element and its cofactor of [6 0 4‘ IS
1 5 =7
@0 (b) -28 (c) 114 (d) -114
35. If A isasguare matrix of order 3 and |A| = 6, then the value of |adjA|is
(@6 (b) 36 (c) 27 (d) 216

36. If A isasquare matrix of order 3 such that the value of [adjA| = 8, then the value of |AT] is

(@ V2 (b) V2 )8 (d) 2v2
7 -3 =3 1 3 3
37. If inverse of matrix [—1 1 0 ] is the matrix [1 A 3] , then value of 1 is
-1 0 1 1 3 4
(a) -4 (b) 1 (c)3 (d) 4
a 3 4
38.1f [1 2 1] = 0, then the value of a is
1 4 1
@1 (b) 2 (c)3 (d) 4

39. If A issquare matrix of order 2 such that det (A) = 4, then det (4 adj.A) isequal to

(@) 16 (b) 64 (c) 256 (d) 512
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40. If for asquare matrix A, A2 — A+ I = 0, then A™! equals
@ A () A +1 ©1-A (d)A—I

41. If the vertices of atriangle with vertices (2, -6), (5, 4) and (k, 4) is 35 sg.units, thenk is

(@ 12 (b) -2 (c) -12, -2 (d) 12, -2
x+y y+z z+x
42. Thevalueof | z X y |is
1 1 1
@0 (b) 1 ©x+ty+z (d)2(x +y+2)

43. If for asquare matrix A, A> —3A +1=0and A~! = xA + yI, thenthevaueof x +y is
(@) -2 (b) 2 (©) 3 (d) -3

44. Let A = [? Z] be a square matrix such that adjA = A. Then (a+ b + ¢ + d) isequal to
(a) 2a (b) 2b (©) 2¢ (d) 0

45. Let |JA| = 2, where A is 2 x 2 matrix then |[4A™1| equals

(@4 (b) 2 (0)8 (d) =

46. If A and B are invertible matrices, then which of the following is not correct?

@A+B)*=B1+A"" (b) (AB)"1 =B71A?

() adj. (A) = |A[A~? (d) A1 = |47

47.If A is a square matrix of order 2 and |A| = —2, then value of |5A'| is
(8 -50 (b) -10 (c) 10 (d) 50

48. Let A be a skew-symmetric matrix of order 3. If |A| = X, then (2023)* isequal to

(a) 2023 (b) — (©) (2023)2 (d) 1

2023

49. Let A bea 3 x 3 matrix such that |adjA| = 64. Then |A|isequal to

(@) 8 only (b) -8 only (c) 64 (d) 8 or -8
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=L , where A is a 3 X 3 matrix, then the value of k is

A—l
50. If |T o

CF (b) 8 (0) 2 (d) 5

51. If [’3‘ . 2 1] isasingular matrix, then the product of all possible values of x is

(@) 6 (b) -6 (©0 (d)-7
1 2 1
52. If lZ 3 1] is non-singular matrix and a € A, then the set A4 is
3 a1
@R (b) {G} (c) {4} (d) R - {4}
2 -1 1
53. For the matrix A = (A 2 O] to be invertible, the value of 4 is
1 -2 3
@ao (b) 10 (c) R—{10} (dR-{-10}

54.1f |A| = [kA|, where A is asquare matrix of order 2, then sum of all possible values of k is
(@1 (b) -1 (©)2 (d)0

55. If (a, b), (c, d) and (e, f) are the vertices of AABC and A denotes the area of AABC, then

2

a c e

b d f]| isequa to

1 1 1

(a) 242 (b) 4A? (c) 2A (d) 4A
3 00

56. If A.(adj4) = |0 3 0] , then the value of |A| + |adjA] is equal to
0 0 3

(@ 12 (b) 9 ()3 (d) 27

57. Let A be the area of a triangle having vertices (x4,y;), (X,,y,) and (x3,y3). Which of the

following is correct?

X; yp1 1 X y1 1
@lx2 y. 1|=%A (b) [xz y2 1] =22A
X3 y3 1 X3 ys3 1
Xp yp 1 A X y1 1 2
©[x2 y2 1| = 3 (d)|x2 y» 1| =A?
X3 y3 1 X3 ys3 1
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58. Itisgiven thatx[i 31] = [g é] Then matrix X is

1 0 0 -1 1 1 1 -1
@) [o 1 ®) [1 1] © [1 —1] @ [1 - 1]
. 1112 1 o
59. Given that A=+ = . [_ 3 2] , matrix A is
2 -1 2 -1 12 -1 112 -1
@7 [3 2] (b) [3 2] ©3 3 2] (d) 5[3 2]
1 -1 2 - -2 0 1
60.LetA=(0 2 —3] andB=§ 9 2 =3|.IfAB=1I,thenfindthevalueof 1is
3 =2 4 6 1 A
-9 -3
@2 ®2 @ ©2 (@O0
-2 0 0
6l.IfA=|1 2 3 ] , then the value of |[A(adj. A)]| is
5 1 -1
(a) 1001 (b) 101 (c) 10 (d) 1000

ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the following choices.

(a) Both (A) and (R) aretrue and (R) is the correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).

(c) (A) istrue but (R) isfalse.

(d) (A) isfasebut (R) istrue

1. Assertion: The determinant of a skew symmetric matrix of even order is perfect square.
Reason: The determinant of skew symmetric matrix of odd order is equal to zero.

2 1+ 2i

2. Assertion: If A = [1 _ 9 v

| then det(a) is real.

Reason: If A = [:11 212] , ajj being complex numbers, then |A[ is always real.
21 A21
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3. Assertion: Minor of an element of a determinant of order n(n > 2) is a determinant of order n.

1
1Al

Reason: If A isaninvertible matrix of order 2, then det(A™1) is equal to
4. Assertion: Determinant of a skew-symmetric matrix of order 3 is zero.
Reason: For any matrix A, |AT| = |A| and | — A| = —]A|.

5. For system of equation AX =B

Assertion: System having unigue solution if B is a non-singular matrix and matrix A can be a
singular.

Reason: Singular matrix have value of its determinate equal to O.

6. Assertion: The system of equations. 2x — y = -2; 3x + 4y = 3 has unique solution and

5 12
X=——andy =—.
11 11

Reason: The system of equations AX = B has unique solution, if |A| # 0.

5—x x+1

7. Assertion: If A = [ ) 4

] , then the matrix A is singular if x = 3.

Reason: A square matrix isasingular matrix if its determinant is zero.

8. Assertion: If every element of a second order determinant is multiplied by 3, then the value of
the new determinant is multiplied by 9 to the actual determinant.

Reason: If k isascalar and A isn x n matrix then [KA| = k"|A].

2 3

9. Assertion: If A = [5 _9

] and A™! = mA, thenm = 1—19.

Reason: [A71] = —.
|Al

10. Let A = [ai]-] be a matrix of order 3 X 3.
Assertion: Expansion of determinant of A along second row and first column gives the same
value.

Reason: Expanding a determinant along any row or column gives the same value.
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11. Assertion: The area of triangle with vertices P(0, 4), Q(-1, 4) and R(2, 4) is zero.
Reason: The area of triangle formed by three collinear pointsis zero.
d11 Q12 413

dy1 Az aAyz
dzq 4dzy agzz

12. Assertion: If A= and A; ae the cofactors of & then

a1 Azt app Ap + a3 Az = 0.
Reason: Determinant is the sum of product of elements of any row(column) with their
corresponding cofactors.

a 3

13. Assertion: If A = [3 a] and |A|3 = —125, then o = +2.

12

Reason: Determinant of a square matrix A = [all f
dz1 Az

] is g|Ven aS Ay1.8p0 — A12.301.

14. Assertion: The minor of the eement of second row and third column in the determinant

2 -3 5
6 0 4]is13.
1 5 7

Reason: The positive value of x, which makes the given par of determinants
|25X i| and |156 §| equal is 4.
15. Assertion: A square matrix A hasinverse, if and only if A issingular.

Reason: Let A be a square matrix of order 2 x 2 then the value of |KA| is equal to k?|A|.

3 00
0 5 O0},then|A|] = 105.
0 0 7

16. Assertion: If A =

Reason: The determinant of adiagonal matrix is equal to the product of the diagonals elements.
17. Assertion: If A and B are square matrices of the same order 3 such that 2AB =1 and [B| = i
then |A| = 3.

Reason: If A and B are square matrices of the same order n and k is a scalar, then
[kA| = (k)"|Al and |AB| = |A|[B].
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18. Assertion: If A isasquare matrix of order 3 such that |A| = 4, then |adj(adjA)| = 4*.
Reason: If A isanon-singular square matrix of order n, then |adj(adj A)| = |A|®~D?

19. Assertion: If A is3 x 3 non-singular square matrix, then |A"*adj A| = |A].

Reason: If A and B are invertible matrices such that B isinverse of A, then AB =BA =1.

20, Assertion: The system of linear equations 5x + ky = 5 and 3x + 3y = 5 has a unigue solution
for k #5.

Reason: The system of linear equations 5x + ky =5 and 3x + 3y = 5isinconsistent for k = 5.

VERY SHORT ANSWERS

vita=[2 2]e=[1 7] veifytha (aB) =B-1a""

X 2 -1
2. Solve for x: |2 5 = 0.
-1 2 X
1 0 1
3.IfA=|0 1 2|, thenshow that|3A| = 27|A]|.
0 0 4
il i
3. Determine the value of k for whichthematrix A=|1 -2 1 [issingular.
3 1 -2

4. Find the minors and the cofactors of each entry of the second row of the matrix A and evlaute

2 4 1
det A, where A = |8 5 21
-1 3 7

5. If A = 2B, where A and B are square matrices of order 3 X 3 and |B| = 5, what is |A| ?

-3

6. Find the inverse of the matrix [ c

_23]. Hence, find the matrix P satisfying the matrix

equation P [_53 _23] = B _21]

95



7. 1f A and B are square matrices of order 3 such that |A| = -1, |B| = 3, then find the value of

2AB.

8. If A issquare matrix of order 3 such that A% = 2A, then find the value of |A.

_ 2 1 -1 _ 4 5 -1
9.IfA = [5 3 and B~ = 3 4] , compute (AB)™".
10. If A isaskew-symmetric matrix of order 3, then prove that det A = 0.

11. If the points (a, 0), (O, b) and (1, 1) are collinear, prove that a+ b = ab.

12. For what value of k do the points (-1, 4), (-3, 8) and (1 — k, 3K) lie on a straight line?

13. Find a2 x 2 matrix X such that [; i ;L]X = [_716 _S]

14. Solve for x and y given that E [ f] [;] = B] ;

7 1

15. 1f A = [)3( _72] and A-1= % ZI find the value of x.
34 17
SHORT ANSWERS
1 -2 3
1.IfA=|0 -1 4]  find (A)~.
-2 2 1

-1 -2 -2
2. Find the adjoint of the matrix A = =[

2 1 —2] and hence show that
2 =2 1

A(adiA) = (adiA)A = |All;.

2

. IfA= [ 1 B ;] and | is the identity matrix of order 2, then show that A% = 4A — 3I, hence

find AL,
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4. Find the equation of line joining the P(11, 7) and Q(5, 5) using determinants. Also, find the

value of k if R(-1, k) isthe point such that the area of A PQR is9 sg.m.

5. Show that [tlan 5 - tanle] % E tanle]_1 _ [cos 20 —sin26

tan 0 sin 20 cos 261"
cosX —sinx 0
6. If f(x) = |sinx cosx 0], show that [f(x)]™! = f(—x).
0 0 1

_[3 8 . 11, 4
7.IfA—_2 1],VerlfythatA —13A 13I.

3 -1 2 1
8.IfA=|—-4 0] and B = [—1 —2] , find (A'B) 1.

L 2 1 1 1
_[4 5 g -1
O.IfA = 5 1 , show that A — 31 = 2(I + 3A71).
1 -2 1
10.LetA= -2 3  1]. Verify that (adjA)™! = adj(A™1).
1 1 5

: : o : : .2 5]1,[2 —21_1[1 O
11.Flndthematrlxxsatlsfylngthefollowmgmatrlxequatlon[_3 1]X[1 3 ]—[0 1)

3 0 2
12.IfA=|1 5 9] and AB = BA = I, find B.
-6 4 7
3 —3 4
13.IfA=(2 -3 4] , verify that A®> = A~
0 -1 1

_[1 x _[-3 1 . _[1 07,
14.IfA—[XZ 4y],B—[1 O]andadJA+B—[0 1],fmdthevaluesofxandy.

1 w®
w® 0

15. Find the value of the determinant where w3=1.

LONG ANSWERS

cosa —sina 0
LIfA== [sin a cosa 0], find adjA and verify that A(adj A) = (adj A)A = |A|l;.
0 0 1
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2. Using matrices, solve the following system of equations. 2x + 3y +3z=5,x-2y+z=-4and
X-y-2z=3.
3. Using matrices, solve the following system of equations. 3x + 4y + 7z=4,2x -y + 3z =-3

and x + 2y — 3z =8.

1 2 1
4. 1fA=]-1 1 1‘ , find A=! and hence solve the system of equations; x + 2y + z = 4,
1 -3 1

-X+y+z=0andx-3y+z=4.

1 2 =3
5. Find A™!, where A= |2 3 2| . Hence solve the system of equations: x + 2y — 3z = -4,
3 -3 —4

2x+3y+2z=2and 3x — 3y —4z=11.

6. [fA=

1 -1 0 2 2 —4
2 3 4landB=|—4 2 —4| are two square matrices, find AB and hence
o 1 2 2| =1 5

solve the system of equations: x -y =3,2x+3y+4z=17andy + 2z =7.

7.1fA =

1 -2 0 7 2 -6
2 1 3|landB=|-2 1 -3|,find AB. Hence solve the system of equations:
0 -2 1 —4 2 5

Xx—2y=10,2x+y+3z=8and-2y +z=7.

2 3 10
8. If A= (4 -6 5 ) find A-1. Using A™solve system of equations: §+3+?: 2,

6 9 =20
f_§+E:5’E+2_Q__4
X y Z X y Z
2 3 4 20 2 34
9. Find the product of matrices A = |5 4 —6landB =18 16 — 32| and hence
3 -2 =2 22 —13 7
solvethesystemofequations:3+§+f=— ity 2 2o
X y z X y z X y z
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10. The sum of three numbersis 6. If we multiply third number by 3 and add second number to
it we get 11. By adding first and third numbers we get double of the second number. Represent

it algebraically and find the numbers using matrix method.

3 2 1
1L IfFA=[4 -1 2], find A~1. Using A1, solve the following system of linear equations:
7 3 -3

X+4y+72=14,2x—-y+32=4,x+2y—-32=0.

1 1 1
12.1fA =1 2 - 3] , find A~! and use it to solve the system of equations: x +y + 2z =0,
2 -1 3

X+2y—-z=9,x-3y+3z+14=0.

5 0 4 1 3 3
13.1fA=|2 3 2|andB'=|[1 4 3|,find (AB)~'. Also, find |(AB)!].
1 2 1 1 3 4
1 1 1
4. LetAd=]6 7 8|, find A~ and hence solve the following system of linear equations:
6 7 —8

X +y+z=5000, 6x + 7y + 8z = 35800, 6x + 7y — 8z = 7000.

32 I8
4 1 3], find A~! and hence solve the following system of linear

1 1 1

15. If matrix A =

equations; 3x + 2y + z = 2000, 4x + y + 3z = 2500, x + y + z = 900.

1 -1 2
16. Find the inverse of the matrix A = |0 2 — 3. Using the inverse, solve the system of
B — 2 4

linear equations: x —y+2z=1,2y-3z=1,3x—-2y +4z=3.

1 2 =2 3 -1 1
17.fA=|-1 3 0|andB'=|-15 6 —5|,find (4B)"L.
0 -2 1 5 -2 2

1 2 =3 o 1 2
18. Use the product of matrices (3 2 —2) <—7 7 —7) to solve the following system
2 -1 1/ \-7 5 —4

of equations: X +2y —3z2=6,3x+2y - 22=3,2x-y+z=2.
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19. If A=

-3 -2 -4 1 2 0
2 1 2],B=1-2 -1 =2}, then find AB and use it to solve the
2 1 3 0 -1 1

following system of equations: X —2y =3,2x—-y—-z=2,-2y +z=3.

1 2 =3]1[-6 17 13
20. Find the product of the matrices [2 3 2” 14 5 —8] and hence solve the
3 -3 —411-15 9 -1

system of linear equations: X + 2y —3z=-4,2x+ 3y +2z2=2,3x -3y —4z=11.

-1 a 2 =T 1
21.IfA =1 2 x] andA‘1=[—8 7 —5‘,findthevalueof(a+x)(b+y).

3 11 by 3
2.1t4=] 1 O show that a4 = [CC08 X Tsinax]
—cotx 1 sin 2x — cos 2X

CASE BASED QUESTIONS

1. Three shopkeepers Ravi, Rau and Rohit are using polythene bags, handmade bags and
newspaper’s envelope as carry bags. It is found that the shopkeepers Ravi, Raju and Rohit are
using (20, 30, 40), (30, 40, 20) and (40, 20, 30) polythene bags, handmade bags and newspaper
envelopes respectively. The shopkeepers Ravi, Raju and Rohit spent Rs.250, Rs.270 and Rs.200
on these bags respectively.

(1) Represent the above situation algebraically and write the system in the form of matrices.

(it) Find the cost of each bags respectively.

2. A trust invested some money in two types of bonds. The first bond pays 10% interest and
second bond pays 12% interest. The trust received rupees 2800 as interest. However, if trust had
interchanged money in bonds they would have got rupees 100 less as interest.

Based on the information answer the following:

(1) Represent the above situation algebraically and write the system in the form of matrices.

(it) Find the amount invested in the both bonds.
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3. A shopkeeper has 3 varieties of pens A, B and C. Swathi purchased 1 pen of each variety for
total of rupees. Ramya purchased 4 pens of variety A, 3 pens of variety B and 2 pens of variety
C for rupees 60. While Shikha purchased 6 pens of A variety, 2 pens of B variety and 3 pens of
C variety for rupees 70.

(i) Express the above given situation into a matrix equation of the form AX = B.

(i) Find det A

(iii) Find the cost of each pen.

4. The management committee of a residential colony decided to award some of its members for
honesty, some for helping others and some other for supervising the workers to keep the colony
neat and clean. The sum of all the awardees is 12. Three times the sum of awardees for helping
others and supervision added to two times the number of awardees for honesty is 33.1f the sum
of the number of awardees for honesty and supervision is twice the number of awardees for
helping others.

Based on the above information answer the following:

(i) Find the number of awards for honesty.

(i) Find the number of awards for helping others.

(i) Find the number of awards for supervising the workers.

5. The daily income of Sitaand Savita are in the ratio 1:2 and their expenditures are in the ratio
2:1. Their saving are Rs.500 and Rs.2500 respectively.

Based on the above information answer the following questions:

(i) If their incomes are x and 2x and their expenditures are 2y and y respectively, then write the
linear equations for the above situation.

(it) Find the income of Sita.

(iii) Find the expenditure of Savita
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6. The upward speed v(t) of arocket at timet isgiven by V(t) = at? + bt + ¢, 0 <t < 100, where
a, b, c are constants. It has been found that the speed at t = 3sec, t = 6sec and t = 9sec are
respectively 64, 133 and 208 miles per second.

9 3 1177 1 -2 1
If [36 6 1] = E[—lS 24 —9]

81 9 1 54 —-54 18

Based on the above information, answer the following:
(i) Find the value of b + c.

(it) Find the speed V(1) in terms of t.

7. Two schools P and Q want to award their selected students on the values of discipline,
politeness and punctuality. The school P wants to award Xx each, Xy each and Xz each for the
three respective values to its 3, 2 and 1 students with total award money of X1000. School Q
wants to spend 1500 to award its 4, 1 and 3 students on the respective values 9by giving the
same award money for the three values as before). If the total amount of awards for one prize
each value is X600.

Based on the above information, answer the following questions:

(i) Represent the above situation algebraically and write the system in the form of matrices.

(i) Find the award money for each of the value.

8. Gautam buys 5 pens, 3 bags and 1 instrument box and pays a sum of X160. From the same
shop, Vikram buys 2 pens, 1 bag and 3 instruments boxes and pays a sum of X190. Also, Ankur
buys 1 pen, 2 bags and 4 instrument boxes and pays a sum of X250.

Based on the above information, answer the following questions:

(i) Convert the given above situation into a matrix equation of the form AX = B.

(ii) Find |A]

(iiii) Find A1,
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(iv) Determine P = A? — 5A.

9. A scholarship is a sum of money provided to a student to help him or her pay for education.
Some students are granted scholarships based on their academic achievements, while others are
rewarded based on their financial needs.

Every year a school offers scholarships to girl children and meritorious achievers based on
certain criteria. In the session 2022 — 23, the school offered monthly scholarship of I 3,000
each to some girl students and X 4,000 each to meritorious achievers in academics as well as
sports. In all, 50 students were given the scholarships and monthly expenditure incurred by the
school on scholarshipswas 2 1,80,000.

Based on the above information, answer the following questions:

(i) Express the given information algebraically using matrices.

(it) Check whether the system of matrix equations so obtained is consistent or not.

(ii1) Find the number of scholarships of each kind given by the school, using matrices.

(iv) Had the amount of scholarship given to each girl child and meritorious student been

interchanged, what would be the monthly expenditure incurred by the school ?
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UNIT TEST
Duration: 1 hour Marks: 30

SECTIONA

Each carry 1 mark

a 0 O
LIfA=]|0 a 0‘, then det(adjA) is
0 0 a
(a) a*’ (b) a° (c) a® (d) a®

2. If A isnon-singular square matrix of order 3 such that A2 = 3A, then thevalue of [A]is
@ -3 (b) 3 (©)9 (d) 27

3. If A isasquare matrix such that A>=1, then A™ is

(@ 2A (b) O (o) A (d) A +1

9 2 3

2 0 1
5 3 8

4. Assertion: The minor of the element as, of the determinant is 3.

Reason: The minor of an elemet a; of a determinant is defined as the value of determinant
obtained after deleting thei™ row and j™ column.

(@) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.

SECTION B
Each carry 2 marks
x2 x 1
5.Findthevaueof xif [0 2 1| =28
3 1 4
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6.IfA = [IZ) ﬁ] and |A3| = 125, then find the values of p.

7.1A=[Z | besuchthat A~ = ka, thenfind the value of k.

SECTIONC

Each carry 3 marks

8. Swathi wants to donate a rectangular plot of land for a school in her village. When she was
asked to give dimensions of the plot, she told that if it islength is decreased by 50m and breadth
Is increased by 50m then its area will remain the same. But if the length is decreased by 10m
and breadth is decreased by 20m, then its area will decreased by 5300m?. Using matrices, find

the dimensions of the plot.

9. Show that A = = El B 32] satisfies the equation x2 — 3x — 7 = 0 and hencefind A™.

SECTIOND

Each carry 5 marks

2%\-3 9
10.IfA=1|3 2 —4] , find A~? and hence solve the system of equations: 2x — 3y + 5z = 11,
1 1\ -2

X+2y—-4z=-5andx+y—-2z=-3.

-4 4 41711 -1 1
11. Determine the product (-7 1 3 [|1 -2 —2| and use it solve the system of
5 -3 1112 1 3

equations: x —y+z=4,x-2y—2z=9and2x +y+3z=1.

SECTION E
12. Two schools A and B decided to award prizes to their students for three games hockey (x),

cricket(y) and tennis(z). School A decided to award atotal of ¥11000 for the three gamesto 5, 4
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and 3 students respectively, while school B decided to award X10700 for the three gamesto 4, 3
and 5 students respectively. Also, the three prizes together amount to X2700.

Using the information given above answer the following:

(i) Represent the above situation using matrix equation.

(ii) Find out the prize amount for hockey, cricket and tennis.
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ANSWERS

MCQ A-R VSA SA LA CS
1.(d)1 1. (b) 2.x=-1or -9 -8 -2 cosa sina 0 1. (i) 20x + 30y + 40z = 250
1.18 7 2 1. adj(A) = |-sina cosa 0
3 -5 -4 -1 0 0 1
2.(3)5 2.(0) 30x + 40y + 20z = 270
3 k== 4.x-3y+10=0 2.x=1y=22z=-1
3.(c) 25 3.(d) O 40x + 20y + 30z = 200
k=0or6 3 x=1y=2,z=-1 B
4. (a) +3 4.(c) |4-145 (i) 1, 5and 2.
= 5 8 lO -1 L 4 -5 1
1 5. (d) - L 12 4.A1==[2 0 =2 . [10 12 [x] _
[~ 0 0] 13 13 Y2 5 3 2.() [12 10] yl
1
5.(d (0 3 (1) 6. (a) 6.P = o S b g [280000
0 0 Z i 1 11@[7 10] X—2,y—O,Z—2. 270000
7. (9 [1 1]
wome. | 78] 3 (i1) Rs.10000 and Rs.15000
6. (d) 216 1o 5.A41=2114 5 —8
8.(a) |7.-24 “l-15 9 -1
- _611 383 _;g e | o s
7.(b) O 65| = 3.30) |4 3 2||lyl=160
9(b) 8.00r8 34 —12 15 X:3,y:-2,Z:1 6 2 3llz 70
8.(b) 3 . _
6.,AB=|0 6 0
9.(@ y=2x 0 0 6
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10. (c) 405
11. (d) =
12.(b) 1
13. (b) KA
14. (c) 49

15. (b) 8

16. (C) -

17. (d)

t\')|>—\ O‘

|
-P|HN|>—\

18. (3

19. (d) None of these

11. (a)

12. (b)

13. ()

14. (b)

15. (d)

16. (a)

17. ()

18. (a)

19. (b)

20. (b)

B

L
13. (11

2

14.x=2,y

15.x=4

15.3

x=2,y=-1,z2=4

11 0 0
7AB==|0 11 0

0 0 11

x=4,y=-3,z=1

8A =——
1200
0
100
9.AB=152[0 1 0
0 0 1

x=1ly=-landz=-2
10.x=1y=2,z=3
11.x=1,y=1,z=1

12.x=1,y=3,2z=-2

13. (AB)™! = [

[75 150 75

|

110 -100 30

-2 19
-2 18
-3 29

—24

|

— 27
- 25
— 42

],

(iii) 5, 8, 8.

4.(3i)3

(i) 4

(iii) 5

5. (i) Rs.1500

(i) Rs.500

6. (i) 21

(i) V(D) =2t + 20t + 1
7.(i) 3x + 2y + z = 1000
4x +y + 3z = 1500

X +y+z=600
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20. (a) 28
21. (b) 9
22.(c) -4
23. (a) A?
24. () -1
25. (b) 2

26. (d)

matrix

27. (b) 123
28.(a) 0
29.(d) 36

30. (b) 10

Non-singular

|(AB)™Y| = -1.
) —-112 15 1
14.A‘1=—E 96 —14 -2
0 -1 1

x = 1000,y = 2200,z = 1800.

. . -2 -1 5
15. A" = s -1 2 =5 , x=
3 -1 -5

400,y = 300 and z = 200.

-2 0 1
16. A”l=|l9 2 3|, x=1,y=
6 1 =2

2,z=1
10 7 21
17.1-49 —-34 —103
17 12 36

3 2 1|[x 1000
1 s|o| [0
600

1 1 1llz

(i) 100, Z 200 and 3300

5 3 1
8.(1)A=12 1 3|
1 2 4
X 160
X =|y|,B= 190]
VA 250
(i) -22
(iii)
Al =

7 5 13
(ivyiP=|5 8 2
8 3 3
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31.(d) 4

32.(C) % 2
33.(b) -5
34.(a) 0
35. (b) 36
36. (d) 2V2
37.(d) 4
38. (d) 4
39. (b) 64
40.(c) 1 - A

41. (d) 12, -2

42.(a) 0

0.0 [; 3J[3] =
(ii) Consistent

(iii) x = 20, y = 30

X 1,70,000

50
180

(iv)
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43.(b) 2

44.(a) 2a

45.(c) 8

46. (@ (A+B)l=

B 14+A1

47.(a) -50

48.(d) 1

49.(d)8or -8

50. (b) 8

51. (b) -6

52. (d) R - {4}

53.(d) R — {—10}
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54.(d) 0

55. (b) 4A2

56.(a) 12

X, y1 1
X, Y2 1
X3 y3 1

57. (b)

+2A
58. (c) [1 _ﬂ
59. (b) [g _;]

60. (b) -2 OR () =

61. (d) 1000

UNIT TEST

1. (c) a®
112




2.(d) 27

3.(0A

4. (a) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of Assertion (A).

17
5.2,—
6. +3
7.k==

19

8. 200m and 150m.

1

1[2 3
9'?[_1 _5]
0
10.At=]-2 9
-1 5
8 0
11. AB=1|0 8
0 0
5 4 3
12.(i)[4 3 5
Xy Z

R

-2
—23
—-13

]andle,yzz,z:&

X=3,y=-2,z=-1

11000
10700
2700

(if) Amount of hockey = X1000, amount of cricket = X900 and amount of tennis = I800
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CHAPTER 5- CONTINUITY AND DIFFERENTIABILITY

CONTINUITY
Suppose f is area function on a subset of the real numbers and let ¢ be a point in the domain of f.
Then fiscontinuous at c if

limf (x) = £ (¢)
A function is continuous a x = c if the function is defined at x = ¢ and if the value of the function
at x = c equalsthelimit of the function at x = c. If f is not continuous at ¢, we say f is discontinuous

at cand ciscalled apoint of discontinuity of f.

CONTINUOUSFUNCTION

A real function f is said to be continuousif it is continuous at every point in the domain of f.

Suppose f is a function defined on a closed interval [a, b], then for f to be continuous, it needs to be
continuous at every point in [a, b] including the end points aand b. Continuity of f at a means
lim f(x) = f(a)
x—a
and continuity of f at b means
lim f(x) = f(b)
x—b
A function f(x) is continuous at a point X = m if
lim f(x) = lim f(x) = f(m)
xX—-m X—-m

where limf (x) is Left Hand Limit of f(x) at x =mand lim_f(x) is Right Hand Limit of f(x) at x =
X-m

m. Also f(m) isthe value of function f(x) at x = m.

REMARKS
0 Modulus functions is Continuous on R.
0 Trigonometric functions are continuous in their respective domains.
0 Exponential function is continuous on R.

0 Every identity function is continuous.
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0 Every constant function is continuous.
0 Every polynomial function is continuous on R.

0 Every rational function is continuous.

0 Greatest integer function is continuous on all non-integral real numbers.

ALGEBRA OF CONTINUOUS FUNCTIONS

Suppose f and g are two real functions, continuous at real number ¢ . Then,

(1) f+giscontinuousat X = ¢ (2) f—giscontinuousat x =c
(3 f.giscontinuousat x =c 4) (5) is continuous at x = ¢, (provided g(c) # 0).

STANDARD RESULTS OF LIMITS

n-1
(1) ,ZCL_T)E ——. = na
sinx
(11) JICLI)T(% T =1
-1
(ii1) llmT =1(iv) il_?)?g ol 1

(v) lim == 0,p € (0,0)

log(1+x)
(vi) i_}o " =1
(vii) le T = log. a
e

e . Sin
(viii) )lcl_r)rg .
(ix) lim(1+x)Y/* =e

x—0

sin x

(x) lim =0

x—oo X
1X
(xi) lim (1+3) =e

(xi1) limsinx = lim cosx = lies between — 1 to 1.

X—>00 X—>00
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STANDARD DERIVATIVES

utv |+ (ory & 4+ ¥
u +v'(or) — =
. d d
Product Rule: u.v uvi+v.d (onu L+vE
dx dx
. . u du _dv
QUOtIent RUIe ; vu|—uv| (Or) ‘Ua—ua
v2 v2
k(constant) 0
Xn an—l
X 1
Vx 1
24/x
sinx COSX
COSX -Sinx
tanx sec?x
secx secx.tanx
COSECX - COSECX.COotX
cotx -COSEC?X
logx 1
X
e e
a a‘loga
sinix 1
V1 — x2
cosx -1
V1 — x2
tanx 1
1+ x2
cosec x -1
xV x%—1
secx 1
xvV x2—1
cot™x -1
1+ x2
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CHAIN RULE

Let f be area valued function which is a composite of two function u and v; i.e., f = v 0 u. Suppose

df _dv dt

that t = u(x) and if both &£ and £ exist, we have L =22
dx dt dx dt dx

Suppose f is a real valued function which is a composite of three functions u, v and w;

e, f=(wou)ov.ift=v(x)ands=u(t), then L =L 4 L&
dx ds dt dx

DERIVATIVESOF IMPLICIT FUNCTION
Explicit Function

An explicit function is one which is given in terms of the independent variable.

Example: y = x* + 3x — 8

Implicit Function
Implicit functions, on the other hand, are usually given in terms of both dependent and independent
variables.

Example:y + x?-3x +8=0

Derivatives of I nver se Trigonometric Functions

f(x) | sin’x cos'x tan'x cosec™x sec’x cot™*x
fl(X) 1 -1 1 -1 1 -1
Vi—x2 | V1—x?2 | 1+ x% | xvx2—-1 | xVx2—1 | 1+ x?

EXPONENTIAL AND LOGARITHMIC FUNCTIONS

f(x) e logx
f(x) e 1
X
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LOGARITHMIC DIFFERENTIATION

Some Basic Logarithmic Rules

(@ logab=loga+loghb (b) log (%):Iog a—logb (¢)logd'=n.loga

DERIVATIVESOF FUNCTIONSIN PARAMETRIC FORMS

A parametric equation defines a group of quantities as functions of one or more independent
variables called parameters. Parametric equations are commonly used to express the coordinates of
the points that make up a geometric object such as a curve or surface, in which case the equations are
collectively called a parametric representation or parameterization.
A relation expressed between two variables x and y in the form x = f(t), y = g(t) is said to be

parametric form with ‘t’ as a parameter.

d
e /at
dx dx/dt

In order to find derivative of function in such form,

SECOND ORDER DERIVATIVES

Lety = f(x), then 2 = fl(x)

If fl(x) is differentiable, we may differentiate the above equation again w.r.to x. Then, the left-hand

side becomes % (Z—z) which iscalled the second order derivative of y w.r.to x and it is denoted by ZZT’Z’.

The second order derivative of f(x) is denoted by f(x). It is also denoted by D?y or y'or y,.

MULTIPLE CHOICE QUESTIONS

1. The number of points at which the function f(x) = X_;[X] is not continuous is
@1 (b) 2 (c)3 (d) None of these
TEy if x # 0
2. The function f(x) = { x T os%  1IX is continuous at x = 0, then the value of k is
ifx=20
@3 (b) 2 (01 (d) 1.5
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3. The function f(x) = X(;;_ll) is discontinuous at

(a) Exactly one point (b) Exactly two points
(c) Exactly three points (d) No point

4. If y = log vtan x, then the value of % atx = = is

4

@0 (b) 1 COF (d) Not defined
5. Ify = \/sinx +y, then % is equal to

COSX CcOS X sinx sinx
(a) 2y—1 (b) 1-2y (C) 1-2y (d) 2y—1

3Tk
k(3x* = 5x), x< 8 become continuous?

6. For what value of k may the function f(x) = { Py x>

(@ (b) 0 © 1 (d) No value

7. The function f(x) = x|x| is
(a) Continuous and differentiable at x = 0 (b) Continuous and but differentiableat x =0

(c) Differentiable but not continuous at x =0 (d) Neither differentiable nor continuous at x =0

8. Ify = sec(tan™1x), then % at x = 1 is equal to:

@vz O3 (1 OF

9. If f(x) = 2|x| + 3|sin x| + 6, then the right hand derivative of f(x) atx = 0 IS

(@6 (b) 5 (03 (d) 2
10. Ify = w, then & is
cos x+sinx dx

(a) —sec? G — x) (b) sec? G — X) (c) log |sec G — x)| (d) -log |sec G — X)|

11. If y = log(sin €*), then % is

(a) cote® (b) cosece* (c) e*cote® (d) e*cosece®
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12. If y = sin?(x3), then % is equal to

(a) 2sinx3cosx®  (b) 3x3sinx3cosx3 (c) 6x3sinx3cosx3

2
13.If x = Acos 4t + Bsin 4t, then % is equal to

(@) x (b) —x (c) 16x (d) -16x

14.If f(x) = |cos x|, then £ (%) is

()1 (b) -1 © % (d) =

(d) 2x3sin?(x3)

15.1f x = acos 0 + bsin 6,y = asin 8 — bcos 6, then which of the following is true?

d? d d? d
(a)yzd—XZ—xd—z+y=0 (b)yzd—XZ+Xd—Z+y=0

28y oo 2%y dy o _
(C)y dx2+de y_O (d)y dx? de y—O

16. If y = log(log x) , then the value of &Y % is

1

xlogx

(a) & (b) = = O

logx

17. i [log {ex (E)}Wl] is equal to

x+2
(8)1 (o) 22 O Oh=

18. If y = ¥, then % =

(@) y(1 + logx) (b) yx*(1 + logx) (c) ye'(1 + logx) (d) None of these
19. If y* = Y%, then g is equal to

(a) To8Y (b) o8 (0) 208y (d) L2080

ylogy ylogy (logy)?
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20. If x* +y? = 1, then
(@yy" —Qy)+1=0 b yy" =) +1=0

©yy"'=F)?-1=0 @ yy" —2(y)2+1=0

mx+1, ifx<Z o
21. If f(x) = 2 is continuous at x = > then

sinx + n, ifx>§

(@m=1,n=0 (b)m:%+1 (c)nz%
22. 1fy = log (122) , then %, is equal to

4x3 4 1 -4x3
(a) 1—Xx4 (b) 1—);(4 (C) 4—x* (d) 1—;
23. Ifx =t? and y = t3, then % is equal to
()2 (b)= (9= (d) None of these

24. If y = cot™*(cos 2x)1/2, then the value of % it X Ewill be

2

@(@)" 0 ()" © 32 (@ ©)/2

3

25. If y = e(1*108e¥) then % is equal to

(@e (b)1 (©0 (d) (d) loge x - x
26. If xe®¥ = y + sin® x, then at x = 0,% =

(@-1 (b) -2 ©1 (d) 2

27. Thevaue of thederivativeof [x — 1|+ [x —3|atx =21is
(a) 2 (b) 1 (€0 (d) -2

28. If sinx +y = logx, then % is

(8) —= (b) —= (c) == (d) None of these

X siny X COSy X COSy

(dm=n=>
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29. The derivative of sin? x w.r.t e°X is

(@) e (b) —eex (0) <ooms (d) None of these

30. If y = cos’x, then % interm of y aloneis
(a) —coty.cosec’y  (b) cosecy.cot’y () coty.cosecy (d) None of these
3L If x =1(t) and y = g(t) then— IS

@ gf'((tt)) (b) & Of [(gt3(—t§;] 3(t)f ® () & ®f [(gtB(—t;;] 2(t)f ® (d) None of these

32.y = cos? x + 3x then d—y—

(@) 3x (b) cos2x (c) 3cos2x (d) -2cos2x

33. If y = x* logx, then % =

(@ x(5 + 6logx) (b) x (c) 5 + 6logx (d) logx.
34.1fy= 4X+9then% is

(8 4*° (b) 4*° log4 (c) log4 (d) logx + 4

|x|] +3,1fx < =3
35. The point of discontinuity for the function f(x) = {—ZX, if —3<x<3is

6x+ 2,ifx>3
@x=0 (b) x=-3 (c)x=3 (d)x=-3,3
{ 1- sm2 X, ifx < s
3co
36. For what values of a and b, the function f(x) = a,ifx = g is continuous at X = g IS
kb(l sm;{), ifx > E
(m—2x) 2

(@a=-b=4 (b)a=2b=- (9a=1,b=4  (da=4,b=-
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1-cosx

—,1fx#0
37. The point of discontinuity for the function f(x) =1 % is
E' ifx=0
@x=0 (byx=1 (c)x= i (d) No point of discontinuity

o 1-t : :
38. Derivative of [——— with respect to x iS
1+tanx

—sec?(m/4—x)
2,/tan(m/4—x)

(a) (b)= (1‘““")3/ : (©)* (Ha“ X)3/ : (d) None of these

1+tanx 2 \1+tanx

39. Derivative of sin(y/sin vx) with respect to x is

a cos(v/sinvx)(sinvx) sin(v/'sin vx)(cosvx) sin(v/sin V) (sinvx) cos (v sinvx)(cosvx)

@) 4+/sinvx (b) 4+/x\/ cosvx © 4+/x+/ cosvx (d) 4+/x+/sinvx

__ (1+logt) __3+2logt ﬂ .
40.Ifx = Z Y= , then dXIS
(@t (b) t2 Ok (d)

41. If x = e®°S2t and y = e5" 2t then % is equal to

ylogx _ylogx xlogy xlogy
(a) xlogy (b) xlogy (C) ylogx (d) ylog x

42. If x = 2at?,y = at? then find g—; att =2

4 2 1 3
@3 (b) ©; (d);
43. i (tan"'x + cot™1x) is

@0 (b)

1
1+x2

1
1+x2

(c) - (d) Does not exist

44. The function f:R — R given by f(x) =-|[x — 1| is
(a) Continuous as well asdifferentiableat x = 1

(b) Non continuous but differentiableat x = 1

(c) Continuous but not differentiableat x = 1

(d) Neither continuous nor differentiableat x =1
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45. Thefunction f(x) = €| is

(a) Continuous everywhere but not differentiable at x = 0

(b) Continuous and differentiable everywhere

(c) Not continuous at x =0

(d) None of these

46. The function f(x) = |x| | [x + 1] is

(@) Continuousat x =0aswell asx =1 (b) Continuousat x =1 butnotat x =0

(c) Discontinuousat x =0aswell asatx=1 (d) Continuousat x =0 but not x = 1

>
Xga, az1 then f is derivable at x = 1 if

47 Let f(X) = {aXZ + 1 X < 17

@a=1 (b)a=0 (ca=2 (d)a=%

48.If y = e 2**3 and % = ky, then k is

(@ -2 (b) -1 (€) 2 (d) -2x + 3
49. If y = sin"1 x, then (1 — x?) % =

dy dy dy dy
() OF-NCE (@)

50. If e*(x + 1) = 1, then

d?y _ dy d?y _ (dy 2 d?y dy\ 2 _ d?y dy\ _
@ 5 = a 05 = (&) @5+ () =0 @+ () =0
|x| + 3, ifx < -3
51. The number of points of discontinuity of f(x) =1 —2x, if —3<x<3is
6x + 2, ifx >3
@o (b) 1 (c) 2 (d) infinite

52. If f (x) = [x| + |[x — 1|, then which of the following is correct?
(@) f (x) is both continuous and differentiable, at x =0and x = 1

(b) f (x) isdifferentiable but not continuous, at x =0and x =1
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(c) f (x) is continuous but not differentiable, at x =0and x =1

(d) f (x) is neither continuous nor differentiable, at x =0and x =1

53. If f(x) = 2|x| + 3|sinx| + 6, then the fight hand derivative of f(x) at x =0is
@6 (b) 5 ()3 (d) 2

x*4+3, x#0,
1, x=0

54. Which of the following statementsistrue for the function f(x) = {
(@) f(x) is continuous and differentiable Yx € R

(b) f(x) is continuous Vx € R

(c) f(x) is continuous and differentiable vx € R - {0}

(d) f(x) is discontinuous at infinitely many points

55. The number of points, where f(x) = [x]. 0 < x <3 ([.]) denotes greatest integer function) is not
differentiableis

@1 (b) 2 (c)3 (d) 4

56. A function f(x) = [L—x + |X|| is

(a) discontinuous at x = 1 only (b) discontinuous at x = 0 only

(c) discontinuousat x =0, 1 (d) continuous everywhere

57.If y = sin?(x3), then Z—z is equal to :

(@) 2sinx3cosx®  (b) 3x3sin x3cos x3 (c) 6x?%sin x3cos x3 (d) 2x?%sin?(x3)
>
58. The value of k for which f(x) = {3x +25’ ¥ Isacontinuous function is
kxc, x<?2

11 4 11

(& —= (b) = () 11 ()=
2 _
59. For what value of k may the function f(x) = {k(Sx 5x), x =0 become continuous?
COS X, x>0

@0 (b) 1 (©) -3 (d) No value
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60. The function f(x) = |x| - x is

(@) continuous but not differentiableat x =0

(b) continuous and differentiableat x =0

(c) neither continuous nor differentiableat x =0

(d) differentiable but not continuous at x =0

61. The function f(x) = x|x| is

(@) continuous and differentiable at x = 0

(b) continuous but not differentiableat x =0

(c) differentiable but not continuous at x =0

(d) neither differentiable nor continuous at x = 0

62. The function f(x) = [x| + [x — 2| is

(@) continuous, but not differentiableat x =0and x = 2
(b) differentiable but not continuous at x = 0 and x =2
(c) continuous but not differentiable at x = 0 only

(d) neither continuous nor differentiableat x =0 and x = 2
63. If xe¥ = 1, then the value of j—z atx = 11is

@1 ()1 ©-e (@~

64. If sin(xy) = 1, then Z—Z is equal to

@2 CEIENCE ()

sin? x

65. Derivative of e with respect to cos x is

(a) sinxesin** (b) cosxesin®* () -2cosxesin® (d) —2sin? xcos xeSin*
x% sinx : : :

66. Let f(x) = _1 | where p is a constant. The value of p for which f/(0) = 1is

@R (b) 1 (€0 (d)-1
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67. The derivative of tan™*(x?) w.r.t. x is

@ ® ©) T @

68. ;—x [cos(logx + e*)]atx = 11is
(8) —sin(e) (b) sin(e) (¢) (1 +€)sin(e) (d) (1 +€)sin(e)
69. If tan (ﬂ) = Kk, then jy is equal to

X

(a2 (b2 () sec? (2) () -sec? ()

70. If y = log(sin e*), then Z—z is

(a) cote* (b) cosece” (c) e*cote* (d) e*cosece”
71 Ify = logtan (£ +%)] . then 2 is

(a) secx (b) cosecx (c) tanx (d) secx tanx

72. The derivative of sin(x?) w.r.t. x, at x = V' is

@1 (b) -1 (©) -2Vm (d) 2vVm
73. For what value of 1, the function given below is continuous a x = 07?
Va+x-2

f(x) = {—x A *0

k, x=0
(@0 (b) - (91 (d) 4

. Y x2 x=>0. . )
74. The value of k for which function f(x) = { ’ isdifferentiableat x =0is
kx, x<0

@1 (b) 2 (c) any real number (d)O
75.1f y = S2X50X hen s

cosx+sinx dx
(@) —sec? G — x) (b) sec? G — x)
(c) log |sec G — x)| (d) -log |sec G — x)|
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76. The derivative of x2* w.r.t. x is

(@ x?*~1  (b) 2x**log x (c) 2x%*(1 + log x) (d) 2x2*(1 — log x)

77. The function f(x) = [x], where [X] denotes the greatest integer less than or equal to X is
continuous at

@x=1 () x=15 (c) x=-2 (dx=4
78. If x = Acos 4t + Bsin 4t, then (:Tf 1s equal to

(@) x (b) —x (c) 16x (d) -16x

79. If x =a cosf + b sinf, y = a sinf — b cosh, then which one of the following is true?

2
(a)yzzz x—+y—0 (b)yzdy+x—+y—0
[ 22 zdy @zl L, —
(@yd2+x y=0 dy*—=—-—x—-y=0

80. Derivative of x? with respect to x3, is

2 3x 2 5
@  ®E 9 (@6
81. Derivative of e** with respect to ¥, is

(@) e* (b) 2e* (c) 2e** (d) 2e3*

82. Derivative of tan™?! (

\/ﬁT) with respect to sin‘l(zxm) is

CE (b) (©) 2 (d)

83.If y = cos~1(e¥), then Z—z is

1 1 1 1
@ = ) e ©) == ) T

84. The derivative of 2* w.r.t. 3* is
log2 log3 2\¥X log2 3\* log3
@G = ofZE oeof=E o=
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2

— cin-1 ay .
85. If y = sin™" x, then 2 18
(a) secy (b) secy.tany (c) sec? ytan y (d) tan? ysecy

dy .
86. If eX°V = c, then ﬁ is

02 @2 @

x?>—c? ifx<4

87. The value of constant ¢ that makes the function f defined by f(x) = {Cx 420 ifx>4

continuous for al real numbersis
(@ -2 (b)-1 (©0 (d) 2

ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the following choices.

(a) Both (A) and (R) aretrue and (R) is the correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).

(c) (A) istrue but (R) isfalse.

(d) (A) isfasebut (R) istrue

6
V1-9x2

1. Assertion: Ify = Sin_1(6xw/1 __9X2)’ then % -
Reason: sin~*(6xv1 — 9x2) = 3sin~! 2x.

2 —
2. Assertion: If x = at? and y = 2 at then d—}zllt= 2 =1
dx 16a

d2y (dy)2 (dt)2
eason: — = (=) x(—
R n dx?2 dx dx

3. Assertion: i (e€0S*) = e®9S¥(—sinx)

4 xy
Reason.dx(e)—e
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dy _ y(x-1)

. — oX-Y =
4. Assertion: If xy = ¥V then == T -

dv dv

. d _
Reason: ™ (uv) =u ™ ™

5. Assertion: If x = a(B@ + sin8),y = a(1 — cos 0) then % = tang

Reason: x = £(8),y = g(6) then & = 92

2
6. Assertion: If y = Asin x + Bcos x then % +y=0

d?y _ dd
Reason; &% = £
dx dx(dx)

7. Assertion: The function f(x) = % iscontinuous at x = 0.
Reason: The left hand limit and right hand limit of the function f(x) = X are not equal at x = 0.

X

3x—4, 0<x<£2

8. Assertion: Let Let f(x) ={2X+k S

If fis continuous at X = 2, then value of k
is-2.

Reason: A function is said to be continuous at x = aif LHL = RHL = f(a).

9. Assertion: The number of points of discontinuity of the function f(x) = x — [X] in the interval
(0,7) are6.

Reason: The greatest integer function [x] is continuous at al integral points.

10. Assertion: f(x) = [x|sinx is differentiable at x = 0.
Reason: If f(x) is not differentiable and g(x) is differentiable at x = a, then f(x).g(x) can still be

differentiableat x = a

X% —5%X+6 £ 3
11. Consider the function f(x) = { w3’ OorX
k, forx =3

iscontinuous at X = 3.
Assertion: Thevalueof kis4
Reason: If f(x) is continuous at point athen limf(x) = f(a).

X—a
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Kk|x—3| .
12. Consider the function f(x) = { x-3 ifx<3 Iscontinuous at x = 3.

5, ifx >3

Assertion: Thevaueof kis-5.

R n_|x—3|_{1,ifx23
' T -1,ifx<3

x—3

13. Assertion: ~(sin(cosx)) = cos(sinx).

Reason: Let f be a real valued function which is a composite of two functions u and v;

df _ dv dt

o fm d Fhoth & and Y exi ar
i.e. f=u o v. Suppose t = u(x) and if both = and = exist, we have = S i
14. Assertion: %(si n*(cosx)) = -1.

Reason: sin'(sinx) = x, for [x| < 1 and cosx = sin(g - X).

15. If 2x + 3y = siny.

-2

. d
Assertion: =% =
dx 3—cosy

Reason: 2x + 3y = siny is an explicit function.

16. If y = logx
Assertion: xy” +y' =0

d?y _ dd
Reason; &Y = @)
dx dx(dx)

17. Assertion: |sinx| is continuous for al x € R.

Reason: sinx and [x| are continuousin R.

18. Let f(x) =[x — 1] + |[x — 2|, wher [ ] denotes greatest integer function and | | denotes the
modulus function.
Assertion: f(x) isdiscontinuous at x = 2.

Reason: f(x) isnon-derivable at x = 2.
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19. Assertion: If f(x).g(x) is continuous at X = a, then f(x) and g(x) are separately continuous at
X=a

Reason: Any function f(x) said to be continuous at x = aif },iné f(a+ h) = f(a).

20. Assertion: Derivative of x* with respect of x isx*(1 + logx).

Reason: Assertion not true as derivative of x* with respect of x isxx*™.

3x —8,x <5

21. Assertion: f(x) = {Zk x>5

: : 5

is continuous at x = 5 for k = 5"

Reason: For a function f to be continuous at x = a, lim f(x) = lim f(x) = f(a).
x—-a~ xX—a

VERY SHORT ANSWERS
1. Find the relationship between a and b so that the function f defined by

_fax+1, if x<3. 3 iF
f(x) = {bx +3  if x>3 iscontinuous at X = 3.

2. Discuss the continuity of the function f(x) at x = % when f(x) is defined as follows:

l+x, OSX<1
2 2

fx)=4{ 1, x 22
E+X, l<x§1
2 2

) .
k(x*+2), if x<0 continuous at

3. For what value of k is the function defined by f(x) ={ o Lx=0

x = 0? Also check whether the function is continuous at x = 1.
4. Find % if (x2 + y?)? = xy.
5.Ifxy + y? = tanx + y, find %.

3x+4V1—x2

6.1fy = cos™?! [ .

dy
],fll’ld &

1 |5x+12V1-%2
13

7. Differentiate sin™ w.I.t. X.
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d
8. If e* + e¥ = e**Y, prove that d—z +eY X =0.

f(x) g(x) h(x) f'x) g'x) hE
OIfy=|1 m n |, then prove that il m n |.
a b c a b C

10. Find ¥ at t = 2 when x = 10(t — sint) and y = 12(1 — cost).

11 Find < atx = 1,y = if sin?y + cosxy = k

12. Differentiate sin~! (2X+1'3X) with respect to x
: Sl e esp :

_ ACOS2t _ asin2t dy _ _ ylogx

13. Ifx=e andy =e , prove that ey

14.If y = cos™?! (2X+

1 dy
1+4X) , then find =

15. Differentiate sin(v/sin x + cos x) with respect to x.

16. Evaluate the derivative of the function v/sin# x2 + cos* x2 at x = 0.

\/1+a2X2—1)
ax

17. Differentiate the function tan™?* ( with respect to x.

18. Find % , when x and y are connected by the following relation: xy + xe™ + yeX = x?

19. Find % , when x and y are connected by the following relation: 3sin(xy) + 4cos(xy) = 5.
20.1f 3% + 3 = 37, show that <> = —3V%.
21. Differentiate the function xS™ 2X*+¢05 2X \jth respect to x.

22. Find %, when x = 2cos? 8,y = 2sin? 8.

i d 1
23.If x = €52t gnd y = e5" 2t prove that =~ = — L8~
dx xlogy
: : d
24. 1f x = 2cost — cos 2t and y = 2sint — sin 2t, find d—z att = E.

25. Differentiate cos™1(2x? — 1) with respect to cos™ ! x.
26. Find the second order derivative of the function e™*sin x.
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y _ cosx

27. 1f y = tan x + secx, prove that —

d2
dx2  (1-sinx)2’

2
28. Find %, where x = a(6 +sin0),y = a(l —cosB) at 0 = g

29. Find %, where x = a(1 — cos0),y =a(0 +sinB) at0 = g

30. If y = cot™ ! x, show that (1 + x?)y, — 2xy; = 0.

31. Check for differentiability of the function defined by f(x) = | x — 5| at the point x = 5.

32. Check the differentiability of f(x) = |cos x| at x = g

33. Check whether the function f(x) = x?|x| is differentiable at x = 0 or not.

x*+1, 0<x<1

34. Check the differentiability of f(x) = { 3l A g2l A

atx =1.

2x+2, if x<2
35. Function f is defined as f(x) = { k, if x = 2. Find the value of k for which the
3x, if x>2

function is continuous at x = 2.

ifx>1

2
36. If f(x) = {i ’ <1 then show that f is not differentiable at x = 1.

37. Show that the function f (x) = |x|? isdifferentiable at all points of its domain.

sin? Ax
38. Find the value(s) of ‘A’ if the function f(x) = { k2 |
1, ifx=0

if X # 0 5 continuous a x = 0.

1-cosx

39. Find the value of k for which the function f given as f(x) = { o X #0
k, iftx=0

IS continuous

atx=0.
3ax+b, if x>1

40. The function f(x) = 11, if x =1 iscontinuous a x = 1. Find the values of a
Sax —2b, if x<1

and b.
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1/3 1/3 _ ay e (11
41. If x*/° +y*/° =1, find o at the point (8,8).

4
42. If y = «/tan+/x, prove that \/EZ—z =

4y

43.If (x? + y2)? = xy, then find 2.

T

44. 1f f(x) = |tan 2x|, then find the value of f'(x) at x = =

3"

45. If y = Asin 2x + Bcos 2x and % — ky = 0, find the value of k.
2
46.1fy = (x + VxZ = 1), then show that (x* — 1) (22" = 4y2.

2

47.1f y = vax + b, prove that y (Z%’) + (d—y) = 0.

dx

ax+b ;o 0<x<1

) Is a differentiable function in (0, 2) then find the values
2xc—x ; 1<x<?2

48. If f(x) = {
of aand b.

3 dy
49. If y = xx, then find - atx = 1.

50. If x = asin 2t,y = a(cos 2t + logtant), then find Z—z.

51. If xy = e*™Y, then show that Lyl
dx x(y+1)
logx

_ dy
Y = XV Y
52. If x e*™Y, prove that & — Globhr

2
53. If x = acos t and y = bsin t, then find 3732/.
_ d_y __ sinx
94. If y = ,/cos x + y, prove that = 1oy

55. If y = cos3(sec? 2t), find %.

56. If y = cosec(cot™! x), then prove that V1 + x2 % —x=0.

— XY dy _ logx-1
57.If x = e*/Y, prove that ax = (og )
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SHORT ANSWERS

( 1—sin23X ifx < n
3cos“x 2
1. Find the values of p and q for which f(x) = J pifx = g iscontinuous at x = g
q(1-sinx)

(n2)2’f >_

2. Find the value of constant k sot that the function f defined below is continuous at x = 0, where

- —V”kx; Vl_kx) f—1<x<0
X) =
2l ifo<x<1
x—1
(1 COS4X, when x<0

3.1 f(x) = i when  x =0 and f js continuous at x = 0, find the value of a
(\/F) " when x>0

1, if x<3
4, Iff(x) =jax+b, if 3 <x<5 find the values of a and b so that f(x) is a continuous
7, if X=5

function.

5. Find the value of k so that the following function is continuous at x = 2.

X°+ x“—16x+20
f@):{ G2 x#2
K =2

asing(x+ 1), x<0

tan x—sinx

6. For what value of aisthe function f defined by f(x) = { is continuous at

, x>0

x3
x=0.
7. Find al points of discontinuity of f, where f is defined as follows:

x| +3, x<-3

f(x) =9 —2x, —-3<x<3.
6x + 2, x=>3
(Sl +cosx, x>0
8. Show that the function f(x) is defined by f(x) = 2, x =0 is continuous
4(1—/1-x)
— X <0
atx=0.
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9. If f(x) isdefined by the following is continuous at x = 0, find the value of a, b and c.

(sin(a+1)2x+sinx, if x<0

f(x) = i C, if x=0
Vx+bx2—/x .

BT if x>0

2
10. Find the values of a and b, if the function f defined by f(x) = {X ;jf; 3 iii is

differentiable at x = 1.

11. Show that the function f(x) = [x — 1| + |x + 1| for all x € R is not differentiable at the points

Xx=-landx =1.

12. Find whether the following function is differentiable at x = 1 and x = 2 or not.
X, x<1

f(x) = 2—X, 1<x<2.

-2+ 3x — x?, X> 2

Ax2+2), ifx<0

i ntin
ax+ 6, x>0 IS continuous at

13. For what value of A of the function defined by f(x) =

x = 0? Hence check the differentiability of f(x) at x = 0.

14.1f y = sin"*{xv1 —x — VxV1 —x%} and 0 < x < 1, then find %.

xcos~1x dy cos™1x
15. If y = T log V1 — x2, then prove that == o

_ 3
16.Ify = tan™! (E) + log /E, prove that % = Xfia4.

17. Ify = Vx? + —10g[§+ /1 +Xi2],ﬁnd %.

18. Find the value of % at9 = E, if x = ae®(sin ® — cos 8) and y = ae®(sin O + cos 0).

d 1-y?
19. If V1 — x2 4+ /1 — y2 = a(x — y), then show that d—z= /1_—172

2
20.If x = acos 0 + bsin 6 and y = asin 8 — bcos 0, then show that y? % - x% +y=0.
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21. If y = x3(cos x)* + sin~ !/, find ?

22. 1fy = VX2 + —1og<§+ /1 +Xl2>,thenﬁnd —

23. Find % , when x and y are connected by the following relation: x3y? = log(x + y) + sin ¥

24, 1f x = e =x*)/x*] find j—y

a(1 t2) 2bt
e Y T e

25.F 1nd

26. Find %, x = e®(2sin 8 + sin 20),y = e®(2cos 8 + cos 20)

27.If x = sin ! (1112) ,y = tan~! (122) , prove that % =1.

28. If x=cos—1i11+t2,=sin—1ixit1+t2, show that dy28. Show that |S|ndependent of tif

-1 -1

1 . t
X=C0S == andy = sin”" ——.
Ve ey Nrrey

29. Differentiate tan™! iﬁ with respect to sin~! i—f{

30. Differentiate tan™2 (1+ .

—X

) with respect to sin <2 cot™?! ?)

31. Differentiate x5 with respect to (sin x)*.

__sin!x 2 ﬂ L dy=? N §
32.Ify—m,provethat(1 X%) — 3x——y=0.
2
33. If x = 2cost — cot 2t,y = 2sin t — sin 2t, find the value of % att = g
34. Ify = e*(sinx + cos x), prove that — — 2y + 2y = 0.

35. If y = tan™ vx2 — 1, show that (2x? — 1)y; + x(x* — 1)y, = 0.

36. Differentiate sec™?! (

\/;7) Ww.I.t. sin‘1(2xv1 — xz).

Cosx

dx2 (l—sinx)z'

37.If y = tan x + sec x, then prove that ¥ d
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38. If\/l — x2 + \/1 — y2 = a(X — y), prove that % — ﬂ

1-x2
39. Given that y = (sinx)* - x°"* + a*, find 3.
40. If y = sin(tan~1 e*), then find Z—z at x = 0.
41. If y = (tan x)*, then find Z—i.
42, 1f x = e®°S3t and y = 53¢ prove that Z—i = —%.

43. Show that: = (|x|) = =, x # 0.
dx |x|

44. 1f x3%y2° = (x + y)°, prove that Z—z = 3;’

45, Find Z—z if 5% 4 5Y = 5X+Y,

46. If y = (logx)?, prove that x?y" + xy' = 2.

47. 1f x cos(p +y) + cosp(p + y) = O, prove that cosp Z—z = —cos?(p + y), where p is a constant.

o ta ifx<2
48. Find the value of a and b so that function f defined as. f(x) =< a+ b, ifx=21is
L+ ifx>2

continuous function.

: . d
49. Given that x¥ + y* = aP, where a and b are positive constants, find d—i.
. dy . _ .
50. Find ﬁ, if y = (cos x)* + cos™+/x is given.

2
51. If x = asin® 8,y = bcos? 0, then find ZTZ atf = %.
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52. Find the values of a and b so that the following function is differentiable for all values of x:

ax + b, x> -1
i) = {bx2 -3, x<-1

LONG ANSWERS

1. If (tan~' %) + y°t* = 1, then find %

X 1
2. Differentiate with respect to x:y = (X + i) + X(X+§).

2
3. If cosy = x cos(a + y), with cosa # *1, then prove that % = w Hence show that

sina

Ly ay _
sina— +sin2(a+y) il

4. 1fx = cost(3 — 2cos? t) and y = sin t(3 — 2sin? t), then find the value of % att = E.

_ . = oo 1 oy dy
5. Ifx = a(cost + tsint) and y = a(sint — tcos t),0 < t < > find FERT and %

2
6.1y = log (vVx + %) , then prove that x(x + 1)2y, + (x + 1)%y; = 2.
7. Differentiate (sin 2x)* + sin~* v3x with respect to x.

8.Ify = log(x — 1)* 1 — log X+1X+1,provethatﬂ=log -
g dx

1+x

9.1flogy = tan~ ! x, prove that (1 + x*)y, + 2x — 1)y, = 0.

— X dy _1(dy\t _y |
10. If y = x*, prove that oz y(dx) X—O.

CASE BASED QUESTIONS
|x| +3,1fx < =3
1. A man travel on apath given by f(x) = {—2x, if —3 <x < 3.
6x+ 2,ifx =3
Depending on the above information, answer the following questions:

(i) Arethere any breaksin the path?

(i1) If so whereisthe break in the path?
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2. Let f be a real valued function which is a composite of two functions u and v; i.e. f=uov.

Suppose t = u(x) and if both < and < exist, we have < = <*- = Thisis called chain rulein the

derivatives.

Based on the above information, find the derivatives of the following:

(i) sec(tan vVx)
(i) 2V cot x?

(iii) cos(x3)sin? x°

3. The derivative of a function is again differentiable then the derivative of first derivative is

called second derivative. If y = f(x) is function then its first derivative is denoted by fx) or %

or y; and its second derivative is denoted by fl(x) or % or V.

Basing the above information answer the following:
(i) Find the second derivative of cos(logx)
(i) Find the second derivative of tan™x.

(iii) If y = sin™! x, then show that (1 — x?)y, — xy; = 0.

4. Let f(x) be areal valued function, then its

f(a=h)—f(a)

LEFT HAND DERIVATIVE (LHD): Lf' (a) = lim =

RIGHT HAND DERIVATIVE (LHD): Rf'(a) = lim e

Also, afunction f(x) is said to be differentiable at x = aif its LHD and RHD at x = aexist and are

equal.
lx—=3,x=>1
For the function f(x) = {ﬁ o1y answer the following questions.
4 2 4’

(i) Find the RHD of f(x) at x = 1.
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(i) Show that f(x) is non-differentiable at x = 3.

(i) Find the value of '(2).

5. A pottery made a mud vessel, where the shape of the pot is based on f(x) = [x — 3| + [x — 2|
where f(x) represents the height of the pot.
(i) When x > 4, what will be the height in term of x?
(if) Find the derivative of f(x) at x = 3.
(iif) What is the function when the x lies between (2, 3)?
(Or)
If the potter istrying to make a pot using the function f(x) = [x] will he get a pot or not? Why?
6. Read the following passage and answer the questions given below:

The relation between the height of the plant (y cm) with respect to its exposure to the sunlight is
governed by the following equation y = 4x — %xz, where X is the number of days exposed to the

sunlight.
(i) Find the rate of growth of the plant with respect to the number of days exposed to the sunlight?
(if) Doestherate of growth of the plant increase or decrease in the first three days?

(ii1) What will be the height of the plant after 2 days?

7. Swathi was noticing the path traced by a crawling insect and she observed that the path traced
isgiven by x = at?, y = 2at.
Based on the above information, answer the following questions.
. . dx
(I) Find a
.. . dy
(i) Find ™

2
(iii) Find < at t = 4
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UNIT TEST
Duration: 1 hour Marks: 30

SECTION A

Each carry 1 mark

3x+5, x=>2

k2, <2 1s a continuous function, is

1. The value of k for which f(x) = {
11 4 11
@ -4 ()~ (© 11 @4

2. If tan (X+—y) = Kk, then % is equal to

(@ _;y (b) g (c) secz(i) (d) - Secz(g)
3. The derivative of x?* w.r.t. x is

(a) x*x1 (b) 2x?*logx (c) 2x**(1 + logx) (d) 2x2*(1 - logx)

x%245x+6

> 1s continuous for R.
X4 —4x+4

4. Assertion: f(x) =

Reason: A polynomial function is everywhere continuous.

(@) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.

SECTION B

Each carry 2 marks

5.1f y = cosec(cot+/x), then find %.

6. Differentiate the function y = log /izzzi with respect to x.

2
7. If y = sin(2sin"!x), prove that (1 — x?) % - X% + 4y = 0.
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SECTION C

Each carry 3 marks
8. If y = x°°* + (cosx)S"*, find %

x—1

9.Ify = log (\/i + %) , prove that ? =

X 2x(x+1)

SECTIOND

Each carry 5 marks

10. Differentiate the function (tan™1 x)°t* + (cot™?! x)'%"* with respect to x.

. . 2 d?y dy 2
11. If x = sint, y = sin pt, prove that (1 — x )E—X&+p y=0.

SECTION E

12. Examplel: x —-y—-6=0

Example 2: x + sinxy —y = 0.

When arelationship between x and y is expressed in away that it is easy to solve for y and write
y = f(x), we say that y is given as an explicit function of x. In the second case it isimplicit that y
is function of x and we say that the relationship of the second type above gives function
implicitly. With the above information find the derivative of the following.

(i) y + siny = cosx

(i) X* + xy + y? = 5.

(iii) y = cos™* (2)
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ANSWERS

MCQ A-R VSA SA Il LA CS
1. (d) None of | 1.(c) l.a—b = 2 1.p= 1 andg=4 yOtX.cosec? X-logy—(tan_lx)y_l- . 1. (i) yes
3 2 (1+x2)
th " (tan~1x)Y-log(tan—1)x+yCcotx—1.cotx
e 2.(c) |2 f(x)isnot continuousat |,  _ . (i) Atx = 3
_1 1\* 1), x*-1
2. (b) 2 3. (0) X=3 2(x+3) [log(x+3)+ 3]+ 2.()
' 3.a=8 '
3 k=1 <43 [Xz_l logx + X2+1] 1
3. (c) Exactly 4.(b) 2 x2 x2 57 sec(tan vx)tan(tan vx)sec? vx
' 4.a=3andb=-8
three points 4 ? — M 4.1
4x2y+4y3—
5. (a) S AR 5 k=10 (if) — 7==5 cosec?(x?)
4.(b) 1 y _ sectx-y B sime, &
6. (a) S x+2y—1 1 >am ~alcost— it o = 2ein2 o5 . cin 3
3 (ilf) —3x“sin“ x> - sin x> +
5. () cosx 1 a(tcost + sint)
2y-1 7.(d) |6%¥=_Z2 10x*sin x>cos x°cos x3
dx Vi 7.§(x) is
) d?y _ sec3t
6. (d) No value axz N1 1
@ 8@ |, ay_ 1 discontinuousat x | - ¥ 3.(1) zsinlogx — — cos(logx)
Tdx 1-x2
7.(a) Continuous | o (©) =3 7. (sin 2x)*{2xcot 2x + ) o
and differentiable 10,23 log(sin 2x)} + W =G
5 og(sin 2x
10. (a) 9.a= 23 and c = s 2V3x-9x
ax=0 4.()-1 (i) -1

%, b can be any real
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8. (b) %

9.(b)5

10. —sec? G — x)
11. (c) e*cote*

12. (¢)

6x3sinx3cosx3
13. (d) -16x

1
14. (d) =

15. (a)

11. (d)

12. (3)

13. (d)

14. (3)

15. (c)

16. (a)

17. (8

18. (b)

19. (d)

20. (c)

21. (d)

11.
13.

14.

15.

1
2Vsin x+cos x

T

4(\2-1)

2-6%-1oge 6
1+36%

_oX+1,
2 log 22

1+4X
cos(Vsinx + cosx) -

- (cosx —

sinx)

16.

17.

18.

19.

22.

0

a
2(1+a?x2)

X

dy _ 2x-y-eY-ye

dx  x—-xe~Y+eX
dy _ =y

dx X

-1

number.

10.a=3andb=5

12. f isnot

differentiable at x

=1and

differentiable at x

=2

13. A =3 andfis

not differentiable

ax=0.

17.

5 () 2x—5
(i) Not differentiable at x = 3

(iii) 1 (Or) No, because greatest

integer function is not differentiable
6. (i) 4—x

(i) Rate of growth of the plant

decreases for the first three days.
(iii) 6
7. (i) 2at
.y 1
(i) =

(i) ——

128a
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16. (b) =

x2-1
Xx2—4

17. (¢

18. (b) yx*(1 +

logx)

1+] 2
19. (d) LHloey)s ﬁo‘;gy”

20. (b)yy" —

¥)?+1=0
21. (c)n:%

22. (b)

4x
1-x*

23. (b) ft

24. () (2)1/2

24.42 + 1
25.2

26. —2e Xcos x

29 1

a

31. f is not differentiable
at X=5

32.

f is not differentiable at
=

33. f(x) is differentiable
ax=0.

34.

f (x) is not differentiable

18.1

3 x[3 _
21. x°(cos x) [X
xtan x +

log(cos x)] +

1+eX(x+y)cos eX—3x2y?3

2x3y(x+y)—1

24.x[2(1 +
tanlogx) +

sec?logx]

o5 b(-1)
2at
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25. () e

26.(c) 1

27.(0) 0

1-x

28. (h)

X COSy

29 (b) _ZCOS X

eCosX

30. @ -
coty.cosec’y
31 (b)

g (Of ©-g' Of'' (1)
[g'®]3

32. () 3cos2x

33. @ x(5 +

6logx)

atx = 1.
35.k=6
38.1=+1
39.k =+
40.a=3,b=2
41.-1

43, dy _ y—4x(x*+y?)

dx 4y (x2+y2)—x

44. -8

45.k = -4

48.a=3& b=-2

49.1

26.

2co0s 0+cos20—2sin 6—2

2cos 0+2cos 20+2sin 0+

29.1

30. =2

2X

31.

i sinx
xS X(T+ cosxlog x)

(sinx)X(xcotx+logsinx

32 -2
2

36.-
2
39. (sinx)* -
xSIn¥ [log(sin x) +

sinx
xcotx +
X

_|_

log x - cos x] +
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34. (b) 4" log4

35.(c)x=3

1
36. (@ a = p
b=4

37. (d) No point

of discontinuity

38.

—sec?(m/4—x)

(a) 2,/tan(m/4—x)

39. (d)

cos(v/sinvx)(cosvx)
4+/x+/sinvx

40. (a) t

logx
41, (b) - Yo

50. cos2t
b 3
53. ——cosec’t
a

55.

dy

at
—12cos?(sec? 2t) x
sin(sec? 2t) X sec? 2t X

tan 2t.

a*loga

1

40. "

41, 2 =
dx

(tan x)* [(xsec2 x) |

tan x
log(tan x)]
45, —577*
48.a=1,b=-1

49, & =
dx

—(xY"y+y*logy)
(xY1log x+y*~1x)

50.
(cos x)*(—xtan x o

log(cos x)) +
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42. (b) =
43.(@) 0

44. (c)

Continuous but

not differentiable
a x=1

45, €)]
Continuous

everywhere  but
not differentiable

ax=0

46. (a)
Continuous at

x =0aswell asx
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=1
47.(b)a=0

48. (a) -2

49. (d) x

50. (b) ? -
dy 2

(&)

51. (b) 1

52. (¢) f (x) is
continuous  but
not differentiable,

ax=0andx=1

53. (b) 5
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54. (c) f(x) is
continuous and
differentiable

vx € R - {0}
55. (b) 2

56. (d)
continuous

everywhere

57. (c)

6x?sin x3cos x3
58. () —
59. (d) No value

60. @
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continuous  but
not differentiable

ax=0

61. (a)
continuous and
differentiable at

x=0

62. (a)
continuous, but
not differentiable

ax=0andx=2
63. (a) -1
64.(d)-§

65. (C) -
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2cosxesin’ ¥
66. (d) -1

67. (b) ==

1+x%

68. (c) (1 + ¢

sin(e)
69. (b) g

70. () e*cote™
71. (a) secx
72.(c) -2Vm
73. (b) =

74.(d) 0
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75. (a)

2 T
—Sec"{——X
4

76. (€) 2x¥*(1 +

log x)
77.(b)x=1.5

78. (d) -16x

80. (a) %

81. (b) 2e*

82. (b) 5
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84.(0) () s

85. (¢)

sec? ytany

86. (b) —sz

87.(a) -2

UNIT TEST

1.(d) =~

2. (b) g
3. (€) 2x?*(1 + logx)

4. (d) Assertion (A) isfalse but Reason (R) istrue.

cosec(cotvx)cot(cotvx)xcosec?(Vx)

5 ~

6. cosecx
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7. Proof

8. xcosx (% — sinxlog x) + (cos x)SI"X[—sin xtan x + cos xlog cos X]

9. Proof

dy _ -1 \cotx cotx _ 2 -1 -1 ,\tanx 2 -1, _ tan x
10. o (tan™1x) [tan-lx(1+x2) cosec” log(tan x)] +(cot™1x) [sec xlog(cot™ x) e T
11. Proof

.y __sinx N 2x+y 2
12.() 1+cosy (i) X+2y (i) 1+x2
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CHAPTER 6 - APPLICATION OF DERIVATIVES

RATE OF CHANGE OF QUANTITIES

If a quantity y varies with another quantity x, satisfying some rule y = f(x), then Z—z (or f'(x))
represents the rate of change of y with respect to x and %] (orf'(xq)) represents the rate of
X=X

change of y with respect to x at X = X,
If two variables x and y are varying with respect to another variablet, i.e. x = f(t) and y = g(t), then

dy _dy/dt
dx  dx/dt’

if &2 0.
dt
In other words, the rate of change of y with respect to x can be calculated using the rate of change of

y and that of x both with respect to't.

Note: Z—f; ispositive if y increases as x increases and is negative if y decreases as X increases.

MARGINAL COST
Marginal cost represents the instantaneous rate change of the total cost at any level of output. If

C(x) represents the cost function for x units produced, then the marginal cost denoted by MC is
given by

MC = 4@
dx

MARGINAL REVENUE

Marginal revenue represents the rate of change of total revenue with respect to the number of items
sold at any instant. If R(X) is the revenue function for x units sold, then margina revenue denoted
by MR isgiven by

MR = 2R
dx

INCREASING AND DECREASING FUNCTION
DEFINITION 1

Let | be an open interval contained in the domain of areal valued function f. Then f is said to be
(i) Increasing on I if x; < %, in [ = f(x;) < f(x,) for all x;,x, €
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(i) Strictly increasing on Iif x; < x,in [ = f(x;) < f(x,) for all x,%, € |
(iii) Decreasing on [ if x; < x, in I = f(x;) = f(x,) for all x;,x, € 1

(iv) Strictly decreasing on Iif x; < x, in I = f(x;) > f(x,) for all x4,x, € 1
DERIVATIVE TEST

Let f be a continues function on [a, b] and differentiable on (a, b). Then,

(i) f is increasing on [a, b] if f'(x) = 0 for each x € (a, b)

(i) f is strictly increasing on [a, b] if f'(x) > 0 for each x € (a,b)

(i) f is decreasing on [a, b] if f'(x) < 0 for each x € (a,b)

(iv) f is strictly decreasing on [a, b] if f'(x) < 0 for each x € (a, b)

(v) fis constant function on [a, b] if f'(x) = 0 for each x € (a,b)

FINDING THE INTERVALS OF INCREASING AND/OR DECREASING OF A
FUNCTION

A critical point of a continuous function f is a point at which the derivative is zero or
undefined. Critical points are the points on the graph where the function's rate of change is
dtered - ether a change from increasing to decreasing, in concavity, or in some
unpredictable fashion. Critical points are useful for determining extrema and solving

optimization problems.

Let f be a differentiable function on an interval 1. To find intervals on which f is increasing and
decreasing:

(i) Consider the function 'y = f(x)

(ii) Find f' (%)

(iii) Put f'(x) = 0 and solveto get the critical point(s) or critical numbers

(iv) Usethe critical valuesto divide | into subintervals.

(v) Pick any point X in each subinterval, and find the sign of f'(xg).
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(a) If f'(x) > 0, then f isincreasing on that subinterval.
(b) If f'(xq) < 0, then f is decreasing on that subinterval.
MONOTONIC FUNCTION

A function which is either increasing or decreasing in a given interval |, is called monotonic

function.

MAXIMA AND MINIMA
Let f be afunction defined on an interval |. Then

(a) f is said to have a maximum value in |, if there exists a point c in | such that f(c) = f(x),
foral x €1

The number f(c) is called the maximum value of f in | and the point c is called a point of
maximum value of fin .

(b) fissaid to have aminimum valuein I, if there existsapoint cin | such that / (c) < f(x), for
al xel.

The number f (c), in this case, is called the minimum value of f in | and the point c, in this case,
is called apoint of minimum value of fin .

(c) f is said to have an extreme value in | if there exists a point cin | such that f (c) is either a
maximum value or aminimum value of fin|.

The number f (c), in this case, is called an extreme value of fin | and the point c is called an

extreme point.

Note

(i) Every monotonic function assumes its maximum/minimum value at the end points of the
domain of definition of the function.(ii) Every continuous function on a closed interval has a

maximum and a minimum value.
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LOCAL MAXIMA AND LOCAL MINIMA

Let f beareal valued function and let ¢ be an interior point in the domain of f. Then

(@) ciscaled a point of local maxima if there isan h > 0 such that /' (¢c) > f (x), for al x
in(c—h,c+ h)

The valuef(c) is caled the local maximum value of f.

(b) c is caled a point of local minima if thereisan h > 0 such that f (¢) < f (x), for dl x
in(c—h,c+ h)

The value f(c) is called the local minimum value of f.

THEOREM 2
Let f be a function defined on an open interval 1. Suppose ¢ € | be any point. If f has a local

maxima or alocal minima at x = ¢, then either f'(c) = 0 or f is not differentiable at c.

Note

A point ¢ in the domain of a function f at which either f '(c) = 0 or f is not differentiable is called
a critical point of f. Note that if f is continuous at ¢ and f '(c) = 0, then there exists an h > 0 such
that f isdifferentiable in the interval (c— h, ¢ + h).

FIRST DERIVATIVE TEST

Let f be a function defined on an open interval I. Let f be continuous at a critical point c in 1.
Then

(i) If £ '(x) changes sign from positive to negative as x increases through ¢, i.e, if f'(x) > 0 at
every point sufficiently close to and to the left of ¢, and f '(x) < 0 at every point sufficiently
close to and to theright of ¢, then cisapoint of local maxima.

(i) If £ '(x) changes sign from negative to positive as x increases through c, i.e., if f'(x) < 0 a
every point sufficiently close to and to the left of ¢, and / '(x) > 0 at every point sufficiently
close to and to theright of c, then cisapoint of local minima.

(i) If f'(x) does not change sign as x increases through c, then c is neither a point of local

maxima nor a point of local minima. Infact, such apoint is called point of inflection.
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Note
If cisapoint of local maxima of f, then f(c) is alocal maximum value of f. Similarly, if cisa

point of local minima of f, then f(c) isalocal minimum value of f.

SECOND DERIVATIVE TEST
Let f be afunction defined on aninterval | and c € I. Let f be twice differentiable at c. Then

(i) x= cisapoint of local maximaif f''(c) = 0 and f "(c) < 0

Thevaluef (c) isloca maximum value of f.

(if) x= cisapoint of local minimaif f'(c) = 0 and f "(c) > 0

Inthis case, f (c) islocal minimum value of f.

(iii) Thetest falsif /'(c) = 0 and f "(c) = 0.

In this case, we go back to the first derivative test and find whether ¢ is a point of local maxima,

local minima or a point of inflexion.

MAXIMUM AND MINIMUM VALUESOF A FUNCTION IN A CLOSED INTERVAL
THEOREM 5
Let f be a continuous function on an interval | = [a, b]. Then f has the absolute maximum value

and f attains it at least once in |. Also, f has the absolute minimum value and attains it at least

onceinl.

THEOREM 6
Let f be adifferentiable function on aclosed interval | and let ¢ be any interior point of 1. Then

(1) f'(c) = 0 if f attains its absolute maximum value at c.

(11) £ '(c) = 0 if f attains its absolute minimum value at c.
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WORKING RULE FOR FINDING ABSOLUTE MAXIMUM AND/OR ABSOLUTE
MINIMUM VALUES OF A FUNCTION

Step 1: Find all critical points of f in the interval, i.e., find points x where either f"'(x) = 0 or
f is not differentiable.

Step 2: Take the end points of the interval.

Step 3: At all these points (listed in Step 1 and 2), calculate the values of f.

Step 4. Identify the maximum and minimum values of f out of the values calculated in Step
3. This maximum value will be the absolute maximum (greatest) value of f and the

minimum value will be the absolute minimum (least) value of f.

STEPS TO FIND THE POINTS OF LOCAL MAXIMA AND LOCAL
MINIMA BY SECOND DERIVATIVE TEST
Step 1: For the function y = f(x), find f’(x).

Step 2: Find £ (x).

Step 3: Put f'(x) = 0 and solve this equation for x. Let its roots be a, b, c, etc.
Step 4: Atx = a,

(1) if £ (a) < 0, then x = a is a point of local maxima.

(i1) if £ (a) > 0, then x = a is a point of local minima.

(iii) if f”" (@) = 0, we cannot say anything.

Step 5:

(i) If then x=a is a point of local maxima, f(a) is local maximum value.

(i1) If then x=a is a point of local minimum, f(a) is local minimum value.
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Remark
Absolute maximum value is also called as global maximum value or greatest value. Similarly

absolute minimum valueis called as global minimum value or the least value.

MULTIPLE CHOICE QUESTIONS

1. f(x) = x* has a stationary point at

@x=e (b)x=2 ©x=1 (d) x =+/e

2. The area of atrapezium is defined by function f and given by f(x) = (10 4+ x)v100 — x2, then
the are when it ismaximized is

(@) 75cm? (b) 7+/3cm? (¢) 75v/3cm? (d) 5cm?

3. Therate of change of the area of acircle with respect toitsradiusr at r = 6cmis

(a) 10w (b)12n (c)8m dl1ln

4. The total revenue in rupees received from the sale of x units of a product is given by
R(x) = 3x% + 36x + 5. The marginal revenue, when x = 15is

(a) 116 (b) 96 () 90 (d) 126

5. The function f(x) = 2x® — 15x? + 36x + 6 is increasing in the interval is

(@ (=»,2) U (3,0) (b) (=20, 2) (€) (=0,2] U [3, ) (d) [3, )

6. In a sphere of radiusr, aright circular cone of height h having maximum curved surface area
isinscribed. The expression for the square of curved surface of coneis

(@ 2nr’rh(2rh + h?) (b) ®*hr(2rh + h?)  (c) 2r?r(2rh? —h3) (d) 2n?r?(2rh — h?)
7. The least value of the function f(x) = ax + E(a >0,b>0,x>0)is

(a)% (b) 2v/ab (©0 (d) None of these
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8. Let f(x) = 2sin®x — 3sin® x + 12sinx + 5,0 < x < 7. Then f(x) is
(a) Decreasing in [0, g] (b) Increasing in [OE]
(c) Increasing in [0, ﬂ and decreasing in Eﬂ (d) None of these

9. The value of b for which the function f(x) = x + cos x + b is strictly decreasing over R is
@b<1 (b) Novalueof bexists (¢c)b<1 (db>1
10. If f(x) = a(x — cosx) is strictly decreasing in R, then ' a ' belongs to

(@ {0} (b) (0, =) (€) (-0, 0) (d) (-00,00)

11. The function f(x) = tanx — 4x is strictly decreasing in

@ (-3.5) ®) (3.3) ©(-53) @ G.m
12. If Iff(x) = — and g(x) = : where 0 < x < 1, in thisinterval

(a) Both f(x) and g(x) are increasing functions
(b) Both f(x) and g(x) are decreasing functions
(c) f(x) isan increasing function

(d) g(x) isanincreasing function

13, f(x) = (S ) s

(@) Anincreasing function (b) A decreasing function (c) Aneven function (d) None of these
14. The maximum profit that a company can make if the profit function is given by P(x) =
41 + 24x — 18x% is

(@25 (b) 43 (c) 62 (d) 49

15. Theinterval on which the function f(x) = 2x> + 9x* + 12x — 1 decreasing is

(@) [-1, ) (b) [-2,-1] (€) (00, -2] (d)[-1,1]
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16. The function f(x) = 4sin®x — 6sin® x + 12sinx + 100 is strictly

(@) Increasing in (n, 37“) (b) Decreasing in G,n)

(c) Decreasing in [?,g] (d) Decreasing in [0,2]

17. The smallest value of the polynomial x3 — 18x? + 96xin[0. 9] is

(a) 126 (b)0 (c) 135 (d) 160

18. The function f(x) = 2x3 — 3x? — 12x + 4, has

() Two points of local maximum (b) Two points of local minimum

(c) One maxima and one minima (d) No maxima or minima

19. The function f(x) = cot™* x + x increases in the interval

(@ (1, o) (b) (-1, ) (€) (-00,) (d) (0, )

20. If f(x) = — — log(1 +x),x > 0, then f i

(a) Anincreasing (b) A decreasing function
(c) Both increasing and decreasing function (d) None of these

21. The least value of k for which the function x? + kx + 1 is an increasing function in the
interval 1<x<2is

(@ -4 (b) -3 (©-1 (d)-2

22. For the every value of x the function f(x) = six is

(a) Decreasing (b) Increasing

(c) Neither increasing nor decreasing (d) Increasing for x > 0 and decreasing for x <0

23. On the interval (1,3), the function f(x) = 3x + 3 is
(a) Strictly increasing (b) Strictly decreasing

(c) Decreasing in (2, 3) only (d) Neither increasing nor decreasing
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24. The function f defined by f(x) = x3 — 6x% — 36x + 7 isincreasing if
(@ x>2andasox>6 (b)x>2andasox <6
(c)x<-2andadsox <6 (dyx<-2andasox >6

25. The function f(x) = x3 — 3x is

(a) Increasing on (-0, -1) U (1, o) and decreasing on (-1, 1)

(b) Decreasing on (-oo0, -1) U (1, o) and increasing on (-1, 1)

(c) Increasing on (0, o) and decreasing on (-co, 0)

(d) Decreasing on (0, o) and increasing on (-oo, 0)

26. The minimum value of curve y = xe* is

@-: (o) () —e (d) e

27. The function x* — 4x,x € [0,4] attains minimum value at

@x=0 (byx=2 ox=1 (dx=4
28. What is the maximum value of sinx + cosx — /2 ?

(a) -V2 (b) V2 (©0 (d) None of these
29. Let the f: R = R be defined by f(x) = 2x + cos x, then f

(a) Has a maximum at x =1t (b) Hasamaximumat x =0

(c) Decreasing function (d) Increasing function

30. y = x(x — 3)? decreases for the values of x given by

(8 1<x<3 (b) x <0 © x>0 () 0<x<=>

31. A spherical balloon is expanding. If at any instant, rate of increase of its volume is 16 times

of the increase of itsradius, then itsradius at that instant is

OF= (b) = CE O
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32. In the interval x € (—3,3) — {0}, the function f(x) = z + z,x #01s

(a) Decreasing (b) Increasing

(c) Neither increasing nor decreasing (d) Partly increasing and partly decreasing
33. For all real values of x, increasing function is

(@)= (b) X (0) x° (d) x*

34. The function f(x) = tan™! x — log x decreases in

(8 (—o0,0) (b) (—0,) (©) (0,0) @ (5.

35. The function f(x) = xe! ™

(a) Decreasein (0, 2) (b) Increasein (0, )

(c) Strictly decreasesin (1, o) (d) Strictly increasein (% z)

36. If f(x) = x? + ax + 5 is increasing function in [2,3], then the minimum value of a is
(a) -4 (b) -2 (c) 2 (d)4

37. The value of a, for which f(x) = —x> + 4ax? + 2x — 5 is decreasing Vx € R, is

@ (1,2 (b) (3, 4) (c) Real values of a (d) No value of a

38. The value of afor which the function (a + 2)x* — 3ax? + 9ax — 1 decreases monotonically
for al real x is
(@ a<-2 (b)a>-2 (c)-3<a<0 (d)-o<a<-3

then its maximum value is

39.If f(x) = 4x2+2x+1°
(a2 (b) (91 (d) 2
40. The rate of change of the surface area of the sphere of radius r when the radius is increasing

at the rate of 2cm/sis proportiona to

(@ (b) - (©r (d) r?
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41. Therate of change of the volume of sphere with respect to its surface area, when itsradius is
2 unitsis
@1 (b) 2 (c)3 (d) 4

42. The sides of an equilateral triangle are increasing at the rate of 2cm/sec. The rate at which

the areaincrease, when sideis 10cm is

(@) 10cm?/s (b) V3cm?/s (c) 10v/3cm? /s (d) ?cmz/s
43. The critical point(s) of f(x) = x%e~X is/are

@o0 (b) 2 (c)0& 2 (d) None of these

44. The intervals in which the function f given by f(x) = 2x? — 3x is strictly increasing is
3 3 3 3
@ (5 ® [3.=) © (-=3) @ (.3

45. For the function f(x) = Xcosi,x > 1,f(x) is

(@) Strictly increasing in (1, o) (b) Strictly decreasing in (1, c0)

(c) Neither increasing nor decreasing in (1, ©) (d) None of these

46. Local Maximum and Local Minimum values of the function (x — 1)(x + 2)? are

@4,0 O 4 (©-4,0 (d) None of these

47. The sum of two non-zero numbersis 4. The minimum value of the sum of their reciprocal is
(a2 (b) g © 1 (d) None of these

48. The absolute maximum value of f(x) = sin sin x — cos cos x where x € [0, ] iS

(@0 (b) 1 (c) -1 (d) V2

49. The range of values of x for which the function y = 5 — 8x — 2x? is increasing is

(@ x<3 (b)x>2 (c)x<-2 (d)yx>-2

50. The function f(x) =

2x%-1 . .
—, X > 0, decreases in the interval
X

(@ (—o,0) (b) [1, o0) (o [-1,1] (d) None of these
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51. Let f(x) be a continuous function on [a, b] and differentiable on (a, b). Then, this function
f(x) isstrictly increasing in (a, b) if

@ f'(x) <0,vx € (a,b) (b) f'(x) > 0,Vx € (a,b)

(¢ f'(x) =0,vx € (a,b) (d) f(x) > 0,Vx € (a,b)

52. If f(x) = a(x — cos x) is strictly decreasing in R, then 'a' belongs to

(a) {0} (b) (0, ) (€) (-0, 0) (d) (-00,00)

53. Theinterval in which the function f(x) = 2x3 + 9x2 + 12x — 1 isdecreasing is
(@ (=1, ) (b) (-2,-1) (€) (=0, -2) (d) [-1, 1]

54. The function f(x) = x3 — 3x? + 12x — 18 is

() strictly decreasing on R

(b) strictly increasing on R

(c) neither strictly increasing nor strictly decreasing on R

(d) strictly decreasing on (—o, 0)

55. The function f(x) = kx — sinx is strictly increasing for

@k>1 () k<1 © k> -1 (d) k<-1

56. The rate of change of surface area of a sphere with respect to its radius ‘r> when r = 4cm s
(@ 64rcm?/cm (b)) 48mcm?/cm  (¢) 32rcm?/cm  (d) 16mecm?/cm

57. If the sides of square are decreasing at the rat of 1.5cm/s, the rate of decrease of its perimeter
IS

(a) 1.5cm/s (b) 6cm/s (c) 3cm/s (d) 2.25cm/s

58. Given acurve y = 7x — x> and X increases at the rate of 2 units per second. The rate at
which the slope of the curveischangingwhenx =5is

() -60units/sec (b) 60units/sec (c) -70units/sec (d) -140units/sec
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59. The absolute maximum value of function f(x) = x3 — 3x + 2 in [0, 2] is
@0 (b) 2 (©4 (d)5

60. The function f(x) = ;—C + % has local minima at x equal to

@2 (b) 1 (©0 (d) -2

ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the following choices.

(a) Both (A) and (R) aretrue and (R) is the correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).

(c) (A) istruebut (R) isfalse.

(d) (A) isfasebut (R) istrue

1. Assertion: f(x) = tanx — x is alwaysincreases.

Reason: Any function y = f(x) is increasing if % > 0.

2. Assertion: f(x) = x* is decreasing in the interval (0, o).

Reason: Any function y = f(x) is decreasing if % < 0.

3. Assertion: The maximum value of 10% in [2,00) is é

Reason: Any function y = f(x) is increasing if % > 0.

4. Assertion: The function f(x) = x(x + 2)? isincreasing in (0,1) U (2, ).
Reason: < = 0, when x = 0,1,2.

5. Assertion: f(x) = :17 is decreasing in x € R — {7}.

Reason: fl(x) < 0, for all x # 7.

6. Assertion: f(x) = e* is an increasing function for all x € R.

Reason: f!(x) <0, then f(x) is an increasing function.
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7. Assertion: If f(x) =log(sinx), x > 0 isdtrictly decreasing in (gn)
Reason: f!(x) > 0 then f(x) is strictly increasing function.

8. Assertion: If f(x) = a(x + sinx) isincreasing function if a € (0, «).

Reason: The given function f(x) isincreasing only if a € (0, o).

9. Assertion: f(x) = x — i is strictly increasing in R — {0}.

Reason: A function f(x) is called decreasing in | if fl(x) < 0 foral x € I.

10. Assertion: f(x) = (x — 1)e* + 1 isanincreasing function for all x > 0.

Reason: f'(x) > 0 for all x € (0, ).

11. Assertion: f(x) = x?e™ is increasing in (0, 2).

Reason: f(x) 1s decreasing in (2, ).

12. Assertion: f(x) = x2 — x + 1 isneither increasing nor decreasing on (-1, 1).

Reason: f'(x) > 0 then f(x) isstrictly increasing function for all x € I.

13. Assertion: If m and M are respectively minimum and maximum values of f(x) = (x — 1)? + 3
for al x € [-3, 1] then (m, M) = (f(1), f(—3)).

Reason: f(x) is strictly increasing on [-3, 1].

14. Assertion: f(x) = sin (ZX + g) is strictly decreasing in X € (3?“,5?“) :

: . S . : .. 3m 5
Reason: The function given above is strictly increasing and decreasing in X € (?ﬂ,?ﬂ) .

15. Assertion: The function given as f(x) = tan~!(sinx + cosx),x > 0 is adways a strictly

increasing function in the interval x € (O,E).

Reason: For the given function f(x),f'(x) > 0 ifx € (O,E) .
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16. Assertion: For all real valuesof a, f(x) = sinx — ax + bisdecreasing onx € R.
Reason: Given function f(x) is decreasing only iff a € [1, o).
17. Assertion: Let f(x) = cos3x. Then it will beincreasing in aninterval iff f'(x) = 0 in that interval.

Reason: The function f(x) = cos 3x is increasing as f'(x) = 0 inx € E,g] .

18. Assertion: For f(x) = x + i,x # 0, maximum and minimum values both exist.

Reason: Maximum value of f(x) isless than its minimum value.

19. Assertion: f(x) = sin2x + 3isdefined for all real values of x.

Reason: Maximum value of f(x) is4 and minimum value of f(x) is 2.

20. Assertion: Let f(x) = e'/* is defined for all x € R.

1
Reason: f(x) = ex is always decreasing as f'(x) < 0 inx € R — {0}.

21. Assertion: An angle 6,0 < 6 < g which increases twice as fast as its sine, is g.

Reason: Rate of change of 3x? with respect to X is 6x.

22. Assertion: The rate of change of the volume of sphere (having radius ‘r’) with respect to its
surface areawhen r = 2 unitsis 1 units >/ units 2.

Reason: The rate of change of the surface area of the sphere of radius r when the radiusis increasing
at the rate of 2cm/sis proportional to r2.

23. Assertion: The radius of a balloon is increasing at the rate of 10cm/s. The rate at which surface
area of balloon isincreasing when radiusis 15cm is 1200xcm/s.

Reason: A spherical ice-ball melts uniformly. When its radius is 10cm, then the rate of the change

of its volume with respect to the radius is 400mcm3 /cm.
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24. Assertion: The length | of a rectangle is decreasing at the rate of 3cm/min and its width b is
increasing at the rate of 2cm/min. When | = 7cm and b =3cm, then the rate of change of area of
1

rectangleis 5cm?min~1.

Reason: For the above data given A, the rate of change of the perimeter of the rectangleis lcm/min.

2
25. Let us consider the function f(x) = il

X

Assertion: f(x) is increasing on (—00, — %) U G, 00)

o . 1 1
Reason: Critical points are - = and >

VERY SHORT ANSWERS
1. The amount of pollution content added in air in a city due to x-diesel vehicles is given by
P(x) = 0.005x3 + 0.02x? + 30x. Find the marginal increase in pollution content when 3 diesel

vehicles are added.

2. Show then the function f defined by f(x) = (x—1)e* + 1 is an increasing function for

al x> 0.

3. Find the intervals in which the function f is given by f(x) = tanx — 4x,x € (og) is

(@) strictly increasing (b) strictly decreasing.
4. Show that the function f is given by f(x) = x®— 3x* + 4x, x € R is strictly increasing on R.

5. A man 2m high walks at a uniform speed of 6km/hr away from alamp post 6m high. Find the

rate at which the length of his shadow increases.

6. A ladder 5m long is leaning against a wall. The bottom of the ladder is pulled along the
ground away from the wall at the rate of 2m/sec. How fast is its height on the wall decreasing

when the foot of the ladder is 4 away from the wall?
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7. At what point of the ellipse 16x2 + 9y? = 400, does the ordinate decrease at the same rate at

which the abscissa increase?

8. The area of an expanding rectangle is increasing at the rate of 48cm?/s. The length of the
rectangle always equals the square of the breadth. At what rate the length is increasing at the

instant when the breadth is 4.5cm.

9. The radius of a cylinder is increasing at the rate of 2m/sec and its height is decreasing at the

rate of 3m/sec. Find the rate of change of volume when radiusis 3m and the height is 5m.

10. The diameter and atitude of aright circular cylinder are found at a certain instant to 10cm
and 20cm respectively. If the diameter is increasing at the rate of 2cm/s, what change in the

atitude will keep the volume constant.

11. A particle moves along the curve y = §x3 + 1. Find the points on the curve at which the y-

coordinate is changing twice as fast as the x-coordinate.

12. Show that the function f(x) = :—i Isincreasing on R.

13. Show that the function f(x) = 2 — 3x + 3x* — x3isdecreasing on R.

14. Show that f(x) = tan™!(sin x + cos x) is strictly increasing function on the interval (0, E)

15. Find the absolute maximum vaue and absolute minimum value of the function

f(x) = 2x3 — 24x + 107 in [1,3].
16. Determine two positive numbers whose sum is 15 and sum of whose sgquares is minimum.

17. Find two positive numbers whose product is 64 having minimum sum.
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18. Divide 4 into two positive numbers such that the sum of the squares of one and cube of other

IS minimum.

19. Find two positive numbers x and y such that their sum is 35 and the product x?y> is

maximum.
20. Divide 64 into two parts such that the sum of the cubes of two partsis minimum.

21. The area of the circleincreasing at uniform rate of 2cm? /sec. How fast is the circumference
of the circle increasing when the radius r = 5cm?

22. The surface of a cube increases at the rate of 72cm?/sec. Find the rate of change of its
volume, when the edge of the cube measures 3cm.

23. The volume of a cube is increasing at the rate of 6cm?3/s. How fast is the surface area of
cubic increasing, when the length of an edgeis 8cm?

24. Find the interval in which the function x® — 12x? + 36x + 17 isstrictly increasing.

25. Find the interval in which the function f(x) = x* — 4x3 + 10 is strictly decreasing.

57 A q 9
> 1s discontinuous.

26. Find the points at which the function f (x) = po—

4+x?
x
27. Find the interval in which the function f(x) = 2x* — 3x isstrictly increasing.

28. Find the interval in which the function f(x) = x3 + xia, x # 0 is decreasing.

29. If M and m denote the local maximum and local minimum values of the function

f(x) = x +=(x # 0), find the value of (M —m).

16sin x

30. Show that the function f (x) = — X, 1s strictly decreasing in (g, n) .

4+cosx

31. Find the sub-intervals in which f(x) = log(2 + x) — ﬁ,x > —2 isincreasing or decreasing.

32. Find the maximum and minimum values of the function given by f(x) =5 + sin2x.
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33. Show that the function f (x) = 4x3 — 18x? + 27x — 7 has neither maxima not minima.

34. A particle moves along the curve 3y = ax® + 1 such that at a point with x-coordinate is 1,
y-coordinate is changing twice as fast at x-coordinate. Find the value of a
35. If the circumference of circle isincreasing at the constant rate, prove that rate of change of

area of circleisdirectly proportional to its radius.

36. If equal sides of an isosceles triangle with fixed base 10cm are increasing at the rate of
4cm/sec, how fast isthe area of triangle increasing at an instant when all sides become equal ?
37. If f(x) = a(tanx — cotx), where a > 0, then find whether f(x) is increasing or decreasing
function in its domain.

38. Find the intervalsin which the function f(x) = x* — 4x3 + 4x2 + 15 isstrictly increasing.

39. Find local maximum value and local minimum value (whichever exists) for the function
) = 4x% + = (x # 0).

40. Show that f(x) = e* — e~ 4+ x — tan™ ! x is strictly increasing in its domain.

41. Determine whether the function f(x) = x* — 6x + 3 isincreasing or decreasing in [4, 6].

42. Show that the function f given by f(x) = sinx + cosx is strictly decreasing in the interval
m 5T

G

SHORT ANSWERS

1. Show thaty = log(1 + x) — %, x > —1 is an increasing function of x throughout its domain.

2. Show that f(x) = 2x + cot ' x + log(\/ 14+ x2%— X) is increasing in R.

3. The median of an equilatera triangle is increasing at the rate of 2v/3cm/s. Find the rate at

which its sideisincreasing,
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4. Find the maximum and minimum values of f(x) = secx + logcos?x,0 < x < 2.

5. Find the absolute maximum and absolute minimum values of the function f given by

f(x) = sin®x — cosx,x € [0, ).

6. If the function f(x) = 2x® — 9mx? + 12m?x + 1, where m > 0 attains its maximum and

minimum at p and g respectively such that p? = g, then find the value of m.

7. Find the intervals in which the function f(x) = %x“ — §x3 —3x% + %x + 11 is (a) strictly

increasing (b) strictly decreasing.

8. Find the intervals in which the function given by f(x) = sinx+ cosx,0 < x < 21 is (a)

increasing (b) decreasing.

9. Find the intervals in which the following function is (@) increasing (b) decreasing:

f(x) = x* — 8x3 + 22x% — 24x + 21.

10. Find the intervals in which the following function is (@) increasing (b) decreasing:

f(x) = 2x3 — 9x% + 12x — 15.
11. Find the intervals in which the following function f(x) = (x — 1)3(x — 2)? is (a) increasing
(b) decreasing.

12. Find the intervals in which the following function x3 +Xi3,x # 0 is (a) increasing (b)

decreasing.

13. Water is dripping out form a conical funnel of semi-vertical angle% at the uniform rate of

2cm3 /s through atiny hole at the vertex at the bottom. When the slant height of the water is

4cm, find the rate decrease of the slant height of the water.
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14. A cone is 10cm in diameter and 10cm deep. Water is poured into it at the rate of 4 cubic

cm/min. At what rate is the water level rising at the instant when depth is 6cm?

15. The radius of the base of a cone is increasing at the rate of 3cm/min and altitude is
decreasing at the rate of 4cm/min. Find the rate if change of total surface of cine when radiusis

7cm and atitude is 24cm.

16. A water tank has the shape of an inverted right circular cone with its axis vertical and vertex
lowermost. Its semi-vertical angle is tan~1(0.5). Water is poured into it at a constant rate of 5
cubic meter per hour. Find the rate at which the level of the water is rising at the instant when

the depth of the water tank is4m.

17. Find the intervals in which the following functions are increasing or decreasing:

(i) f(x) = 2x3 —8x* + 10x+ 5 (i) f(x) = —2x3 — 9x? — 12x + 1.

18. Find the intervals in which the function f(x) = x* — 8x® + 22x% — 24x + 21 is increasing

or decreasing.

19. Find the local maxima or minima of the function f(x) = sin* x + cos*x,0 < x < g Find

aso the local maxima or local minimum values.

20. Find the local maxima or minima of the function 3x* — 2x3 — 6x% + 6x + 1. Find also the

local maxima or local minimum values.

21. Determine the maximum value and minimum value of each of the following in the stated

domains: (i) f(x) = x + sin 2x in [0, ] (i) f(x) = 2cos 2x — cos 4x in [0, m].

22. Divide a number 15 into two parts such that square of one multiplied with cube of the other

IS minimum.
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23. Find the dimensions of the rectangle of area 96 sq.cm whose perimeter is the least. Also find

the perimeter.
24. Show that of all the rectangle of given area, square has the smallest perimeter.

25. Show that the surface area of a closed cuboid with square base and given volume is

minimum when it is a cube.

26. Find the intervals in which the function f(x) = 10% Is strictly increasing or strictly

decreasing.

27. Find the absolute maximum and absolute minimum values of the function f given by
f(x) = ’2—C+ % on theinterval [1, 2].

LONG ANSWERS

1. Prove that the surface area of a solid cuboid of sguare base and given volume is minimum

when it isacube.

2. If the sum of hypotenuse and a side of aright angled triangle is given, show that the area of

the triangle is maximum when the angle between them is g

3. Show that the volume of the greatest cylinder that can be inscribed in a cone of height h and

. . A 4
semi-vertical angle ' o' is ;1Th3tan2 a.

4. The sum of the perimeter of acircle and asquare is k, where k is some constant. Prove that he

sum of their areasisleast when the side of the square is double the radius of the circle.

5. A window has the shape of arectangle surmounted by an equilateral triangle. If the perimeter
of the window is 12m, find the dimensions of the rectangle that will produce the largest area of

the window.
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2 2
6. Find the area of the greatest rectangle that can be inscribed in an ellipse z—z + Z—Z =1.

2 2
7. Find the maximum area of the isosceles triangle inscribed in the ellipse Z—Z + z_z = 1withits

vertex at one end of the major axis.

8. Show that a cylinder of a given volume which is open at the top has minimum total surface

area, when its height is equal to the radius of its base.

9. A window is of the form of a semi-circle with a rectangle on its diameter. The total perimeter
of the window is 10m. Find the dimensions of the window to admit the maximum light through

the whole opening.

10. If the length of three sides of atrapezium other than base is 10cm each, then find the area of

the trapezium when it is maximum.
11. Prove that of all the rectangle inscribed in a given circle, the square has the maximum area.

12. Prove that the radius of the right circular cylinder of greatest curved surface area which can
be inscribed in a given coneis half that of the cone.
13. An open box with a square baseis to be made out of a given quantity of cardboard of area c?

3
sguare units. Show that the maximum volume of the box is 6C—\/§ cubic units.

14. A tank with rectangular base and rectangular sides open at the top is to be constructed so
that its depth is 2m and volume is 8m3. If building of tank costs 370 per sq. meter for the base

and 45 per sq. meter for the sides, what is the cost of |east expensive tank?

15. A manufacturer can sell x items at a price of %(5 —%) The cost price of x items

IsX (E + 500). Find the number of items he should sell to earn the maximum profit.
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16. An open tank with a square base and vertical sidesisto be constructed from a metal sheet so
as to hold a given quantity of water. Show that the cost of the material will be least, when tdepth

of the tank is half of itswidth.

17. Show that a right circular cylinder of given volume, open at the top has minimum total

surface area, provided that its height is equal to the radius of the base.

18. Show that a closed right circular cylinder of given surface area and maximum volume is

such that its height is equal to the diameter of the base.
19. Show that the rectangle of maximum areathat can be inscribed in acircleis square.

20. Show that the rectangle of maximum perimeter which can be inscribed in acircle of radius a

is square of side av/2.

21. Prove that the height of aright circular cylinder of maximum volume that can be inscribed

. . . 2
in a sphere of radlusals—z.

5

22. Show that the triangle of maximum area that can be inscribed in a given circle is an

equilateral triangle.

23. A wire of length 50m is to be cut into two pieces. One of the two piecesisto be madeinto a
square and other into a circle. What should be length of two pieces so that the combined area of

the square and circle is minimum?

24. Show that the height of the cylinder of maximum volume that can be inscribed in a cone of

height H is~.

25. Given the sum of the perimeters of square and circle. Show that the sum of their areas is

least when the sides of the square are equal to the diameter of the circle.
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26. It is given that function f(x) = x* — 62x% + ax + 9 attains local maximum value at x = 1.
Find the value of ‘a’, hence obtain all other points where the given function f(x) attains local

maximum or local minimum values.

27. The perimeter of a rectangular metallic sheet is 300 cm. It isrolled along one of its sides to
form a cylinder. Find the dimensions of the rectangular sheet so that volume of cylinder so
formed is maximum.

CASE BASED QUESTIONS

1. Read the following passage and answer the following questions:

A tank as shown in the figure below, formed using a combination of a cylinder and a cone offers

better drainage as compared to aflat bottomed tank.

A tap is connected to such atank whose conical part is full of water. Water is dripping out from
a tap at the bottom at the uniform rate of 2cm?3/s. The semi-vertical angle of the conical
tank 45°.

() Find the volume of water in the tank in terms of itsradiusr.

(i) Find the rate of change of radius at an instant when r = 2v/2cm.

(iii) Find the rate at which the wet surface of the conical tank is decreasing at an instant when
radiusr = 2v/2cm.
(Or)

Find the rate of change of height h at an instant when slant height is 4cm.
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2. Read the following passage and answer the following questions:

In order to set up arain water harvesting system, atank to collect rain water is to be dug. The

tank should have a square base and a capacity 250m3. The cost of land is 35,000per square

meter and cost of digging increase with depth and for the whole tank it is ¥40,000h?, where his

the depth of the tank in meters. x isthe side of the square base of the tank in meters.
ELEMENTS OF A TYPICAL RAIN WATER HARVESTING SYSTEM

Catchement

Storage
Facility

Recharge
Facility

(i) Find the total cost C of digging the tank in terms of x.
.. dC
(i) Find -

(i) Find the value of x for which cost C is minimum.
(Or)

Check whether the cost function C(x) expressed in terms of x isincreasing or not, where x > 0.

3. Read the following passage and answer the following questions:

A volleyball player serves the ball which takes a parabolic path is given by the equation

h(t) = — gtz + 12—3t + 1, where h(t) is the height of ball at any time t (in seconds), (t > 0).
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(i) Is h(t) a continuous function? Justify.

(if) Find the time at which the height of the ball is maximum.

4. Following isthe pictorial description for particular page, selected by school administration.

Printed
Area X

Y

The total area of the page is 150cm?. The combined width of the margin at the top and bottom
is 3cm and the side 2cm.

Using the above information, answer the following questions:

(i) Find the relation between x and y.

(i) Find the area of the printable region of the page in terms of x.

(iii) What should be the dimensions of the page so that it has maximum area to be printed?

5. Mr.Shashi who is an architect designs a building for a small company. The design of window
on the ground floor is proposed to be different than other floors. The window isin the shape of a
rectangles which is surmounted by semi-circular opening. The window is having perimeter 10m

as shown below:
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Based on the above information answer the following:

(i) Find the combined area of the rectangular region and semi-circular region of the window
expressed as a function of x.

(i1) Find the maximum value of area of the whole window.

(iii) In order to get the maximum light input through the whole window, find the area of only

semi-circular opening of the window.

6. A box manufacturing company wanted to hire engineering graduates from an engineering
college. The instructor of company told a participant to construct an open box with square base
from a given quantity of cardboard having area C sg.units. Consider the figure of the box

shown. =y

Based on the above information, answer the following:
(i) Obtain the volume of the box in terms of x.
(if) At what value of x, the volume of box is maximum?

(i) Find the maximum value of the volume of the box.

7. Rahul owns a box manufacturing company, which is indulged in making steel boxes for
packing. The company received an order to construct an open box with square base for given
quantity of metallic sheet having an area C? sq. units. See the figure given below for the

dimensions of the box.
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Based on the above information, answer the following:
(i) Find the volume of the box in terms of y.
(ii) For what value of y, the volume of box is maximum?

(iii) Find the maximum value of the volume of the box.

8. The loca nursery charges the cost of planting trees by the following formula
C(x) = x3 — 45x? + 600x, where x is the number of trees and C(x) is the cost of planting x
trees in rupees. The owner of local nursery has imposed a restriction that it can plant 10 to 20
treesin community park for afair distribution.

Keeping the above discussion in mind, answer the following:

(i) What is the derivative of C(x) with respect to x?

(if) What are the possible number of treesif C'(x) = 0 ?

(i) For how many trees should the person place the order, so that his expenses are least?

(iv) How much is the least amount that the person hasto spend?

9. Swathi goes for walk in a community park daily. She notices two specific trees in line (as

seen in the figure below) whose heights are AP = 16m and BQ = 22m respectively are 20m

apart from each other. She stands at a point (say R) in between these trees such AR =x m.

Q

- ———— e
o

Using the information given above, answer the following:
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(i) Find RP? + RQ?, in terms of x.

(i) If RP? + RQ? is minimum then, find the value of x.

10. An online retail company ships its products in the cartons. Each of the cartons is made by a
rectangular sheet of fiberboard with dimensions of 8m by 3m. While making carton, equal
sgquares of side length x meters cut-off from each corner of the rectangular sheet of fiberboard.
After that, the resulting flaps are folded up to form the carton. See the given figure below to

identify the sides of carton.

X X

K—I_ ----------- T.‘( ///

Based on the above information, answer the following:

(i) Find the value of x (in metres) for which the volume V of the carton is maximum.
(i1) What is the length (in metres) of the carton formed, for maximum value of V ?

(iii) What is the maximum volume of the carton formed?

11. A socia organization working for welfare of the society, decides to conserve water in
village. For this purpose, the organization proposes to construct an open water tank having a
sguare base by using a metal sheet. The area of the metal sheet is to be least and water to be

stored in the tank is 4000 cubic meters.

Tank h

7

Using the information given above, answer the following:

x
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(i) For what value of x, the area (A) of the tank isleast?

(it) Write the least value of area (A).

12. Vasihnavi is running a small company of manufacturing LED bulbs. She can sell x bulbs at
aprice of ¥(250 — x) each. The cost price of x bulb is 3¥(2x? — 50x + 12).

Using the above information, answer the following:

(i) How many bulbs should she sell to earn maximum profit?

(ii) What is the maximum profit (in %) earned by her?

13. Mr.Rahul Modi is owner of a drum manufacturing company. He gets an order of
manufacturing cylindrical drums of high quality steel without top, with volume of V cubic units.
Using the information given above, answer the following:

(i) Assuming that r and h denote the radius of base and height of the drum respectively, then
find thevaueof hintermsof V andr.

(it) What isthe value of radiusr of base of the drum having least surface area?

(iif) What is the height of the drum, for which the drum is having least surface area?

14. A farmer has two small pieces of agricultural land. One is in the shape of sguare and the
other is in the shape of an equilateral triangle. To save his crops from stray animals, he decides
to fence his fields. For this purpose, he has a wire of length 40m. This wire has to be cut into
two pieces to fence around the fields. The first piece of wire of length x mis used for fencing
around the triangular field and the other piece is used for the square field.

Based on the information given above, answer the following:

(i) Let the combined area of square and triangle is denoted by A. Write A, in terms of x.

(if) For what value of x, the combined area (A), is minimum?

(iii) Find the value of minimum combined area (A) of both the fields.
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15. Mr. Narendra decides to build his own house. He purchases a land in a newly developed
colony of Chennai. He hires a tanker company to supply water for the construction work. Mr.
Narendra uses a cylindrical can of 1000mm3 to store water for the construction work of his
house. Assume that the radius of the base of canisr and height of canish.

Based on the information given above, answer the following:

(i) Find the surface area S of the can in terms of r.

(ii) For what value of r, the surface area of the can is minimum?

(i) Find the minimum value of the surface area of the cylindrical can.

16. Bharath is student of class XII. For his Math project, he buys a card-board of are 27 square
centimeters. He has to form an open box with squarer base to have maximum capacity and no

wastage of the card-board.

Based on the information given above, answer the following:
(i) Write the volume V of the box in terms of x.
(i1) What will be the value of x, so that the volume of box is maximum?

(iii) Find the maximum volume of the box.

17. Ray Kumar, who is a carpenter, designs a wooden window on order. The window is in the

shape of rectangle which is surmounted by an equilateral triangle as show below.
L
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Based on the above information given, answer the following:

(i) Find the combined region A of the rectangular and triangular region of the window expressed
as afunction of x.

(if) The carpenter is interested in maximizing the area of the whole window so that maximum
light input is possible. For this to happen, determine the length of rectangular portion of the
window.

(iii) In order to get the maximum light input through the whole window, find the area on only

triangular portion of the window.

18. A company deals in casting and molding of metal on order received fromits clients. A given
guantity of metal 1000 cubic units is to be cast into half cylinder with rectangular base and

semicircular ends.

'—__zr_{

Using the information given above, answer the following:

'

() Express the total surface area (A) of the half-cylinder, in terms of ' r .
(i) For what value of r, the total surface area (A) will be minimum?

(iii) What isthe value of h: 2r?

19. Read the passage given below and answer the following questions:
Let P(x) = 4x3 — 6x? — 72x + 30 is the total profit function of a company, where x is the

production of the company.
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(i) Determine the critical points of the profit function?
(if) Find the interval in the profit function is strictly increasing.

(iii) Find the interval in the profit function is strictly decreasing.

20. Rahul’s Mathematics teacher was explaining the topic increasing decreasing functionsin the
class. He explained about different terms like stationary points, turning points etc. He also
explained about the conditions for which a function will be increasing or decreasing. He took
examples of different functions to make it more clear to the students. He then took the function
f(x) = (x — 1)3(x — 2)? and ask the students to answer the following questions.

(i) Find the stationary points on the curve.

(it) Find the intervals where the function is increasing.

(i) Find the interval where the function is decreasing.

21. The bridge is in the shape of a trapezium as shown below. Its three sides other than base are

of 10m each. The height of the gate is h meter.

ix—r5-|_"[nm T —h

Based on the above information, answer the following:
(i) Express the areafunction in terms of x.
(i) Find the value of x, when areais maximum.

(i) Find the maximum value of A.

22. A balloon is being inflated with the help of an air pump and it remains spherical. Its radius,

the surface area and the volume of air in it are all increasing.
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Based on the above information, answer the following:
(i) Are the quantities: radius, surface area and volume of the spherical balloon changing at the
same rate or different rates, when air isfilled in it?
(if) Write the expressions for the surface area(S) and the volume (v) of the balloon at any time t
interms of radiusr at that instant.
(iii) At the instant when the radius of the balloon is 6cm and the radiusr isincreasing at the rate
of 2cm/s, find at what rate the surface area (S) of the balloon is increasing.

(Or)
At the instant when the radius of the balloon is 6cm and the radius r is increasing at the rate of

2cm/s, find at what rate the volume V of the spherical balloon isincreasing.

23. A fighter-jet of the enemy is flying along the parabolic path 4y = x2. A soldier is located at
the point (0O, 5) and is aiming to shoot down the jet when it is nearest to him.

Based on the above, answer the following questions:

(i) Let (X, y) be the position of the jet at any instant. Express the distance between the solider

and the jet as the function f(x).
(i) Taking S=[f(x)]? find %-
(ii1) What will be the position of the jet when the soldier shows it down?

(Or)
What will be the distance between the soldier and the jet at the instant when he shoots it down?
24. The equation of the path traced by a roller-coaster is given by the polynomial
f(x) = a(x+9)(x+ 1)(x — 3). If the roller-coaster crosses y-axis at a point (0, -1), answer the
following:
(i) Find the value of a.
(i) Find f""(x) at x = 1.
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25. In apark, an open tank is to be constructed using metal sheet with a square base and vertical
sides so that it contains 500 cubic meters of water.

Using the above information, answer the following:

(i) Find the minimum surface area of the tank.

(if) Find the percentage increase in volume of the tank, if size of square base of tank become
twice and height remains same.

26. The equation of the path traced by a roller-coaster is given by the polynomial
f(x) = ax + 9)(x + 1)(x — 3). If the roller-coaster crosses y-axis at a point (0. -1), answer the
following:

(1) Find the value of ‘a’.

(i) Find f" (x) atx = 1.

27. A volleyball player serves the ball which takes a parabolic path given by the equation

h(t) = — % t2 + 12—3 t + 1, where h(t) is the height of ball at any time t (in seconds), (t > 0).
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Based on the above information, answer the following questions:
(i) Ish(t) a continuous function ? Justify.

(i) Find the time at which the height of the ball is maximum.

194



28. Engine displacement is the measure of the cylinder volume swept by all the pistons of a
piston engine. The piston moves inside the cylinder bore. The cylinder bore in the form of
circular cylinder open at the top is to be made from a metal sheet of area 75wcm?..

Based on the above information, answer the following questions:

(i) If the radius of cylinder isr cm and height is h cm, then write the volume V of cylinder in
terms of radiusr.

(if) Find =

(iii) Find the radius of cylinder when its volume is maximum.

(iv) For maximum volume, h > r. State true or false and justify.

29. The use of electric vehicles will curb air pollution in the long run. The use of electric
vehicles isincreasing every year and estimated electric vehicles in use at any timet is given by

the function V:
V(t) = %t?’ —gtz + 25t — 2, where t represents the time t = 1, 2, 3,.... corresponds to year

2001, 2002, 2003,... respectively.

Based on the above information, answer the following questions:

(i) Can the above function be used to estimate number of vehiclesin the year 20007 Justify.

(if) Prove that the function V(t) is an increasing function.

30. A housing society wants to commission a swimming pool for its residents. For this, they
have to purchase a square piece of land and dig this to such a depth that its capacity is 250 cubic
metres. Cost of land is % 500 per square metre. The cost of digging increases with the depth and
cost for the whole pool is % 4000 (depth)?.

Suppose the side of the sguare plot is x metres and depth is h metres. On the basis of the above
information, answer the following questions:

(i) Write cost C(h) asafunction in terms of h.
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(i) Find critical point.

(iii) Use second derivative test to find the value of h for which cost of constructing the pool is
minimum. What is the minimum cost of construction of the pool?

(iv) Use first derivative test to find the depth of the pool so that cost of construction is
minimum. Also, find relation between x and h for minimum cost.

31, Sooraj’s father wants to construct a rectangular garden using a brick wall on one side of the
garden and wire fencing for the other three sides as show in the figure. He has 200 metres of

fencing wire.
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Based on the above information, answer the foIIOW| ng questions:

(1) Let ‘x” metres denote the length of the side of the garden perpendicular to the brick wall
and ‘y’ metres denote the length of the side parallel to the brick wall. Determine the relation
representing the total length of fencing wire and also write A(x), the area of the garden.

(ii) Determine the maximum value of A(X).

32. In an agricultural institute, scientists do experiments with varieties of seeds to grow them in
different environments to produce healthy plants and get more yield.

A scientist observed that a particular seed grew very fast after germination. He had recorded

growth of plant since germination and he said that its growth can be defined by the function
fx) = §x3 — 4x?% +15x + 2,0 < x < 10, where x is the number of days the plant is exposed

to sunlight.
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On the basis of the above information, answer the following questions:

(i) What are the critical points of the function f(x)?

(if) Using second derivative test, find the minimum value of the function.

33. The traffic police has installed Over Speed Violation Detection (OSVD) system at various
locations in a city. These cameras can capture a speeding vehicle from a distance of 300 m and
even function in the dark.

A cameraisinstaled on a pole at the height of 5 m. It detects a car travelling away from the
pole at the speed of 20 m/s. At any point, X m away from the base of the pole, the angle of
elevation of the speed camera from the car C is 0.

On the basis of the above information, answer the following questions:

(1) Express 0 in terms of height of the camera installed on the pole and x.

(ii) Find <.

(iif) Find the rate of change of angle of elevation with respect to time at an instant when the car
Is 50 m away from the pole.

(iv) If the rate of change of angle of elevation with respect to time of another car at a distance of
50 m from the base of the poleis 1(3;—1 rad/s, then find the speed of the car.

34. Over-speeding increases fuel consumption and decreases fuel economy as a result of tyre
rolling friction and air resistance. While vehicles reach optimal fuel economy at different
speeds, fuel mileage usually decreases rapidly at speeds above 80 km/h.

The relation between fuel consumption F (1/100 km) and speed V (km/h) under some constraints

2
isgivenasF =X Y414,
500 4

On the basis of the above information, answer the following questions:

(i) Find F, when V = 40km/h.
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.. . dF
(i) Find -
(iii) Find the speed V for which fuel consumption F is minimum.
(iv) Find the quantity of fuel required to travel 600km at the speed V at which % = —0.01.

35. A store has been selling calculators at *350 each. A market survey indicates that a reduction
in price(p) of calculator increases the number of units(x) sold. The relation between the price
and quantity sold is given by the demand function p = 450 — %x

Based on the above information, answer the following questions:

(i) Determine the number of units(x) that should be sold to maximise the revenue R(x) = xp(x).
Also, verify the result.

(it) What rebate in price of calculator should the store give to maximise the revenue?

36. A rectangular visiting card is to contain 24sg.cm of printed matter. The margins at the top

and bottom of the card are to be 1cm and the margins on the left and right are to be 1 %cm as

shown below:
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On the basis of the above information, answer the following questions:
(i) Write the expression for the area of the visiting card in terms of x.

(i) Obtain the dimensions of the card of minimum area.
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UNIT TEST
Duration: 1 hour Marks: 30

SECTIONA

Each carry 1 mark

1. Theintervalsin which the function f given by f(x) = x? — 4x + 6 isstrictly increasing in

(@ (—0,2) U (2,x) (b) (2, ) (©) (—,2) (d) (—o0,2] U (2, )
2. The maximum value of (i)x 18
@e (e (e @ (3"

1
3. The maximum value of [x(x — 1) + 1]5,0 < x < 1is

(@0 (b) (91 (d) °

4. Assertion: The ratio of change of area of a circle with respect to itsradius r when r = 6cm is

12mem? /cm.
Reason: Rate of change of area of a circle with respect to its respect toitsradiusr is i—’:, where A

isthe area of the circle.

(a) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.

SECTION B

Each carry 2 marks

5. A particle moves along the curve 3y = ax® + 1 such that at a point with x-coordinate is 1, y-
coordinate is changing twice as fast at x-coordinate. Find the value of a.
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6. Find whether the function f(x) = cos (Zx + g) IS increasing or decreasing in the interval

(3Tt 71'[)
8’8/

7. Show that the function f(x) = g + z decreases in the intervals (—3,0) U (0,3).

SECTION C

Each carry 3 marks
8. Find the intervals in which f(x) = sin3x — cos3x, 0 < x < 7, is strictly increasing or strictly
decreasing.

9. Find the minimum value of (ax + by), where xy = c?.

SECTIOND

Each carry 5 marks
10. Show the height of the right circular cylinder of greatest volume which can be inscribed in a

right circular cone of height h and radiusr is one third of the height of the cone and the greatest
volume of the cylinder isg times the volume of the cone.

11. Sum of two numbers is 5. If the sum of the cubes of these numbers is least, then find the

sum of the squares of these numbers.

SECTION E
12. Read the following passage and answer the following questions:

Engine displacement is the measure of the cylinder volume swept by all the pistons of a piston

engine. The piston moves inside the cylinder bore.

o e T S i
— R~ . R
‘——_\ ‘ — S o chamber E5T-FTN == Aluminium
‘ == \‘ ~ =N (s ! L o) z_{ =4 cylinder head
od| il b s P R e iy
| ~ » [T | e =rTY] \ Cylinder head
i o L | e | i ? 3 '| \\surface that is
l: . ‘ i e =t Jor o 71 5| machined fst
- ; 4 ’»0 |[ I"' | \ ' ~ e - - g
wt g1l i Tal il & & | P O
| pL* " { " | | | ) 3 . Piston
- - . 1 1 s - &
One complate crvuc of & four-cylinder four - Oy
Stroke engne. The volume dsplaced is marked Engne block . / 200




The cylinder bore in the form of circular cylinder open at the top is to be made from a metal
sheet of are 75mcm?.
(i) If the radius of cylinder isr cm and height is h cm, then write the volume V of cylinder in
terms of r.
(if) Find <.
(iii) Find the radius of cylinder when its volume is maximum.

(Or)

For maximum volume, h > r. State true or false and justify.
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ANSWERS

MCQ A-R VSA SA LA CS
1. (b) x == 1. (@ 1. 30.255 3. 4cm/s 6. 2ab 1. (i) 2mrd
e 3
2.(d r z 4. Maxi = V3 .
2. (¢) 75v3cm? (d) 3.(8 S <x <3 aximum value vé 34—3ab sq units. (i) ﬁcm/sec
3. (b) T 2(1 —log2)
3.(b) 12 b)O<x <= 20 10
Oy D05 9.(Zx)mand () m | (i) 2omiie) 2isec(On) = em/
4. (d) 126 4. (b) & 3 Minimum value = —1 an
: : r
5 10. 75v/3 sq.cm. sec
5. (C) (—00,2] U 5.(3) 8 5. Absolute Maximum = -
| ' 0. —3m/sec 14, 35500 - _ 62500
6. (C) i 2. (i) C(x)=40000x ——+
[3,00) g g Absolute Minimum = -1 x
2@ |7 (3.5) and (-3,-3). 15. 240 items 5000
6. R = 2 50w 200
8. 7.11cm/s 23.—m,—m ..\ —4Xx40,000X62500
27-[27'(27"”1,2 _ 8. (d) 3 7. (a) (_2’1) U (3’ OO) 4+m 441 (||) = + 10'000x
9. 33mm"® /sec. A - .
9.(b 26. a = 120, Critica points | ... o
h3) () T (b) (—o0,—2) U (1,3) P (iii) C(x) is minimum at x =
10. (& . are -6, 1, 5 and f attains
7.(b) 2Vab @ 5 1 8. (o) 0,7 U [ 2] 10m.
.| 11.(0) 1L (1’5) and (_1' 5) local maximum value at x =
8. (b) Increasing Tal (Or)
12. (b) 15. Absolute maximum (b) [Z’T 1 and local minimum ' ' .
i T C(x) is not increasing for x > 0.
n 0’2 vaue=89a x =3
13. (a) - - 9.(3) [1,2] U [3, ) valuesat x = -6, 5. _ _ _
9, (b) No value Absalute min 3. (i) Continuous function
, 14. (0 solute minimum (b) (=00, 1] U [2,3]
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of b exists

10. (c) (-0, 0)

1@ (=5.5)
12. (c) f(x) isan
increasing
function

13. (@ An
increasing
function

14. (d) 49

15. (b) [-2, -1]
16. (b)

Decreasing in

G ")

17. (b) 0

15. (3)
16. (d)
17. ()
18. (a)
19. (a)
20. (d)
21. (d)
22. ()
23. (d)
24. ()

25. (@)

vaue=75ax=2
16. 2 and 2

2 2
17. 8and 8
18. 2 and2

3 3
19. 10 and 25
20. 32 and 32

21. gcm/sec

22. Ans: 54cm3 /sec

23. 3cm?/sec

24, (—=00,2) U (6, )

25. (—o0,0] U [0,3]

26. Ans: 0, -2, 2

10. (a) (—o, 1] U [2, )
(b) 1, 2]

11. (@ x € [2,0) orx €
(=e.5]

(b)x € 2,2

12. (a) (—o0, —1] U [1, 00)
(b) [-1,0) U (0,1]

13. 2% em/s

14, %cm/min

15. 967 sq.cm/min
16.Zm/hr.

17. (i) Increasing in (-o0, 1]

U [2, o] and

decreasing in [1, 7]

27. Length of rectangle is
100cm and breadth of

rectangle is 50cm.

(i)t = E seconds

4. (i) xy = 150

(ii) 156 — 2x — 3 (=)

(ili) x = 15cm and y = 10cm
5. (i) A = 10x — (2 +§n)x2
(i) A = 2> m?

T+4

501
4)2

(|||)

6. (i) =%
(i) x = \/g units
(ii) £ \E units *

7. () L2L y4‘y

(iy=— unlts
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18. (c) One
maxima and one
minima

19. (c) (-o0,0)
20. (b) A
decreasing
function

21. (d) -2

22. (9
Decreasing

23. (@) Strictly
increasing

24. (d) x < -2
and alsox > 6
25. (a)

Increasing on

27. (oo, —%) U (% o)
28. [-1,1] — {0}
29. -4

31. f(x) is decreasing in
(— 2, 0) and increasing in

(0, ).

32. Maximum value is 6

and minimum valueis 4
34.a=2

40 2
36. A om /s

37. f(x) is an increasing

function in its domain.

(i) Increasing in [-2, -
1] and decreasing in
(-00,-2] U [-1, )

18. Increasing in [1, 2]
U [3, ) and decreasing in
(-o0, 1] U [2, 3]

19. Local minimum value =

T

1
_atx=_
2 4

20. Local maximum value =

X =;
Local minimum value = -6
ax=-1

21. (i) Maximum

value = 2n

Minimum value=0

(iii) % units 3

8. (i) 3x2 — 90x + 600
(i) x = 10, 20

(iii) 20 trees

(iv) 2000.

9. (i) 2x? — 40x + 1140
(ii) x = 10m

10. (i) x = gm.

(i) =*m

@ 3
(iii) —,m

11. (i) x =20m
(i) 1200m?
12. (i) 50 bulbs

(ii) T 7488.
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(-o0,-D) U (1,
o) and
decreasing on (-
1,1)

26. (8) —=

27. (b)x=2
28. () 0

29. (d)
Increasing
function

30.(@) 1<x<3
2

31. (b) =

32. (a)

Decreasing

33.(c) x3

38. (0,1) U (2, )

39.

Local minimum value =
1

f(5)=3

40.

f is increasing over [4,6].

(if) Maximum
value=23

2
Minimum value = -3
22.6and 6

23. Dimensions are

v/96 and V96

Perimeter = 44/96

26.

For strictly increasing, x €

(0, e) and for strictly decreasi
(e,)

27.

Absolute maximum value =
5

2

absolute minimum value = 2

13. () h = —

ir=()"
(iii) h = (%)1/3

14.() 4 = ()" 4 2

4 12v3
..\ 120V3
(i) RN
400 2
(iii) WAL

20007

15.(i)) S = mr? +
(if) r = 10m
(iii) 300rm?

. 27x x3
16. (I) V= > 2
(ii) x = 3cm

(iii) 13.5cm3

17. (i) x*v/3 + 6(2x — x?)

205




34.(c) (0,0)
35. (c) Strictly
decreasesin

(1, o)

36. (a) -4

37. (d) No value
of a

38. (d)

-0 <a<-3

39. ()

40. (c) r

41. (b) 2

42. (c)
10v3cm?/s

43.(C)0& 2

. 12
(i) —zm

...y 1243 2
(1i1) 13—4\/§m

18. (i) A = 22 4 2 + 222
r nr

(n+2)]1/ 3

2

(mr=1o[

(i) 7: (r + 2)
19. (i) -2, 3

(i) (—o0, —2) U (3, )

(iii) (-2, 3)

ZQG)LZE

(i) (=00, 1) U (1,3) U (2,0)
Gii) (2, 2)

21. (i) (10 + x)V100 — x2

(ii) x = 5m
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@ ()
45. (b)

Strictly decreasing
46. (a) 4, 0
47.(c) 1

48. (d) V2

49. () X < -2

50. (b) [1, o)

51. (b) f'(x) >
0,Vx € (a,b)
52. () (-, 0)
53. (b) (-2, -1)
54. (b) strictly
increasing on R

55.(ak>1

(iii) 22 m?

22. (i) No, they are changing at
the different rates.

(i) S = 4mr? and V = gnr3

(iii) 96mem?s (Or) 288ncm’/s

23. (1) Distance

=+ (2-5)

(i) - x (x? — 12)

(i) (+£2+/3,3) (Or) 4 units
24. (i)

(i) =

25. (i) 300m?

(if) 300%
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56. (c)
32mcm? /cm
57. (b) 6cm/s
58. (a) -
60units/sec
59.(c) 4

60. (a) 2

26.Ans. (i)a =—=

1

27

(i) f"(1) =3

27. (i) h(t) is continuous

function

(ii) Height is maximum at t = E

28. () V = g (751 —r3)
iV Y = (75 — 342
(i) — =3 (75 — 3r%)
(iii)r=5
(iv) False
29. (i) For the year 2000,t =0
& V(0) = - 2 and the number of

vehicles cannot be negative,

therefore the given function V(t)
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cannot be used.

125000
h

30. (i) + 4000h?
(ii) 2 or 25

(iiii) T75000

(iv) x =4h

31. (i) 2x + y = 200, x(200 — x)

(i) 5000 sg.m

32.()3&5 (if) =2

33. (i) tan~" () (i) 22 =

T 52442
(iii) ;T‘*lrad/s (iv) —15m/s
34. () F= ?I/lOOkm

. |4 1

(II) g — Z

(iii) V = 62.5km/hr
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(iv) 37.2l

35. (i)
Revenue is maximum when x =
450 units are sold

(ii) 2125

36. (i) 2x +7x—2+ 30
(ii) Length = 9cm & Breadth =

6cm

UNIT TEST

1. (b) (2,0)

2. (c) el/®

3.(c)1

4. (a) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of Assertion (A).

5.a=2.
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6. f(x) is increasing in (%ﬂ,%ﬂ).
7. Proof

. o 7 11 . . 7 11
8. f(x) is strictly increasing in (O, E) U (—n,—n) and strictly decreasing (E,—n) U (—n,n).
4 127 12 4’12 12

9. 2cvab

10. Proof
11.2
2

12. (i)gx (75r —r3) (ii)%ﬂ(ZS—rz) (iii) r=5cm (Or) h>risfase
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CHAPTER 7-INTEGRALS

INTEGRATION ASAN INVERSE PROCESS OF DIFFERENTIATION

Integration is the inverse process of differentiation. Instead of differentiating a function, we are

given the derivative of afunction and asked to find its primitive, i.e., the original function. Such

aprocess is called integration or anti differentiation.

SYMBOLSTERMSPHRASES WITH

INTEGRALS

THEIR  MEANINGS

INVOLVED

Symbols/Terms/Phrases

Meaning

-J-f[x}dx

Integral of fwith respect to x

fix) in If[x‘}d.r

Integrand

xin _I-f[a"'}'i"'

WVariable of integration

Integrate

Find the integral

An mtegral of f

A function F such that
F'{x) =1 (x)

Integration

The process of finding the integral

Constant of Integration

Any real number C, considered as
constant function

IN
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FORMULAE

Derivatives Integrals (Anti-Derivatives)
n+l n+1
d (x _n n X
dx\n+1 =X fx dx=n+1+C,n¢—1
d
E(x)=1 Jdx=x+C
a(sin X) = COoSXx [ cosxdx =sinx + C
a(cos x) = —sinx [ sinxdx = —cosx + C
a(tan x) = sec® x [ sec? xdx = tanx + C

P (cotx) = —cosec? x
x

[ cosec? xdx = —cotx + C

—(secx) = secxtanx
7 (5€CX)

[ secx tanxdx = secx + C

:_x (cosecx) = — cosec x cot x f cosec xcot xdx = —cosecx + C
a(cos‘1 x) = \/% J \/% =—cos tx+C
j_x (tan™x) = 1 -I-lx2 I 1 f—xxz g e
j_x(c‘)t_l X =7 -|_-1xz I'1 ixxz = oot +C
a(sec‘lx) =x\/% J x\/%:sec‘lx+c

;—x(cosec_l x) = x\/% | x:Tx—l = —cosec ' x +C
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d

a(ex) =e* [e*dx =e*+C
d 1 -1 fld =log|x| +C
-~ (log|x]) =~ —dx = log x

d ax X

—_ = x x =
dx(loga) 4 [ a*dx loga-l_C

METHODS OF INTEGRATION
0 Integration by Substitution
0 Integration using Partial Fractions

0 Integration by Parts

INTEGRATION BY SUBSTITUTION

The method of evaluating integrals of a function by suitable substitution is called integration by

substitution.

@me I mportant Integrals Involving Trigonometric Functions \

(i) J tanxdx = log |secx| + C

(ii) [ cotxdx = log |sinx| + C

(iii) [ secxdx = log|secx + tanx| + C

\i) J cosecxdx = log |cosecx — cotx| + C /

INTEGRATION BY PARTS
To integrate the product of two functions we use the integration by parts. The method is as

given below:
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J F)g@)dx = f) [ g(x)dx = [ [f' () g(x)dx]dx
(Or)
[udv = uv — [ vdu

I ntegrals of Some Particular Functions

1 [ == =—logf—|+C

x2—q? x+a

dx__ _ 1) atx
2. [ =" =Zogf2| +C

aZ — x2

3. [ =—tan'(O)+C

x2+a? a

d
4.f\/ﬁ=log|x+-\/x2— a’|+C
dx — anlX
5. | = =S £ C

6. [ 7= = loglx + VxZ + a?|+C

%
7. [Va? —x2dx =>Va? —xZ + =sin' >+ C

8. [Vx? —a2dx = ZVx? — a? —a?zlog|x +VxZ—a?|+C

2
7%
9. [ Va? + xZdx = Va? + x + —log|x + VxZ + a?| + C

10. [ e*(f(x) + f'(x))dx = f(x) - e* + C




INTEGRATION BY PARTIAL FRACTIONS

Rational Function: Rational function is defined as the ratio of two polynomialsin the form of

P(x)
Q(x)

then it issaid to be proper, otherwiseit is called an improper rational function.

where P(x) and Q(x) are polynomialsin x. If the degree of P(x) isless than degree of Q(x)

Thusif % isimproper, then by long division method it can be reduced to proper function.

g E"; T(x) + ’;1((")) where T(x) is afunction of x and 2 )) is aproper rational function. Such

fractions can be evaluated by breaking in factors given as follows:

S.No. | Form of the rational function Form of the partial fraction
px+q A B
1. —_—
(x=a)(x-b)’ i (x-a) ¥ (x-b)
2 px+q A B
: - - .
(x-a)* (x-a) (x-a)*
y px’+qx+r A B . €
(x-a)(x-b)(x-c) (x-a) (x=-b) (x-0)
2iox+
& pX q‘l‘ r A B 4 C
(x-a)“(x-b) (x-a) (x-a)* (x-b)
| pPrgtr A B C D
. o - o +
(x-a)’(x-b) (x-4) (x-a)® (x-a)® (x-b)
2
IX“+gx+r
6. —E—,?—- B -*B—!-t£~ ,where x? + bx + ¢ cannot be factored further|
(x=a)(x*+bx+c) (x-a) P+bx+c

The constants A, B, C etc are obtained by equating coefficients of like terms from both sides or

by substituting any value for x on both sides.

DEFINITE INTEGRALS

If F(X) is the integral of f(x) over the interva [a, b] i.e., | f(x)dx = F(x), then the definite
integral of f(x) over the interval [a, b] is denoted by f;’ f(x) is defined as
f; f(x)dx = F(b) — F(a) where ais called the lower limit and b is called the upper limit of

integration and the interval [a, b] is called the interval of integration.
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SOME PROPERTIES OF DEFINITE INTEGRALS
Po: J), f(x)dx = [} f(6)dt

Pi: [ fOO)dx = — [ f(x)dx. In particular, [* f(x)dx =0
P: ff feOdx = [ f(x)dx + fcb fx)dx

Py: [ f(x)dx = [ f(a+b - x)dx

Py: [y f(x)dx =[] f(a—x)dx

Po: [ f(x)dx = [ f(x)dx + [ f(2a - x)dx

2 [, f)dx, if f(2a - x) = f(x)

Pe: [, f(x)dx = { 0if f(2a — x) = —f (x)

P,: (i) f_aa f(x)dx =2 foa f(x)dx, if f is an even function, i.e., if f(—x) = f(x).

(i1) f_aa f(x)dx = 0, if f is an odd function, i.e., if f(—x) = —f (x).

MULTIPLE CHOICE QUESTIONS

1. [ e*(cos x — sin x)dx is equal to

(a)e*cosx + C (b) e*sinx + C (c)-e*cosx+C (d)—e*sinx + C

2.If [ 375 x = ax + blog|4e* + 5e~*| + C then

4eX+5e7%

-1 7 1 7 -1 -7 1 7
(a)a=?,b=g (b)a=§,b=§ (C)G,:?,b:? (d)a=§,b=?
3. f x(l"‘)zd is equal t
.Je T x2 X 18 equal to

eX —eX eX —eX
(a) 1+x2 +C (b) 1+x2 +C (C) (1+x2)2 +C (d) (1+x2)2 +C
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4. [ 2**2dx is equal to

@ 252 + C (b) 2**2log 2 + C © 12:;

5. fon/ ® tan?(2x)dx is equal to

(a) =%

441 4—-11

(b) - (©) =

4

t
6f —dt—a then fo (1 o2

bya+1-2

dt is equal to

(a)a—1+E (@a—1—§

7.1F f1(x) =x+i then f(x) is

(a) x> +log|x|+ C (b) §+log|x| +C

8. [/}, x3cos? xdx is equal to
(@0 (b) -1
9.
(@

(© 1 (d) 2

(;__13)3 e*dx is equal to

3E4C

+C (b) +C

1)3 1)2
10. [ e3°8%(x* + 1)~'dx is equal to

(b) 2log (=

) %log(x4 +1)+C

x4+1

1LIf [

= %, then the value of 'a'is

(c) V3

4+x2

@2 (b) 2v3

T [} .
12. The value of [ tan? (g) do is
(@ m++3
13. [

(@) 2log(logx) + ¢ (b) —

(b)3V3 —m ©+V3—m

x(lo dx is equal to

logx

(c) = +log x| +C

)+c ©

(logx)®
(©=—

2x
(d)2-@+C

(d)

da+1+-

(d) > —log|x| +C

O

1)2

(d)

4+1 4+1

CF=

d)m—+3

+c (d) (logx)3
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14. The value of [, x|x|dx is

1 1 1
(3 (b)= (©)- = (d) 0
Ccos 2x .
15. mdx is equal to
(a) tanx — cotx + C (b) —cotx —tanx + C
(c) cotx + tanx + C (d) tanx — cotx — C

16. f_11 %dx,x # 0 is equal to
@-1 (b) 0 ©1 (d) 2
17. The value of fon/G sin 3xdx is

V3 1 V3 1
@ - (b) -2 © (d)

18. The value of fon tan? (g) do is

(@m++3 (b)3V3—m ©V3—m (d)m—+/3

19. [ e5°8*dyx is equal to:

@Z+C b +c (©) 5x* + C (d) 6x5 + C

1

X L !
20. If [ i—zdx = k- 2x + C, then k is equal to

1
log2

(@ - (b) ~log2 (0)-1 (d)

21 If <= (f(x)) = logx, then f (x) equals :

(@ —=+C () x(logx—1)+C  (c)x(logx +x) +C (d)=+C

22. [¢ sec? (x — g) dx is equal to :

@ % (b) = (©)V3 (d) V3
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1+tanx

23. [

dx is equal to

1-tanx
(a) sec? G + x) +C (b) sec? (% - x) +C
(c) log|sec G+x)| +C (d) log|sec G—x)| +C

2
1+cos2x

24. The primitive of

(@) sec?x (b) 2sec? xtanx (c) tanx (d) —cotx
25. 1f foa 3x%dx = 8, then the value of 'a ' is :
(@2 (b) 4 ©) 8 (d) 10

26. If d% [f(x)] = ax + b and f(0) = 0, then f(x) is equal to

@a+b (b) =+ bx (% +bx+c (d) b
27.1f = f(x) = 2x + and f(1) = 1, then f(x) is

(@) x? + 3log x| + 1 (b) x2 + 3log |x|

3
2

©2-= (d) x* + 3log |x| — 4

X

28.1f | 02n cos? xdx = k fon/ ® cos? xdx, then the value of k is
(@4 (b) 2 (©1 (dO0
29. [ 2**2dx is equal to :

(@ 252 + C (b) 2%*2l0g 2 + C ©) fgz

2x
+C @2 +C

2cos2x—-1

30. [ dx is equal to :

1+2sinx
(@ x—2cosx+C (b)x+2cosx+C (c)—x—2cosx+C (d)—x+2cosx+C

31 f02 V4 — x?dx equals :

(@) 2log2 (b) -2log2 (©) g (d)
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32. [e* (xx_+21) dx is equal to :

@<+ )<+ ©5+C @-+C

secx

33.f dx equals

secx—tanx

(@ secx —tanx + C  (b) secx +tanx + C (c) tanx —secx + C (d) —(secx +tanx) + C
1 |x-2| .

34. |2, S dx,x # 2 is equal to

(@ 1 (b) -1 (©) 2 (d) -2

35. The integral [ % is equal to

.1 (2 .1 (2 . _1(2 3N (2
(@ %sm 1 (?x) +c (b) %sm 1 (?x) +c (c) sin~?t (?x) +c  (d)sin ) (?x) +c
36. If foa __dx =2, then the value of '@ 'is :
4+x 6

@2 (b) 2v3 ©v3 (D=

2 V3

/2 sinx—cosx :
37. fO P Syw— dx is equal to
/2 2sinx 2

(a) T (b) 0 (C) J‘0 1+sin xcos x dx (d) T

38. The value of f://: cot Ocosec?0d0 is

@ -  ©0 @ -5

30.1f [ 2e**dx = [ e*dx, the value of "a'is

(@1 (b) 2 ()4 OF

40. Anti-derivative of V1 + sin 2x,x € [O, %] 1S

(8) cosx + sinx (b) —cosx + sinx (C) cosx — sinx (d) —cosx — sinx
41. The value of [ |x|dx is

@ -2 (b) -1 (1 (d) 2
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42. L _dxis equal to

x(log x)?
(8) 2ogllog) +¢  (b) — -+ CRay (@ g +
43. The value of f_ll x|x|dx is
(3 (b)= (0) = (d) 0

44.1f [°) x*dx =k f; x*dx + [, x?dx, then the value of k is
(a2 (b)1 (90 (d) >

45. The value of [, logxdx is

@o0 (b) 1 (c)e (d) eloge
ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) isfollowed by a statement of Reason

(R). Choose the correct answer out of the following choices.

(@) Both (A) and (R) are true and (R) is the correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).
(c) (A) istruebut (R) isfalse.

(d) (A) isfasebut (R) istrue

1. Assartion:; [ —ox

2 x+V10—x x=3

Reason: [ f(x)dx = [, f(a+ b — x)dx

3

. 8 i0—x
2. Assertion: [, s =

Reason: [ f(x)dx = [’ f(a + b — x)dx
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VERY SHORT ANSWERS

tan3 x

1. Find: [ dx

cos3x

X

> dx.
x“+3x+2

2. Find |

3. Evaluate | 12

- 2]

2x2

4. Find the value of [ x(1 — x)"dx

. x—1
5. Fll’ld. f m
. 0 1+tanx
6.Fdndq j;n/4 I:E;;;
. dx
7.F&nd.f V?fj;fg;f
8 Find'fexmdx
) ’ 1+cos 2x
1 tan"1x
9. Evaluate: [ ——
dx

10. Evaluate: fol Worae

COS 2X—COS 2

11. Find: [ dx

cosx—cosa

. x3-1
12. Find: [ = dx
13. Evaluate: [, |x + 2|dx

14. Find: [ xvV/1 + 2xdx

2

15. Evaluate: [ # sinVx

0 ﬁdx

16. Find: [ £ dx

3
17. Evaluate: [* —

0 x6+ab
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18. Given —F (x) = \/—

—1

19. Find: f

ogx)%2-5logx+4

20. Evaluate: | 0n/4 .

sinx+cosx

21. Find: [ (2 5

1

22. Evaluate: |2 cosx - log ( +i) dx

2

23. Find: [ cos® xel°8sinxqy

24. Find: [ xv1 + 2xdx.

sm\/_

25. Evaluate: f 2 dx

27. Find : [ dx.

( 2-1)
28. Find : [ cos?® xelo8sin*dx

dx

3
29. Evaluate: [

646

1

30. Evaluate : |2 cosx - log( +x) dx

X
2

31.Find : [

(x 2+1)(x2 —4)

SHORT ANSWERS

1. Find: [

(x— 1)(x2+1) x

1

2. Find: [ FADED dx

3. Find [ e ¥ (LX) gy,

1+x2

and F(1) = 0, find F(x).
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CosXx

4. Find: [ dx

sin 3x

5. Find: [ x?log(x? + 1)dx

2
6. Evaluate: [ 1x

—x4

dx

in6 6
Sin® x+cos” x
7. Evaluate: [ ————

sin? x-cos? x

X

8. Evaluate: [ ﬁd}(

) x [Sin4x—4

0. Evaluate.fe (1_cos4x)
i)

10. Evaluate: [ -1 -2)

11. Find: [ sin~? /i dx
a+x

12. Find: J ——5—dx

12
13. Evaluate: [ ——=
. Evaluate: | —————
(x24+4)(x%2+9)

(3sin 6—-2)cos 6

5—cos2 6—4sin 0

14. Find: [

15. Find: | =2 dx

_ 2x
16. Find: [ (2x=5)e™"
(2x-3)3

dx
dx

sin(x—a)cos(x—b)

17. Evaluate: [

18. Find: | [log(logx) + Uoglx)z] dx

19. Evaluate: f_z |x3 — x|dx

1

20. Evaluate: [~ —

0 14eSinx dx

21. Find: [ —&

COS XV COS 2x
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5x-3

%2
(x2+4)(x2+9)

23. Find: [

24. Evaluate: [ (Jx — 1| + |x — 2| + |x — 3|)dx

25. Evaluate: f_zz :—idx

1
x[(log x)2—3log x—4]

26. Find: [

27. Find: [ x? - sin™*(x3/?)dx

28. Evaluate: [ 0n/4 .

sinx+cosx

29, Find: [ — %

(x+1)(x—1)

T

30. Evaluate : [+

0 1+cos2x+sin2x

xdx

31.Find:fex[ 1 el ]dx

(1+x2)§ V1+x2
. 2x+3
32. Find: [ 20r3)
Cosx
33. Evaluate : [ —————dx

0 ecosx+e—cosx

34. Find: [ x

(x+1)(x—1)

35. Evaluate: [2 [log(sinx) — log(2cos x)]dx.

1

FaRaEr

36. Find: [

37. Evaluate: [2 e*sinxdx

38. Evaluate: [ |sinx — cos x|dx.
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x2

(x24+4)(x%249) x

39. Find: [

40. Evaluate | ™* log(1 + tan x)dx.

0

T[
xdx

41. Evaluate :

0 1+cos2x+sin 2x

42. Find : [ e* |— *_1d
n fe [(1+x2)%+ 1+x2] X
. 3x+5
43 Find : f m X
44, Find [ ——2
J/sin3 xcos(x—a)

45. Find [ et (222 gy

1+x2

46. Evaluate |, log V3 :

logV2 (eX+e~*)(e¥—e~*) aF

47. Evaluate f_ll |x* — x|dx.

48. Find [ —dx

x2)3/2

49. Find [ e* (s ) dx

1—-cosx

50. Find [ Wd

51. Evaluate [° f(x)dx, where f(x) =

52. Evduate: f \/W

CosXx

53. Find: f
54. Find: [ x?log(x? + 1)dx.

55. Find: [ dx

ex
Ve?X—4e¥—5
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56.

S7.

58.

59.

60.

61.

62.

63.

65.

66.

67.

68.

69.

70.

71.

12.

73.

74.

.Find: [

4 1
Find: f1 —_— _Zx_ldx

] f x%+x+1
(x+1)2(x+2)

Find

Evaluate: [ /2 (ﬂ) dx

1-cos2x

Evauate: [°, xzsx dx

Find: f ﬁdx

Evaluate: fon/z Vsin xcos® xdx.

1

1+4eSinx

Evaluate: [ 021:

Find: [

x2+6x+12

(1- x)(1+x2) x

(x=x)""?

dx

x4

Evaluate: | 11/3

Evaluate: [ {|(x — 1)| + |(x — 2)[}dx.

x4

Find: fm X
Evaluate : f 4 W22
_— 1+cos2x

Find: [ e (x5 + 2x3)dx

Evaluate: fn/z xsin xcos x

sin* x+cos*x

Evaluate: [ (|x — 1| + |x — 2|)dx

. cos 6
Find: f V3-3sin 6—cos2 0 do

. 2x2+41
Find: [ YRy dx

Evaluate: [ (Jx — 1] + |x — 2| + |x — 3])dx.
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/4 1
sinx+cosx

75. Evauate: |

76. Evaluate: [*, |==dx

1
x[(log x)2—3log x—4]

77. Find: [

78. Find: [ x? - sin™*(x3/?)dx
79. [ x?log(x? — 1)dx

80. Given —F(X) = and F(1) =0, find F(x).

\/_

—1

81. Find: [

(logx)2—5log x+4

2x+3
x2(x+3)

82. Find: [

eCOS X

83. Evaluate : fon —————dx

eCO0SX 4 e—COSX

2x+1
(x+1)2(x-1)

84.Find : [

LONG ANSWERS

sinx+cos x
9+16sin 2x

1. Evaluate: [*

2. Evaluate: [2 sin2xtan™(sinx)dx

3. Find: f (3cosx—2)sinx

5—sin? x—4cos x

x3+|x|+1
x2+4|x|+4

4. Evaluate: f_zz

5. Evaluate: [? sin 2xtan™"(sin x)dx

sinx+cosx
9+16sin 2x

6. Evaluate: [*

7 Find: f (3cos x—2)sinx

5—sin? x—4cos x

X3 +|x|+1
x2+4|x|+4

8. Evaluate: f_zz
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UNIT TEST
Duration: 1 hour Marks: 30

SECTIONA

Each carry 1 mark
1. [ x%e*’ dx is equal to

1 3 1 4 1 3 1 2
(a);ex +C (b) Eex +C (C) Eex +C (d)zex +C

f e*(1+x)

pvCTI— dx is equal to

(a) tan(xe*) + C (b) cot(xe*) + C (c) cot(e*) + C (d) tan[e*(1 + x)] + C

3. f_11 |§:z| dx,x # 2 is equal to

@1 (b) -1 (©)2 (d) -2
4. [*: sec? xdx is equal to
4

(@ -1 (b) 0 (© 1 (d) 2

1
1+x2

5. Assertion: If f'(x) = x +— and £(0) = 0 then f(x) = < + tan""x.

xTL+1

Reason: [ x™dx = +C

n+1

(a) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.
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SECTION B

Each carry 2 marks

8. Evaluate: fol x%e*dx

SECTIONC

Each carry 3 marks

9. Find: [ e* - sin 2xdx

10. Find: fm X
. dx
11 Flndf m.

SECTIONC

Each carry 5 marks

VxZ+1[log(x%+1)— Zlogx]d
4

12. Find: [

13. Evaluate: [, (Jx — 1| + |x — 2| + |x — 4])dx
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ANSWERS

MCQ A-R VSA SA LA
I (a) e¥cosx + C L@ | secx_scxy 0 L+ x+2loglx—1] - 1;5log9 or ;5log3
5 3 2 2
—1p=Z 2. (a) m
2.@a=-b=g 2. —log[x+ 1| +2log [x + 2| + | 2og|x? + 1] + Stan™" x + 2371
C 3. -3l - 2|+
2.2.2log \/—+1| +C og|cosx |
4 2
B —= :
4 2 3. xeottx L o cosx 2+C
1
4, — 4.2log2 —*
4-m (n+1)(n+2) P call
5.(a) e 4. 10g|1 4sm2 +C
(x—3)2 52-1
6. (b)a+1—§ > log @ TC 5.§x3log\/1+x2—§x3+§x— 2
1 1
6. log V2 6.510g9 or 5log3

x2
7. (b) 7+ log|x|+ C
8.(a)0

9. (d) +C

1)2
10. (a) ilog(x4 +

1)+C

8. %ex -secx+C

9 L

32

10.10.v5 =3

2
;tan‘1 x+C

|1+x

— itan‘lx +C

7.tanx —cotx —3x+ C

8.sin™?! (e +2) +C

9.e*-cot2x+C

7. —=3log|cosx — 2| +

4

cosx—2

+C

8. 2log2 — -
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11.(b) 243
12.(b)3V3 -1
13. (b) —@+ c

14.(d) 0
15. (b) —cotx — tanx +
C

16. (b) 0

17. (d) g

18.(b) 3v3 — 7
19.(0) = +C

20. (a) —

10g2

21. (b) x(logx — 1) +

C

11. 2sinx + 2xcosa + C
12. x + log |x| — log |x + 1| + ¢

13. 4

(1+2x)§ (1+2x)

10 6

3
2

14. +C

15.2
16. %loglezx +e |+ C

1 _
17. —tan"ta®
3a

18.sin"1(x — 1)

19,1
3

logx—4|
logx—1

1
20. ﬁlog(vz 3 1) OIS =
1
Elog(vZ — 1)

+

213 log|(1- %)

¢ OR %10g|( .

x2-1
_ )|+c

22.0

10. x — 2log |ﬁ—:i| +C

11.a[£tan‘1\F—\F+tan‘1\/z]+
a a a a

C

P4

12.210 | |+—tan 1X4C

7 U 3.
13. —Ztan 'Z+Ztan i+ C
5 2 ' 5 3

4

sin -2 +C

14. 3log|sin 6 — 2| —

15. —51n_1\/7+C

er

" 2(2x-3)2 i 4

sin(x—a)

+C

"
cos(a-b) cos(x—b)

18. x - log(logx) — é +C
19.2

4
20. ©

21.sin"!(tanx) + ¢
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22. (a) %

T
23. () log |sec (Z +
x)| +C
24. (c) tanx
25.(a) 2
26. (b) 2=+ bx

27. (b) x? + 3log |x|

28.(a) 4
29.(0) 2= + ¢
log2
30. (b) x + 2cosx + C
31.(d)n
2. () -+

33. (b) secx +tanx + C

cos*x

23. — +C
5 3
24 (1+42x)2 _ (1+2x)2 16
10 6
25.2

26. %loglezx +e |+ C

22.

—§V1 + 4x — 2x2 +

V2sin™! <\/§(x— 1) +c

23. _?Ztan‘1 (g) + %tan‘1 G) +C

24.5
25.2n

1 logx—4
26. 510g logx+1|

3

. 3
27. % lx3sin‘1 (xi) + 362—2\/1 —x3 =

isin‘1 (x%)] +C

1 1
28. ﬁ1og(\/§ +1)or — E1og(\/§ - 1)

Vx—-1

= 1
29. tan™'vx + - log |\/§+1

|+c

T
30. 1—610g 2
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34. (d) -2
35. (b) Ssin™ (£) + ¢
36. (b) 2v3

37.(0) 0

38.(a) -

39.(c) 4
40. (b) —cosx + sinx
41.(c) 1

1
42. (b) - @ +c
43.(d) 0

44. (a) 2

45, (b) 1

X

X
3l.e NeFewi

+c

-1 1 1
32. —+log|x| —Jlog|x + 3| + ¢
33.2

2

Vx-1
Vx+1

34. tan 1 vVx + ilog

|+c

b4 1 T

36. 2[log(vx + 1) —log(vx + 2)] +

Vx+1
Vx+2

Cor210g( )+C

37.1e”/2+lorl(e”/2+1)
2 2

38.2v2 -2

39, —2tan~'Z + 3tan1X 4 ¢
5 2 s 3

40. %log 2

T
41. Elog 2

X

X
42. e NEEw

+c
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43. 3VxZ+2x + 4+ 2log|(x + 1) +
Vx? + 2x + 4| +c

2 .
44, —m\/sma + cosacotx + ¢

45, x4 ¢
] A

46. Zlog;

47.1

xsin~1x

4 Vi-x2

+%log|1 —x?|+c
49. —excot§+ C

50. Vx% —4x — 5 + 4log|x — 2 +

Va2 —4x—5| +c
51.a
52. -

53. —%longcoseczx —4|+C
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x3 2 2 [x3
54, ?log(x +1)—§[?—X+

tan~! x] +C

55. log|eX — 2 + Ve2* —4e* — 5| + C

26+73/2-33/2 or 26+7V7-3V3
6 6

56.
57. —2log|x +1| — ﬁ + 3log |x +
2|+ C
58. 2 e™/2

2
59.°

3

eX+2

60. sin™?! ( =

)+c

o £

" 231

62. 1

63. x — 3log|x? + 6x + 12| +

2+/3tan™! (x—j;) +C
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64. —log|l—x|+ %log(x2 +1)+

tan"'(x) + C

65. 6

66. 3

67.% + x +Llog|x — 1| —
2 2

Zloglx + 1| —Stan™ x + C
[

68.(Z— 1)

69.%ex2(x4) +C
7'[2

70. —

16

71.3

72.

log |(sin 0 — g) +

Vsin20 — 3sinf + 2| +C
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73. — = + Ztan™! (E) +C
4x 8 2
74.5

1 1
75. Elog(\/? + 1) or — Elog(\/f -

19

76. 21

77. 2log [2E
5 logx+1

3

; 3
78. % lac3sin_1 (xi) + %2\/1 —x3 —

3
%sin‘1 (xi)] +C
2 x3  2[x3
79. lOg(X — 1) X?—g[?-*—X'l'

. log

2

= +c
x+1
80. F(x) = sin"!(x — 1)

logx—4

1
81. glog a1

|+¢c
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-1 1 1
82.7+§log|x| —gloglx +3|+c

83.=
2
x—1 1

x+1 2(x+1)

3
84. Zlog

UNIT TEST

1 (a) ze*’ +C

2. (a) tan(xe*) + C
3.(d) — 2

4.(d) 2

5. (b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of Assertion (A).

6.sin"?! (xT_Z) +C
7. %tan"1 (%3) +C
8.e—2

9. %(Sin 2x — 2cos2x) + C
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x%4+1
x242

10. log

|+¢

11. —2 \/sina + cos acotx + C
cosa

12.= 2! [(":1)3/2 log (=32 - %(xi?)m] +C

23

13. —
2
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CHAPTER 8- APPLICATION OF INTEGRALS

AREA UNDER SIMPLE CURVES
— Area bounded by the curve y = f(x), the x axis and between the ordinates x =a and x = b 1s

given by

Area = fab ydx or fab f(x)dx

— Area bounded by the curve x = g(x), the x axis and between the abscissasy =candy = d is

given by
q q Y y
Area = [ xdyor [ g(y)dy ﬁ d d
x=1) x=fy)
o
0 ol =
— Area of the region bounded by the curve y = f(x) some portion of which is above the x-axis
and some below the x-axisis A
y = HAx)

Area = |[*f(0dx| + [ f(x)dx x=a / |

O M A

x=Cc x=0

AREA BETWEEN TWO CURVES

— Area of the region between two curvesy = f(x) andy = g(x) and thelinesx =aandy =bis

b . Yp
Area = J- [f(x) — g(x)]dx, f(x) = g(x) in [a, b] y=fix)

e

Hx=u x=h °°
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Ik

pefix) y=glx)

— If f(x) > g(x) in [a, c] and f(x) < g(x) in [c, b], wherea<c <b

Area = [ [f(x) — g(0]dx + J [g(x) — f(]dx

() x=

— Area of shaded region as shown in figure Yo ¥ =8 y=fix)

Area = [ f(x)dx + [ g(x)dx

dv=ax=cx=p "
MULTIPLE CHOICE QUESTIONS
1. The areabounded by theliney = x, x-axisand linesx =-land x = 2is
(@) 0 sg. unit (b)%sq. units (c)%sq. units (d) g Q. units

2. The area of theregion bounded by y = [x — 1|andy = 1is
(a2 (b)1 CF (d) =
3. The area of the region bounded by thecurvex =2y + 3and linesy=1andy =-1is
(@) 4 sg. units (b) % sg. units (c) 6 sg. units (d) 8 sg. units
4. Arealying in the first quadrant and bounded by the circle x* + y? = 4 and the lines x = 0 and
X=2is
(@) () CF (o)~
5. Areaof the region bounded by the curve y* = 4x, y-axisand theliney = 3is
9 9 9
(82 (b)2 CE (d) 2
6. The area of the region bounded by the curvey = V16 — x? and x-axisis
(a) 8 7 sQ. units (b) 20 m sq. units  (c) 16 wsq. units  (d) 256 m sq. units

7. Area of the region bounded by the curve y = cosx between x =0 and x = 1 is

() 2 sg. units (b) 4 sg. units (c) 3 0. units (d) 1 sg. unit

2 2
8. The area of the region bounded by the ellipse )2{—5 + % =1is

(a) 207 sq. units (b) 20n% sg. units ~ (c) 167° q. units  (d) 257 sq. units
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9. The area of the region bounded by the curve x =2y + 3and thelinesy =1 andy =-1is

(a) 4 sg. units (b) z Sg. units (c) 6 sq, units (d) 8 s, units
10. The area bounded by the curvey = S\/Q thelinex =1 and x-axisis Sg. units.
@ 2 (b1 (c)6 (d) None of these

11. The area of the region bounded by the curvesy = |x — 2|, x = 1, x = 3 and x-axisis
(a) 4 (b) 2 (c)3 d1

12. The areain the first quadrant bounded by y = 4x?, x =0,y =1andy = 4is

€) g sqg. units (b) % sqg. unit (© % sqg. unit (d) None of these
13. The area bounded by the curve y* = x, liney = 4 and y-axisis

(@ ? (b) % (©) 72 (d) None of these

14. Find the area of the triangle formed by thelinesy =2x,x=0andy =2is

@1 (b) 2 ()3 (d) 4

15. Area bounded by the curve y = sinx and the X-axis between x = 0 and x = 27 is

(@) 2 sq. units (b) O sq. unit (c) 3 sq. units (d) 4 sq. units

16. Area of the region bounded by the curve y = cosx between x = 0 and x = 27 is

() 4 sg. units (b) 3 9. units (c) 2 s9. units (d) 1 sg. unit

17. The area of the region bounded by x-axis, thelinesx =2andy =x is

(@) 2 sg. units (b) 4 sg. units (€) V2 sq. units (d) & sq. units
18. The area of the region bounded by the curve y* = 9%,y = 3x is

(a) 1 sg. unit (b) % sg. unit (¢) 4 sg. units (d) 14 sg. units

19. The area of a minor segment of the circle x? + y? = a? cut off by the line x = g is

€)) % (41 — 34/3) sq units (b) %(4‘“ — 3) sq units

(€)= (3 — 4) sq units (d) None of these

20. The area of the region bounded by the liney — 1 = x, the x-axis and the ordinates x = -2 and
x=3is

@ g sq units (b) % sq units (c) % sq units (d) % sq units
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21. Areaof the region bounded by curve y? = 4x and the x-axisbetweenx =0andx =1is

()2 (b)2 (0)3 (d) 2

22. The area bounded by the curve y = /x, y-axis and between thelinesy =0andy = 3is
(@ 2v3 (b) 27 (©)9 (d) 3

23. The area of the shaded region bounded by the curves y? = x,x = 4 and the x-axis is given by

@ J 04 xdx T

LED
-

(b) J, y*dy

(©) 2, Vxdx o T T . Ui

(d) f; Vadx

ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the following choices.

(a) Both (A) and (R) aretrue and (R) is the correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).

(c) (A) istrue but (R) isfalse.

(d) (A) isfasebut (R) istrue

1. Assertion: Areaenclosed by the circle x? + y? = 16 is 16m . units.

Reason: Areaenclosed by circle x? + y? = r?isar?,

2. Assertion: Areabounded by y = [x — 1| from -2 to x = 0is 4 sg. units.

Reason: y = [x — 1] isdifferentiablein R.

3. Assertion: Area of the region bounded by the parabolax?=4y,y=1,y=4andx =0is ff xdy.

Reason: Area under a curve x = f(y) and right of y-axis lying between the ordinatesy =aandy =b

isgiven by fab f(y)dy.
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4. Assartion: Area of the region given by {(xy):y?<6x2<x<5%xy=0} =

= f25 V6x dy. sq. units.
Reason: Area under a curve x = f(y) and right of y-axislying between the ordinatesy =aandy =b
isgiven by fab f(y)dy.

5. Assertion: Area of the region bounded by the parabolax®=y andy = 2x is foz 2xdx — foz x2dx.

Reason:

6. Assertion: Area of the region bounded by the parabolay2 = 4x, x = 1, x =4 andy = 0 is
5_6 't

5 Sq. units.

Reason: Area under a curvey = f(x) and above x-axis lying between the ordinatesx =aand x = b is

given [ f(x)dx.
7. Assertion: The area of the region bounded by the curvey = x2 and theliney =4 isg%.
Reason: Area of the bounded by x = f(y) and theliney =4is 2 f: xdy.

8. Assertion: The area of the region bounded by y = x + 1, x-axis and the linesx = 2 and x = 3
. 5 .

is> sq. units.

Reason: The intercept made by the liney = x + 1 on the coordinate axes are 1 unit left and 1 unit

above of origin respectively.

9. Assertion: The region bounded by the curvey = V22 — x? isa semicircle above the x-axis.
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Reason: Area of the semicircle y =v22 —x? is haf of the area bounded by the equation

X2 +y? =4,

10. Assertion:

Area is f_41 [g(x) — f(x)]dx a
Reason: If f(x) > g(x), for al x € (ab) then area bounded by these two curves is
b

J, fx) — g()]dx.

VERY SHORT ANSWERS
1. Find the area bounded by the parabola y? = 4ax, its axis and the two ordinates x = a and

X = 2a
2. Find the area bounded by the by the parabola y? = 4ax, a> 0 and its latus rectum.
3. Find the area bounded by the parabolay = x*— 1, x-axisand theliney = 8.

4. Find the area bounded by the curve y? = 4ax and the line y = 2a and y-axis.

5. Find the area bounded by the curvey = V4 — x? and x- axis.

6. Find the area of the region bounded by the parabola y* = 12x and its latus rectum.
2 2
7. Using integration, find the area of the region bounded by the ellipse X: + % =1.

8. Sketch the region {(x,y): 4x? + 9y? = 36} and find its area using integration.

9. Using integration, find the area of the region bounded by the line 2y = -x + 6, x-axis and the

linex=2andx =4.

10. Using integration, find the area of the region bounded by the line 3y = 2x + 4, x-axis and the

linex=1andx=3.
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11. Sketch the region bounded by thelines2x + y =8, y = 2, y = 4 and the y-axis. Hence, obtain
Its area using integration.

SHORT ANSWERS

1. Using integration, find the area of the region bounded by the curvesy = |[x + 1| + 1, X = -3,

x=3andy=0.

2. Using integration, find the area of the region bounded by the curves after making rough

sketchof y=|x+1]+1,x=-2,x=3andy =0.

3. Find the area of the smaller region bounded by the ellipse Z—z +i)’—z = 1 and the straight line

4. Find the area of the region bounded by the curvesy = x*+ 2,y = x, x = 0and x = 3.

5. Find the area of the region enclosed by the parabolax® =y, theliney = x + 2 and the x-axis.
6. Find the area enclosed by the parabola 4y = 3x? and the line 2y = 3x + 12.

7. Find the area enclosed between the circle x? + y? = 25 and theline x +y = 5.

8. Using integration, find the area bounded by the curve x* = 4y and the line x = 4y — 2.

9. Find the area of theregion {(x,y):x?> + y? < 4,x +y = 2}.

10. Sketch the graph y = |x + 3| and evaluate the area under the curve y = |x + 3| above x-axis

between x =-6to x = 0.

11. Find the area of the following region using integration: {(x, y): y?> < 2xandy = x — 4}.
12. Using integration, find the area of the region bounded by y = mx (m>0), x =1, x =2 and

the x-axis.
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LONG ANSWERS
1. Using integration, find the area of the triangular region whose sides have the equations

y=2x+1, y=3x+1landx =4.

2. Sketch the region bounded by the curvesy = v5 — x? and y = |[x — 1] and find its area.

3. Using integration, find the area of the triangular region whose sides have the equations

X+2y=2,y—-x=1land2x+y=7.

4. Using integration, find the area of the region: {(x,y): x| <y < M}

5. Find the area of theregion: {(x,y):0 <y <x*+10<y <x+1,0<x < 2}.
6. Find the area of theregion: { (x,y): (x,y):x? +y? <1 <x +y}.

7. Using the method of integration, find the area of the region bounded by the lines 2x + y =4,

3x—-2y=6andx—-3y+5=0.

8. Using integration, find the area of the region bounded by the triangle whose vertices are

(2,5), (4, 7) and (6, 2).

9. Using integration, find the area of the following region: {(x, y):% + % <1< g +

N <

10. Using integration, find the area of the triangle ABC where A(2, 3), B(4, 7) and C(6, 2).

11. Using integration, find the area of the ellipse ™ + - = 1, included between thelines x = - 2

and x = 2.
12. Using integration, find the area of the region bounded by the parabola y? = 4ax and its latus

rectum.
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13. The area of the region bounded by the liney = mx (m > 0), the curve x? + y? = 4 and the x-

axisin thefirst quadrant isg units. Using integration, find the value of m.

14. Find the area of the region bounded by the curves x? = y,y = x + 2 and x-axis using the
integration.
15. Sketch the graph of y = x|x| and hence find the area bounded by this curve, x-axis and the

ordinatesx = -2 and x = 2, using integration.
16. Find the area of the region {(x,y):x? + y?> < 1 < x + y}, using integration.

17. Find the area of the region bounded by thelinesy =4x + 5, x + y =5and 4y = x + 5 using
integration.

18. Using integration, find the area of region bounded by liney = +/3x, the curvey = V4 — x2
and y-axisin first quadrant.

19. Using integration, find the area of triangle whose vertices are (-1, 1), (0, 5) and (3, 2).

20. Find the area of the smaller region bounded by the curves g + 31’—2 =1 and g + % =1, using
integration.

21. Using integration, find the area bounded by the ellipse 9x% + 25y? = 225, the lines x = -2,

x = 2 and the x-axis.

22. Using integration, find the area of the region bounded by the circle x? + y? = 16, liney = x

and y-axis but lying in the 1% quadrant.

23. Find the area of the triangle ABC bounded by the lines represented by the equations
5x-2y-10=0,x-y—-9=0and 3x — 4y — 6 = 0, using integration method.
24. Using integration, find the area of the region bounded by the triangle ABC when its sides are

given by thelines4x -y +5=0,x+y-5=0andx -4y +5=0.
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25. If A, denotes the area of region bounded by y? = 4x, x = 1 and x-axis in the first quadrant

and A, denotes the area of region bounded by y? = 4x, x =4, find A;: A,.

26. Find the area of the region bounded by the linesx — 2y = 4, x = -1, X = 6 and x-axis, using
integration.
27. Using integration, find the area of the region enclosed between the curve y = V4 — x? and

thelinesx = -1, x = 1 and the x-axis.
CASE BASED QUESTIONS

1. Graphs of two functions f(x) = sinx and g(x) = cosx is given below:

Based on the above information, answer the following questions:
(i) In [0, 1] the curves f(x) = sinx and g(x) = cosx intersect at x = ?
(i) Find the value [# sinxdx.

T

(iii) Find the value of [ cosxdx.
4

2. Location of three houses of a society is represented by the points A(-1, 0), B(1, 3), C(3, 2)

and D(3, 0) as shown in the figure.

- . i | -
e
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Based on the above information, answer the following questions:
(i) Write an equation of line AB.
(if) Write an equation of line BC.

(iii) Find areaof A ABC.

3. Inthe figure O(0, 0) isthe center of the circle. The liney = x meets the circle in the first quadrant

3

at the point B.

Based on the above information, answer the following:
(i) Find the equation of the circle.
(i) Find the coordinates of point B.

(iii) Evaluate the area of the shaded region.

4. A mirror in the shape of an ellipse is represented by §+§= 1 whas hanging on the wall.
Sanjeev and his daughter were playing with football inside the house. All of sudden, football hit

the mirror and got a scratch in the shape of line represented by - + 2 = 1.

Based on the above information, answer the following:
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(i) Sketch the smaller region bounded by the ellipse and straight line.

(i) Find the points of intersection of ellipse and line.

(iif) Find the value of = f v9 — x%dx.

5. The sector of acircle bounded by the circle x? + y? = 16 and the liney = x in the first quadrant
isshown in the figure. ‘

Based on the above information, answer the following: 7 "‘

(i) Find the point of intersection of the both curves. /I | B

(ii) Find the area bounded by the two given curves. ' ¥

6. The bridge connects two hills 100ft apart. The arch on the bridge Is in a parabolic form. The
highest point on the bridge is 10ft above the road at the middle of the bridge as seen in the

figure.

Based on the above information, answer the following:
() Find the equation of the parabola designed on the bridge.

(ii) Find the area formed between x? = 250y, y axis,y = 0 and y = 10.

7. A student designs an open air honeybee nest on the branch of a tree, whose plane figure
parabolic, whose equation is y* = 2x and the branch tree is given by a straight line.

Based on the above information, answer the following:

(i) Draw the rough diagram of given parabola and straight line.

(i) Find the point of intersection of parabola and straight line.

(iii) Find the area enclosed by the two given curves.
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8. A child cut a pizza with knife. Pizzais circular in shape which is represented by x? + y? = 4

and knife represents x = /3y. On the basis of the above information, answer the questions

given below.

(i) Find the point of intersection of circle and straight line.

(if) Find the area enclosed by the circle, line and x-axis.
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UNIT TEST
Duration: 1 hour Marks: 30

SECTIONA

Each carry 1 mark

1. The areaenclosed by thecirclex? + y? = 2 isequal to
(a) 47 sq. units (b) 2v/27 sq. units (c) 47% sg. units (d) 27 sq. units

X2
a2

2. The area enclosed by the ellipse = + E—z = 1 1s equal to

(a) * ab sq. units  (b) mab sq. units (c) ma’b sq. units  (d) mab? sg. units

3. The area of the region bounded by the curve y = x? and the line y = 16 is

€) % sq units (b) % sq units (© % sq units (d) 12—8 sq units

4. Assertion: The area bounded by the curve y = cosx in | quadrant with coordinate axes is 1

square unit.

Reason: fog Cosxdx = 1.

(a) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.

SECTION B
Each carry 2 marks
5. Using integration, find the area of the region bounded by the line 2y = 5x + 7, x — axisand the

linesx =2 and x = 8.

6. Find the area of the region {(x,y):x* + y* <1 < x +y}.
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7. Find the area bounded by parabola y? = x and straight line 2y = x.

SECTIONC

Each carry 3 marks

8. Sketch the graph of y = |[x + 1| and find the area enclosed by this curve x = -3, x = 1 and
X-axis.

9. Find the area of the region enclosed by the parabola y? = 4ax and the chord y = mx.

SECTIOND

Each carry 5 marks

10. Find the area of the region in the first quadrant enclosed by the x-axis the line x = v/3y and
thecirclex? + y? = 4.

11. Using integration, find the area of the region bounded by the triangle whose vertices are

(-1, 1), (O, 5) and (3, 2).

SECTION E
12. Area bounded by the curve y = f(x), the x-axis and between the ordinatesat x =aand x = b

IS given by A

b b ¢~
Area== [ ydx = [ f(x)dx

o I; X

Based on the above information, answer the following:

(i) Draw the graph of f(x) = |[x + 3|, what does the value of the definite integral on the graph

represents?

(ii) Find the value of [, |x + 3|dx.
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ANSWERS

MCQ A-R VSA SA LA CS
> i 1. (a 4 _ 1. 16 sg.units 1. 8 sg.units. i =
1. (d) > sq. units @ |1 -(2V2 sq q 1.()3
2. (c . 27 . 5 . .42 5. 11
: 3.(d)
3. (c) 6 5. units 2. §a2 sq.units 3. %(n - %) sq.units (i) 1 -~
. 4. () vz
a)n jgo4 ; 2) sq.units '
5. (3 3. S~ Sq.units ) sq 3. 6 sg.units 2.()y = ;(x +1)
5. (b) 2 2 5 . e sq.units 4. 7 sq.units
4 6.(ad |4 5 sq.units 2 i)y = _71)( +§
. 23 .
6. (a) 8 m sq. units . 9 . 5. — sq.units
(2)8msq 7.(d) | 5.2n sq.units 5.7 sq.units 6 (iiil) 4 5. units
7.@2squnits | g 0 g : 6.2 : 6.2 — 2 sq.units
. (d) . 24 sg.units . 27 sq.units 7 3 54 3.i) x2 +y? = 32
8. (a) 207 sq. units :
9.(Q) |7.6msq.units 7 % (- 2). 7 % % (i) (4, 4)
10. (@) | 8.2 sq.units

9. (¢) 6 5q, units
10. (b) 1
11. (d) 1

12. (a) g sqg. units

9. 3 sq.units
10. % sg.units

11.5

8.2 sqg. units

8
9. (T — 2) sg,units
10. 9 sg.units

11.18

12. 3m
2

8. 7 sq. units

3T .
9. 5 = 3 sq. units.
10. 9 sg.units

11. 4\/§+8?”

12. 842
3

(ii1) 4w sq.units

4. (i)

(ii) (0, 2) and (3, 0)
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13. (b) 63—4

14. (a) 1

15. (d) 4 sq. units
16. (a) 4 sg. units
17. (a) 2 sg. units
18. (b) = 0. unit
19. @ (n-
3v/3) sq units

20. (c) 1?7 sq units
21. (d) =

22.(c) 9

23.(d) ' Vxdx

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25,

26.

S _
I
N |-

[N
v |5

w ]

57 —10

%m + 15sin™

2

()

(iii) =

5. (i) (2V2,2V2)

(ii) 27 sq. units

6. (i) x2 = —250y

(i) == sq. units

7. (ii) (2. -2) and (8, 4)
(iii}) 18 sgi. units.

8. (i)

(1,43) & (-1, —/3)

(if) = g1 units
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27.x/§+2?"

UNIT TEST
1. (d) 2w sq. units

2. (b) mab sq. units
3. (b) 232 sq units
4. [2 Cosxdx =1

5. 96 sg.units

6.~ ( — 1) sq. units
7.% sq. units
8. 4 sg.units

8a? )
0. % sq.unlts
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10. g sg.units

11. 175 sq.units

12. (i) Yy Y=x+3
y=-x+3)forx<-3 forxz-3

-4,1) -2.1)

(i) 9
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CHAPTER 9- DIFFERENTIAL EQUATIONS

DIFFERENTIAL EQUATION
An equation containing an independent variable and a dependent variable and the derivatives of

the dependent variable with respect to the independent variable is called an ordinary differential

equation.
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ORDER OF A DIFFERENTIAL EQUATION
Order of a differential equation is defined as the order of the highest order derivative of the
dependent variable with respect to the independent variable involved in the given differential

eguation.

DEGREE OF A DIFFERENTIAL EQUATION
When a differential equation is in a polynomia form in derivatives, the highest power of the
highest order derivative occurring in the differentia equation is called the degree of the

differential equation.

Order 2
(-)6*——- Degree 3
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ﬁOTE: \

(i) To determine the degree, the differential equation has to be expressed in a polynomial
form. If the differential equation cannot be expressed in a polynomia form in the

derivatives, the degree of the differential equation is not defined.

(ii) Order and degree (if defined) of a differential equation are always positive integers.

<

SOLUTIONS OF A DIFFERENTIAL EQUATIONS

Solution of a differential equation is function of the formy = f(x) + ¢ which satisfies the given

differential equation.

General Solution: The solution of a differential equation which contains a number of arbitrary

constants equal to the order of the differential equation.

Particular Solution: A solution obtained by giving particular values to arbitrary constants in

the genera solution.

DIFFERENTIAL EQUATION IN VARIABLE SEPARABLE FORM
If the differential equation is of the form f(x) dx = g(y) dy, then the variables are separable and

such equations can be solved by integrating on both sides. The solution is given by
[ f(x)dx = [ g(y)dy + C, where C is an arbitrary constant.

HOMOGENEOUSDIFFERENTIAL EQUATIONS
A function F(x, y) is said to be homogeneous function of degree n if F(Ax, Ay) = A" F(X, y) for

any nonzero constant A.

PROCEDURE TO SOLVE THE HOMOGENEOUSDIFFERENTIAL EQUATIONS

To solve a homogeneous differential equation of the type % =Fxy) =g (g)
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We make the substitution y = v.x

------ 1)

Differentiating equation (1) with respect to x, we get % =v+ xj—z
dv

v+ X& = g(v)

dv _
XdX - g(V) \

Separating the variable we get, —— = &

g(v)—v X

Then, integrate on both sides

dv. l
fg(v)_v—fxdx+C

After integration, we get the general solution by replacing v = Z.

X

| e~ Note | If the homogeneous differential equation is in the form E =F(x,¥y)

where, F (x, ¥) 1s homogenous function of degree zero, then we make substitution

— =y L&, x=vyand we proceed further to find the general solution as discussed
¥ .
3
above by writing ﬂ =F({x.y)= h[ij-
dy ’ ¥

LINEAR DIFFERENTIAL EQUATIONS

A differential equations of the form % + Py = Q (Or) j—; + Px = Q where, P and Q are constants

or functions of x only isknown as afirst order linear differential equation.

STEPSINVOLVED SOLVING FIRST ORDER LINEAR DIFFERENTIAL EQUATION

(i) Write the given differential equation in the form & + Py = Q (3—; + Px = Q) where P, Q are

constants or functions of x only.

(i) Find the Integrating Factor (1.F) = e/ Pdx (e/ P-dv),
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(iii) Write the solution of the given differential equation as

y(I.F) = [ (Qx LF)dx + C (xe/ P = [ Qe/ Pdydy + C)
MULTIPLE CHOICE QUESTIONS
1. The degree of the differential equation x? % = (x & - y)3is
@1 (b) 2 (© 3 (d) 6
2, The degree of the differential equation 327’2' + 3 (%)2 = x%log (%) is

@1 (b) 2 (©3 (d) Not defined
. . . dy 212 d?y .
3. The order and degree of differential equation [1 + (&) ] =3z respectively are

@12 (b) 2, 2 ©21 (d) 4, 2

4. The integrating factor of the differential equation - xlogx) +y = 2logx is
dx

() € (b) logx (c) log(logx) (d) x
2
5. A solution of the differential equation (g) X X% +y=0is
@y=2 (b) y=2x (©y=2x-4 (d)y=2x"-4

6. The solution of the differential equation x% + 2y =x?%is

x*+C
4x2

x*+C
X2

x24+C
4x2

X

b)y=2+cC ©y=

4

(@y= dy=

7. The degree of the differential equation (%)2 + (ﬂ)z = xsin (%) is

dx
@1 (b) 2 (©3 (d) Not defined
. . . dy'\ 2 3/2 d?y .
8. The degree of differential equation [1 + (&) ] = is
@1 (b) 2 ()3 (d) Not defined
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9. The order and degree of a differential equation 327’2' + (%)Z + xé = 0, respectively are

(a) 2 and not defined (b) 2and 2 (c)2and 3 (d)3and 3
10. Differential equation which has solution of the form y = Acos ax + Bsin ax, where A and B

are arbitrary constantsis

(a)%—a2y=0 (b)%—a2y=0 (c)%+ay=0 (d)%—ay=0
11. Integrating factor of x% —y=x*—-3xis

(a) x (b) logx (0) = (d) —x

12. Solution of £ — y = 1,y(0) = 1 is given by

(@) xy = -€* (b) xy = -~ (c)xy=-1 (dyy=2e*—-1

13. The integrating factor of differential equation cosiixdydx+ysini©ix=1 is

(a) cosx (b) tanx (c) secx (d) sinx

14. The solution of differential equation cosx.sinydx + sinxcosydy = 0 is

(a) X — ¢ (b) sinx.siny = C (¢) sinx + siny = C (d) cosx.cosy =C

siny

15. The integrating factor of differential equation (1 — x?%) % —xy=1is

@-x O ©VI=x (d) 7log(1 — %)

1+x2

16. If m and n are respectively the order and the degree of the differential equation

d ﬂ)]‘*_ i
™~ (dx = 0,thenm + nis

(@1 (b) 2 (©3 (d) 4

2.\ 2 3
17.If p and q are the degree and order of the differential equation (ﬂ) +3 ? + Y 4,

dx? x  dx3
then value of 2p - 3q is
(@7 (b) -7 (©3 (d)-3

265



18. Find the value of m and n, where m and n are order and degree of differential

@m=3,n=2 (pbm=2,n=3 (cgm=2,n=2 (dm=3,n=3

2

19. Degree of differential equation (g)5 =X 1is
@1 (b) 2 (c) 3 (d) Does not exist
cosy i

20. Integrating factor of the differential equation % =

x  1-xsin y

(&) cosy (b) —secy (c) secy (d) tany

21. The degree of differential equation (1 + %)3 = (%)2 IS

@1 (b) 2 (€3 (d)4

22. Integrating factor for the differential equation sin? x% +y = cotxis

(a) e (b) cotx (c) —cotx (d) e

23. Integrating factor for the solution of differential equation (x — y®)dy + ydx = O is

@ (b) logy ©y @y’

24. What is the product of the order and degree of the differential equation
2

dy (9)3 = Jy?
dszIHY+ 4] COSY =Y

@3 (b) 2 (c) 6 (d) Not defined
25. The integrating factor of the differential equation (1 — y?) j—; +yx=ay,(-1<y<1)is

1 1

1 1
1 0) == ©) 2 (@) 7=

(a
26. The general solution of the differential equation xdy — (1 + x%)dx = dx

(a)y:2x+§+c (b)y:2logx+§+c (C)y:§+c (d)y=2logx+§+c
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27. The order and degree of the differential equation % + (%)1/3 + x4 =0is

(a) Order =3, Degree =2 (b) Order = 2, Degree =3

(c) Order =2, Degree =2 (d) Order = 3, Degree=3

28. The degree and order of the differential equation y = px + 3y/a?p? + b?,p = % are
respectively

@31 (b)1,3 ()=t (d)3,3

29. General solution of the differential equation % +yg'(x) = g(x) - g'(x), where g(x) is a
function of x is

(@ g(x) —log[1-y-g(x)] =C (b) g(x) —log[1+y-g(x)] =C

(©9(x) +[1+y—-logg(x)]=C (d) g(x) +log[1+y—g(x)]=C

30. In order to solve the differential equation xcos Xj—i + y(xsinx + cos x) = 1 the integrating
factor is

(a) xcosx (b) xsecx (C) Xxsinx (d) xcosecx

31. The order and degree of the differential equation [1 + (Z—z)zr = 32732’ respectively are
@12 (b) 2,3 (©21 (d)2,6

32. The order of the differential equation Z% — sin (@) =5is

dx?

(@ 4 (b) 3 (©) 2 (d) not defined

33. The degree of the differential equation (y'")? + (y')3® = xsin(y’) is
@1 (b) 2 (c) 3 (d) not defined
34. The degree and order of differential equation y''? + log(y’) = x° respectively are

(a) not defined, 5 (b) not defined, 2 (c) 5, not defined (d)2,2
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35. The difference of the order and the degree of the differential equation

(dz—y)z +(2) 42t =0is

dx? dx

@1 (b) 2 (©)-1 (d)0

2
36. The order and the degree of the differential equation (1 +3 %) = 4% respectively are

@L: 31 (933 (d) 1,2

. . h . d3y dy 5 = d4y\ .
37. The order of the following differential equation X (E) = 4log (@) IS
(@) not defined (b) 3 (c4 (d)5
38. The number of solutions of the differential equation % < g wheny(1l) =2is
@ao (b) 1 (c) 2 (d) infinite

39. The number of solution of differential equation % —y=1,gventhay(0)=1is

@o (b) 1 (c) 2 (d) infinitely many
40. The general solution of the differential equationx dy + ydx =0is

(@xy=c (b)x+y=c (€) x* +y* =c? (d) logy = logx + ¢

41. The differential equation % = F(x,y) will not be a homogeneous differential equation

if F(x,y)is

(a) cos x — sin (y) (b) % © x2+y? (d) cos? (i)

x xy
42. xlog x Z—z + y = 2log x is an example of a
(a) variable separable differential equation
(b) homogeneous differential equation
(c) first order linear differential equation

(d) differential equation whose degree is not defined
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43. The integrating factor of differential equation (x + 2y3) Z—z =2y is
y? b 1 q —yiz
2 —_ J—

@7 B @5 @

44. The integrating factor of the differential equation % + %y =0,x#0is

CE x> (©e  (d)eE

45. The general solution of the differential equation Z—Z =e Y is

@e*+e¥Y=c (b)e™+eV =c (c)e*tY =c (d) 2e**Y =¢c
46. The integrating factor for solving the differential equation xZ—i’ —y =2x%is

(e (b) e~ (0) X (d) -

47. The integrating factor of the differential equation (x + 2y?) Z—i} =y(y>0)is

@7 (b) x (©y G
48. Solution of the differential equation (1 + y2)(1 + logx)dx + xdy = 0 is

(og|x|) - (loglxl) = C

(a)tan"ty + log |x| + (b) tan~'y — log |x| + ———

(loglxl)2 ¢ (IOgIXI) = C

(c)tan™ty —log|x| — (d)tan~ly + log |x| —

49. Theintegrating factor of the differential equation (1 — x?) Z—i’ +xy =ax,-1<x<1is

1

1
P 0) ==

(@

@ 7

3
50. The sum of the order and the degree of the differential equation ZZTZ + (Z—i’) =sinyis
@5 (b) 2 (€3 (d) 4

51. The general solution of the differential equation xdy — (1 + x?)dx = dx is
(a)y:2x+xB—3+C (b)y=210gx+xg—3+C

2 2
(C)y=x7+C (d)y=210gx+x?+C
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52. Degree of the differential equation sin x + cos (Z—i) =y?is
(@2 (b) 1 (c) Not defined (d) 0
53. Theintegrating factor of the differential equation (1 — y?) j—; +yx =ay,(-1<y<1)is

1

CE

1

— (b) W=, © > d) 7=

54. Theintegrating factor of the differential equation (3x2 + y) Z—i =xis

(@ (b) (9= (d) —

55. The solution of the differential equation ‘i—x 5a djy =0is

(a)§+§=c (b) logx — logy = C (© xy=C d)x+y=C

56. What is the product of the order and degree of the differential equation

2

3
ZTZsiny+ (Z—z) cosy = \/;?

@ 3 (b) 2 (©) 6 (d) Not defined

57. The order and degree (if defined) of the differential equation (Z%)

respectively are
@22 1,3 (© 23 (d) 2, degree not defined
58. The solution of the differential equation Do L s

dx logy

(@ logy=x+C (Bylogy-y=x+C (c)logy-y=x+C (d) logy+y=x+C
59. The integrating factor of the differential equation xZ—i’ —y=x*-3xis

(& x (b) —x (©x7* (d) log(x™")
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ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the following choices.

() Both (A) and (R) aretrue and (R) isthe correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).

(c) (A) istruebut (R) isfalse.

(d) (A) isfasebut (R) istrue

1. Assetion: The order of the differential equation whose general solution s
Y = ¢{COS X + C,Sin? X + c3e2Xt% is 3.

Reason: The total number of arbitrary parametersin the given general solution in the assertion is 4.

3 2
2. Assertion: Order of differential equation (%) + % =5xis1

Reason: Order of the differential equation is the order of the highest order derivative present in the
equation.

3 1
3. Assertion: The differential equation (%) + 2y2 = x is of order 1 and degree 3.

Reason: The order and degree of differential equation g = /% + 5 are 3 and 1 respectively.

4. Assertion: Degree of differential equation x — cos (%) =0is 1.

Reason: Differential equation x — cos (g) = 0 can be converted in the polynomia equation of

derivative.
5. Assertion: The solution of differential equation 3 =2 withx =1andy = 1isx =y.
Reason: Separation of variable method can be used to solve the above given differential equation.

is homogeneous equation.

X+, y2—x2
X

6. Assertion: The differential equation % =

Reason: If f(Ax, Ay) = A™M(x,y) for homogeneous equation.
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, . d? d : . . . .
7. Assertion: sin xd—XZ + cos xd—z + tan x = 0 is not a linear differential equation.

Reason: A differential equation is said to be linear if dependent variable and its differential

coefficients occur in first degree and are not multiplied together.
8. Assertion: % + x2y = 2x is a first order linear differential equation
Reason: If P and Q are functions of x only or constant then differential equation of the form

% + Py = Q isafirst order linear differential equation.

2
9. Assertion: If p and g are the degree and order of differential equation (ﬂ) + 8 _y

dx3 dx?2
respectively thenp=2and g = 3.
Reason: 2p — 3q = -5.

1

10. Assertion: General solution of the differential equation log (%) =2x+yis—e ¥ = Eezx + C.

Reason: Degree of differential equation log (%) =2x+yisl.

1 1
11. Assertion: g(x,y) = xyz + yxz is a homogeneous function of degree 3

Reason: A function is called homogeneous function of degree n if h(Ax,Ay) = A" h(x, y) ,

where A £ 0.
12. Assertion: The solution of the differential equation %+y= 1 withy =0a x =20
isy=1-—e™*.

Reason: The given differential equation isalinear differential equation.
13. Consider the differential equation (xy — 1) % +y2=0
Assertion: The solution of the equationisxy = logy + C.

Reason: The given differential equation can be expressed as j—; + Px = Q, whose integrating factor

islogy.
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14. Assertion: The solution of ydx — xdy + y?dx = 0 is § +x=rc

Reason: d (5) = w.

15. Assertion: The differential equation y®dy + (x = y?)dx = 0 becomes homogeneous if we
put y* =t.
Reason: All differential equation of first order and first degree becomes homogeneous if we

put y = tx.

VERY SHORT ANSWERS
1. Solve the following differential equation: x cosy dy = (x € logx + €)dx.

2. Solve the following differential equation: sec® tany dx + sec?y tanx dy = 0.

3. Solve the following differential equation: y(1 — x?) % =x(1 +y?).

4. Find the genera solution of the following differential equation: % = eXV + x%e™V,
5. Find the general solution of the differential equation: e®/d = x2,

6. Find the general solution of the differential equation: log (%) = ax + by.

2X 4X
7. Find the general solution of the differential equation: % = 3eex:e3—ex .

8. Solve that following differential equation: % + 2ytanx = sinx giventhat y = 0 when x = g

9. Write the integrating factor of the differential equation (1 + y?) + (2xy — coty) % = 0.

10. If the solution of the differential equation % ot % = blog |x| + c. Find the values

2x2

of aand b.

11. Find the general solution of the differential equation eV~ = 1.
12. Find the solution of the differential equation % + i +y=0.

13. Find the solution of the following differential equation: x,/1 + y2dx + yV1 + x2dy = 0.
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14. Find the particular solution of the differential equation % =dgn(x +y) + sin(x —y), given

that y = 0 when x = =

z

X+y

15. Find the particular solution of the differential equation: % = y(1) = 0.

X )
SHORT ANSWERS

1. Verify that y = 3cos(logx) + 4sin(logx) is a solution of the differentia equation

2 d’y

X —
dx?2

+ X% +y=0.

2. Find the particular solution of the differential equation x% —y=x%-¢e% giveny(1) = 0.
3. Find the general solution of the differential equation: x% =y(logy —logx + 1).

4. Solve: x% +y—x+xycotx =0(x # 0)

5. Find the particular solution of the differential equation (1 + e?*)dy + (1 + y?)eXdx = 0 and
giventhaty =1and x =0.

6. Solve that differential equation: ye*/Vdx = (xe*/Y + y?)dy(y # 0).

7. Solve the following differential equation: 2x % —2xy +y* = 0.

8. Find the particular solution of the differential equation: x(x? — 1) % =1;y =0; whenx = 2

9. Solve the differential equation (1 + x2) % ey & BRI

10. Find the particular solution of the differential equation e*\/1 — y?dx + %dy = (0 given that

y =1whenx=0.

_2\/; d
l] 2=1,x# 0.

. - . . . e _ X _
11. Solve the following differential equation: [ 5 Al

12. Solve the differential equation: /1 + x2 + y2 + x2y2 + Xy% = 0.

13. Find the particular solution of differential equation <& = —XP%X Given that

dx 1+sinx

y =1whenx =0.
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14. Solve the differential equation: x % =y — xtan (y)

X

15. Solve the differential equation: % S [X+YCOS X]

1+sinx

16. Solve the following differential equation: (x% + 1) % + 2xy = Vx? + 4.
17. Find the general solution of the differential equation: % (xy?) = 2y(1 + x?).

18. Find the particular solution of the differential equation (y + 3x2)j—§ =x giventhay =1

when x = 1.
19. Solve the following differential equation: (y — sin®)dx + tanxdy = 0.

20. Find the general solution of the differential equation: (x> + y3)dy = x?ydx.

x+y

21. Find the particular solution of the differential equation: = = =, y(1) = 0.

ot
22. Find the general solution of the differential equation: e*tan ydx + (1 — eX)sec? ydd = 0.
23. Find the particular solution of the differential equation Z—i’ +sec’x -y = tanx - sec® x,
given that y(0) = 0.

24. Solve the differential equation given by xdy — ydx — /x? + y?dx = 0.

x/y £—1
25. Find the general solution of the differential equation: e M
dy 1+eX/y

26. Find the particular solution of the differential equation Z—i’ + cotx -y = cos? x, given that
when x = g,y =0.

27. Find the general solution of the differential equation: Z—i’ - 2% = sini.
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28. Find the particular solution of the differential equation: % = sin(x + y) + sin(x — y),

given that when x = %,y = 0.
29. Find the general solution of the differential equation: (xy — x?)dy = y?dx.

30. Find the general solution of the differential equation: (x? + 1) Z—z + 2xy = Vx? + 4.

31. Find the general solution of the differential equation: ;—x(xyz) = 2y(1 + x2)

32. Solve the differential equation: xex — y +x 2 = 0,

33. Find the particular solution of the differential equation Z—i’ = xzxj’yz, given that y = 1
when x = 0.
34. Find the particular solution of the differential equation (1 + x2) Z—z + 2xy = 1+1x2, given that

y=0whenx =1

35. Find the particular solution of the differential equation given by x? Z—z — xy = x%cos? (%)
giventhat whenx =1,y = g

36. Find the particular solution of the differential equation given by 2xy + y? — 2x? % =0;

y=2whenx = 1.

37. Find the general solution of the differential equation: ydx = (x + 2y?)dy.

38. Find the particular solution of the differential equation % = ycot 2x, given that y G) = 2.
39. Find the particular solution of the differential equation: (xe% + y) dx = xdy, given that
y=1lwhenx =1

40. Find the particular solution of the differential equation: % —2xy = 3x2e*’; y(0) = 5.

41. Solve the following differential equation: x2dy + y(x + y)dx = 0.
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LONG ANSWERS

yi+y+1
X2+x+1

1. Show that the general solution of the differential equation %+ 0 is given by

(x+y+1)=A(l-x-y-2xy), where A isa parameter.
2. Solve the differential equation xlog X% +y= glog X.

3. Solve the following differential equation 3eX*tanydx + (2 — eX)sec? ydy = 0, given the

y = Ewhen x =0,
4. Solve: xdy — ydx = /x? + y2dx

5. Show that the differential equation [xsin2 (%) = y] dx + xdy = 0 is homogeneous. Find the

particular solution of this differential equation given that y = Ewhen x =1

6. Find the particular solution of the differential equation (x — y)% = (x + 2y) given that

y=0whenx = 1.

7. Find the general solution of the differential equation: x(y* + x3)dy = (2y* + 5x3y)dx.

8. Show that the differential equation Z—z = xyy_zxz IS homogeneous and also solveit.

9. Solve the differential equation (xsin? (X) — y) dx + xdy = 0 given y = = whenx = 1.

X

10. Solve the differential equation Z—z — 3ycotx = sin 2x given y = 2 when x = g

CASE BASED QUESTIONS
1. A Veterinary doctor was examining a sick cat brought by a pet lover. When it was brought to

the hospital, it was aready dead. The pet lover wanted to find its time of death. He took the
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temperature of the cat at 11.30 pm which was 94.6°F. He took the temperature again after one
hour; the temperature was lower than the first observation. It was 93.4°F. The room in which the
cat was put is always at 70°F. The normal temperature of the cat is taken as 98.6°F when it was

alive. The doctor estimated the time of death using Newton law of cooling which is governed by
the differential equation: (;—I « (T —70), where 70° F is the room temperature and T is the
temperature of the object at time t. Substituting the two different observations of T and t made,
in the solution of the differential equation % = k(T — 70), where k is a constant of proportion,

time of death is calculated.

Based on the above information, answer the following questions:
(i) Find the solution of the differential equation i—: = k(T —70).

@it) If t=0when T is 72, then find the value of c.

2. An equation involving derivatives of the dependent variable with respect of the independent
variables is called a differential equation. A differential equation is of the form j—z = F(x,y) is

said to be homogeneous if F(X, y) is a homogeneous function of degree zero, whereas afunction

F(x, y) is a homogeneous function of degree n if F(4Ax,Ay) = A"F(x,y). To solve a

homogeneous differential equation of the type % =F(x,y)=¢g (z),we make the substitution

y = vx and then separate the variables.

Based on the above information, answer the following questions:

(i) Show that (x? — y?)dx + 2xydy = 0 isadifferential equation of thetype% =g (X) .

X

(i) Solve the above differential equation to find its general solution.

3. A spherical drop of liquid evaporates at a rate proportional to its surface area, if the radius

initially is 5mm and 5 minute later the radius is reduced to 2mm.
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On the basis of above information, answer the following questions-
(i) Write the differential equation for the above situation.
(ii) Find the rate with which the surface area changes after 5 minutes.

(iii) Find the rate of evaporation after 5 minutes.

4. Differential equation Z—z = f(x)g(y) can be solved by separating variable% = f(x)dx.

On the basis of above information, answer the following questions:
(i) Find the equation of the curve to the point (1, 0) which satisfies the differential equation
(1 + y?)dx — xydy = 0.

1+y2

Vi-x?

(it) Find the solution of the differential equation Z—z + = 0.

(i) If Z—z =1+x+y+xyand y(—1) = 0, then find the equation of the curve.

5. Students of class Xl are preparing for their board examination. On revising the topic
differential equations, they found the differential equation (1 + y?)dx = (tan™'y — x)dy and
tried to solve.

(i) What is the degree of the differential equation?

(if) Which is method can be used to solve the above given differential equation?

(i) Find the solution of the differential equation.

6. An eguation involving derivatives of the dependent variable with respect to the independent
variables is called differential equation. A differential equation of the form % = F(x,y) issad

to be homogeneous if F(X, y) is a homogeneous function of degree zero, whereas a function

F(x, y) is homogeneous function of degree n if F(1x, ly) = A"F(x,y). To solve a homogeneous
differential equation of the type j—z =F(x,y)=g (i) we make the substitution y = vx and then

separate the variables.
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Based on the above, answer the following questions:

(i) Show that (x? — y?)dx + 2xydy = 0 isadifferential equation of the type = = g (¥).

X

(i) Solve the above equation to find its general solution.

7. A bacteria sample of certain number of bacteria is observed to grow exponentially in a given

amount of time. Using exponential growth model, the rate of growth of this sample of bacteriais

calculated.
..i?‘l Stationary
< Y&ul
3
E Log
v
)
=
- Lag
s =8 Time
P

The differential equation representing the growth of bacteriais given as: % = kP, where Pisthe

population of bacteria at time ‘t’.

Based on the above information, answer the following questions:

(i) Obtain the general solution of the given differential equation and expressit as an exponential
function of ‘t’.

(ii) If population of bacteriais 1000 at t = 0, and 2000 at t = 1, find the value of k.
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UNIT TEST
Duration: 1 hour Marks: 30

SECTIONA

Each carry 1 mark

1. Which of the following is not a homogeneous function of x and y?

(@ X2 + 2xy (b) 2x —y (0) cos? (2) +2 (d) sinx — cosy
2. The solution of the differential equation < + dy—y =0is
(a)i+§=c (b) logx.logy = ¢ (c)xy=c (dx+y=c
: . . d3y 2 d?y 4
3. The sum of the order and the degree of the differential equation (ﬁ) + 3x (@) = logx
IS
@5 (b) 6 ()7 (d) 4

4. Assertion: The degree of the differential equation 22 + 3 (2) = x2log (£%) is not defined.
Reason: If the differential equation is a polynomial in terms of its derivatives, then its degreeis
defined.

(@) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.

SECTION B

Each carry 2 marks

5. Solve the differential equation (y + 3x?) Z—; =x
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6. Find the general solution of the differential equation: (xy — x?)dy = y?dx.

7. Find the genera solution of the following differential equation: Z—z =e* Y 4+ x2%e77,

SECTIONC
Each carry 3 marks

8. Find the particular solution of the differential equation Z—z + ytanx = 3x? + x3tanx, x # g

given that y = 0 when x = %

9. Show that the differential equation (x — y) Z—z = x + 2y is homogeneous and solve it.

SECTIOND

Each carry 5 marks

10. Find the particular solution of the differential equation & = X21°8X*D iven that y = =
dx siny+ycosy 2

whenx =1

11. Find the particular solution of the differential equation Z—i’ = xzxfyz given that y = 1
when x = 0.

SECTION E

12. Polio drops are delivered to 50K children in a district. The rate at which polio drops are
given is directly proportional to the number of children who have not been administrated the
drops. By the end of 2" week half the children have been given the polio drops. How many will

have been given the drops by the end of 3" week can be estimated using the solution of the
differential equation Z—Z = k(50 — y), where x denotes the number of weeks and y the number

of children who have been given the drops.

Based on the above information answer the following questions:
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(i) Which method of solving adifferential equation can be used to solveZ—i' = k(50 —y)?
(it) Find the solution of the differential equation Z—z = k(50 —y).

(iii) Determine the value of C in the particular solution given that y(0) and k = 0,049.
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ANSWERS

MCQ A-R SA | SAII LA CS
1.@1 1.(c) |1l.sny=€logx+c 2.y =x(e—e) 2.ylogx=—32—c(1+logx)+c (i) log|T —70] =kt+
C
: - Y =
2. (d) Not defined 2.(d) |2 tanxtany=c 3.log(3) = cx 3.tany = (2 — e¥)3

3.(021 3.0 |3 (1-x1+y)=c L ; (ii) c = log2

4'y=;_C0tx+xsinx 4_{y+vx2+y2}2=C2x2

2. (i) x> + y? = Cx
4. (b) logx 4@ |gev=ext® i,
3 5. tan"1(e¥) +tan 1y =2 y
2 5.10gx—cot(;)+1=0 dv ,
5.(©y=2x-4 5.(3) _ - 3.() 2 == —k(4rr?)
5 y=2x(logx—1) + ¢ x/
6. xe Y=y+C 7,y4+4yx3=Cx8

4 6. () (i1) 4.8 T sq. mm/min
6.(d)y= x4;c 6. i i +c=0 2x
. U B 8.y = x(logy + C)

7. (d) (ii1) 9.6

7. (d) Not defined 7.y=€e*+c
W N P St | R TP 9. — t(z)+lo x+1=0

8.(a) 8.y=log[ 75 —Jlog7 ~ | & ~cot(7) +logx +1 = 4.()x2—y* =1
8.(b) 2 8.y = cosx — 2cos? x

9. (b) 9.y = e 4 (. p-tanTlx 10. y = 4sin3 x — 2sin® x (i) tan"1y + sin"1x =
9. (@ 2 and not 9.1+ y? 2
Sefined 10. (b) ¢

" 10.a=2andb=1 10.xe* —e* = 1-y> —1
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d2
10. (b) d—xi —aly =

0

11. () -

12.(d)yy =2e* -1
13. (c) secx

14. (b) sinx.siny =

C
15.(c) V1 — x2
16.(c) 3

17. (b) -7

18.(@dm=3,n=2

11. (d)

12. (a)

13. (¢)

14. (a)

15. (¢

11.eY =e*+C
12.x +-log|1 +y?| = C

13. V1 +x2 +

1+y2=C

14. log |secy + tany| =

—2cosx +/2

15. y = xlog | x|

11.y-e2V* =2yx +C

12.J1+y2+ V1 +x%+

Vi+x2-1
Vi+x2+1

1
2

log +C=0

2—x?
2(1+sinx)

13.y =

14. xsin (g) =C
—x2
15. y(1 + sinx) = — T C

16. y(x2 + 1) = E\/xz + 4+
2log|x + Vx2 + 4|+ C

5

17.yx = 2Vx + ==+ C

18.y = 3x2? — 2x

(1-x)2

(ije 2 —1=0
5. (i) 1

(i) Method for linear

differential equation.

(iii) x=tan"ly—1+

C _e—Ian‘ly

6. (ii) x? + y2 = Cx

7.(i) P = ek+¢

(i) k =log2
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19 (b) 2 19 ysinx _ sin33x + C
20. (c) secy » i
20.$+10g|y| =C
21.(c) 3
21. y = xlog | x|

22. (a) e—COtX
22.tany = C(1 —e*)

23.(c)y
23.  ye™"* = ¥ X(tanx —
24. (b) 2
® 1D+1lory=tanx—1+
1 —tanx
25. (d) - e

26. (d) y = 2logx + 24. y + /x2 + y2 = Cx?

2

x_+C 25. ex/y+£=£0ryex/Y+
i Yy y
27. (b) Order = 2, x=C

Degree=3

™ 26. ysinx:—COSBx ry.=
28.(a) 3, 1
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29. (d) g(x) + log[1

+y-g(x)]=C

30. (b) xsecx

31.(0) 2,1

32. (a) 4

33. (d) not defined

34. (b) not defined,

2

35. (d) 0

36.(b) 3, 1

37.(c) 4

38. () 1

cos3 x

- cosecx
27.y. xiz = cos§+ C

28. log|secy +tany| =

—2cosx + /2
y % £
29. °X log; =log|x| + ¢

xVx2+4

30, y(1+x?)=
2log|x + VxZ + 4| + ¢

5

3 pWr=2T+

Cc

2
Cory=2+2%+ﬁ

32. e_% =log|x| + C
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39.(b) 1

40. () xy=c¢

41. (@ cosx —
sin (%)

42. (c) first order

linear differential

eguation
1
43. (b) 5
44. (b) x>
45. () e*+eV =c

46. (d) i

xZ
33. P log |y|

34 y.(1+x?)=tan"1x—

N

35. 2tan( ) = log |x| + 2

Y
2x

2x

36.y =

1-log|x|

37.x =2y*+Cy
38. y = 2+/sin 2x
Y
3. log|x|+ex =e7t

40.y = (x3 + 5)e*’

CZ
== orx’y =
xZ

4. |y

y+2x

k(y + 2x)
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47.(d) 5

48. (a)tan"ly+

1 2
log |x| + {log lx)” og2|x|) =

C

1
29. (0) ==
50. (c) 3

51. (d) y = 2logx +

x2

—+C
2
52. (c) Not defined

53. (d) ﬁ%_y

54. (a) -
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55.(c)xy=C

56. (b) 2

57. (d) 2, degree not

defined

58. (b) y logy —y =

Xx+C

59. (c) x1

UNIT TEST
1. (d) sinx — cosy

2.(c)xy=c

3.(@5

4. (a) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of Assertion (A).

5y —3x%+Cx =0.
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y y _
6.;—log;—log|x|+c

3
7.ey=x?+ex+C

2m3
8.y=x3 ——-cosx

9. —%loglx2 + xy + y?| + V/3tan™! (

10. x%log(x) — ysiny + % =0

x2

11.y = e»?

12. (i) Variable separable method

(i) —log |50 = y| = kx + C

(iii) € = log —
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CHAPTER 10- VECTOR ALGEBRA
VECTOR
A quantity that has magnitude as well as direction is called a vector.
Examples. Acceleration, Force, Displacement etc.
Directed line segment is a vector, denoted as AB  or smply as

a , and read as "vector AB ' or "vector a ".

B
a

A

The point A from where the vector AB startsis called initial point and the point B where it endsis
called itsterminal point.

The distance between initial and terminal points of a vector is called magnitude or length of the
vector, denoted as |AB|, or |d|, or a.

Note: Since the length is never negative, the notation |d| < 0 has no meaning.

POSITION VECTOR
Consider a point P in space, having coordinates (X, y, z) with respect to the origin O(0, 0, 0).
Then, the vector OP havi ng O and P as its initial and terminal points, respectively, is called the

position vector of the point P with respect to O.

The magnitude of OP or 7 is given by |OP| = \/x2 + y2 + 22

i o o T

.
=,

LTI K]

<

X
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DIRECTION COSINES
The direction cosines of the vector OP or 7 are the cosines of angles that the vector forms with the

coordinate axes.

h

!

The angles a, B and y made by the vector ¥ with the positive directions of x, y and z-axes
respectively are called its direction angles. The cosine values pf these anglesi.e cos a, cos f and
cosy are called direction cosines of the vector 7. It is denoted by |, mand n.
=cosa,m=cosfB andn=cosy

Note: 12 + m? + n? = 1 or cos? a + cos? f + cos?y =1
DIRECTION RATIOS

| =cosa =§,mzcosﬁ =%andn:cosy =§
Hence the coordinates of the point P(x, y, z) also represented as (Ir, mr, nr) The numbers Ir, mr
and nr, proportional to the direction cosines are called as direction ratios of vector 7 , and denoted
asa, b and c, respectively.
TYPESOF VECTORS

Zero Vector

A vector whose initial and terminal points coincide, is called a zero vector (or null vector), and

denoted as 0. Zero vector cannot be assigned a definite direction as it has zero magnitude.

Unit Vector
A vector whose magnitude is unity (i.e.,, 1 unit) is called a unit vector. The unit vector in the

direction of agiven vector d is denoted by a.
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Coainitial Vectors

Two or more vectors having the same initial point are called coinitia vectors.
Collinear Vectors
Two or more vectors are said to be collinear if they are paralel to the same line, irrespective of

their magnitudes and directions.

Equal Vectors
Two vectors d and bare said to be equal, if they have the same magnitude and direction

regardless of the positions of their initial points, and writtenas d = b.

Negative of a Vector
A vector whose magnitude is the same as that of a given vector, but direction is opposite to that

of it, is called negative of the given vector.

For example, vector BA is negative of the vector AB, and written as BA = —AB .

Remark

The vectors defined above are such that any of them may be subject to its parallel displacement
without changing its magnitude and direction. Such vectors are called free vectors. Throughout

this chapter, we will be dealing with free vectors only.

TRIANGLE LAW OF VECTOR ADDITION
Triangle law of vector addition states that when two vectors are represented as two sides of the
triangle with the order of magnitude and direction, then the third side of the triangle represents

the magnitude and direction of the resultant vector.

o

i
o
1
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AB + BC = AC
AB+BC+CA=AA=0 [SinceAC = —CA]

PARALLELOGRAM LAW OF VECTOR ADDITION

If we have two vectors a and Brepresented by the two adjacent sides of a paralelogram in

magnitude and direction, then their sum a + b is represented in magnitude and direction by the

diagonal of the parallelogram through their common point. This is known as the parallelogram

law of vector addition.

B a L
/ S 0A +AC = 0C
v/ /7 i
| OA + OB = OC( since AC = OB)
0 = A
i

PROPERTIESOF VECTOR ADDITION
(i) For any two vectors @ and b,

d + b = b + d (Commutative property)
(ii) For any three vectors d, b and ¢

(@+D)+&=a+ (b+ &) (Associative property)

(iiii) For any vector d, we have

i+0=0+d=a

Here, the zero vector 0 is called the additive identity for the vector addition.

MULTIPLICATION OF A VECTOR BY A SCALAR

Let d be a given vector and A a scalar, |Ad| = |1]|d].
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UNIT VECTOR IN THE DIRECTION OF A GIVEN VECTOR

If @ isany non-zero vector, then whose unit vector in the direction of a is given by

1

A -
a=—a
la|

k

la|

d = —a hassamedirection asa and has magnitude k.

COMPONENTSOF A VECTOR 1,7 and k are the unit vectors along the x, y and z -axes.

Hence, the position vector of P with referenceto O is
given by
i OP(or7) = xi + yj + zk
| This form of any vector is caled its component form.

g R Here, X, y and z are called as the scalar components of

-
s
&

n A : " Y 7, and xi, yj and zk are called the vector components

p d of 7 along the respective axes.
The length (magnitude) of the any vector

# = xi + yj + zk isgiven by

|17’|=|xi+yj+z,l‘\t|=\/x2+y2+z2

RESULTS

If Gandb are any two vectors given in the component form a,i + a,j + ask & byi + b,j +
bsk, respectively then
(i) The sum (or resultant) of the vectors d@ and b is given by
G+b=(a,+b)i+ (ay + by)j + (az + by)k
(i) The difference of the vectors d@ and b is given by
d—b = (ay = bt + (az — b)] + (a3 — ba)k
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(iii) The vectors d and b are equal if and only if
a, = bl,az = bz al’ld as = b3
(iv) The multiplication of vector d by any scalar A is given by

Ad = (Aa)i + (Aay)j + (Naz)k

VECTOR JOINING TWO POINTS

If Py (X1, Y1, 1) and P, (Xo, Yo, 2) are any two points, then the vector joining P, and P, is the

vector P, P, "

__|'. [ Ay LEYE 2N |

P,P, = OP, - OP; ! S

!

SECTION FORMULA b

Let P and Q be two points represented by the position vectors 0P and 7@ respectively, with
respect to the origin O. Then the line segment joining the points P and Q may be divided by a

third point, say R, in two ways — internally and externally. Here, we intend to find the position

vector OR for the point R with respect to the origin O.

L

Case (i): R divides PQ internally b s .
- ';b ey
~ _ mb+nd
OR_ m+n
Case (ii): R divides PQ externally s,

ok

mb—nd ==

OR =

m-n i
Remark: If R isthe midpoint of PQ, then m = n and therefore, from Case |, the midpoint R of PQ,

will have its position vector as
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PRODUCT OF TWO VECTORS
SCALAR OR DOT PRODUCT OF TWO VECTORS

The scalar product of two nonzero vectors @ and b, denoted by @ - b is defined as
d-b = |d||b|cos 6
where, 0 is the angle between d@ and b,0 < 6 < 7.

Note: If either d = 0 or b = 6, then 8 is not defined, and in this case, we define a - b=0.

RESULTS

(i) @ - b is a real number.

(i) Let @ and b be two nonzero vectors, then @ - b = 0 if and only if @ and b are
perpendicular to each other. G- b=0<d L b
(iii) If6 = 0, then d - b = |d||b|

Note: d - d = |d|?

(iv)If0 = 7, then d - b = —|d||b|

Vi-i=j-j=k-k=1andi-j=j-k=k-i=0

(vi) The angle between two nonzero vectors @ and b is given by

b (b
cosf = — ,or 8 = cos —
la Il b| lall b|

S|

(vii) The scalar product is commutative.i.e.d-b=b - d

TWO IMPORTANT PROPERTIES OF SCALAR PRODUCT

(i) Distributivity of scalar product over addition
Let &, b and ¢ be any three vectors,then @- (b + &) =d-b+d - ¢

(i) Let d@ and b be any two vectors, and A be any scalar. Then

(Ad)-b = (Ad)-b=A(G-b) =d- (Ab)
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PROJECTION OF A VECTOR ON A LINE

. . - - . . 1 - e
Projection of a vector a on other vector b, is given by 7 (a-Db).

VECTOR OR CROSS PRODUCT OF TWO VECTORS
The vector product of two nonzero vectors d and b, is denoted by a X b and defined as

=
] &

@ x b =|d |l b|sin0A ‘o

where, 0 is the angle between d and b,0 <6 <mandfis a unit vector perpendicular to both

d and b , such that a, b and 7 form a right handed system.

RESULTS
(i) @ X b is a vector.

(ii) Let d and b be two nonzero vectors. Then @ X b = 0 if and only if @ and b are parallel

or collinear to each other.

ixb=0odlb
Note: @ x @ = 0 and d X (—d) = 0
(i) If @ = Z then d@ x b = |dl|B].

(iv) For mutually perpendicular unit vectors i, j and k we have,

(v) It is always true that the vector product is not commutative, as @ X b = —b X @ .

(vi)jxi=—kkxj=—-fandixk=—}
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ANGLE BETWEEN TWO VECTORS

Ql
S

|ax
|dlb

The angle between two vectors d and bis givenas sinf =

AREA OF TRIANGLE

Ifd and b represent the adjacent sides of a triangle then its area is given as

&
— 1 s 7 7 1R"‘w-..
A=-1d x b| A Y e
. | . %
-\"{'B C Ny =
AREA OF PARALLELOGRAM | B 3
If d and b represent the adjacent sides of a parallelogram, then its area is given as
S “ «

Areaof Parallelogram = |a X b)|.

T .-".

A H

CROSSOR VECTOR PRODUCT OF TWO VECTORS

Let d and b be two vectors given in component form as a,i + a,j + ask and b1 + b,j + bk

respectively. Then their cross product may be given by

o5k
dxXb=la; a; a;
by b, bs

RESULTS

For any two vectors @ and E, we have
(i) 1d + b|? + |d — b|? = 2[|d|* + |b|?]
(iD) (@ +b) - (@~ b) = |a]* - |bJ?

(iii) (@ - b)? + (@ x b)? = |d|?|b|?
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MULTIPLE CHOICE QUESTIONS

1. The area of a triangle formed by the vertices O, A, B where 0A =1+ 2] + 3k and
OB = —3i— 2j + kis

(@) 3v/5 sq. units (b) 5V5 sq. units  (C) 6vV/5 sq. units  (d) 4 sq. units

2. The value of 1- G x K) +7- @ x k) + k- (i x7)is

@0 (b)-1 ©1 (d)3
3. If 0 is the angle between any two vectors a and b then |a — B| =|ad+ B| where 0 is equal to
(@0 (b)7 ©7 (A=

4. The value of A such that the vectors @ = 21 + Aj + k and b=1+ 2] + 3k are orthogonal is

(0 (b)1 (0)2 (d) =

5. The value of A for which the vectors 31 — 6] + k and 21 — 4 + Ak are parallel is

()2 (b)2 (0)2 (o) 2

6.1f 3, b, ¢ are unit vectors such that 3 + b + & = 0, then the value of a-b+b - &+ &- 3 is

(a1 (b) 3 (0) - (d) None of these

7.1f 3,b and ¢ are three vectors such that 3+ b + ¢ = 0 and |3] = 2, |b| = 3,|¢| = 5, then value
ofd-b+b-¢+¢-dis

@o (b) 1 (c) -19 (d) 38

8.1f |3] = 10, |b| = 2 and 3 - b = 12, then value of |3 X b| is
()5 (b) 10 (©) 14 (d) 16

9. For any vector 3, the value of (3 X 1)2 + (@ X )? + @ x k)? is equal to

(a) 32 (b) 332 (c) 432 (d) 232
10. If 3| = 3, |b| = 4, then a value of A for which 3 + Ab is perpendicular to 3 — Ab is

(&= (b) > CF (d) 2
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11. If =142+ 2k |b| = 5 and the angle between Fand b is T, then area of the triangle

formed by these two vectors astwo sidesis

@% 0= @15 (=5

12.1f 3 and b are the two vectorssuchthat 3 -b = 0 and 3 X b = 0, then
(a) 3 is parallel to b (b) 3 is perpendicular to b
(c) Either @ or b isanull vector (d) None of these

13.1f3=1+j+k3d-b=1andixb =7—K, thenb is
@i-j+k (b) 2] —k (c) 21 (d) 1

V2

14. Let the vectors 3 and b such that |3] = 3 and |b| = 3 then 3 x b is a unit vector if the angle

between 3 and b is

CE OF ©F @2

15. If p is a unit vector and (X — p) - (X + p) = 80, then |X] is
(@9 (b) +9 () -9 (d) 4v/5

16. If 3 and b are two unit vectors and 0 is the angle between them then % @- E)Z 1s
(a) 1 + cosO (b) 1 - sin6 (¢) 1 + sinf (d) 1—cosb

17. The position vector of a point which divides the join of points with position vectors

3+ band 23 — binratio 1:2 internally is

33+2b N 53-b) 43+D)
(a) & (b) 3 (0 &2 (d) =2
18.1f3-b=3-¢andaxb =3 X &3 % 0, then
(a)b = ¢ (b)b=0 ©b+¢=0 d)e=0

19. If the position vectors of two points A and B are 1+ 2j — 3k and —i — 2j + k respectively

then the direction cosines of the vector BA are

4

@:--:  (®

6

12 2 12
)y (C)\/_g'ﬁ'_ﬁ (d) —3 T3

)

2
3

OV
wIiN
wilN
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20. The value of (ixj) -{+ (jx 1) - kis

@ 2 (b0 (o1 (d)-1

21.If in A ABC,BA = 23 and BC = 3b, then AC is

() 23 + 3b (b) 23 — 3b (c) 3b - 23 (d) -23 — 3b

22. Position vector of the mid-point of line segment AB is 31 + 2j — 3k. If position vector of the

point A is 21 + 3j — 4k then position vector of point B is

5 7k
2 2

N | R)

(@2 + (b) 41 +3 — 2k (©) 51 + 5] — 7k (d);—2+

23. If the angle between 3 and b is g and |3 x b| = 3v/3, then the value of 3 - b is

(@9 (b)3 (©)5 (d)

24. The position vector of three consecutive vertices of a pardlelogram ABCD are
A(41 + 2j — 6k), B(51 — 3j + k) and C(121 + 4j + 5k). The position vector of D is given by

(a) —31 — 5§ — 10k (b) 217 + 3§ (c) 117 + 9§ — 2k (d) —111 — 95 + 2k
25. In A ABC,AB =1+]+ 2k and AC = 31 —j + 4k. If D is the mid-point of BC, then vector
AD is

(a) 41 + 6k (b) 21 — 2j + 2k ©i—j+k (d) 21 + 3k

26. The point (X, y, 0) on the xy-plane divides the line segment joining the points (1, 2, 3) and (3,
2, 1) intheratiois

(@) 1:2 internally (b) 2.1 internally  (c) 3:linternally  (d) 3:1 externally

27. A unit vector 3 makes equal but acute angle on the co-ordinate axes. The projection of the
vector 4 on the vector b = 51 + 7j — k is

@ COF-SNCE G

+))=3-(0+j+k)=1,thendis

—>

28.1f3-1=3-(

@k (b) 1 ©)] di+j+k
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29.1f |a| = 3,|b| = 4 and |a + b| = 5, then |a — b| is equal to

(@) 6 (b) 5 (c) 4 (d)3

30. If 3 and b are two vectors such that 3 + 2b and 53 — 4b are perpendicular to each other, then
angle between 3 and b is

(a) 45° (b) 60° (0) cos™ (3) (d) cos™ (2)

31. The position vectors of points P and Q are p and q respectively. The point R divides the line

segment PQ in theratio 3:1 and S is the mid-point of line ssgment PR. The position vector Sis

p+3q p+3q 5p+3q 5p+3q
@ —— (b) == ©—F— (d)——
32.1fd=21—j+kandb=1+j—k, then d and b are
(@) collinear vectors which are not parallel (b) parallel vectors
(c) perpendicular vectors (d) unit vectors

33. If d,b and (@ + b) are all unit vectors and 0 is the angle between @ and b, then the value

of 0is
2 51 T T
@~ (b) — ©3 (d) =~
34. If d and b are two vectors such that |3] = 1, |b| = 2 and 3 - b = v/3, then the angle between
23and —bis

11w

@ () (0= (d) =

35. Thevectorsd = 28 — j + k,b = i — 3j — 5k and ¢ = —31 + 4] + 4k represents the sides of
(a) an equilatera triangle (b) an obtuse-angled triangle

(c) anisoscelestriangle (d) aright angled triangle
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36.1f |3| = 2 and — 3 < k < 2, then |K3| €

(@ [-6, 4] (b) [0, 4] (c) [4, 6] (d) [0, 6]

37. A unit vector @ makes equal but acute angles on the coordinate axes. The projection of the
vector @ on the vector b = 5{ + 7j — k is

@y; O  OF @5

38. If 0 is the angle between two vectors d and b, then d@ - b = 0 only when:

(@0<6<Z ®o<f<Z ©0<O<m do<o<n

39.1fd+ b +¢=0,|d| =37, |b| = 3, and || = 4, then angle between b and ¢ is
s s s s
(@~ (b) - ©3 (d) 3

40. Two vectors @ = a,8 + a,f + ask and b = byi + b,j + bsk are collinear if

(@) a,;by + ayb, + azh; = 0 (@f=%=§

(¢c)a; = by,a; = by,a3 = b (d)a; +a, +a; =b; + by + by

41. If avector makes an angle of % with the positive directions of both x-axis and y-axis, then the
angle which it makes with positive z-axisis

@ (b) = COF ()0

42. 1f ABCD isaparallelogram and Ac and BD areits diagonals, then AC+BDis

(a) 2DA (b) 2AB (c) 2BC (d) 2BD

43, If vector d = 31 + 2j — k and b=1 — j + k, then which of the following is correct?

(2) dl|b (b)d L b (©) (c) |b| > [3] (d) (d) |] = |b|
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44. 3 and b are two non-zero vectors such that the projection of @ on b is0. Then angle between
dandbis

@ (b) 7 ©7 (d)o

45. The value of p for which the vectors 21 + pj + k and — 41 — 6] + 26k are perpendicular to
each other is:

(@3 ®-3 @5  @F

46. Let 3 be any vector such that |a| = a. The value of |d X i|? + |d X J|> + |d X k|? is
(a) 2 (b) 2a2 (c) 3a? (d) 0

47. Thevalueof (x ) -j+ (fx©)-kis

@) 2 (b) 0 ©1 (d) -1

48.1fd + b = fand d@ = 2i — 2] + 2k, then |b| equals :

(a) V14 (b) 3 (c) V12 (d) V17

~

49. Let 0 be the angle between two unit vectors @ and b such that sin 8 = S Then,a-bis
3 3 4 4

@ O  ©Qr (@]

50. If the vector i — bj + k is equally inclined to the coordinate axes, then the value of b is

@ -1 (b) 1 (©) —V3 (o) —=

51. For what value of A, the projection of vector i + Aj on vector 1 — j is V2 ?

@ -1 (b) 1 (© 0 (d) 3

52.1fd-i=d-((+))=ad-GC+j+k) =1, thendis
@k (b) © ©)J d)i+j+k

53. Unit vector along PQ, where P and Q respectively are (2, 1, -1) and (4, 4, -7) is

-2i

(@2i+37—6k  (b)—2i— 3]+ 6k (@7—§+% dZd4 I _ok
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54. Position vector of the mid-point of line segment AB is 3i + 2§ — 3k. If position vector of the

point A is 2 + 3j — 4k, then the position vector of the point B is

@3+21-= (b) 41 + j — 2k (©) 5¢ + 5] — 7k (d); -2

N | &)

j
2
55.If in A ABC,BA = 2d and BC = 3b, then AC is

(a) 2d + 3b (b) 2d@ — 3b (c) 3b — 2d (d) —2d — 3b

56.If |d X b| = V3 and d@ - b = —3, then angle between @ and b is

(@< ()= CE (d) =

57. I the angle between @ and b is g and |d X b| = 3v/3, then the value of @ - b is

(@9 (b) 3 CF (d) =

58. The position vectors of three consecutive vertices of a paralelogram ABCD are
A(4i + 2j — 6k), B(51 — 3] + k) and C(121 + 4§ + 5k). The position vector of D is given by

(@ —31 — 5j — 10k (b) 217 + 3j () 111 +9j — 2k  (d) —11i— 9] + 2k

59. In AABC, AB =i+ j + 2k and AC = 3i — j + 4k. If D is mid-point of BC, then the vector
AD Isequal to

(a) 41 + 6k (b) 28 — 2] + 2k ©i—j+k (d) 2i + 3k

60. If the angle between the vectors 3 and b is % and |3 X b| = 1, thend - b is equal to

(8 -1 (b) 1 (©) 5 (d) V2

ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the following choices.

(a) Both (A) and (R) aretrue and (R) isthe correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).
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(c) (A) istruebut (R) isfalse.

(d) (A) isfasebut (R) istrue

1. Assertion: The point A(1, -2, -8), B(5, 0, -2) and C(11, 3, 7) are collinear.
Reason: Theratio in which B dividesAC is 2:3.
2. Assertion: If3-b=b-& =0 thenb = A(3 X &).

Reason: The cross product of two vectorsisthe third vector that is parallel to the two original vectors.

3. Assertion: The vector # isaunit vector in the direction of the vector 1 — 2j — 2k.

-

Reason: The unit vector in the direction of @ is given by %

4. Assertion: The direction cosines of the vector i — 2§ — 2k are § - 2 - §

Reason: The magnituder, direction ratios a, b, ¢ and direction cosines |, m, n of any vector are related

_C
,n =-

a
asl=-m=
r r

= | T

5. Assertion: The vector joining the points P(2, 3, 0) and Q(- 1, — 2, — 4) isPQ = —31 — 5] — 4k.

Reason: If P (X4, 1, z1) and Q(X», Y2, Z,) are any two points, then magnitude of the vector PQis given

by |W2| = \/(Xz —x1)% + (y2 —y1)? + (22 —71)%.

6. Assertion: The mid-point of the vector joining the points P(2, 3, 4) and Q(4, 1, -2) isR(3,2,1).
Reason: The position vector of the point R which divides P and Q internaly in the ratio of m:n is

mb+n3

given by OR =

m+n

7. Assertion: 3 = 1 + 3] + 4k and b=2i— 2] + k are perpendicular to each other.

Reason: Two vectors 3 and b are perpendicular to each other if @ X b=0.

8. Assertion: The vector in the direction @ = 1 — 2j with magnitude 7 units is%i - %i.

Reason: The vector in the direction of ¥, which has magnitude d unitsisd. t.
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9. Assertion: For any two vectors 3 and b with || # 0 # |b| we dways have |3 + b| < |3||b].
Reason: d - a = |a|?

10. Assertion: The unit vector in XY -plane making an angle of of 30° with positive direction of x-axis

Bty
2

iIs—
2

Reason: £ = cos 30°1 + sin 309j.

11. Assertion: (b - &)d is a scalar quantity.

Reason: Dot product of two vectorsis ascalar quantity.

12. Assertion: Projection of d@ on b is same as projection of b on d.

Reason: Angle between @ and b is same as angle between b and @ numerically.

13. Assertion: The vectors 3 = 61 + 2j — 8k, b = 10 — 2j — 6k, ¢ = 41 — 4j + 2k represents the
sides of aright angled triangle.

Reason: Three non-zero vectors of which none of two are collinear forms a triangle if their

resultant is zero vectors or sum of any two vectorsis equal to the third.

VERY SHORT ANSWERS

1. The x-coordinate of a point on the line joining the point P(2, 2, 1) and Q(5, 1, —2) is4. Find its

z-coordinate.

2. Find ' A ' when the projection of @ = Ai +§ + 4k on b=2i+ 6] + 3k is 4 units.
3. What are the direction cosines of aline, which makes equal angles with the co-ordinate axes?

4. The vectors @ = 31+ xj and b = 21 + j + yk are mutually perpendicular. If |3| = |b|, then find
thevalueof y.

5. Let 3 =1+ 2 — 3kand b = 31 —j + 2k be two vectors. Show that the vectors (3 + b) and

@- B) are perpendicular to each other.
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6. For any two vectors 3 and b, prove that (3 X b)? = @2b? — (3 - b)?
7. 1f3+b+¢=0and |3 = 3,|b| = 5and |[¢] = 7 then show that the angle between 3 and b
iIS60°.

8. Find the area of a parallelogram ABCD whose side AB and the diagonal AC are given by the

vectors 31 + j + 4k and 41 + 5k respectively.

9. If 3and b are unit vectors, then what is the angle between 3 and b for @ — v2b to be a unit

vector.
10. For any three vectors @, b and ¢, find the value of 3x (b + &) + b X (¢ +3) + ¢ X (3 + b).

11. Find a vector T equally inclined to the three axes and whose magnitude is 3+/3 units.

12. Show that the three points A(1, -2, -8), B(5, 0, -2) and C(11, 3, 7) are collinear and find the

ratio in which B divides AC.

—

13. Vectors 3,b,¢andd are given by @ = 1+j+k, b = 214+3j, ¢= 3i+5 -2k and

-

d = k —3. Prove that the vectors b-3add-2ae parallel. Also find the ratio of their

magnitudes.
14. 1f3=1+j+kb=21—j+3kand ¢ =1— 2] +k, find a unit vector parallel to the vector
23— b+ 3¢

15. Show that the AABC whose vertices are 7§ + 10k, —1 + 6] + 6k, —4i + 9j + 6k isisosceles

and right angled.

16. If F=1+2j—3kandb=31—j+2k find the angle between the vectors

23+ Dband 3 + 2b.
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17. Find the projection of P_Q)onﬁ where P, Q, A, B are the points (-2, 1, 3), (3, 2, 5),

(4, -3, 5) and (7, -5, -1) respectively.

18. If 3@ makes equal angles with 1,j and k and has magnitude 3, then prove that the angle between

3 and each of 1, and k is cos ™! (%)

19. Find the relation between A and p such that A3+ pb is orthogonal to & where

d=31—2j+kb=1+2j—3kand &= —i+j+ 2k

20. 1f =147+ kb= —i+2)+kand & = 31 +j— 2k, determine a unit vector perpendicular

toboth3 + b and 3 + &.

21. If the vectors d and b are such that |d| = 3,|b| = § and d@ x b is a unit vector, then find the

angle between @ and b.

22. For the vectors @ =i— 2j + 3k and b = 20+ 3 — 5k, verify that the angle between
3dand3 X b is %

23. 3, band ¢ are three mutually perpendicular unit vectors. If 0 is the angle between
3 and (23 + 3b + 60), find the value of cosf.

24. If the projection of the vector i + j + k on the vector pi + j — 2k is % then find the value(s)
of p.

25. Find the position vector of point C which divides the line segment joining points A and B
having position vectors i+ 2j — k and — i+ j + k respectively in the ratio 4:1 externaly.
Further, find |AB|: |BC|.

26. If three non-zero vectors a,band & such that 3-b=3a-¢ and 3 X b = 3 x &, then show

that b = ¢.
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27.1f # = 31 — 2] + 6k, find the value of (¥ X }) - (¥ x k) — 12.
28. Find al the vectors of magnitude 3+v/3 which are collinear to vector § + j + k.
29. If 3and b are two non-zero vectors such that (3+b) L 3 and (2d + b) L b, then prove

that |b| = V2|3].

30. Position vectors of the points A, B and C as shown in the figure below d, b and ¢ respectively.

[ & °
5 — —»
Ala ) Bib) C(e)

If AC = ZA_B: express ¢ in terms of 3 and b.

31. For two non-zero vectors @ and b, if |d — b| = |d + b|, then find the angle between 3 and b.
32. If 3, band¢ are three unit vectors such that a+b—¢=0, find the angle between
vectorsd and C.

33. In the given figure, ABCD is a parallelogram. If AB = 2 — 4f + 5k and DB = 31 — 6j + 2k,

then find AD and hence find the area of parallelogram.

34. If @ b,¢ are three non-zero unequal vectors such that @-b = @ - ¢ then find the angle
between @ and b — ¢.
35. If points A, B and C have position vectors 21,§ and 2k respectively, then show that AABC is

an isosceles triangle.
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36. Find a vector of magnitude 6, which is perpendicular to each of the vectors a + bandd — b,

where3 =1+j+kandb =i + 2j + 3k.

SHORT ANSWERS

1. The scalar product of the vector @ = 1+ j + k with a unit vector along the sum of the vectors
b =21+ 4j — 5k and ¢ = Al + 2 + 3kis equal to 1. Find the value of A and hence find the unit

vector along b + &,

2. Let 3,b and ¢ are three vectors such that [3| = 1, |b| = 2 and || = 3. If projection of b along 3
is equal to the projection of ¢ along 3 and b and ¢ are perpendicular to each other, then find the

value of |33 — 2b + 2¢.

3. If 3,band ¢ are mutually perpendicular vectors of equal magnitude, show that the vector

3+ b+ ¢isequally inclined to 3, b and &. Also find the angle which 3 + b + ¢ with 3 or b or &.

4.1f3=1+]+kandb = j — &, then find a vector ¢ such that 3 x ¢ = band 3 - ¢ = 3.

5. Leta=1+4j+2kb=31—2j+7kand¢=21—j+4k Find a vector P which is

—

perpendicular toboth @ and b and B - ¢ = 18.

6. The magnitude of the vector product of the vector 1 + j + k with a unit vector along the sum of

vectors 21 + 4j — 5k and Af + 2j + 3k is equal to v/2. Find the value of A.

7. Show that the points A, B, C with position vectors 21 —j + k,1 — 3] — Sk and 31 — 4] — 4k

respectively are the vertices of aright-angled triangle. Hence find the area of the triangle.

8. Find a unit vector perpendicular to the plane of triangle ABC, where the coordinates of its
verticesare A(3, -1, 2), B(1, -1, -3) and C(4, -3, 1).
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9.If a= Zi—j—ZEandgz 71 + 2§ — 3k then expressl_))inthefromofl_))zl_))l+Bz, whereBl

isparallel to 3 and b, is perpendicular to 3.

10. Given that 3,b, ¢ form a triangle such that 3 = b + &. Find p, g, r, s such that the area of the

triangle is 5v6 where 3 = pi + qj + rk, b = si + 3] + 4k and ¢ = 31 +j — 2k.

11. The two vectors j+ kand 31 —j+ 4k represents the two sides vectors AB and AC

respectively of triangle ABC. Find the length of the median through A.

12. If 3,b are unit vectors such that the vector @ + 3b is perpendicular to 73 — 5b and @ — 4b is

perpendicular to 73 — 2b, then find the angle between a and b.

13. Find a unit vector perpendicular to both of the vectors @ + b and 3 — b where @ = 1+ + k,

and b =1 + 2j + 3k.

14. 1f p = 51 + A — 3k and § = 1 + 3j — 5k then find the value of A, so that p + g and p — q are

perpendicular vectors.

15. Let 3=1+4j+2kb=31—2j+7kandé =21 —j+4k. Find a vector d which is

perpendicular toboth 3 and b and ¢ - d = 27.

16. The two adjacent sides of a parallelogram are 21 — 4j — 5k and 21 + 2j + 3k. Find the two

unit vector parallel to its diagonals. Using the diagonal vectors, find the area of the parallelogram.

17. Given that @ = 1+ 2] + k,b = 31 + 2j — 7k and & = 51 + 6] — 5Kk, verify that
ix(bxd)=@3 O)b—(3-b)i

18. Prove that the points 27 — j + k, T — 3] — 5k, 31 — 4] — 4k are the vertices of aright angled

triangle. Find also the other two angles of the triangle.
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19. Dot product of a vector with vectors 31 — 5k, 21 + 7] and 1 + j + k are respectively -1, 6 and

5. Find the vector.

20. If3,b, ¢ are three vectors such that |3] = 3,|b| = 4,|¢| = 5 and 3,b,& are perpendicular to

b+ ¢ ¢+ 3,3+ b respectively show that |3 + b + ¢&| = 5v2.

21. If a=1+j+kandb=1+2j+3k then find a unit vector perpendicular to both

b.

Qu
+
Sl
o
=
o
Qu
[

22. If vectors 3, b and 23 + 3b are unit vectors, then find the angle between 3 and b.

23. The position vectors of vertices of AABC are A(2i—j+k), B(i—3j—5k) and
C(31 — 4] — 4k). Find all the angles of AABC.

24. Find a vector of magnitude 4 units perpendicular to each of the vectors 2i —j + k and

i + j — k and hence verify your answer.

)

25. Givenn 3=21—j+kb=31—kand¢=2{+j—2k Find a vector d which is

perpendicular to both @ and b and ¢ - d = 3.

LONG ANSWERS
1. Show that the four points A, B, C, D with position vectors a, B, E,a respectively, such that

33— 2b+5¢—6d =0 are coplanar. Also find the position vector of the point of intersection of

lines AC and BD.

2. (i) If 3and b are two vectors such that |3 + b| = [3|, then prove that the vector 23 + b is
perpendicular to vector b.

(i) Find |3 — b, if two vectors3 and b are such that [3| = 2,|b| =3 and 3 - b = 4.
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3.(i) Let g, b and ¢ be three vectors of magnitude 3, 2, 5 respectively. If each oneis perpendicular
to the sum of other two vectors, then find the value of |3 + b + ¢|.

N e A ~ . . 0 1,4, p
(i) If 2 and b are unit vectors and 0 is the angle between them, prove that cos >3 |]a + b.

4. (i) Find a vector @ of magnitude 5v/2, making an angleg with x-axis, g with y-axis and an
angle 0 with z-axis.

(i) If 3 isany vector in space, show thata = @ - Di+ @ §)j + @ - k)k.

5. (i) Find A and p if (i + 3] + 9k) x (31 — Aj + pk) = 0.

(ii)If3=1+j+kandb =j—kfindavector¢suchthat 3 x ¢ =band3- ¢ = 3.

CASE BASED QUESTIONS

1. Solar panels to be installed carefully so that the tilt of the roof and direction to the sun produce
the largest possible electrical power in the solar panels. A surveyor uses his instrument to
determine the coordinates of the four corners of a roof where solar panels are to be mounted.
Suppose the points are labeled counter clockwise from the roof corner nearest to the camera in
units of meters Py(6, 8, 4), P»(21, 8, 4), P3(21, 16, 10) and P4(6, 16, 10).

Based on the above information, answer the following questions:

(i) Find the components to the two edge vectors defined by A =PV of P, - PV of P, and
B =PV of P,— PV of P, (Where PV stands for position vector).
(i) Find the magnitude of the vectors A and B.

(iii) Find the components to the vector N, perpendicular to A and B and the surface of the roof.

2. A monkey starts moving from a point A(0,0,0) to 5 meters away a point B in east direction
then 6 meters in north direction to a point C and then climbs atree of 10 metersto a point D.

From above information answer the questions given below:
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(i) Find position vector of monkey.
(i) Find displace of monkey.

(iii) Find unit vector of vector AD.

3. Two toddlers are playing seesaw game in a garden. A student of XII class observing the
positions of toddlers and finds the position of first toddler (3,4,2) and position of second toddler
(5,6,0).

From above information answer the questions given below:

(i) Find position vector of midpoint of seesaw.
(i) Find distance between both toddlers

(iii) Find position vector of point on seesaw which divides seesaw beam in 2:1.

4. Three birds are sitting on tree at positions A(4,6,8) , B (6, 7 ,7) , C(5,6, 9). A student of class
X1I wants apply vector algebra concept to find different component of triangle.

Solve the problem that he finds in following questions.

(i) Find vector AB and AC.

(it) Find centroid of triangle.

(iii) Find angle between vector AB and AC.

5. Thereis a9 meterstree in afield. Shape of field is in parallelogram whose two adjacent sides
aregiven3 = 41 —j + 3kand b = —21 +j — 2k.

From above information solve following questions
() Find area of field.

(it) Find height in vector form.

6. A garden isin shape of quadrilateral. A student wants to finds its area by using vector algebra.

points are given as A(0,1,1), B(2,3,-2), C(22,19,-5), and D(1,-2,1).
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From above information solve following questions
¥

(i) Find AC.
L
(i) Find BD.
e
(iif) Using this find area of quadrilateral.
7. Swathi purchased an air plant holder which isin the shape of atetrahedron. Let A, B, Cand D

are the coordinates of the air plant holder where A(1, 1, 1), B(2, 1, 3), C(3, 2, 2) and D(3, 3, 4).

Based on the above information, answer the following questions:

(i) Find the position vector AB.

(ii) Find the unit vector along AD.

(iii) Find the area of the A ABC.

8. Swathi walks 4 km towards west, then 3km in-a direction 30° east of north and then she stops.
The situation above has been depicted in the diagram as shown below, assuming that the girl

starts her walk from O.

A N4

i B

307/ |
-«—ik : =
W A ~ O E’
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In the diagram, ON represents positive y-axis and North direction, OE represents positive x-axis
and East direction. Similarly, OW is representing negative x-axis and West direction, whereas OS
represents negative y-axis and South direction. Let OA = 4km and AB = 3km.

Using the above information, answer the following:

(i) What is the vector AB?

(i) Find AB x OA.

(iii) Find area of AOAB.

9. An instructor at the astronomical centre shows three among the brightest stars in a particular
constellation. Assume that the telescope is located at O(0, 0, 0) and the three stars have their
locations at the points D, A and V having position vectors 2i + 3j + 4k, 7t + 5j + 8k and

—31 4+ 7] + 11k respectively.

Based on the above information, answer the following questions:

(i) How far isthe star V from star A?

(i) Find a unit vector in the direction of DA.

(i) Find the measure of £VDA.

(iv) What is the projection of vector DV on vector DA?
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UNIT TEST
Duration: 1 hour Marks: 30

SECTION A

Each carry 1 mark

1. If the projection of @ = T — 2§ + 3k on b = 21 + Ak is zero, then the value of A is
(0 (b)1 ©-2 (-2

2. The angle between two vectors 3andb with magnitudes v3 and 4 respectively and
3-b=2V3is

TC TC T 51
(@~ (b) 5 © 3 (d) =

3. The number of vectors of unit length perpendicular to the vectors 3 = 21+ + 2k and

b=7j+Kkis

(@) One (b) Two (c) Three (d) Infinite

4. Assertion: If (3 X b)? + (3 - b)? = 144 and || = 4, then |b| = 9.

Reason: If @ and b are any two vectors, then (@ X b)? is equal to (3)2(b)2 — @@ - b)2.

(@) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.

SECTION B
Each carry 2 marks

5.1f 4,b and ¢ are mutually perpendicular unit vectors, then find the value of |24 + b + ¢].
6.1f 3 x b|2 + |3 - b|? = 400 and |3| = 5, then find the value of |b].

7. Find the projection of b + ¢ on 3, whered = 21 — 2§+ kb = 1 + 2§ — 2k & ¢ = 21 — j + 4k.
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SECTIONC
Each carry 3 marks
8. Let 3, b, & be unit vectors such thata - b =3 - & = 0 and the angle between band ¢ is g, prove

that 3 = +2(b x ©).

—3j+kb=—-14k¢=2]—k find the area of the parallelogram having diagonals

—

9.1fa=2
a+bandb + &
SECTION D

Each carry 5 marks

10. If 3,b and ¢ are mutually perpendicular vectors of equal magnitudes, find the angles which

the vector 23 + b + 2¢ makes with the, b and ¢.

11. Three vertices A, B, C and D of a parallelogram ABCD are given by, A(O, -3, 3),
B(-5, m— 3, 0) and D(1, -3, 4). The area of the parallelogram ABCD is 6 sg. units. Using vector

method, find the value(s) of m.

SECTION E
12. The slogans on chart papers are to be place on a school bulletin board at the points A, B and C
displaying A (follow Rules), B (Respect your elders) and C (Be a good human). The coordinates

of these pointsare (1, 4, 2), (3, -3, -2) and (-2, 2, 6), respectively.

L LI T T TN I T TRRTT
4 [F{}H{J‘N Ruh_-s;|

B

Respect your Be a good

elders Human
N O A O I
LAV AVAVAVAVAVAVAVAV

PAVAVAVAVAVAVAVAVAN
NEEEENEEEEE

HEEREEEREEN
LAY AVAVAVAVAVAVAVAVAY

(i) If 3, b and & be the position vectors of points A, B, C, respectively, then find |3 + b + ¢|.

(i) Find area of A ABC.
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ANSWERS

MCQ A-R VSA SA LA CS
1. (a) 35 sq. units 1L(b)|L-1 1.18&>0+2] -2k 2. (ii) V5. 1.()) 15,0,0and 0, 8,
2.(b)-1 2.(c) | 5
23 2 V6T 3.() V38
. (0 . (i) 15 units and 10
@ i 1(2 4. (i) 51 + =k
4, (a —VJV3' —3’'— -1(1 y + = .
4. (d) g 3 cos (ﬁ) V2 units
5. (b) 4. +29T0
. 4+2v10 5. (i) -9 & 27
2 > (571270 2% iii) 0, -90, 120
5.(a) 3 6. (a) 4.C—(3L+3]+3k). (iii)
3 7 (o) | & V42 sq. units. A (ii) 1(52+ 27 + o ~
7049 > * ) (i1) V161 meter
8. (d) 16 ' .
. oy o 5i+6]+10k
9. (d) 2a° 10 7. @ sq. units (i) AD = V161l
@ |17 =430+]+k)
10. (b) 2 3.() 4t + 5/ + k
"\ 10, 7 ., 4 & (i) 41 + 5§
! 11. 8 —=i— =]+ =k
15 12.2:3
H@y (d) . . (ii) 2v3 units
13 1:3 9.b, = 4i—2j — 4k &
12. (c) Either d@or b is a null | 12 T

322



vector

13.(d) ¢

14. (b) g

15. (a) 9

16. (d) 1 — cosO

(4a+b)

17. (d) &2

20. (d) -1
21. (c) 3b - 23
22.(b) 41+ j — 2k
23.(b) 3

24.(c) 111+ 9 — 2k

25. (d) 2 + 3k

(d)
13.

(b)

14, = j+—

=7 sk

16. cos™?! (2)
17. 20— =j— =k

19.31 + 5u =

20.

21.

o ld

2.0==1
2
23,2
7
1
24.p=20rp=z

25. g(—Si +2j + 5k) and 3:1

b, =3i+4j+k
10.p=-8,8,g=4r=2&
s=-11,5

V34

11. — units
2

12.0==1
3

1 P P T
— (61 + 8k
15 (61 +80)

24101 sq. units

131+16]+2k
3

(iii) 7

4.()2i+j—ki+

(ii) (5.~ 8)
5. (i) 3 sg. units

(- L+2]+2k)

(i) 9———

6.(1) 221+ 18j — 6k

(i) —i — 5] + 3k
(iii) V12940
units

7.G) i+ 2k

.. 1 a a
(i) ﬁ(21+2]+

&

Q.
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26. (d) 3:1 externally
27.(a) %

28.(b) ©

29.(b) 5

30. (b) 60°

5p+3q

31. (d) =

32. (¢) perpendicular vectors
3. (8 =

34.( =

35. (d) aright angled triangle
36. (d) [0, 6]

37.(a) ﬁ

38.(b)0<f<>

39. (c) g

27.0

28. 31 + 3j + 3k and

—31—3j -3k
5 _5b_d
30. ¢c = T 2
31.90°
32.Z
3

33. AD —i + 2j + 3k and Area =

115

34.

NS

6
36. N

or V6(—i+2j — k)

(=20 + 4f — 2k)

_ , 6 _ f35
18.cos™! |[=& cos™1 |=
41 41

19. 31 + 2k
. 2. 1%
21 —\/—_'l+ﬁ]——6k
22. 1
1 (V3
23 cosS (m),

24. 2\/2j + 2v/2k

(or — 2v2j —2V2k)

25.d =31+ 15) + 9k

3k)
(iii) V14 sq. units

3v3,
)

8. () 21+
(i) 6v/3k

(iii) 3v3 Sq.units

9. (i) V113 units

..\ 5i+2j+4k
(i) — =

(if) cos™* (1222)

115
15

(iv)
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40@%=2=%

by b3
41.(0) 7
42. (c) 2BC
43.(b)d L b
44.(8) 7
45. (a) 3
46. (b) 2a>
47. (d) -1
48. (b) 3
49. (c) + g
50. (a) -1
51. (a) -1

52. (b) 1

53. (d) 2 + 2 - &
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54. (b) 41 + ] — 2k
55. () 3b — 2d

56. (d) =

57. (b) 3

58. (c) 11i + 9j — 2k
59. (d) 21 + 3k

60. (b) 1

UNIT TEST

1.(0) -2

2. (b) g

3. (b) Two

4. (d) Assertion (A) isfalse but Reason (R) istrue.
5. V6.

6. 4
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7.2

8. Proof

9. %m sq. units.

10. cos~12, cos13, cos—12
3 3 3
11. +4
12. (i) V29 (if) 5 V1937 sq. units
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CHAPTER 11 - THREE DIMENSIONAL GEOMETRY

DIRECTION COSINESOF A LINE
The direction of line OP is determined by the angles «, 3, y which it makes with OX, OY and OZ
respectively. These angles are called the direction angles and their cosines are called the the

direction cosines.

Direction cosines of aline are denoted by |, m, nsuch that I = cosa, m = cos 3,n = cosyy.

Sum of squares of direction cosines of alineisaways 1.

I2+m?+n?=1,ie ,cos?a+cos?f +cos’y=1

o
e

DIRECTION RATIOSOF A LINE
Numbers proportional to the direction cosines of aline are called direction ratios of aline. If a, b, ¢

. . . ) 1
are direction ratios of alinethen = = % = %

If & b, c are direction ratios of aline, then its direction cosines are

a b c
=+ m=+ n=+

“VaZ + b2 +c?’ “VaZ + b2 +c?’ " Va? + b? 4 2

DIRECTION COSINES OF A LINE PASSING THROUGH TWO POINTS
We can determine the direction cosines of a line passing through the given points
P(x4,¥1,21) and Q(x3,V,, z,) asfollows

Xp—=X1 Y2—V1 22— 74

PQ © PQ " PQ
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Where PQ = \/(Xz —x1)% + (y2 —y1)? + (25 — 71)?

The direction ratios of the line segment joining P(x4,y1,Z,) and Q(X,, Y, Z,) may be taken as
X2 = X0,¥Y2 = Y122 =21 0T Xy —X2,¥1 = ¥2,21 — 2

EQUATION OF A LINE IN SPACE

A lineisuniquely determined if

(i) it passes through a given point and has given direction

(i) it passes through two given points

EQUATION OF A LINE THROUGH A GIVEN POINT AND PARALLEL TO A GIVEN
VECTOR b
Vector Form

Let a be the position vector of the given point A with respect to the origin O and | be the line which

passes through the point A and is parallél to a given vector b. Hence, the vector equation of lineis

7
P - (f.

given by

Cartesian Form
Equation of the linein the Cartesian form is given by

X=Xy Y=V1_Z2— 2y
a b c

Note: If I, m, n arethe direction cosines of the line, the equation of the lineis

X=X V=W _Z—2
[ m n
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EQUATION OF A LINE PASSING THROUGH TWO GIVEN POINTS

Vector Form

Let d and b be the position vectors of two points A(x;, 5, 2;) and B(x,, y,, z,) respectively that are

lying on the line. Then the vector equation of lineis given by

~

P=d+A(b—d),l€R
X "-'.‘ "
Cartesian Form @ :
\
0
Equation of the line in the Cartesian form is given by ‘,/

X=X Y=V Z7Z

Xop—=X1 Y2—="V1 2~ 21

ANGLE BETWEEN TWO LINES

- aia, + byby +c4cy B Bl 'Bz
M I S s P 030 = 5 1]
1 1 1 2 2 2 1 2

(If the lines are given in cartesian form) (If the lines are given in vector form)

PERPENDICULAR LINES

Two lines with direction ratios a4, by, ¢, and a5, by, c, are perpendicular, then

PARALLEL LINES

Two lines with direction ratios a4, by, ¢; and a,, b,, ¢, are parallel, then

a;, by ¢
a, by ¢

SKEW LINES

In three-dimensional geometry, skew lines are two lines that do not intersect and are not parallel.
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DISTANCE BETWEEN TWO SKEW LINES

Vector Form Cartesian Form

Let [, and [, be two skew lines with equations | The shortest distance between the lines

7= C_l)l + Agl and 7 = 52 + ,UEZ Hence, the X=X1 _ Y=YV1 _ Z—Z1

shortest distanceis

o |(BaxBy) - @ — )

— —
|by % by
X2—=X1 Y2—YV1 22721
a; by c1
e a by C2

V(b1cz—bzc1)?+(craz—c2aq)?+(asby—azbq)?

NOTE: If the shortest distance between two linesis zero, then the lines are intersecting.

DISTANCE BETWEEN PARALLEL LINES
If two lines [, and [, are parallel whose equationisgivenby 7 = a, + Aband 7 = d, + ub . Hence,

the distance between the given parallel linesis

bx(a,—a
R
|b]
COPLANAR LINES
If the lines x;x1=y;y1=2221 and x;xzzy;yzzz;zz are coplanar lines iff
1 1 1 2 2 2

Xo—=X1 Yo—Y1 22— Z3

a, by €1 = 0.

a; b, Co
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MULTIPLE CHOICE QUESTIONS
1. What is the value of A for which the lines X;—1=§=— and — =—=- ae

perpendicular to each other?
@2 (b)-2 (c) £2 (d)o

2. If the direction ratios of a line are 1, —2, 2 then what are the direction cosines of the line?

1

@

3

-2 -1 2 -2

1 -2 1 -2 2
Y (b)ﬁ,ﬁ,ﬁ (C)g,?,

D% %%

wIlN

2
I3I
3. The equation of aline passing through (0, 1, 2) and equally inclined to co-ordinate axesis
(Qx=y-1=2z-2 (b)x=y=2z O x=y+1=z+2 dx-1=y+2=z+3

4. Thedirection ratios of alinejoining the pointsA(0, 4, 1) and B(2, 3, -1) is

(@2-1,2 (b)2,-5, -2 (c)-2,1,-2 (d)-2,-1,2

5. The coordinates of the foot of the perpendicular drawn from the point (2, 5, 7) on the x-axis
are
(@ (2,0,0) (b) (0,5, 0) (c) (0,0,7) (d) (0,5, 70

6. The equation of line passing through the originand (0, 0, -1) is

X_y_z2 X_y_ 2% x_y_z-1 ¥ _y_z+1
(a)z_o_o (b)O_l_—l (C)o_o_1 (d)O_O_—l

7. The angle between thelineswhosed.r.sarea, b,candb—-c,c—a a-bis

(a 30° (b) 60° (c) 90° (d) 180°
8. For the lines X;—l = y;—z = ? and % = %1 = z, the point of intersection is
(a) (11 -11 -1) (b) (-11 11 -1) (C) (-1’ -1’ -1) (d) (-1’ -11 l)

9. A line passes through the point with position vector 21— 3j+ 4k and makes angles

60°,120° and 45° with X, y and z axes respectively. Then the equation of the line in cartesian

formis
(@2x—4=2y—6=+22—42 (b)2x—4=—-2y—6=+22—42
(c)2x—4=2y+6=12z2—4/2 (d) &= 21— 3]+ 4k + A( — ] + V2k)
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10. The x-coordinate of a point on the line joining the points P(2, 2, 1) and Q(5, 1, -2) is4. Then
its z-coordinate is
@1 (b) -1 (c)2 (d)o
11. The equation of thelinejoining (1, 2, 3) and (-3, 4, 3) is
(a) Perpendicular to the z-axis (b) Perpendicular to the x-axis
(c) Perpendicular to the y-axis (d) Parallel to z-axis
12. Direction cosines of aline perpendicular to both x-axis and z-axis are:
(@1,0,1 (b)1,1,1 (€ 0,01 (d)0,1,0
13. Thedirection ratios of aline parallél to z-axis are
@<1,1,0> (b)<1,1,1> (c) <0, 0, 0> (d) <0, 0, 1>
14. Equation of aline passing through point (1, 1, 1) and paralel to z-axisis
x—1

X_Y_¢%& -1 _y- 1L |91 o s _| -1 x-13gy-1__z2-1
(a)1_1 1 (0) 1 1 1 (C)o 0 1 () 0 0 1

15. Equation of line passing through origin and making 30°,60° and 90° with X, y, z axes

respectively is

X _y_z ZX LY |2 LiE . —1 A8 W
@Z=t= (Z=Y=f (un=2=I @Z=r=:
16. The value of A for which the lines$ = Z%Y =§and§ = % = gareat right angleis
(a2 (b) 4 (©)-4 (d)-2

17. Equation of aline passing through point (1, 2, 3) and equally inclined to the coordinate axes
IS

X_Y_=Z X_Y_=Z 21 _y-1_z71 x>t _y-1_z71
(a)z_2_3 (b)1_1_1 (0)1_2_3 (d)1_1_1
18. The value of A for which the angle between lines ¥ =1+7+k+ p(2i+7j+ 2k) and
F=(1+qi+1+q)j+(1+qkis - is

(&) -4 (b) 4 (©) 2 (d) -2
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19. The lines ¥ =1+7—k +A(21+ 3] — 6k) and ¥ = 21 —§ — k + (61 + 9§ — 18k) where A
and p are scalars are

(a) Coincident (b) Skew (c) Intersecting (d) Parallél

20. Under what condition do < > represent direction cosines of aline?

\/—I =

(a)k=% (b)k=—§ (c)k=J_r§ (d) k can take any value
. ) ) T—
21. If the direction cosines of a line are (E’E —) then

(@0<c<1 (byc>2 (€ c>0 (d)c=+V3

22. The ordered pair (A, p) such that the points (A, u, -6), (3, 2, -4) and (9, 8, -10) become

collinear is

@ (3,4 (b) (5.4 (©) (4,9) (d) (4, 3)

23. If the straight Iin%% = yz;z = ? and% = % = Z;—l intersect at a point then the value of
Kis

(@ -5 (b) 5 (c) 2 (d) -2

24. The direction cosines I, m, n of one of the two lines connected by the relations

| -5m+3n=0,71°+5m° - 3n’=0are

3

3

1)%21 3 -3
()\/__\/__\/__ ()\/_\/_\/_ (C)m’m’m ()\/_\/_\/_

25. Direction ratios of two linesare g, b, c and i,c—la,ithen thelines are

(a) Perpendicular (b) Parallel (c) Coincident (d) None of these
26. Thelines =2 = Y22 = 22 gng X2 = Y2 = 220 4 coplanar if

1 1 -k k 2 1
@k=3or-2 (b)k=0 (c0k=1or-1 (d)k=0or-3

27. If the Straight linesx =1+ s,y =-3-4s,z=1+Asandx =~y = 1+1,2 =2 -t with
parameters s and t respectively are coplanar, then A is

(@0 (b) -1 (©) -3 (d) -2
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28. The distance of the point (1,6,3) to the line ¥ = (§ + 2k) + A1 + 2] + 3k) is

(a) V13 (b) 13 (c) V13 (d) None of these
29. If the point P(a, b, 0) lies on the line == = X2 = 22 then (a, b) is
@ (L2 ® (5.%) © (3.5) (d) (0, 0)

30. The shortest distance between the lines given by & = (8 + 30)i — (9 + 16)A)j + (10 + 7A)k
and ¥ = 151 + 29§ + 5k + p(31 + 8] — 5k) is

(&) 7 units (b) 2 units (c) 14 units (d) 3 units
31. If the direction cosines of aline are v/3k, v3k, v3k, then the value of k is
(a) +1 (b) +V3 (©) +3 (d) i%

32. The value of A for which the angle between the lines # = i +j + k + p(21 + j + 2k) and

F=(1+qi+ 1 +qg)i+ A+ qkis Sis

@ -4 (b)4 (c) 2 (d)-2
33. Direction cosines of the line X;—l = ? = 2?;1 are :

236 2 3 12 2 3 6 2 36
@777 O mrm Oy - @7737
34. Direction ratios of a vector parallel to line %1 = —y.= 226“ are
@2-16 (b2,1,6 (0213 (d2-1,3

35. Direction cosines of aline perpendicular to both x-axis and z-axis are
@101 (b)1,1,1 (©0,1,1 (do0,10
36. The cartesian equation of aline passing through the point with position vector @ = i — j and

parallel totheline? = 1 + k + u(2i — j) is

@ == O ="7=1 5 == @5 =5="

1 0 1 -1 0 2 -1 0 -1
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37. The coordinates of the foot of the perpendicular drawn from the point (0, 1, 2) on the x-axis
are given by:

@ (1,0,0) (b) (2,0,0) (c) (+/5,0,0) (d) (0, 0, 0)

38. The vector equation of aline passing through the point (1, -1, 0) and parallel to Y-axisis
@r=i—-j7+20-9 b)r=i—j+A] ©rf=1—-7+2k At =4

39. Equation of line passing through point (1, 1, 1) and parallel to z-axisis

@i=i=1 OT=T=T ©@=7=7 @FT=%=7T

40. If aline makes angles of 90°,135° and 45° with the x, y and z axes respectively, then its

direction cosines are

1 1 1 1 1 1 1 1
57 (b) —5,0,5 (c) 5,0,—\/—5 (d)0,—=

(a) 0; ,\/E,\/_E

41. Equation of line passing through origin and making 30°,60° and 90° with X, y, z axes

respectively is
x_y_z2 Ry _ B Vs 2 2x _ S 2
(a)\/§_2_0 (b)\/g_l_o (C)zx_\/g_l (d)\/§_1_1

42. The angle which thef = 11 = § makes with the positive direction of y-axisis

(@)= (b) = (9= ()=
43. The angle between the lines2x = 3y = -zand 6x = -y = -4z is
@ o0° (b) 30° (c) 45° (d) 90°
44. If aline makes an angle of 30° with the positive direction of x-axis, 120° with the positive
direction of y-axis, then the angle which it makes with the positive direction of z-axisis
(@) 90° (b) 120° (c) 60° (d) 0°
45. The direction cosines of vector BA, where coordinates A and B are (1, 2,-1) and (3, 4, 0)
respectively are
2 1

@-2-21 0 -2,-2,-2 €221 @222

3 3
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46. If the point P(a, b, 0) lieson thenne"zL1 = YT“ = %3 then (a, b) is

1 2 11
(@ (1,2 ®) (5.%) © (3.3) (d) (0,0)
47. The Iineslg—x = yT_l = f and 2’;;3 = _ll = # are perpendicular to each other for p equal to
1 1
@ - (b) (c) 2 (d)3

48. The cartesian equation of the line passing through the point (1, -3, 2) and parallel to the line

F=2+ADi+A+ (21— Dkis

X1 _y+3 272 Dok S m——yZ + 2
@ 2 0 -1 () 1 1

x+1 _y-3 _zi2 XS¥ I y+3 _ g2
(© 2 o0 1 () 1 1 2

ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the following choices.

(a) Both (A) and (R) aretrue and (R) is the correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).

(c) (A) istrue but (R) isfalse.

(d) (A) isfasebut (R) istrue

1. A line makes angle a, fand y and with the X, Y & Z axes respectively.
Assertion: sin? a + sin? B + sin?y = 2

Reason: cos? a + cos? B + cos?y = 1.

2. Assertion: The distance of the point P(a, b, ¢)* from the x-axisisvb? + c2.

Reason: Any point inthe Y- axisis of theform (O, y, 0).

3. Assertion: If the x-coordinate of a point P on the join of Q(2, 2, 1) and R(5, 1, -2) is 4, then its

z-coordinateis-1.
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X+X1 _ y+yl _ Z—7Zq

R : Equation of alinejoining 2 points A B ' = :
eason: Equation of alinejoining 2 points A(Xy, Y1, Z1) & B(X», Y2, Z,) |sX1+X2 T
4. A line makes angle a, fand y and with the X, Y & Z axes respectively.

Assertion: The direction ratios of x- axisare 0, 0, 1.

Reason: The X- axis makes angles with coordinate axes are 0°, 90° & 90° respectively.

5. A line makes the same angle 6 with each of the x and z-axes and p with y-axis.
Assertion: If sin? B = 3sin? 0 then cos? 0 = %

Reason: cos? 0 + cos? B+ cos?0=1.

6. Assertion: If aline hasdirection ratios 2, — 1, — 2, its direction cosines areg,_?l,_?z.

Reason: If 1, m, n are direction cosines and a, b, ¢ are direction ratios of a line, thena =X 1, b=A m
and ¢ = A n, for any nonzero A € R.

7. Assertion: The direction cosines of the line passing through the two points P(— 2, 4, — 5) and

3 -2 -8
Q(l, 2, 3) areﬁ,ﬁ,ﬁ. .

Reason: The direction ratios of the line segment joining P(X1, Y1, z;) and Q(X, Y», Z,) may be taken

aSXo— X1, Yo — VY1, L — Z;.
8. Assertion: If a line makes angles 90°, 135°,45°with the x, y and z-axes respectively, then its

-1 1
V22

direction cosines are 0
Reason: If a line makes angle a,  and y with the X, Y and Z axes respectively then its direction
cosines are sin a, sin 3 and siny.

9. Assertion: The acute angle between thelinet = 1 +§ + 2k + A(1 — §) and X-axisisg.

bi-b,

|b1|[bz]

Reason: If 0 isthe acute angle between ¢ = a; + Ab, and £ = @, + Ab,, then cos § =

10. Assertion: The vector form of the line through the point (5, 2, —4) and which is parallel to the

vector 21 +j — 6k is 21 +j — 6k + A(51 + 2j — 4k).
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Reason: Vector equation of a line that passes thorough the given point whose position vector is @

and parallel to agiven vector b is ¥ = 3 + Ab.

11. Assertion: If a line passes through a point whose position vector is @ = 1 — 4] — 2k and is
parallel to the vector b = 21 + 2j + 3k thenitsequation is ¥ = 1 — 4j — 2k + A(21 + 2 + 3K).
Reason: If a line passes through a point whose position vector is d and is paralléel to the vector b,
then its equation is = 3 + Ab.

12. Assertion: If aline passes through a point (4, -2, 3) having the direction ratios 1, 5, -1 then its
equation is% =—

Reason: X_axl = y_bY1 = Z_Czl represents the cartesian equation of a line which passes through the

point (x4,y1,%,) having itsdirection ratios a, b, c.

13. Assertion: % = ? = % is a line passing through the points (—1, 2,5) and (0, 3, —1).
Reason; ——= = Y21 — 2751 renresents the cartesian equation of a line which passes through the

X2—Xq Y2—=Yy1 Z2—721
points (x4,y1,24) and (X, y2,2).

14. Assertion: % —¥y2

|
N

= % isaline which is passes through the point (1, 2, -7) and is parallel to

. +1 -3
theline= = L = 2=
1 2 4

Reason: The direction ratios of theline ¥ =1+ j + A(21 — 6j + 5k) are given by 2, —6, 5.

: — -1 +1 _y-1 _ z-3 .
15. Assertion: ? =—= ZT and XT = y_—4 = ZT are parallel lines.

Reason: The direction ratios of parallel lines are proportional.

. X -3 Z X—4 +7 z—1 . .
16. Assertion: 1= y__z =3 and — = YT = are perpendicular lines.

Reason: The direction ratios of parallel lines are proportional.
17. Assertion: ¥ = 1+ A(21 + 3k) and ¥ = 21 —j + k + A(31 +j — 2k) are perpendicular lines.
Reason: For two perpendicular lines whose d.r.s are a;, b;,c; and a5, b,, c, we must have

dqd; + b1b2 + C1C = 0.
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18. Assertion: ¥ = i — j + A(21 + 3Kk) is a line which is passes through the points with position
vectors i —jand 31 —j + 3k.

Reason: For two parallel lines whose d.r.s are a;, bj,c; anda,, by, c, we must have

19. Assertion: (0,11,9) is a point, where the line # === % cuts the yz-plane.

Reason; ——= = Y21 — 271 renresents the cartesian equation of a line which passes through the

X2—Xq Y2—Vy1 Z2—71

points (x4,V1,21) and (X5,¥2,Z,).

y—4 Z—2 3

20. Assertion: For the line 222 = ¥=% — 22 , the direction cosines are + L, +—,0.
1 3 0 V10’ — V10
. - S ¢ - =3 X . . _ l_)) l_))
Reason: Angle between the lines ¥ = &, + Ab; and ¥ = @, + pb, is given by cos™? <|El||gz |>.
1 2

21. Assertion: A line in space cannot be drawn perpendicular to X, y and z axes simultaneously.
Reason: For any line making angles «, 5,y with the positive directions of x, y and z axes
respectively, cos? a + cos? B + cos?y = 1.

22. Assertion: Equation of a line passing through the points (1, 2, 3) and (3, -1, 3)

. x—3 y+1
IS— = — =

z—-3
2 3 0’

Reason: Equation of a line passing through points (x4,v1,z1), (X5,¥,,2,) iS given by

X—X1 _ Y7V1 _ 7774

X2—X1 Y2—V¥1 Z2—71

23. Assertion: If aline makes angles a, 8,y with positive direction of the coordinate axes, then
sin® & + sin? B + sin?y = 2.

Reason: The sum of squares of the direction cosines of alineis 1.

24. Assertion: A line through the points (4, 7, 8) and (2, 3, 4) is parale to a line through the
points (-1, -2, 1) and (1, 2, 5).

Reason: Linest = a; + Ab, and ¥ = &, + ub, are paralle if b, - b, = 0.
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25. Assertion: Thelines = a; + Ab, and ¥ = @, + ub, are perpendicular when b, - b, = 0.

Reason: The angle © between the lines F=a; +Ab; andf =3, +ub, is given by

_ biby
cos O = —|b_1,”b_2,|.
VERY SHORT ANSWERS

1. The equation of aline are 5x — 3 = 15y + 7 = 3 — 10z. Find the direction cosines of the line.

2. Find the direction cosines of theline? = % = ?

3. If the cartesian equation of aline is? = # = 224_6, write the vector equation of the line.

4. Find the equation of the line which is parallel to 2i —j + 3k and which passes through the

point (5, -2, 4).

5. Find the cartesian equation of the line which passes through the point (-2, 4, -5) and is parallel

. +3 4— +8
totheline™= = =¥ =2,
3 5 6
. ' . g —X+2 -1 +3 +2 2y—8 -5
6. Find the angle between the following pair of Imesf—2 = yT = Z_—3 andx_—1 = yT = ZT

7. Find the value of A, so that the lines following lines are perpendicular to each other

x—-5 2=y 1-z x 2y+1 1-z
= = — and — =
51+2 5 -1 1 42 -3

. —X—-2 +3 2Z—6
line— =¥ = .

9. Determine the value of m so that the line joining the points A(m, 1, -1), B(2, O, 2m) is

perpendicular to the line joining the points C(4, 2m, 1) and D(2, 3, 2).

10. Find the angle between the lines whose direction ratiosare 1, 1, 2 and V3 — 1, —/3 — 1,4.
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11. Find the angle between the lines joining the points (1, 4, 2), (-2, 1, 2) and (1, 2, 3), (2, 3, 1).

12. Show that the line joining the points (1, 2, 3) and (-1, -2, -3) is perpendicular to the line

joining the points (-2, 1, 5) and (3, 3, 2).

13. Find the values of a and b so that the line joining the points P(2, 4, -5) and Q(-1, 2, -1) will

be paralé to the line joining the points R(a, 3, 0) and S(5, 9, b).

14. Find the direction cosines of the sides of the triangle whose vertices are (3, 5, -4), (-1, 1, 2)

and (-5, -5, -2).

15. If a,B,y be the angles which a line makes with the coordinate axes, then show that

(i) sin? y + sin? B + sin? y = 2 (ii) cos 2a + cos 2B + cos 2y = —1

16. A line passes through the point with position vector 21 —j + 4k and is in the direction of

i+ j — 2k. Find equations for the line in vector and in cartesian form.

17. Find the vector and cartesian equation of the line passing through the points (2, 1, -3)

and (5, -4, 1).

18. Find the coordinates of the point where the line through A(3, 4, 1) and B(5, 1, 6) crosses the

Xy-plane.
19. Find the angle between the pair oflines’“;—:'}:—:T and — = =

20. Find the angle between the following pair of lines: a line with direction ratios 2:2:1 and a

linejoining (3, 1, 4) and (7, 2, 12).

21. Find the angle between the following pair of lines: = (1 — t)i + (t — 2)j + (3 — 2t)k and

P=(s+Di+(2s—1)j— (2s + Dk

342



22. Find the angle between the following pair of liness x =2 + 3t,y =1+ 5, z=2 - 2t

andx=-1+2t,y=3-t,z=5-3t.

23. Find the shortest distance between the paralel lines ¢ = (1+{) +A(2i—j+k) and ¥ =

(21 +7 — k) + n(4i — 2j + 2k).

24. Find the shortest distance between the parale lines ¥ = (i+ 2]+ 3k) + AG@ —j + k) and
r=Qi—j-k) +u(-i+j-k).

25. Prove that thelines% = % =— and % === ? are coplanar.

26. Find the vector equation of the line passing through the point (2, 3, -5) and making equal

angles with co-ordinate axes.

27. Find the vector equation of the line passing through the point (2, 1, 3) and perpendicular to

Z

)

x— —
-3

y—2 z-3
3 2

boththelinesxT_l — Y=g

24
28. If the angle between the lines %z%:% and T === is -, find the relation

between a and f3.

29. Check whether the lines given by equations x = 2A + 2, y=7A + 1, z = -3A — 3 and

X=-u—2,y=2u+8,z=4u+ 5 are perpendicular to each other or not.

30. The equations of alineare 5x - 3 =15y + 7 = 3 - 10z. Write the direction cosines of the line

and find the coordinates of a point through which it passes.
y-1

31. Find the coordinates of points on line f === %1 which are at a distance of vV11units

from origin.
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32. If the equation of alineisx =ay + b, z=cy + d, then find the direction ratios of the line and

apoint on theline.

33. Find the value of p, so that Iinesx_;z1 = 3_ == and == =22= % are perpendicular to

each other.

34. Find the vector and the cartesian equation of a line that passes through the point A(1, 2, -1)

and paralel totheline5x — 25 =14 -7y = 35z.

SHORT ANSWERS

1. Prove that the line through A(O, -1, 1) and B(4, 5, 1) intersects the line through C(3, 9, 4) and
D(-4, 4, 4).

x+2 _ y+1 z—3

2. Find the points on the IineT N Sy adistance 3v2 from the point (1, 2, 3).

3. ThepointsA(4, 5, 10), B(2, 3, 4) and C(1, 2, -10 are three vertices of a parallelogram ABCD.
Find the vector equations of sides AB and BC. Also find the coordinates of point D.

4. Find the vector and cartesian equations of the line through the point (1, 2, -4) and
perpendicular  to the two lines TF= (81— 19j+ 10k) +A(3i—16j+7k) and
r = (151 + 29§ + 5k) + p(31 + 8j — 5k).

5. Find the equation of the line passing through the point (-1, 3, -2) and perpendicular to the

y

. X Z X+2 -1
lines= =% =2 and ==
1 2 3

Z+1
-3 2 5

6. Find the shortest distance between the lines ¥=({+2j+k) +A(—-j+k) and

r=(i—7—k) +pi+7j+2k).

7. Find the shortest distance between the following lines & = 21 — 5] + k + A(31 + 2j + 6k) and

r = 71— 6k + p( + 2j + 2Kk).
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8. Find the shortest distance between the two lines whose vector equations are

F=(+2]+3k) +A@G - 3]+ 2k) and £ = (41 + 5] + 6k) + u(21 + 3] + k).

9. Find the shortest distance between the two lines whose vector equations are
r = (61+ 2]+ 2k) + A(Q — 2§ + 2k) and ¥ = (=41 — k) + n(3i — 2§ — 2k).

-2

10. Find the shortest distance between the following lines: — = -

x+1  y+1 z+1 x-3 y-5 z—7
1 1

)

N

)

92

11. Find the shortest distance between the following lines: X;—l = % =

z—3 xX—2 _y-3 zZ—
4 4

w|
m|

12. The cartesian equation of aline6x - 2 =3y + 1 = 2z — 2. Find the direction ratios of the line
and write down the vector equation of the line through (2, -1, -1) which is parallel to the given

line.

13. Find the vector equation of the line passes through a point with position vector 2i —j + k
and parallel to the line joining the points with position vectors —1 + k and 1 + 2j + 2k. Also,

find the cartesian equation of the line.

14. The vector equation of two lines are F=(1—t)i+ (t—2)j+ (3 -2)k and

f = (s+ 1i+ (2s— 1)j — (2s + 1)k. Find the shortest distance between them.

15. Find the shortest distance between the lines ¥ = (1+A)i+ (2 —-2)j+ (1 -k and
F=21+pi—1—-wj+ 1+ wk.

16. Find the shortest distance between the pair of IinesxT_1 = yT“ = zand ’%1 = yT_Z;z =2.

17. Find the coordinates of the foot of the perpendicular drawn from point (5, 7, 3) to the line

18. Find the coordinates of the foot of the perpendicular drawn from the point P(0, 2, 3) to the

. x+3 y—1 z+4
ImeT ==,
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LONG ANSWERS

1. Show that thelines%=%3=ﬁ and%

y—4
7 3

= ? intersect. Also find their point of

intersection.

2. Show that the lines ¥ = 31 + 2§ — 4k + A(1 + 2] + 2k) and ¥ = 51 — 2§ + u(31 + 2j + 6k) are

intersecting. Hence, find their point of intersection.

y+2 z+8

3. Find the image of the point (2, -1, 5) in the Iine% S T Also find the equation of

the line joining the given point and its image. Find the length of that line segment.

4. Find the perpendicular distance of the point (1, 0, 0) from the Iine’:—1 = %1 = Z;w.

Also find

the coordinates of the foot of the perpendicular and the equation of the perpendicular.

5. Find the equation of the perpendicular from the point (3, -1, 11) to the line g = % = ?

Also, find the coordinates of the foot of the perpendicular and the length of the perpendicular.

6. Find the coordinates of the foot of perpendicular and the length of the perpendicular drawn
from the point P(5, 4, 2) to the line & = —1 + 3] + k + A(21 + 3] — k). Also, find the image of

theline.

7. Find the equation of a line passing through the points A(O, 6, -9) and B(-3, -6, 3). If D isthe
foot of perpendicular drawn from a point C(7, 4, -1) on the line AB, then find the coordinates of

the point D and the equation of line CD.

8. Find the perpendicular distance of the point (2, 3, 4) from the line ? = % = % Also, find

the coordinates of the foot of the perpendicular.

9. Find the foot of the perpendicular drawn from the point 2i—7j+ 5k to the line

¥ = 111 — 2] — 8k + A(101 — 4] — 11k). Also, find the length of the perpendicular.
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10. Find the coordinates of the foot of the perpendicular from P(1, 8, 4) on the line joining the
points A(O, -1, 3) and B(2, -3, -1).

11. Find the length and the equation of the line of the shortest distance between the lines

x-15 y—-29 _ z-5

=== and

-16 7 3 8 -5

X—8 y+9 z—10
3

12. Find the length and the equations of the line of the shortest distance between the lines

oo -2 and =2 =22 Also, find the points where the line of the shortest

distance meets the given lines.

13. Find the length and the equations of the line of the shortest distance between the lines

14. Find the shortest distance and the vector equations of the line of the shortest distance
between the lines  given by = 31+8+3k) +A(3i—j+Kk) and

= (=31 — 7] + 6k) + u(=31 + 2j + 4k).

15. Find the magnitude and equations of the line of the shortest distance between the lines

r=31+5+7k+A0—-2]+ k) and ¥ = (=1 —j — k) + p(7i — 6] + k).

16. Show that the lines xgi = yTH = ? and % = %4 = ? intersect. Also, find the point of
intersection.
17. Find the value of b so that the lines x2;1 = % = ? and %4 = yT_l = z are intersecting

lines. Also, find the point of intersection of these given lines.

18. Find the vector and the Cartesian equations of aline passing through the point (1, 2, -4) and
parallel to the line joining the points A(3, 3, -5) and B(1, 0, -11). Hence, find the distance

between the two lines.

347



19. Find the coordinates of the foot of perpendicular drawn from the point (2, 3, -8) to the line

4—x

2

[WAS

= % Also, find the perpendicular distance of the given point from the line.

20. Find the equations of al the sides of the parallelogram ABCD whose vertices are A(4, 7, 8),
B(2,3,4),C(1,2, 1) and D(1, 2, 5). Also, find the coordinates of the foot of the perpendicular

from A to CD.

21. Find the equations of the line passing through the points A(1, 2, 3) and B(3, 5, 9). Hence,

find the coordinates of the points on this line which are at a distance of 14 units from point B.

22. Find the equations of the diagonals of the parallelogram PQRS whose vertices are
P4, 2, -6), Q(5, -3, 1), R(12, 4, 5) and $(11, 9, -2). Use these to find the point of intersection of

diagonals.

23. A line | passes through point (-1, 3, -2) and is perpendicular to both the lines

T =3=;and x_—+32 = YT_I = % Find the vector equation of the line |. Hence, obtain its distance.

24. Vertices B and C of AABC lie on the line xzﬁ = yT_l = Z. Find the area of AABC given that
point A has coordinates (1, -1, 2) and the line segment BC has length of 5 units.

25. The vertices of A ABC are A(1, 1, 0), B(1, 2, 1) and C(- 2, 2, — 1). Find the equations of the

medians through A and B. Use the equations so obtained to find the coordinates of the centroid.

26. The image of point P(x, y, z) with respect to line f = yT_l = ? is P’(1,0,7). Find the

coordinates of the point P.

27. Equations of sides of a parallelogram ABCD are asfollows:

X+1 -2 z—1 x—-1 +2 Z—5
AB:—=y—=—,BC:—=y—=—
1 -2 2 3 -5 3
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Find the equation of diagonal BD.

28. Find the equation of the line which bisects the line segment joining points A(2, 3, 4)

and B(4, 5, 8) and is perpendicular to the Iines% = y_+1169 = 2_710 d x—315 = y__829 = %

29. Find the vaue of p for which the lines ¥ =i+ (24 + 1)j+ (31 +2)k and

r =1-3uj + (pu + 7)k are perpendicular to each other and also intersect. Also, find the point

of intersection of the given lines.

30. Find the equation of the line passing through the point of intersection of the lines

- =—="and % === %7and perpendicular to these lines.

31. Two vertices of the parallelogram ABCD are given as A(-1, 2, 1) and B(Z, -2, 5). If the

eguation of the line passing through C and D isx—I4 =27 = ? , then find the distance between

sides AB and CD. Hence, find the area of the parallelogram.

32. Find the distance between the line g = ? = 1_—_12 and another line parallel to it passing

through the point (4, 0, -5).

33. If the lines x_—_; =g === g are perpendicular to each other, find the

value of k and hence write the vector equation of line perpendicular to these lines and passing

through the point (3, -4, 7).

34. Find the shortest distance between thelines L, & L, given below:

L; : The line passing through (2, —1,1) and parallel to % = %

Ly:7? =14 Qu+1)j— (u+2)k.
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CASE BASED QUESTIONS

1. The Indian Coast Guard (ICG) while patrolling, saw a suspicious boat with four men. They
were nowhere looking like fishermen. The soldiers were closely observing the movement of the
boat for an opportunity to seize the boat. They observe that the boat is moving aong a

X0 o % =22 At an instant of time, the coordinates of the position of coast guard

helicopter and boat are H(2, 3, 5) and B(1, 4, 2) respectively.

(i) Find the equation of aline joining the points H(2, 3, 5) and B(1, 4, 2)

(it) Find the vector and cartesian equation of the line passing through the point H(2, 3, 5) and is
in the direction of the vector 31 + 2j — 8k.

(iii) Find the equation of the line passing through the point B(1, 4, 2) and paralel to the

. 3x-5 —-y+2 27+4
lineL: = = .
3 -2 -8

2. Given two lines in the two-dimensional plane, the lines are equal, they are paralel but not
equal, or they intersect in a single point. In three dimensions, a fourth case is possible. If two
lines in space are not parallel, but do not intersect, then the lines are said to be skew lines

(Seethe Figure).

Based on the above information, answer the following questions:

The equations of givenlinesare: Li: x=2s-1,y=s-1,z=s-4andL,; x=t-3,y=3t + 8§,
z=5-2t

(i) Write the above equations in standard form.

(i1) Arethelines are perpendicular?
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(iii) What are the direction ratiosof L, and L,?

3. Two motorcycles A and B are running at the speed more that allowed speed on the road along
thelinest = A(i + 2] — k) and ¥ = 31 + 3] + u(21 +j + k), respectively.

Based on the above information, answer the following questions:

(i) Find the shortest distance between the given lines.

(if) Find the point at which the motorcycles may collide.

4. Read the following passage and answer the question given below:

Electrical transmission wires which laid down in winters are stretched tightly to accommodate

expansion in summers.

. : | [T +1 -3 +2 -7 +7
Two such wires lie aong the following lines: L X3 = y_z = Z_l and L,: _il = YT = Z_Z .

(i) Arethelines L, and L, are coplanar?

(it) Find the point of intersection of thelinesL, and L,.

5. An insect crawling aong the line ¥ = 61+ 2j + 2k + A(f — 2f + 2k) and another insect
crawling along the line ¥ = —41 — k + p(3i — 2j + 2k).

Based on the above information answer the following questions:

(i) At what points on the lines should they reach so that the distance between them is shortest?

(it) Find the shortest possible between them.
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UNIT TEST
Duration: 1 hour Marks: 30

SECTION A

Each carry 1 mark
1. What is the distance of point (a, b, ¢) from x —axis?

(@ Vb2 + c? (b) Va2 + c? (c) Va? + b? (do

2. What is the angle between the lines 2x = 3y = —z and 6x = —y = —4z?
(8 0° (b) 30° (c) 45° (d) 90°

. . . . x-5 y+4 zZ—6 5 .
3. The cartesian equation of a line is N then its vector form is

(@) 7 = 51 + 4] + 6k + A(31 + 7] — 2k) (b) 7 =1— 2]+ 4k + A(31 — 7] — 2k)
(C) ¥ = 41 — 5] + 6k + A(31 — 7] + 2k) (d) # = 5i — 4j + 6k + A(31 + 7j + 2k)

4. Assertion: If aline makes an angle of % with each of y and z-axes, then it makes aright angle
with x-axis.

Reason: The sum of the angles made by aline with the coordinate axesis 180°.

(a) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.

SECTION B

Each carry 2 marks

5. Find the angle between the lines #=2i—5j4+k+A3i+2j+6k) and
7 =7i— 6k +u( + 2j + 2k).

6. Find the vector equation of a line passing through the point (1, -1, 2) and parallel to the line

. . -3 -1 +1
whose equation is=—— = *— = =,

352



7. Show that the line joining the points (1, 2, 3) and (4, 5, 7) is paralel to the line joining the

points (-4, 3, -6) and (2, 9, 2).

SECTIONC
Each carry 3 marks

8. Find the vector and cartesian equations of the line passing through the point (2, 1, 3) and

. . -1 -2 -3
perpendicular to thelines™—=2=2=2"ypd 2 =2=2,
1 2 3 -3 2 5

x+2 _y+1 _ z-3

9. Find the points on the line S at adistance of 5 units from the point P(1, 3, 3).

SECTIOND

Each carry 5 marks

10. Show that the lines # = (1 + j — k) + A(31 — j) and # = (4i — k) + u(21 + 3k) intersect.
Also, find their point of intersection.

11. Find the coordinates of the points where the line of the shortest distance between the lines

x—12 — y_—l 1 E and x—23 0 y—19 a z—25 meetsthem.
-9 4 2 -6 -4 3
SECTIONE

12. A football match is organized between students of class XII of two schools, say school A
and school B. For which ateam from each school is chosen. Remaining students of class XII of
school A and B are respectively standing in the lines L, and L, respectively represented by the
equations # = 31 + 2] — 4k + A(i + 2] + 2k) and # = 5i — 2] + 0k + u(3% + 2j + 6k).

Based on the above information, answer the following:

(i) Write the cartesian equations of thelinesL, and L.

(it) Write the direction ratios of thelines L, and L.

(i) Find the angle between thelinesL; and L.
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ANSWERS

MCQ A-R VSA SA LA CS
1. (a) 2 1. (a 62 _3 56 43 11 r 1.3 o X2 _
@ @ 1 7'7" 7 2 (17'17’17) 1 (2’ 2’ 2) L0 =
122 12(b _ . y—3 _ 275
2.(9) 3,53 (5) 2 ;763 3.7=41+5/+ 10k + 2.(-1.-6,-12) -
3 (@) x = 3.(c) A | A(—2t—2j - 6k) 3.(0,5, 1) and = (i) F=20+
- =Y 3.7 = (31 — 4 + 3k) + A(=5i + 7j + 2k) i
-1=2z-2 4. (d) F=20+3+4k —pu(@+j+ | 2V14 units 3]+ Sk +
4.7 = (51— 2f + 4k) + 221 — j + 3k N
( JHa)+AC=T+ey] 5%) A(3t+2j — 8k)
4.(82,-1,2 [5@ 4. (3, -4, -2), 2+/6 units,
g Xtz _y-4_ z¥5
3 - -5 o 6 x-1_y _ z x— 2
5.(8) (2,0,0) | 6 (3 (3,4,5) e b &
6.92E = A N T A y_3
6. (d) x _ 7. (b) 2 4.r = (l + 2] iT 4k) + t(Zl ar 5. (2, 5, 7)’ — T
0
7 k . -3 +1
vz e T i 53 nits, =2 = _z-5
0o -1 - -8
g ¥~1_y=2 _z=3 A AV % 234 z711
.oe@ BT T 2I7E -+
7.(c) 90 (iii) x1_
10.(d) | 9.1 5. (=i + 3] — 2k) + A(2i — 6. (1, 6, 0), 2/6 units, (-3,
8. (0) (-1, -1, -z
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-1)

9. (b)2x—
4 =-2y—
6 =2z —
42

10. (b) -1

11. @
Perpendicular

to the z-axis

12.(d) 0, 1, 0

13. (d) <0, 0,

1>

14, (d)

11. (a)

12. (a)

13. (a)

14. (b)

15. (@)

16. (b)

17. ()

18. (b)

19. (b)

20. (b)

21. (a)

22. (9

10. =
3
11. cos™t (— i)

V3

13.a=-4andb=-12

16.7 = (21— ]+ 4k) + A + ] — 2k)
x—2=y+1=%

17.7 = 2i +j — 3k + A(31 — 5] + 4k)

7j + 4k) and

6. = %\/E units

1745 .
7. T\/_ units

3 )
8. — unit

V19
9. 9 units

10. 2+/29 units

1 g
11. e unit.

12. %
6

S

Lor1,23
2

=

3k)

=Qi—j—k)+AG+2j+

8,-2)

7' (-1! 2! -5)1 xT_7 - y__4 -

Z+1
2

g (10,22 10)
49 ’ 49’ 49
3\/101 units.

9.1+ 2j + 3k,v/14units

10.(=55:3)

units

12.(3, 8, 3), (-3, -7, 6),

3+v/30 units,

_T_

x-3 y—8 z-3
2 -

(i) No

(i) 2, 1, 1 and

1,32

3.() 0

(i) (1,-2,-1)

4. (i) Yes

(i) (2,1, -3)

5. (i) 5+ 4j,
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18. (a) -4

19.

Parallel

20.

(d)

(©)

23. (9

24, (c)

25. (@)

_18V3
15

19. cos
20. cos™1 G)

21. cos™1! (%)

22. cos™ ! (%)

23.

24./26.

26.F =21+ 3] —5k+ A1 +j+ k)
27.% = (21 + j + 3k) + A(21 — 7] + 4k)
28. 2aB = 25

29. Perpendicular Lines

8 5
14. NoT units

3 1
15. T units

9

17. (9, 13, 15)

18. (2, 3, -1)

13.4/3;x =y =z
14. 3+/30;

7 = (31 + 8] + 3k) + A(2i

+5f — k)
15. 24/29;

7= 3i+5]+7k)+

AQ2i + 3j + 4k)

1 1 3
16.(5,-5—3)
17.b=2,
point of intersection: (-1, -
1,-1)
18, #=31+3]—5k+

u(2i + 3j + 6k) &

—1—2j -3k

(i) 9 units
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22.(b) (5, 4)

23. (a) -5

25 (b)
Parallel

26. (d) k=0
or -3

27.(d) -2

N|o

s

NN

,+

N | W

|

and the point through which it passesis
3 =7 3
(E ’15” E)

31.(1, 3, 1) and (-1, -1, -3)

30. Direction cosines are <i

32.d.r.s a 1, c and point on the lineis (b,

0, d)

~

34, 7=({+2f—k)+A(7i-5]+k),

19. (2, 6, -2) and 3v/5

20.

Equation of the line AB:

x—4 y=7 z—-8
2 4

Equation of the line BC :

x-2 y-—3 zZ—4
3 5 3

Equation of the line CD :

x+1 _ y+2

z—1
1 2 2

)

Equation of the line DA :

x—4 y-=7 z—8
3

Coordinates of foot of

perpendicular: (?,E,ﬁ)

9 9
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28. (a) V13
2.0 (53)

30. (¢ 14

units
31. (b) +V3
32. (a) -4

33. (d)

NN
N w
No

34.(d) 2, -1,

3

35.(d) 0, 1,0

36. (h)

21. (7, 11, 21) and

-1,-1,-3

x—4 -2
diagondss —==X=-=

8 2
zZ+6 x—5 +3 z-1
LA T A ’
11 6 12 -3

23, 8 (or)

A(21 — 7} + 4k), \/g

5v497
14

24. sq. units.

25. Equations of medians:
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x—1
2

o IN

37.

Yyl _
-1

(d) (O, 0,

4l
=l

(b)

l_yl_z o X1_

-3 2 —

y-2 z .

= centroid:
5

(0.%,0).

26. P(1, 6, 3)

x—1 +2 z—5
27. ===

1 -1 -1

x-3 y—4 zZ—6
28 222
2 3 6

29. p = 2, point of

intersection: (1, 3, 5)

g0 X1 _¥y3_27273
13

31. ? 2V26

32. % units
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42. Ans. (b)

43. (d) 90°

44. (8) 90°

45, (b)

33.k=-2,

r=0Bl—4] +

7k) +

A(261 — 33j — 27k)

34.

Bl
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UNIT TEST
1. (@) Vb2 + 2

2. (d) 90°

3.(d) # = 5i — 4f + 6k + A(31 + 7j + 2k)

4. (c) Assertion (A) istrue but Reason (R) isfalse.

5.0 = cos™! (g)

6.7 =(1—j+2k)+ A0+ 2j — 2k)

7. Proof

8.7 = (20+]+3k) + 121 — 7j + 4k) and 2 == =22
9.(-2,-1,-3) and (4, 3, 7)

10. (4, 0, -1)

11. (3,5, 7), (11, 11, 31)

12.() 2 =2 T2 =22 (i)1,2,2&3,26

(ii) cos ™ (

21
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CHAPTER 12 - LINEAR PROGRAMMING

OPTIMIZATION PROBLEM

A problem which seeks to maximize or minimize afunction is called an optimization problem.

An optimization problem may involve maximization of profit, production etc or minimization of cost

from available resources etc.

LINEAR PROGRAMMING PROBLEM

A linear programming problem is one in which we have to find optima value (maximum or
minimum) of a linear function of several variables (called objective function) subject to certain
conditions that the variables are non-negative and satisfying by a set of linear inequalities with

variables, are sometimes called division variables.

TERMSRELATED TO LINEAR PROGRAMMING

Objective Function: A linear function z = px + gy (p and g are constants) which has to be
maximized or minimized, is called an objective function.

Constraints: The linear inequalities or equations or restrictions on the variables of the linear
programming problem are called constraints. The conditions x > 0, y > 0 are called non-negative
restrictions.

Optimal Value: The maximum or minimum value of an objective function is known as its optimal
value.

Feasible Region: The common region determined by all the constraints including non-negative
constraints x, y > 0 of alinear programming problem is called the feasible region for the problem.
The region other than the feasible region is called an infeasible region. The feasible region isaways a
convex polygon.

Feasible Solutions: Points within and on the boundary of the feasible region represent feasible

solutions of the constraints. Any point outside the feasible region is called an infeasible solution.
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Optimal Feasible Solution: Any point in the feasible region that gives the optimal value of the

objective function is called the optimal feasible solution.

THEOREM 1

Let R be the feasible region (convex polygon) for alinear programming problem and let Z = ax + by
be the objective function. When Z has an optimal value (maximum or minimum), where the variables
x and y are subject to constraints described by linear inequalities, this optimal value must occur at a

corner point (vertex) of the feasible region.

THEOREM 2
Let R be the feasible region for a linear programming problem and let Z = ax + by be the objective
function. If R is bounded, then the objective function Z has both a maximum and a minimum value

on R and each of these occurs at a corner point (vertex) of R.

CORNER POINT METHOD
1. Find the feasible region of the linear programming problem and determine its corner points

(vertices) either by inspection or by solving the two equations of the lines intersecting at that point.

2. Evaluate the objective function Z = ax + by at each corner point. Let M and m, respectively denote

the largest and smallest values of these points.

3. When the feasible region is bounded, M and m are the maximum and minimum values of Z.
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WORKING RULE TO SOLVE AN LPP GRAPHICALLY
(CORNER POINT METHOD)

(a) Formul ate the given linear programming problem.

(b) Convert the linear constraints into equalities and the draw their graphs
which will be straight lines.

(c) Find the feasible region of the linear programming problem and determine
its corner points by solving the equations of linestaken two at atime.

(d) Determine the value of the objective function Z at each corner point. Also,
find the least value m and greatest value M of the values of objective functions
at corner points.

(e) If the feasible region R is bounded, then M and m will be the maximum and
minimum values of Z, respectively.

(f) If the feasible region R is unbounded, then

(i) M is the maximum value of the objective function Z when the open half
plane determined by ax + by > M has no point in common with feasible region
R. Otherwise Z will have no maximum value.

(it) m is the minimum value of the objective function Z if the open half plane

determined by ax + by < m has no point in common with the feasible region R.

Otherwise Z has no minimum value.
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MULTIPLE CHOICE QUESTIONS

1. Thefeasible region of alinear programming problem is shown in the figure below:

Y

J

i 0 T @ SN e e dgnd
Y N .
Which of the following are the possible constraints?
(A)x+2y>4,x+y<3,x=20y=0 b)x+2y<4,x+y<3x=>0y=0
©)x+2y>4,x+y=>3,x=20y=0 (dx+2y>24,x+y=>3,x<0,y<0

2. The objective function Z =ax + by of an LPP has maximum value at 42 at (4, 6) and minimum
value 19 at (3, 2). Which of the following is true?

(@a=9andb=1 (ba=9,b=2 (c)a=3,b=5 (d)a=5,b=3

3. The corner points of the feasible region in the graphical representation of alinear programming
problem are (2, 72), (15, 20) and (40, 15). If Z = 18x + 9y be the objective function, then

(&) Zismaximum at (2, 72), minimum at (15, 20)
(b) Z is maximum at (15, 20), minimum at (40, 15)
(c) Z ismaximum at (40, 15), minimum at (15, 20)
(d) Z ismaximum at (40, 15), minimum at (2, 72)

4. The number of corner points of the feasible region determined by the constraints x — y > 0,
2y<x+2,x>0,y>01s
(a) 2 (b) 3 (c) 4 (d)5

5. If the corner points of the feasible region of an LPP are (0, 3), (3, 2) and (0O, 5) then the
minimum vaueof Z =11x + 7y is
(@ 21 (b) 33 (c) 14 (d) 35

6. The number of solution of the system of inequtions x + 2y <3,3x +4y>12, x>0,y >1is

@ao (b) 2 (c) Finite (d) Infinite
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7. The maximum value of Z = 3x + 4y subject to the constraints x >0, y>0andx +y<1is
@7 (b) 4 (3 (d) 10

8. Thefeasible region of an LPPisgiven in the following figure:

- 1
{0, 104)
(©. 38)
S o] (52, 0)5% (76,00 a "

L
Then, the constraints of the LPP are x >0, y > 0 and
(a)2x+y<52andx+2y<76 (b)2x+y<104 and x +2y <76
(c)x+2y<104and2x +y <76 (d)x+2y<104 and 2x +y <38

9. For the following LPP: Max Z = 3x + 4y; subject to constraintsx —y>-1,x<3,x>0,y >0,
then the maximum valueis
@o (b) 4 (c) 25 (d) 30

10. In an LPP, if the objective function Z = ax + by has the same maximum value on two corner
points of the feasible region, then the number of points of which Z,,, occursis
@o (b) 2 (c) Finite (d) Infinite

11. Corner points of the feasible region determined by the system of linear constraints are (0, 3),
(1, 1) and (3, 0). Let Z = px + qy where p, g > 0. Condition on p and Q so that the minimum of Z

occursare(3,0)and (1, 1) is

@p=2q (b)p=1 (©p=3q (dp=q
12. The optimal value of the objective function is attained at the points
(a) Given by intersection of inequation with y-axis only
(b) Given by intersection of inequation with x-axis only

(c) Given by corner points of the feasible region

(d) None of these
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13. The corner points of the feasible region for a LPP are P(0, 5), Q(1, 5), R(4, 2) and S(12, 0).

The minimum value of objective function Z = 2x + 5y is at the point

@P (b) Q ©R (d)S

14. The point which doesn’t lie in the half plane 2x + 3y — 12 <0 is

@ (1,2 (b) (2, 1) (©) (273 (d (-3,2)

15. The objective function of an LPPis

(a) A constraint (b) A linear function to be optimized
(c) A relation between the variables (d) None of these

16. The set of al feasible solutionsof aLPPisa

() Concave set (b) Convex set (c) Feasible set (d) None of these

17. Corner points of the feasible region for an LPP are (0,2), (3,0), (6,0), (6,8) and (0,5).
Let F = 4x + 6y be the objective function. Maximum of F — Minimum of F =

() 60 (b) 48 (c) 42 (d) 18

18. In a LPP, if the objective function Z = ax+by has the same maximum value on two corner
points of the feasible region, then every point on the line segment joining these two points give
thesame.......... value.

(&) Minimum (b) Maximum (c) Zero (d) None of these

19. The maximum value of the object function Z = 5x + 10 y subject to the constraints
x+2y<120,x+y>60,x—-2y>0,x>0,y>01s
(& 300 (b) 600 (c) 400 (d) 800

20. The feasible region for an LPP is shown shaded in the figure. Let Z = 3x - 4y be objective

function. Maximum value of Z is R Y

(@0 (b) 8 () 12 (d) -18
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21. In the given figure, the feasible region for a LPP is shown. The maximum and minimum

vaueof Z=x+2yis

(@ 8,32 (b9, 314 (©)9,4 (d) None of these

22. Shape of the feasible region formed by the following constraints x + y <2, x +y > 5,
x>0,y>0is

(a) Nofeasibleregion (b) Triangular region (c) Unbounded solution (d) Trapezium

23. The region represented by the inequalities x> 6,y>2,2x +y<0,x>0,y>0is

(a) Unbounded (b) A polygon (c) Exterior of atriangle  (d) None of these

24. The maximum value of z = 2x + S5y Subject to constraints given below 2x + 4y < 8§,
3x+y<6,x+ty<4,x,y>0is

(@ 10 (b) 25 (c) 20 (d) 100

25. Based on the given shaded region as the feasible region in the graph, at which point(s) is the

objective function Z = 3x + 9y maximum?

(a) Point B (b) Point C  (c) Point D (d) Every point on the line segment CD
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26. Corner points of the feasible region for an LPP are (0, 2), (3, 0), (6, 8) and (O, 5).
Let Z = 4x + 6y be the objective function. The minimum value of Z occurs at

@ (0, 2) only

(b)(3,0)

(c) Any point on the line segment joining the point (0, 2) and (3,0)

(d) (6,8)

27. A Linear function, which is minimized or maximized is called

(a) an objective function (b) an optimal function (c) A feasible function (d) None of these

28. Maximize Z = 4x + 6y, subject to 3x + 2y <12, x +y>4,x,y>0.

(8 16 at (4, 0) (b) 24 &t (0, 4) (c) 24 &t (6, 0) (d) 36 &t (O, 6)

29. The minimum value of Z = 4x + 3y subjected to the constraints 3x + 2y > 160, 5 + 2y > 200,
2y >80;x,y=>01s

(@) 220 (b) 300 (c) 230 (d) None of these
30.Z="7x+y,subjectto Sx +y>5,x +y>3, x>0, y>0. The minimum value of Z occurs at
@ (3,0 (b) (12,52) (©) (7, 0) (d) (0,9)

31. The restrictions imposed on decision variables involved in an objective function of a linear
programming problem are called:

(a) feasible solutions (b) constraints

(c) optimal solutions (d) infeasible solutions

32. The common region determined by all the constraints of a linear programming problem is

called:
(a) an unbounded region (b) an optimal region
(c) abounded region (d) afeasibleregion
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33. The number of corner points of the feasible region determined by constraints
X>0,y>0,x+y>4is

@0 (b) 1 (©) 2 (d)3

34. The point which liesin the half-plane2x + y —4 < 0 is

@ (0,8) (b) (1, 1) © (5.5 (d) (2,2)

35. The corner points of the feasible region in the graphical representation of a linear
programming problem are (2, 72), (15, 20) and (40, 15). If z = 18x + 9y be the objective function,
then:

(@) zismaximum at (2, 72), minimum at (15, 20)

(b) zis maximum at (15, 20), minimum at (40, 15)

(c) zis maximum at (40, 15), minimum at (15, 20)

(d) zis maximum at (40, 15), minimum at (2, 72)

36. The corner points of the bounded feasible region of an LPP are O(0, 0), A(250, 0), B(200, 50)
and C(0, 175). If the maximum value of the objective function Z = 2ax + by occurs at the points

A(250, 0) and B(200, 50), then the relation betweenaand b is:

2:’1(.‘\ t
2()()4 \

(0.1 }'()l(?‘b \ |
1:7('%‘ \ | |
HOO W |
!/// A S D 300

"; a0 1100 150 200 J.SU\\\

200, 50 H

(@ 2a=Db (b) 2a=3b (c)a=b (da=2b
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37. If the feasible region of alinear programming problem with objective function Z =ax + by,
is bounded, then which of the following is correct?

(@) 1t will only have a maximum value

(b) It will only have a minimum value

(c) 1t will have both maximum and minimum values

(d) It will have neither maximum nor minimum value

38. The maximum value of Z = 4x +y for a LPP whose region is given below:

,
901

’/
’52/5’//’/':”/ \“l L)
- ._ﬂlua’q./a'a.‘j:tx

0 20 30 40 50

(a) 50 (b) 110 (c) 120 (d) 170

39. The number of corner points of the feasible region determined by the constraints
—y>0,2y<x+2,x>0,y>01is
(a) 2 (b) 3 (c) 4 (d) 5

40. The corner points of the feasible region in graphical representation of a L.P.P. are (2, 72),
(15, 20) and (40, 15). If Z = 18x + 9y be the objective function, then
(a) Zismaximum at (2, 72), minimum at (15, 20)

(b) Z is maximum at (15, 20), minimum at (40, 15)
(c) Z ismaximum at (40, 15), minimum at (15, 20)
(d) Z ismaximum at (40, 15), minimum at (2, 72)

41. The solution set of the inequation 3x + 5y < 7 is:
(a) whole xy-plane except the points lying on theline 3x + 5y = 7

(b) whole xy-plane along with the points lying on theline 3x + 5y = 7
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(c) open half plane containing the origin except the points of line 3x + 5y =7
(d) open half plane not containing the origin.
42. The objective function Z = ax + by of an LPP has maximum value 42 at (4, 6) and minimum

value 19 at (3, 2). Which of the following is true?
@a=9b=1 (b)a=5b=2 (c0a=3,b=5 (da=5b=3

43. The number of feasible solutions of the linear programming problem given as
Maximize z = 15x + 30y subject to constraints: 3x +y <12, x + 2y <10,x>0,y>0is
@1 (b) 2 (c)3 (d) infinite

44. The feasible region of alinear programming problem is shown in the figure below:

Which of the following are the possible constraints?
(@Ax+2y>24,x+y<3,x=20,y=0 bB)x+2y<4,x+y<3,x=>0y=0
©)x+2y=24,x+y=>3,x=0,y=>0 Dx+2y>24,x+y=23,x<0,y<0

45. Of the following, which group of constraints represents the feasible region given below?

> -
—

c-/ .

@x+2y<762x+y>104,%y >0 (0) x +2y < 76,2x +y < 104, %,y = 0
C©)x+2y=>762x+y<104,x,y =0 dx+2y=>2762x+y=>104,x,y >0
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ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the following choices.

(a) Both (A) and (R) aretrue and (R) isthe correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).

(c) (A) istrue but (R) isfalse.

(d) (A) isfasebut (R) istrue

1. Assertion: Feasible region is the set of points which satisfy al of the given constraints.

Reason: The optimal value of the objective function is attained at the points on X-axis only.

2. Assertion: It is necessary to find objective function value at every point in the feasible region to
find optimum value of the objective function.
Reason: For the constrains2x+3y 6, 5x+3y 15, x 0 and y O corner points of the feasible region are

(0,2), (0,0) and (3,0).

3. Assertion: If an LPP attains its maximum value at two corner points of the feasible region then it
attains maximum value at infinitely many points.
Reason: If the value of the objective function of a LPP is same at two corners then it is same at every

point on the line joining two corner points

4. Assertion: Bounded region of constraint lies in the first quadrant of x + y < 20, 3x + 2y < 48,
x>0,y=>0.

Reason: x > 0, y > 0 are non-negative constraints.

5. Assertion; The set of all feasible solution of aLPP is aconvex set.

Reason: Bounded region form a polygon whose each interior angle would be less than 180°.

6. Assertion: Maximum value of Z = 11x + 7y, subject to constraints 2x + y <6, x < 2 ,x > 0,

y > 0 will be obtained at (0,6) .
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Reason: In abounded feasible region, it always exist a maximum and minimum value.

7. Assertion: The linear programming problem, maximize Z = 2x + 3y subject to constraints
x+y<4,x>0,y>0.It gives the maximum value of Z as 8.
Reason: To obtain maximum value of Z, we need to compare value of Z at all the corner points of the

feasible region.

8. Assertion: Objective function Z = 13x — 15y, is minimized subject to constraints x + y < 7,
2x—3y+6>0,x>0,y>0 occur at corner point (0, 2) .
Reason: If the feasible region of the given LPP is bounded, then the maximum or minimum values of

an objective function occur at corner points.

9. Assertion: For an objective function = 4x + 3y, corner points are (0,0), (25,0) , (16,16) and (0,24) .
Then optimal values are 112 and O respectively.
Reason: The maximum or minimum values of an objective function is known as optimal value of

LPP. These values are obtained at corner points.

10. Consider the graph of the constraints stated by linear inequations 5x + y < 100, y + x < 60, and x,

y=>0.

Assertion: (25, 40) isinfeasible solution of the problem.

Reason: Any point which liesin feasible region is infeasible solution.

11. Assertion: The Maximum value of Z = 11x +7y, subject to the constraints 2x + y <6, x <2, x,

y > 0, occurs at corner point (0,6)
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Reason: If the feasible region of given LPP is bounded then the maximum and minimum value

occurs at the corner points.

12. Assertion: The maximum value of Z = 5x + 3y subject to the constraints stated by linear
inequations 2x + y <12, 2y + 3x <20, and x, y > 0 is at (4,4)
Reason: If the feasible region of given LPP is bounded then the maximum and minimum value

occurs at the corner points

Reason: A region or a set of points is said to be convex if the line joining any two of its points

lies completely in the region.

14. Assertion: The solutions of constraints must be checked by substituting them back into
objective function.

Reason(R): Here, (0, 2), (0, 0) and (3, 0) al are vertices of feasible region.
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15. Assertion: For the constraints of an LPP given by x + 2y < 2000, x + y < 1500, y < 600
and x, y > 0, the points (1000, 0), (0, 500), (2, 0) lie in the positive bounded region, but point

(2000, 0) does not lie in the positive bounded region.
5

Reason: t

-
S x4 2y
(0, 1500)

(0, 1000) ™=
— {900, 800)
N —_ - == 600
B (1000.500)
\"» X (2000, O
-- By S - > L
0 (1500, 00

. ~——
- Ley =150

From the graph, it is clear that the point (2000, 0) is outside of the feasible region.

16. Assertion: The corner points of the bounded feasible region of a LPP are shown below. The

maximum value of Z = x + 2y occurs at infinite points.

/)"
3 N (0, 60) T 120, GO
m}r\\ s )
\s;n’.n_ 30)
30) Sl e
(10, 20—
s > N
0 P\ Q™
(60, O)

Reason: The optimal solution of a LPP having bounded feasible region must occur at corner

points.

SHORT ANSWERS

1. Maximize Z = 80x + 120y subject to the constraints 3x + 4y <60, x + 3y <30,x >0,y > 0.

2. Maximize Z = 100x + 120y subject to the constraints 5x + 8y <200, 5x + 4y <30, x,y > 0.
3. Maximize Z = 300x + 190y subject to constraintsx + y < 24,x + %y <16,x,y = 0.

4. Maximize Z = 5x + 8y subject to the constraints: x +y=5,x<4,y>2,x,y>0.
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5. Maximize Z = 10500x + 9000y subject to constraints x +y < 50, 2x + y < 80, x, y > 0.

6. Solve the following linear programming problem graphically: Maximize Z = 34x + 45y under

the following constraints x + y <300, 2x + 3y < 70, x >0,y > 0.

7. Solve the following L.P.P. graphically: Minimize Z = 5x + 10y, subject to constraints

x+2y<120,x+y>60,x-2y>0,x,y=>0.

8. Solve the following Linear Programming problem graphically: Minimize: Z = 6x + 3y, subject

to the constraints 4x + y >80, x + S5y > 115, 3x + 2y < 150, x, y > 0.

9. Solve the following Linear Programming problem graphicaly: Minimize Z = 3x + 3.5y,

subject to the constraints x + 2y > 240, 3x + 1.5y > 270, 1.5x + 2y <310, x, y > 0.

10. Graphically find x and y to Maximize Z = 4x + 3y, subject to constraints 3x + 4y < 24,

8x+6y<48,x<5,y<6,x,y>0.

11. Solve the following Linear Programming Problem graphically: Maximize z = 10x + 15y

subject to constraints: 3x + 2y < 50, x + 4y >20,x>8, y > 0.

12. Determine graphically the minimum value of the following objective function: z = 500x +
400y, subject to constraints: x +y <200, x > 20, y > 4x, y > 0.
13. Solve graphically the following linear programming problem: Maximise Z = 6x + 3y, subject

to the constraints 4x + y >80, 3x + 2y <150, x + 5y >115,x >0,y > 0.

14. Solve the following linear programming problem graphically: Maximize P = 100x + 5y,

subject to the constraints: x + y <300, 3x + y <600, y <x + 200, x, y > 0.

15. Solve the following linear programming problem graphically: Maximize z = 600x + 400y

subject to the constraints: x +2y <12, 2x +y<12,x+1.25>5,x,y > 0.
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16. Solve the following linear programming problem graphically: Minimize Z = 5x + 10y, subject

to constraints: x + 2y <120, x +y>60,x -2y >0,x >0,y > 0.

17. Solve the following linear programming problem graphically: Maximize Z = x + 2y, subject

to constraints: x +2y > 100, 2x -y <0, 2x +y<200,x >0,y >0.

18. Solve the following Linear programming problem graphically: Maximize Z = 3x + 3.5y

subject to constraints: x + 2y > 240, 3x + 1.5y > 270, 1.5x + 2y <310,x >0, y > 0.

19. Solve the following linear programming problem graphically: Maximize z = 3x + 9y subject

to constraints: x + y> 10, x +3y <60, x <y, x>0,y >0.

20. Solve the following linear programming problem graphically: Minimize z = x + 2y, subject to

the constraints: 2x +y>3,x+2y>6,x>0,y>0.

21. Solve the following linear programming problem graphically: Minimise z = -3x + 4y subject

to the constraints: x + 2y <8, 3x + 2y <12, x,y > 0.

22. Solve the following linear programming problem graphically: Maximise z = -3x - 5y subject
totheconstraints-2x + y<4,x+y>3,x-2y<2,x>0,y>0.
23. Solve the following linear programming problem graphically: Maximise z = 5x + 3y subject

to the constraints: 3x + 5y <15, 5x +2y <10, x, y > 0.

24. Solve the following linear programming problem graphically: Maximise z = 500x + 300y,

subject to constraints: x + 2y < 12, 2x +y< 12, 4x + 5y >20,x >0, y > 0.

25. Solve the following Linear Programming Problem graphically: Minimize Z = 60x + 80y

subject to constraints: 3x + 4y > 8, 5x + 2y > 11, x, y > 0.
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26. Solve the following Linear Programming Problem graphically: Minimise z = 3x + 8y subject

to the constraints 3x + 4y > 8,5x + 2y > 11, x>0,y > 0.

27. Solve the following linear programming problem graphically: Maximise z = 5x — 2y, subject
to the constraints: x + 2y < 120, x + y > 60, X=2y>0,x,y>0.

MinZ = 160 at x = 40,y = 20

28. Solve the following linear programming problem graphically: Maximise z = 4x + 3y, subject

to the constraints: x + y <800, 2x +y <1000, x <400, x, y > 0.

29. Solve the following linear programming problem graphically: Minimize z = 600x + 400y

subject to constraints: X + y> 8, x + 2y < 16,4x +y<29,x,y > 0.

30. Solve the following linear programming problem graphically: Maximize z = x + y subject to

constraints 2x + 5y < 100, 8x + 5y <200, x>0, y>0.

31. Solve that following linear programming problem graphically: Maximise Z = 2x + 3y subject

tocongtraints: X +y<6,x>2,y<3,x,y>0.

32. Solve the following LPP: Maximise Z = x + 3y, subject to the constraints: x + 2y < 200,
x+y<150,y<75,x,y>0.
33. Solve the following LPP graphically: Maximize Z = 60x + 40y, subject to the constraints:

x+2y<12,2x+y <12,4x+ 5y = 20, x,y = 0.

34. Solve the following LPP graphically: Minimise Z = 6x + 3y subject to constraints:

4x +y =>80,x+ 5y >115,3x + 2y < 150, x,y = 0.

LONG ANSWERS
1. Find graphically, the maximum value of Z = 2x + 5y, subject to constraints given below:

2x+4y<8,3x+y<6,x+y<4,x>0,y=>0.
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2. Maximize Z = 8x + 9y subject to the constraints given below: 2x + 3y < 6, 3x — 2y < 6,
y<I1,x>0,y>0.

3. Solve the following problem graphically. Maximize Z = 3x + 9y. Subject to the constraints :
x+3y<60,x+y>10,x<y,x>0,y>0.

4. Solve the following linear programming problem (L.P.P) graphicaly. Maximize Z = x + 2y

subject to constraints; x +2y > 100, 2x —y <0, 2x + y <200, x, y > 0.

5. Solve the following LPP graphically: Maximize Z = 3x + 2y subjectto 5x + y> 10, x + y > 6,

Xx+4y>12,x,y>0.

CASE BASED QUESTIONS

1. The corner points of the feasible region determined by the system of linear constraints are as

shown below: 3
1 (4, 10)
10
3
(0. 8)n (s, 8)
7
s
- 8, 5)
®
x
2
1
(0, 0) 3558 SEE EE 'Sﬂg;" e 2y

Based on the above information, answer the following:

(i) Let Z = 3x — 4y be the objective function. Find the maximum and minimum value of Z and,
also the corresponding points at which the maximum and minimum value occurs.

(if) Let Z = px + qy where p, g > 0 be the objective function. Find the condition on p and q so that
the maximum value of Z occurs at B(4,10) and C(6, 8) . Also mention the number of optimal

solutions in this case.
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2. The corner points of the feasible region determined by the system of linear constraints are as

shown below:

I (2 B (527

Based on the above information, answer the following:

(i) Let Z = 13x — 15y be the objective function. Find the maximum and minimum values of z and,
a so the corresponding points at which the maximum and minimum values occur.

(i) Let Z = kx + y be the objective function. Find k, if the value of z at A is same asthe value of z

at B.

3. Thefeasible region of an LPP is shown in the figure.

(i) Find the equation of AB.
(i) Find equation of BC.

(iii) Determine at which point the objective function Z = 10500x + 9000y is maximum.
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4. Corner points of the feasible, region for an LPP are (0, 3), (5, 0), (6, 8), (0, 8). Let Z = 4x — 6y
be the objective function.

Based on the above information, answer the following questions.

(i) Find the value of Max Z — Min Z.

(it) Find the corner points of the feasible region determined by the system of linear inequalitiesin

the graph given below.

6 7
v B
)

(i) What is the point of intersection of linel, and [,?
(i) If Z = x + y be the objective function and max Z = 30. Find the point where maximum value
ocCCurs.

(iii) If Z = 6x + 3y be the objective function, then what is the minimum value of Z?
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6. The corner points of the feasible region determined by the system of linear constraints are as

shown in the following figure:
.
T
I B (4, 10)
10 ¢
©, BY A 7701777, / s, 8)

'3,/",-'/'/.'//., I D6, B)

'/ '/ # A/
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0 9 4 6 8

(i) If Z = 3x — 4y be the objective function, then find the maximum value of Z.

(i) If Z = px + qy where p, q > 0 be the objective function. Find the condition of p and g so that

maximum value of Z occurs at B(4, 10) and C(6, 8).

7. The month of September is celebrated as the Rashtriya Poshan Maah across the country.
Following a healthy and well-balanced diet is crucial in order to supply the body with the proper

nutrients it needs. A balanced diet also keeps us mentally fit and promotes improved level of

energy.
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A dietician wishes to minimize the cost of adiet involving two types of foods, food X (x kg) and
food Y (y kg) which are available at the rate of *16/kg and X 20/kg respectively. The feasible
region satisfying the constraintsis shown in Figure-2.

On the basis of the above information, answer the following questions:

(i) Identify and write all the constraints which determine the given feasible region in Figure-2.
(ii) If the objective isto minimize cost Z = 16x + 20y, find the values of x and y at which cost is
minimum. Also, find minimum cost assuming that minimum cost is possible for the given

unbounded region.
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UNIT TEST
Duration: 1 hour Marks: 30

SECTION A

Each carry 1 mark

1. The corner points of the feasible region determined by the set of constraints are P(0, 5),
Q(3, 5), R(5, 00 and S(4, 1) and the objective function Z = ax + 2by where a, b > 0. The condition
on aand b such that the maximum Z occursat Q and Sis

(@a-5b=0 (b)a-3b=0 (c)a-2b=0 (d)a-8b=0

2. For aLPP the objective function is Z = 4x + 3y and the feasible region determined by a set of

constraints is shown in the graph
Y
5
80'%, (0. 80)
- 60 \'-.
4_0'. _~P‘O a0)
20 J -,° (30, 20)
\R.(40, 0)

=X

Ol 20 40 &0 80 100

L

Y L]

Which of the following statement is true?
(@ Maximum valueof Zisa R (b) Maximum value of Z isat Q

(c) Vaueof Zat Rislessthanthevalueat P (d) Valueof Z at Q isless than the value of R

3. The graph of the inequality 2x + 3y > 6 is

(a) Half plane that contains the origin

(b) Half plane that neither contains the origin nor the points of theline2x + 3y = 6
(c) Whole XQY plane excluding the pointson theline2x + 3y = 6

(d) Entire XOY plane
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4. Assertion: A LPP admits unique optimal solution.

Reason: The solution set of the inequation 2x+y> 5 is open half plane not containing the origin.
(@) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.

SECTION B

Each carry 3 marks

5. Solve the following linear programming problem graphically: Maximum Z = 3x + 9y subject to
the constraints x + y> 10, x + 3y <60, x <y, x>0, y>0.

6. Solve the following linear programming problem graphicaly: Minimize Z = 5x + 10y subject
to constraints: x +2y <120, x +y>60,x—-2y>0,x>0,y>0.

7. Solve graphically the following linear programming problem: Maximize Z = 6x + 3y, subject
to the constraints 4x + y >80, 3x + 2y <150, x + Sy >115,x >0,y > 0.

8. Minimize Z = 10x + 4y subject to constraints 4x +y > 80, 2x + y>60,x >0, y > 0.
SECTIOND

Each carry 5 marks

9. Solve the following LPP graphically: Minimize Z = 5x + 7y subject to the constraints
2x+y>8,x+2y>10,x>0,y>0.

10. Minimize and Maximize Z = 5x + 2y subject to the following constraints x — 2y < 2,

3x +2y<12,-3x+2y<12,x>0,y>0.
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SECTION E

11. Read the following passage and answer the following questions:

Linear programming problem is method of or finding the optimal values (maximum or minimum)
of quantities subject to the constraints when relationship is expressed as a linear equations or
linear inequations.

The corner points of afeasible region determined by the system of linear constraints are as shown

~r 7 7

below.

Y :
t  [B(4.10)
,"' \\1
! ."/ \\_ C 6
A8 | i s
D64y
/‘,
,x1<_. . j’ .
0 £(5.0)
YI

(i) Isthisfeasible region bounded?
(if) Write the number of corner pointsin the feasible region.
(iii) If Z = ax + by has maximum value at C(6, 6) and B(4, 10). Find the relationship between a

and b.

387



ANSWERS

MCQ A-R SA LA CS
1 ©Ox+2y>4x+y>3x>|L(0) |LMaxZ=1680a (12 6) 1. Maxz=10a (0, |L ()MinZ=-32a (0, 8) and
> 2 MaxZ=12at (4,0
0.y =0 2.(d) |2 Maxz=3200a (8, 20) ) 4.0
2.()a=3,b= - 2% iiyp=
(©a=3,b=5 3.(3) |3.MaxZ = 5440 a (8, 16) 2.Maxz="rat | (DP=4
. . 30 6 g
e — 2. () Min Z = -30 at 0, 2) and
3. (0 Z is maximum a (40, 15), | , @ |4 Maxz=404 (0,5 (13,13) (i) 0, 2)
minimum at (15, 20) Max Z =52 at (4, 0)
5.(8) |5.Max Z = 495000 at 3. MaxZ=180a
4.(8) 2 (30, 20) every pointonthe | (1D K=-2
6. (b)
line segment joining | 3 (i) 2x + v = 80
5 (a2l 6. Max Z = 1190 at (35, 0) () 2x+y
7.(d the points (15, 15) &
6.(@0 140 (i) x+y=50
6@ | MinZ=300a (60,0 (0. 20)
7.(b) 4 . (iii) B
0.y | B MinZ=150a (15,20 4 Max #2250
, +y< +2v< 50, 100 4. (i) 68
8. () 2x +y <104 andx+2y <76 0. 9. Min z = 470 at (40, 100) ; ) 0
(c

5. Max Z=36a
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9.(c) 25
10. (d) Infinite

11. () p=1

2

12. (c) Given by corner points of the

feasibleregion

13. (9 R

14. (c) (2, 3)

15. (b) A linear function to be optimized
16. (a) Concave set

17. (a) 60

18. (b) Maximum

19, (b) 600

11. (9

12. ()

13. (d)

14. (d)

15. (a)

16. (b)

10. Max Z = 24 at every point on
the line segment joining the

points (<, 2) & (5,)

77
11. z,,4, 1s 275 when

x=8,y=13

12. Minimum z = 42000 at (20,

80)

13. (40, 15) &

Max Z = 285

14. (200, 0), Max P

= 20000
15. (4, 4), Max z = 4000

16. Min(Z) = 300 at

(12, 0)

(i1) (0, 0), (3,0), (3, 2), (2,3), (0, 3)
5.0(33)

@ (35
(i) 0
6. (i)

Maximum value of Z is 12 at E when

x=4,y=0
(iDp=q

7. G) x +2y > 10, x +y > 6,

3x+y>8,x>0,y>0.

(i1) The minimum cost is ¥ 112
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20. (@) 0

21.(b) 9, 3.14

22. (a) No feasible region

23. (d) None of these

24. (a) 10

25. (d) Every point on the line segment

CD

26. (c) Any point on the line segment

joining the point (0, 2) and (3,0)

27. (a) an objective function

28. (d) 36 at (0, 6)

29. (a) 220

x=60;y=0
17. Min(Z) = 400 at

x=0;y =200

18. Max(Z) = 595 at

x = 140;y =50

19. Maximum lies at every point

on the line segment AD.

20.
Minimum z =

6 at all points on line segment AB

21. Minimumz =-12 at (4, 0)

22. Max z = —?at@ 1)

3’3
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30. (d) (0, 5)

31. (b) constraints

32. (d) afeasibleregion

33.(c) 2

34. (b) (1, 1)

35. () z is maximum at (40, 15),

minimum at (15, 20)

36.(a) 2a=b

37. (¢) It will have both maximum and

minimum values

38. (c) 120

39.(a) 2

40. (c¢) Z is maximum at (40, 15),

235 20 45
23. Maxz=—at (—, —
19 19 19

24, Maxz=3200atx=4,y=4

25. Minimum Z = 160 at all

points of theline AC
26. Z,in, = 8 when x = g,y =0

27. MinZ = 160 at x = 40,

y =20

28. Zpax = 2600 when

x =200,y = 600

29. Znin = 3200 when

x=0,y=38

30. Z0x = 30 when
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minimum at (15, 20)

41. (c) open haf plane containing the
origin except the points of line

3X+5y=7

42.(c)a=3,b=5

43. (d) infinite

4. (c)x+2y=24,x+y=3,x=20,

31. Maximum Value of Z is 15

atx = 3,y = 3.

32. Maximum Value of Z is 275

atx = 50&y =75

33. Max(Z) = 400

atx =4,y=4

>0
4 34. Min(Z) = 150 at
45. () x+ 2y =2 76,2x +y < 104, XS R
x,y =0

UNIT TEST

1.(da-8b=0

2. (b) Maximumvalueof Zisat Q
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3. (b) Half plane that neither contains the origin nor the points of theline2x + 3y = 6

4. (a) Both (A) and (R) are true and (R) is the correct explanation of (A).

5. Zyax = 180 at infinitely many points lying on the line joining points (0,20) and (15,15).
6. Min Z = 300 at (60, 0)

7. Max Z = 285 at (40, 15)

8. Min Z = 260 at (10, 40)

9.MinZ =384t (2, 4)
i 7 3
10. MinZ =0at (0, 0) and Maxzzlgat(z,z)

11. (i) Yes (i) 6 (i) a=2b
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CHAPTER 13- PROBABILITY

CONDITIONAL PROBABILITY
DEFINITION 1

If E and F are two events associated with the same sample space of a random experiment, the

conditional probability of the event E given that F has occurred, i.e. P(E | F) is given by

P(ENF) ‘
provided P(F) = 0

PROPERTIES OF CONDITIONAL PROBABILITY

Property 1

Let E and F be events of a sample space S of an experiment, then we have
PSIF)=P(FIF) =1

Property 2

If A and B are any two events of a sample space S and F is an event of S such that P(F) # 0, then

P((A U B)IF) = P(A[F) + P(BIF) — P((A N B)IF)

Property 3
P(E'| F) =1-P(E | F)

MULTIPLICATION THEOREM ON PROBABILITY

Let E and F are two events associated with a sample space S and then E N F denotes the event that

both E and F have occurred. The event E N F isalso written as EF.

P(ENF) or (EF) = P(E)P(F | E) = P(F)P(E | F) provided P(E) # 0 and P(F) # 0.

The above result is known as the multiplication rule of probability.

MULTIPLICATION RULE OF PROBABILITY FOR MORE THAN TWO EVENTS
If E, F and G are three events of sample space, we have

P(ENFNG) = P(E)P(F | E)P(G | (ENF)) = P(E)P(F | E)P(G | EF)

Note: Multiplication rule of probability can be extended to four or more events.
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INDEPENDENT EVENTS
Two events E and F are said to be independent events if the occurrence (or non-occurrence) of one

does not affect the probability of the occurrence (and hence non-occurrence) of the other.

[llustration 1. In the simultaneous throw of two coins ‘getting a head’ on first coin and ‘getting a

tail” on the second coin are independent events.

[llustration 2: When a card is drawn from a pack of well shuffled cards and replaced before the

second card is drawn, the result of second draw isindependent of first draw.

Let E and F be two events associated with the same random experiment, then E and F are said to be
independent if

P(E N F) = P(E).P(F).

RESULTS
(i) Two events E and F are said to be dependent if they are not independent, i.e. if
P(E N F) # P(E).P(F)
(ii) Threeevents A, B and C are said to be mutually independent, if
P(A N B) = P(A)P(B)
P(ANC) =P(A)P(C)
P(B N C) = P(B)P(C)
P(ANBNC) = P(A)P(B)P(C)
If at least one of the above is not true for three given events, we say that the events are not

independent.

(iii) If E and F are independent events, then
(a) E and F' are independent events
(b) E" and F are independent

(c) E’ and F' are independent
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PARTITION OF A SAMPLE SPACE

A set of eventsE,, E,, ..., E,, issaid to represent a partition of the sample space Siif
@E NE =¢,i#j,i,j=123,..,n

(b)E;UE,U..UE, =S and

(¢)P(E;) > Oforalli =12,..,n.

In other words, the events E{, E,, ..., E,, represents a partition of the sample space S if they are

pairwise digoint, exhaustive and have non-zero probabilities.

THEOREM OF TOTAL PROBABILITY
Let {E{, E,, ...,E,} be a partition of the sample space S and suppose that each of the events

E,, E,, ..., E;, has non-zero probability of occurrence. Let A be an event associated with S, then
P(A) = P(E))P(A | E{) + P(E2)P(A| | Ep) + -+ + P(ER)P(A | Ep)
P(A) = -, P(E;)P(A | E))

BAYE’S THEOREM

If E{,E,, ..,E, ae n non empty events which constitute a partition of sample space S,
i.e. E,E,, ..., E, are pairwise digoint and E;UE,U..UE, =S and A isany
event of non-zero probability, then

P(E))P(A | E;)
7.1 P(E;)P(AE))

P(E; | A) = foranyi =1,2,3,...,n

MULTIPLE CHOICE QUESTIONS

1.IfP(A | B) = P(A’ | B), then which of the following statements is true?

(@) P(A) =P(A") (b)P(A)=2PB) (c)P(ANB)= %P(B) (d) P(ANn B) =2P(B)

2. Let E and F be two events such that P(E) = 0.1, P(F) = 0.3, P(E U F) = 0 - 4, then P(FIE) is

(@ 0.6 (b) 0.4 (©) 0.5 (d) 0
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3. If A and B are events such that P(A/B) = P(B/A) # 0, then:
(@ AcB,butA+B ()A=B ()ANnB=9 (d) P(A) = P(B)

4. 1f A and B are two events such that P(A U B) = %,P(A NnB) = % and P(B') = % then A and B
are

(a) independent (b) dependent (c) mutually exclusive (d) None of these

5. Two numbers are selected at random from integers 1 to 9. If the sum is even, the probability

that both numbers being odd is:

(a) < (b) 2 (0) = (d) 2
6. If one ball is drawn at random from each of three boxes containing 3 white and 1 black, 2

white and 2 black. 1 white and 3 black balls, then the probability that 2 white and 1black balls

will bedrawnis
&= (b) CF (d) =

71 P(4) ==, P(B) =2 and P(AUB) =2, then P (2) + P (%) equals

(@ (b)3 ©—= (d) =
A B\ .
8.If P (E) = 0.3,P(A) = 0.4 and P(B) = 0.8, then P (Z) is equal to:

(a) 0.6 (b) 0.3 (c) 0.06 (d) 0.4

9. For two events A and B, if P(A) = 0.4, P(B) = 0.8 and P(B/A) = 0.6, then P(A U B) is:
(@ 0.24 (b) 0.3 (c) 0.48 (d) 0.96

10. If for two events A and B,P(A — B) = i and P(A) = g, then P (%) is equal to
1 3 2 2
@3 (b) ¢ ©: (d) 3
11. If A and B are two events such that P(A | B) = 2P(B | A) and P(A) + P(B) = g, then P(B) =

CE (b) 2 CF (A2
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12. For any two events A and B if P(A) = %, P(B) = g and P(ANB) = i, then P (%) =
5 8 1 1
@3 (b) 5 © 3 )

13. The probability that A speaks the truth is = and that of B speaking the truth is 2. The

probability that they contradict each other in stating same fact is:
7 1 3 4
@ -5 (b) - © 55 (d);
14. Let E be an event of a sample space S of an experiment, then P(SIE) =
(@ P(SNE) (b) P(E) ©1 (@0
15. Ashimacan hit atarget 2 out of 3 times. She tried to hit the target twice. The probability that

she missed the target exactly onceis

()2 (b)< CF (d)

16. X and Y areindependent events such that P(X N Y) = % and P(X) = E Then P(Y) isequal to
@3 (b) 5 CF OF

17. If the sum of numbers obtained on throwing a pair of dice is 9, then the probability that

number obtained on one of thediceis4is

@ (b) 2 (9= (d)5

18. If A and B are two events such that P(A/B) = 2 x P(B/A) and P(A) + P(B) = § then P(B)
iIsequal to

@ (b) ©; (@

19. The events E and F are independent. If P(E) = 0.3 and P(EUF) = 0.5, then P(E|F) — P(F|E)

equals:

(3 (b) CF: (d)
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20. Five fair coins are tossed simultaneously. The probability of the events that atleast one head
comesupis

CF (b) = COF (d) =

21. A fair dieisrolled. EventsE and F are E = {1, 3, 5} and F = {2, 3} respectively. Value of
P(E|F) is

(a2 (b) CF (d) >

ASSERTION - REASON TYPE QUESTIONS

In the following questions, a statement of Assertion (A) is followed by a statement of Reason (R).
Choose the correct answer out of the following choices.

(a) Both (A) and (R) aretrue and (R) is the correct explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct explanation of (A).

(c) (A) istruebut (R) isfalse.

(d) (A) isfasebut (R) istrue

1. Assertion: If R and S are two events such that P(R | S) = 1 and P(S) > 0, then

Reason: If two events A and B are such that P(A N B) = P(B), then A  B.
2. Assertion: For an event A of the sample space S of arandom experiment, P(S|JA) = P(AJA) = 1.
Reason: For three events A, B and C of the sample space S of arandom.

3. Assertion: Probability of drawing ared ball from any of the bag | or 11, when bag | contains 3
red and 5 blue balls whereas bag Il contains 4 red and 4 blue balls isi.

Reason: Therearetwo bags| and Il , bag | contains 3 red and 5 blue balls whereas bag Il contains

4red and 4 blue balls . A ball is drawn from either of bag and is found red . Probability of it to be
from bag | isg.
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4. Assertion(A): Two coins are tossed simultaneously. The probability of getting two heads, if it

is known that atleast one head comesup is %

P(ENF)
P(E) °

Reason: Let E and F be two events with arandom experiment, then P(F/E) =
VERY SHORT ANSWERS

SHORT ANSWERS

1. It is known that 20% of the students in a school have above 90% attendance and 80% of the
students are irregular. Past year results show that 80% of students who have above 90%
attendance and 20% of irregular students get ‘A’ grade in their annual examination. At the end of
ayear, a student is chosen at random from the school and is found to have an ‘A’ grade. What is
the probability that the student isirregular?

2. E and F are two independent events such that P(E) = 0.6,P(EUF) =0-6. Find P(F)
and P(E U F).

3. The chances of P, Q and R getting selected as CEO of a company are intheratio4 : 1: 2
respectively. The probabilities for the company to increase its profits from the previous year

under the new CEO, P, Q or R are 0-3, 0-8 and 0-5 respectively. If the company increased the

profits from the previous year, find the probability that it is due to the appointment of R as CEO.

4. A card from well shuffled deck of 52 playing cards is lost. From the remaining cards of the
pack, a card is drawn at random and is found to be a king. Find the probability of the lost card

being aking.

5. A bag A contains 4 black and 6 red balls and bag B contains 7 black and 3 red balls. A dieis
thrown. If 1 or 2 appears on it, then bag A is chosen, otherwise bag B. If two balls are drawn at
random (without replacement) from the selected bag, find the probability of one of them being

red and another black.
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6. A bag contains 7 red, 4 white and 5 black balls. Two balls are drawn at random and are found

to be white. What is the probability that both the balls are white?

7. Assume that each born child is equally likely to be a boy or a girl. If family has two children,
what is the conditional probability that both are girls? Given that (i) the youngest is a girl (ii)

atleast oneisadgirl.

8. 12 cards numbered 1 to 2 are placed in a box, mixed up thoroughly and then a card is drawn at
random from the box. If it is known that the number on the drawn card is more that 3, then find

the probability that it is an even number.

9. A bag contains 3 red and 7 black balls. Two balls are selected at random one-by-one without
replacement. If the second selected ball happens to be red, what is the probability that the first

selected ball isalso red?

10. Probability of solving specific problem independently by A and B arei and grespectviely. If

both try to solve the problem independently, find the probability that (i) the problem is solved (ii)

exactly one of them solved the problem.

11. A speaks truth in 75% of the cases, while B in 90% of the cases. In what percent of cases are
they likely to contradict each other in stating the same fact? Do you think that statement of B is

true?

12. Three persons A, B and C apply for a job of manager in private company. Chances of their
selection are in the ration 1:2:4. The probabilities that A, B and C can introduce changes to
improve profits of the company are 0.8, 0.5 and 0.3 respectively. If the changes do not take place,

find the probability that it is due to appointment of C.
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13. Three machines E;, E, and E; in a certain factory producing electric bulbs, produce 50%, 25%
and 25% respectively of the total daily output of electric bulbs. It is known that 4% of the bulbs
produced by each of machines E; and E, are defective and that 5% of those produced by machine
E; are defective. If one bulb is picked up at random from a day’s production, calculate the

probability that is defective.

14. There are two bags, bag | and bag I1. Bag | contains 4 white and 3 red balls while another bag
Il contains 3 white and 7 red balls. One ball is drawn at random from one of the bags and it found

it to be white. Find the probability that it was drawn from bag I.

15. There are two coins. One of them is a biased coin such that P (head):P (tail) is 1:3 and the
other coin isafair coin. A coin is selected at random and tossed once. If the coin showed head,

then find the probability that it is a biased coin.

16. A and B are independent events such that P(A N B) =% and P(ANB) = % Find P(A)

and P(B).

17. A fair coin and an unbiased die are tossed. Let A be the event, “Head appears on the coin”

and B be the event, “3 comes on the die”. Find whether A and B are independent events or not.

18. Out of two bags, bag A contains 2 white and 3 red balls and bag B contains 4 white and 5 red
balls. One ball is drawn at random from one of the bags and is found to be red. Find the
probability that it was drawn from bag B.

19. Bag | contains 3 red and 4 black balls, Bag Il contains 5 red and 2 black balls. Two balls are
transferred at random from Bag | to Bag |1 and then a ball is drawn at random from Bag Il. Find

the probability that the drawn ball isred in colour.
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LONG ANSWERS
1. Consider the experiment of tossing a coin, If the coin shows head, toss it again, but if it shows
tail, then throw a die. Find the conditional probability of event that “the die shows a number

greater than 4” given that there is atleast one tail.

2. If A and B are two independent events such that P(A N B) = 12—5 and P(ANB) = % then find
P(A) and P(B).

3. Bag A contains 3 red and 5 black balls, while bag B contains 4 red and 4 black balls. Two balls
are transferred at random from bag A to bag B and then a ball is drawn from B at random. If the

ball the bag is drawn from bag B is found to be red find the probability that two red balls were

transferred from A to B.

4. In a factory which manufactures bolts, machines A, B and C manufacture respectively 30%,
50% and 20% of the bolts. Of their outputs, 3, 4 and 1 percent respectively are defective bolts. A
bolt is drawn at random from the product and is found to be defective. Find the probability that

thisis not manufactured by machine B.

5. In answering a question on a MCQ, a student either knows the answer or guesses. Let g be the
probability that he knows the answer and Ebe the probability that he guesses. Assuming that a
student who guesses the answer will be correct with probability % what is the probability that the

student knows the answer given that he answered it correctly?

6. A card from a pack of 52 playing cards is lost. From the remaining cards of the pack three
cards are drawn at random (without replacement) and are found to be al spades. Find the

probability of the lost card being a spade.

403



7. Assume that the chances of a patient having a heart attack is 40%. Assuming that a meditation
and yoga course reduces the risk of heart attack by 30% and prescription of certain drug reduces
it chance by 25%. At time a patient can choose any one of the two options with equal
probabilities. It is given that after going through one of the two options, the patient selected at
random suffers a heart attack. Find the probability that the patient followed a course of meditation
and yoga. Interpret the result and state which of the above stated methods is more beneficial for

the patient.

8. In agroup of 400 people. 160 are smokers and non-vegetarian, 100 are smokers and vegetarian
and the remaining are non-smokers and vegetarian. The probabilities of getting a special chest
disease are 35%, 20% and 10% respectively. A person is chosen from the group at random and is
found to be suffering from the disease. What is the probability that the selected person is smoker

and non-vegetarian?

9. Three bags contains balls as shown in the table below:

Bag | No. of white balls | No. of black balls | No. of red balls
I 1 2 3

[l 2 1 1

1 4 3 2

A bag is chosen at random and two balls are drawn from it. They happen to be white and red.

What is the probability that they come from the |11 bag?

CASE BASED QUESTIONS

1. According to recent research, air turbulence has increased in various regions around the world
due to climate change. Turbulence makes flights bumpy and often delays the flights. Assume that,
an arplane observes severe turbulence, moderate turbulence or light turbulence with equal

probabilities. Further, the chance of an airplane reaching late to the destination are 55%, 37% and
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17% due to severe, moderate and light turbulence respectively. On the basis of the above

information, answer the following questions:

() Find the probability that an airplane reached its destination late.

(i) If the airplane reached its destination late, find the probability that it was due to moderate
turbulence.

2. Airplanes are by far the safest mode of transportation when the number of transported

passengers is measured against personal injuries and fatality totals.

= § @
= 8 =
R W K

Previous records state that the probability of an airplane crash is 0-00001%. Further, there are

95% chances that there will be survivors after a plane crash. Assume that in case of no crash, all

travellers survive.
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Let E; be the event that there is a plane crash and E, be the event that there is no crash. Let A be
the event that passengers survive after the journey.

On the basis of the above information, answer the following questions:

(i) Find the probability that the airplane will not crash.

(ii) Find P(A | E;) + P(A | E,).

(iii) Find P(A).

(iv) Find P(E, | A).

3. Rohit, Jaspreet and Alia appeared for an interview for three vacancies in the same post. The
probability of Rohit’s selection is % Jaspreet’s selection is% and Alia’s selection is i . The event

selection is independent of each other.
Based on the above information, answer the following questions:

(i) What is the probability that at least one of them is selected?

(ii) Find P(G | H) where G is the event of Jaspreet’s selection and denotes H the event that Rohit
is not selected.
(ii1) Find the probability that exactly one of them is selected.

(iv) Find the probability that exactly two of them are selected.

4. A departmental store sends bills to charge its customers once a month. Past experience shows
that 70% of its customers pay their first month bill in time. The store also found that the customer
who pays the bill in time has the probability of 0.8 of paying in time next month and the customer
who doesn’t pay in time has the probability of 0.4 of paying in time the next month.

Based on the above information, answer the following questions:

(i) Let E; and E, respectively denote the event of customer paying or not paying the first month

bill in time. Find P(E,), P(E,).
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(i) Let A denotes the event of customer paying second month’s bill in time, then find
P(A | E;) and P(A | E,).

(iii) Find the probability of customer paying second month’s bill in time

(iv) Find the probability of customer paying first month’s bill in time if it is found that customer

has paid the second month’s hill in time.

5. Recent studies suggest that roughly 12% of the world population is left handed. Depending
upon the parents, the chances of having aleft handed child are as follows:

A: When both father and mother are left handed: Chances of |eft handed child is 24% .

B: When father is right handed and mother is left handed: Chances of left handed child is 22%.

C: When father isleft handed and mother isright handed: Chances of left handed is 17%.

D: When both father and mother are right handed: Chances of left handed child is 9%.
Assuming that P(A) = P(B) = P(C) = P(D) = % and L denotes the event that child is left handed.

Based on the above information, answer the following questions:

(i) P(L/C)

(i) Find P(L/A)

(iii) Find (A/L)

(iv) Find the probability that a randomly selected child is left handed given that exactly one of the

parentsis left handed.

6. A building contractor undertakes a job to construct 4 flats on a plot along with parking area.
Due to strike the probability of many construction workers not being present for the job is 0-65.
The probability that many are not present and still the work gets completed on time is 0-35. The
probability that work will be completed on time when all workers are present is 0-80.

Let: E;: represent the event when many workers were not present for the job;

407



E,: represent the event when all workers were present; and

E: represent completing the construction work on time.

Based on the above information, answer the following questions:

(i) What is the probability that all the workers are present for the job?

(if) What is the probability that construction will be completed on time?

(iii) What is the probability that many workers are not present given that the construction work is
completed on time?

(iv) What is the probability that all workers were present given that the construction job was

completed on time?

7. A company conducts a mandatory health check-up for al newly hired employees, to check for
infections that could affect other regular employees. A blood infection affects roughly 5% of the
population. The probability of a false positive on the test for this infection is 4%, while the
probability of afalse negative on thetest is 3%.

(Note: A false positive on atest refers to a case when a person is not infected, but tests positive
for the infection. A false negative on a test refers to a case when a person is infected, but tests
negative for the infection.)

(i) What is the probability that a person tests positive given that he is actually infected?

What is the probability that the employee tests positive for the infection?

(i1) If aperson tests positive for the infection,

(a) what isthe probability that the employee is infected?

(b) What is the probability that employee is not infected?

(ilf) What is the probability that a person tests negative for the infection? If a person tests

negative for the infection, what is the probability that the employee is actually infected?
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UNIT TEST
Duration: 1 hour Marks: 30

SECTION A

Each carry 1 mark

1. Two events A and B will be independent if

(a) A and B are mutually exclusive events (b) P(A) = P(B)

(c) P(A'B") = (1 — P(A)(1 — P(B) (d) P(A) + P(B) = 1

2. If A and B are events such that P(A/B) = P(B/A) # 0, then:

(@AcB,butA+B (b) P(A) = P(B) (©ANB=¢ (dA=B

3. If the sum of numbers obtained on throwing a pair of dice is 9 , then the probability that
number obtained on one of thediceis4 is:

(@ (b) 2 (9 — (d)

4. Assertion (A): Given two independent events A and B such that P(A) = 0.3 and P(B) = 0.6 ,
then P(A and not B)=0.12.

Reason(R): For two independent events A and B , P ( A and B)=P(A).P(B).

(@) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) istrue but Reason (R) isfalse.

(d) Assertion (A) isfalse but Reason (R) istrue.

SECTION B
Each carry 3 marks

5. Out of outstanding students of a school, there are 4 boys and 5 girls. A team of 4 studentsisto

be selected for quiz competition. Find the probability that two boys and two girls are selected.
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6. A couple has 2 children. Find the probability that both are boys, if it is known that (i) one of
them isaboy (ii) the older child is aboy.

7. P speakstruthin 70% of the cases and Q in 80% of the cases. In what percent of cases are they
likely to agree in stating the same fact? Do you think, when they agree, means both are speaking

truth?
8. The probabilities of two students A and B coming to the school in time are ; and%

respectively. Assuming that the events A coming in time and B coming in time are independent,

find the probability of only one of them coming to the school in time.

SECTIONC
Each carry 5 marks
9. An urn contains 7 red and 4 blue balls. Two balls are drawn at random with replacement, Find

the probability of getting () 2 red balls (b) 2 blue balls (c) one red and one blue ball.

10. In a factory which manufactures bolts, machines A, B and C manufacture respectively 30%,
50% and 20% of the bolts. Of their outputs 3, 4, and 1 percent respectively are defective bolts. A
bolt is drawn at random from the product and is found to be defective. Find the probability that

thisis not manufactured by machine B.

SECTION E
11. Read the following passage and answer the following questions:
There are different types of Y oga which involve the usage of different poses of Y oga Asanas,

Meditation and Pranayam as shown in the figure below:
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The Venn diagram below represents the probabilities of three different typesof Yoga A, B and C
performed by the people of a society. Further, it is given that probability of a member performing

type C Yogais 0.44.

(i) Find the value of x
(i) Findthevalueofy.
. C
(ii1) Find P (E) .
(OR)
Find the probability that a randomly selected person of the society does Y oga of type A or B but

not C.
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ANSWERS

MCQ A-R SA LA CS
1L(PAnB)=-PB) |1© |1 - 1.2 L) 2 (i) 2Z
2. (b
2(d0 R PR 2.P(4) =2,P(B) =% or . . 195
3. () 3’15 6 5 2. (i) 0.9999999 (i) 75
3. (d) P(A) = P(B) ' 1 1 1
3. 3 P(A) = E»P(B) - oy 999999995 . . 999999995
4. (a) independent 4.(a) (i) 1000000000 (iv) 1000000000
4 L i
5(d)E . L SE N3 ,..01,.. 13 . 3
' 8 » 3. (1) s (ii) 3 (iii) P (iv) P
" 45 11
6.(3) 3 " 3 ]
7.(d) = ? op i
12 ~ 1 | i 2 =03
7.(1) - (1) = 10 '
8.(a) 0.6 2 3
5 6. 10 (i) P(AIE) =08, P(AIE,)=
9. (d) 0.96 8.3 49
) 0.4
L 15
10. (d)g > 15 [ 255 17
(111) 0.68 or P
N2 .01
11 (a)g 10. (i) 3 (i) 5 g 28 L
" 45 (iv) It
11. 30%
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12. (a) 2
13. (a) %

14.(c) 1
15.(0)
16. () §

17. (d)

18. ()
19. (d) %
20. () 2—;

21. (d) -

12.0.7

13. -~

" 400

14.2

61

15.

16. P(A) =2 & P(B) = OR>&

4

w N

17. A & B are independent events.

18. 2

52

19. 2

63

5. (i) —=

(i) =
(iii)%

. 39
(IV)'IEE

6. (i) 0.35
(i) 0.51
(iii) 0.45

(iv) 0.55

7. (i) 0.97, 0.0865

(i) (&) =5 (b) 7%

173 173

(iii) 0.9135, —

609

413




UNIT TEST

1.(c) P(A'B") = (1 — P(A))(1 — P(B))
2. (b) P(A) = P(B)

3.(d) 5

4.(a)

5.2

6. (i) = (ii) 5

62
" 100

26
8. —
49

9.@— (B> (©) =

10. 2
31

11. () x = 0.23 (ii) y = 0.04 (iii) = (OR) 0.45
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MATHEMATICS — Code No. 041
SAMPLE QUESTION PAPER
CLASS - XII (2025-26)

Maximum Marks: 80 Time: 3 hours

General Instructions:
Read the following instructions very carefully and strictly follow them:

1. This Question paper contains 38 questions. All questions are compulsory.

2. This Question paper is divided into five Sections - A, B, C, D and E.

3. In Section A, Questions no. 1 to 18 are multiple choice questions (MCQs) with only one
correct option and Questions no. 19 and 20 are Assertion-Reason based questions of 1
mark each.

4. In Section B, Questions no. 21 to 25 are Very Short Answer (VSA)-type questions, carrying
2 marks each.

5. In Section C, Questions no. 26 to 31 are Short Answer (SA)-type questions, carrying 3

marks each.

6. In Section D, Questions no. 32 to 35 are Long Answer (LA)-type questions, carrying 5
marks each.

7. In Section E, Questions no. 36 to 38 are Case study-based questions, carrying 4 marks
each.

8. There is no overall choice. However, an internal choice has been provided in 2 questions
in Section B, 3 questions in Section C, 2 questions in Section D and one subpart each in 2
questions of Section E.

9. Use of calculator is not allowed.

SECTION-A
This section comprises of multiple choice questions (MCQs) of 1 mark each.
Select the correct option (Question 1 - Question 18)

Q.No. Questions Marks
1. Identify the function shown in the graph 1
e
;l:.' i = X
i
(A)sin~1x (B) sin™1(2x) (C)sin™?t (g) (D) 2sin"tx
For Visually Impaired:
1. Inverse Trigonometric Function, whose domain is [—%%] ,1S ...
-1 -1(X
(A) cos™'x (B) cos (3)
(C) cos™1(3x) (D) 3cos™1x

*Please note that the assessment scheme of the Academic Session 2024-25 will continue in the current session i.e.
2025-26.
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2. | Iffor three matrices A = [a;;]  ,B=[b;] . andC= [Cij]pxq products AB and
AC both are defined and are square matrices of same order, then value of m,n,p
and q are:

Aym=q=3 andn=p =4 (B m=2,q=3 andn=p =4
(C) m=q=4 andn=p =3 (D) m=4p=2andn=q =3
3. 0o r =2
If the matrix A=1|3 p t | is skew-symmetric, then value of 9* s
q _4 0 p+r
(A)-2 (B)O (C) 1 (D) 2
4. If A is a square matrix of order 4 and |adj A| = 27, then A (adj A) is equal to
(A) 3 (B)9 (©)31 (D)91
5. 3 00
The inverse of the matrix [O 2 0] is...
0 0 5
1
- 0 0
0 0 3 I[3 . ]I
(A)lo 2 0] (B)|O > 0|
5
1
—= 0 0
|[ 3 ]| -3 0 0
(C)|0 - 0| D)o -2 0]
5
6. : cos67° sin67°| .
Value of the determinant |sin 930 cos 23
1 V3
(A) O (B) 5 C) + (D) 1
[£ If a function defined by f(x) = { fx+1, x<m
COSXx ,XxX>T7
is continuous at x = &, then the value of k is
-1 -2
(A) = B) — (C) O (D) —
8. |If f(x) =xtan"1x,then f'(1)is equal to
T 1 T 1 T 1 s 1
A 2 Br+s ©=y =3 O +;
9. A function f(x) = 10 — x — 2x? is increasing on the interval
1 1 1 11
® (=== (=) ©[-3=) @3
10. | The solution of the differential equation xdx + ydy = 0 represents a family of

(A) straight lines  (B) parabolas (C) Circles (D) Ellipses

*Please note that the assessment scheme of the Academic Session 2024-25 will continue in the current session i.e.
2025-26.
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M f(a+b—x) = f(x), then fbxf(x)dx is equal to 1

a+bf f(b —x)dx a+b f f(a—x)dx
(C) Z=[) fx) dx (D) ﬂf f(x)dx
12. | If [ x3sin*(x*) cos(x*) dx = a sin®(x*) + C, then a is equal to 1
A - = B) - (S D) =

13. | Abird flies through a distance in a straight line given by the vector i + 2j + k . A 1
man standing beside a straight metro rail track given by 7 = (3 +A)i + (21 —
1)j + 3k is observing the bird. The projected length of its flight on the metro

track is
A) = unit B) == unit C) — unit D) = unit
(A) units (B) 7 units ()munls ()\/gunls
14. | The distance of the point with position vector 37 + 4 + 5k from the y-axis is 1
(A) 4 units (B) /34 units (C) 5 units (D) 5V2 units
15. |If d=31+2j+ 4k,b=1+j— 3k and é = 6{ — j + 2k are three given vectors, 1
then (2d.0)i— (b.7)j + (&.k)k is same as the vector
(A) d (B) b+¢ (C) d—b (D) ¢

16. | A student of class Xll studying Mathematics comes across an incomplete 1
question in a book.

Maximise Z = 3x + 2y + 1
Subject to the constraints x >0,y > 0,3x +4y <12,

He/ She notices the below shown graph for the said LPP problem, and finds that
a constraint is missing in it:

Help him/her choose the required constraint from the graph.

.
The missing constraint is

(A) x+2y <2 B) 2x+y = 2
(C) 2x+y < 2 (D) x+2y = 2

*Please note that the assessment scheme of the Academic Session 2024-25 will continue in the current session i.e.
2025-26. ‘
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16. | For Visually Impaired:
If Z = ax + by + c, where a,b,c > 0, attains its maximum value at two of its
corner points (4,0) and (0,3) of the feasible region determined by the system of
linear inequalities, then
(A) 4a =3b (B) 3a = 4b (C)4a+c=3b (D) 3a+c=+4b
17. | The feasible region of a linear programming problem is bounded but the
objective function attains its minimum value at more than one point. One of the
points is (5,0).
-\.‘_%"".II .
)
Then one of the other possible points at which the objective function attains its
minimum value is
(A) (2,9) (B) (6.6) (C) 4.7) (D) (0,0)
For Visually Impaired:
The graph of the inequality 3x + 5y < 10 is the
(A) Entire XY —plane
(B) Open Half plane that doesn’t contain origin
(C) Open Half plane that contains origin, but not the points of the line 3x +
5y =10
(D) Half plane that contains origin and the points of the line 3x + 5y = 10
18. | A person observed the first 4 digits of your 6-digit PIN. What is the probability

that the person can guess your PIN?

A = (B) — (©) (D) 1

*Please note that the assessment scheme of the Academic Session 2024-25 will continue in the current session i.e.
2025-26. -

-
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ASSERTION-REASON BASED QUESTIONS

(Question numbers 19 and 20 are Assertion-Reason based questions
carrying 1 mark each. Two statements are given, one labelled Assertion (A)
and the other labelled Reason (R). Select the correct answer from the
options (A), (B), (C) and (D) as given below.)

(A) Both (A) and (R) are true and (R) is the correct explanation of (A).
(B) Both (A) and (R) are true but (R) is not the correct explanation of (A).
(C) (A) is true but (R) is false.

(D) (A) is false but (R) is true.

19. | Assertion (A): Value of the expression sin™ (?) +tan~!1—sec}(v2) is %-
Reason (R): Principal value branch of sin™!x is [—gg] and that of sec™1 x
. T
is [0, ] — {E}
20. | Assertion(A): Given two non-zero vectors d and b . If #is another non-zero

vector such that # x (@ + b) =0.Then# is perpendiculartod x b .
Reason (R): The vector (a + 1_5) is perpendicular to the plane of @ and b

This section comprises of 5 very short answer (VSA) type questions of 2 marks each.

SECTION B

21A | Evaluate tan (tan‘l(—l) + g)
OR
21B | Find the domain of cos™1(3x — 2)
22 ||f y=logtan G + g) then prove that % —secx=0
23A ind- [x=3)
Find: f(x_1)3 e* dx
OR
23B | Find out the area of shaded region in the enclosed figure.

i Y I-§

H%""'-.

T - = =

*Please note that the assessment scheme of the Academic Session 2024-25 will continue in the current session i.e.
2025-26.
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23 B | For Visually Impaired:

Find out the area of the region enclosed by the curve y? = x , x = 3 and x-axis
in the first quadrant.

24, | If f(x+y)=f)f(y) forall x,y € Rand f(5)= 2, f'(0) = 3, then using the 2
definition of derivatives, find f'(5).

25. | The two vectors i+ j + k and 31 — j + 3k represent the two sides 04 and OB, | 2
respectively of a AOAB, where O is the origin. The point P lies on AB such that
OP is a median. Find the area of the parallelogram formed by the two adjacent
sides as 0OA and OP.

SECTION C
This section comprises of 6 short answer (SA) type questions of 3 marks each.
26A. | If x¥ = e*¥ prove that 2 = —%8* _ and hence find its value at x = e. 3
dx (log(xe))?
OR
26B. Ifx=a®-sin6), y=a(l-cosd)find 2.

27 | A spherical ball of ice melts in such a way that the rate at which its volume 3
decreases at any instant is directly proportional to its surface area. Prove that
the radius of the ice ball decreases at a constant rate.

28A | Sketch the graph y = |x + 1| . Evaluate f_24|x + 1|dx. What does the value of this 3
integral represent on the graph?

OR

28B | Using integration find the area of the region {(x,y) : x> —4y < 0,y — x < 0}

For Visually Impaired:

28A | Define the function y = |x + 1| . Evaluate f_24|x + 1|dx. What does the value of
this integral represent?

OR

28B | Using integration find the area enclosed within the curve: 25x2 + 16y? = 400

29A | Find the distance of the point (2, —1,3) from the line 3
7= (20 —j+2k) + pu(3t + 6] + 2k)
measured parallel to the z-axis.

OR

29B | Find the point of intersection of the line 7 = (3t + k) + u(i + j + k) and the line
through (2, —1,1) parallel to the z-axis. How far is this point from the z-axis?

*Please note that the assessment scheme of the Academic Session 2024-25 will continue in the current session i.e.
2025-26.
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30. | Solve graphically:

Maximise Z = 2x + y subject to
x +y <1200
x+y =600

X
y=3
x =20,y =20.

30 | For Visually Impaired:

The objective function Z = 3x + 2y of a linear programming problem under
some constraints is to be maximized and minimized. The corner points of the
feasible region are A(600,0),B(1200,0),€(800,400) and D(400,200). Find the
point at which Z is maximum and the point at which Z is minimum. Also, find the
corresponding maximum and minimum values of Z.)

31. | Two students Mehul and Rashi are seeking admission in a college. The
probability that Mehul is selected is 0.4 and the probability of selection of exactly
one of the them is 0.5. Chances of selection of them is independent of each
other. Find the chances of selection of Rashi. Also find the probability of selection
of at least one of them.

SECTIOND
This section comprises of 4 long answer (LA) type questions of 5 marks each

32. 3 -6 -1 1 -2 -1
Fortwo matrices A= 2 -5 —1] andB=|(0 -1 —1], find the product AB
-2 4 1 2 0 3

and hence solve the system of equations:

3x—6y—2z=3
2x =5y —z+2=0
—2x+4y+z=5

33A | Evaluate: fol%dx

OR
33B

(3 sinf—-2)cos@
5—c0s260—4sinf

Find [

34A | Solve the differential equation: y + ;—x (xy) =x(sinx +x)

OR

348 Find the particular solution of the differential equation:

2y e vdx + (y—2x e/v) dy =0 given that y(0) =1

*Please note that the assessment scheme of the Academic Session 2024-25 will continue in the current session i.e.

2025-26.
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35. | The two lines XT_l =-y,z+1=0 and _TX = 71 =z+2 intersectatapoint| °

whose y-coordinate is 1. Find the co-ordinates of their point of intersection. Find
the vector equation of a line perpendicular to both the given lines and passing
through this point of intersection.

SECTION- E

This section comprises of 3 case-study/passage-based questions of 4 marks each with
subparts. The first two case study questions have three subparts (l), (Il), (Ill) of marks 1,
1, 2 respectively. The third case study question has two subparts of 2 marks each

36. | Case Study -1 4

A city’s traffic management department is planning to optimize traffic flow by
analyzing the connectivity between various traffic signals. The city has five major
spots labelled A4,B, C,D,and E.

The department has collected the following data regarding one-way traffic flow
between spots:

1. Traffic flows from AtoB,Ato C, and Ato D.
2. Traffic flows from Bto C and B to E.

3. Traffic flows from C to E.

4. Traffic flows from D to E and D to C.

The department wants to represent and analyze this data using relations and
functions. Use the given data to answer the following questions:

I. Is the traffic flow reflexive? Justify. [1]
II. Is the traffic flow transitive? Justify. [1]
lIl A. Represent the relation describing the traffic flow as a set of ordered pairs.

Also state the domain and range of the relation.
OR
[II B. Does the traffic flow represent a function? Justify your answer- [2]

*Please note that the assessment scheme of the Academic Session 2024-25 will continue in the current session i.e.
2025-26. B -
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37. | Case Study -2 4

LED bulbs are energy-efficient because they use significantly less electricity than
traditional bulbs while producing the same amount of light. They convert more
energy into light rather than heat, reducing waste. Additionally, their long lifespan
means fewer replacements, saving resources and money over time.

A company manufactures a new type of energy-efficient LED bulb. The cost of
production and the revenue generated by selling x bulbs (in an hour) are
modelled as

C(x) = 0.5x?> — 10x + 150 and R(x) = —0.3x? + 20x respectively, where
C(x) and R(x) are both in .

To maximize the profit, the company needs to analyze these functions using
calculus. Use the given models to answer the following questions:

|.  Derive the profit function P(x) [1]
II.  Find the critical points of P(x). [1]
[l A. Determine whether the critical points correspond to a maximum or a

minimum profit by using the second derivative test.

OR

[l B. Identify the possible practical value of x (i.e., the number of bulbs that can
realistically be produced and sold) that can maximize the profit, if the
resources available and the expenditure on machines allows to produce
minimum 10 but not more than 18 bulbs per hour. Also calculate the
maximum profit. [2]

*Please note that the assessment scheme of the Academic Session 2024-25 will continue in the current session i.e.
2025-26.
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38. | Case Study -3 4

Excessive use of screens can result in vision problems, obesity, sleep disorders,
anxiety, low retention problems and can impede social and emotional
comprehension and expression. It is essential to be mindful of the amount of
time we spend on screens and to reduce our screen-time by taking regular
breaks, setting time limits, and engaging in non-screen-based activities.

In a class of students of the age group 14 to 17, the students were categorised
into three groups according to a feedback form filled by them. The first group
constituted of the students who spent more than 4 hours per day on the mobile
screen or the gaming screens, while the second group spent 2 to 4 hours /day
on the same activities. The third group spent less than 2 hours /day on the same.
The first group with the high screen time is 60% of all the students, whereas the
second group with moderate screen time is 30% and the third group with low
screen time is only 10% of the total number of students. It was observed that
80% students of first group faced severe anxiety and low retention issues, with
70% of second group, and 30% of third group having the same symptoms.

I.  What is the total percentage of students who suffer from anxiety and low
retention issues in the class? [2]

II. A student is selected at random, and he is found to suffer from anxiety
and low retention issues. What is the probability that he/she spends
screen time more than 4 hours per day? [2]

*Please note that the assessment scheme of the Academic Session 2024-25 will continue in the current session i.e.
2025-26.
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MATHEMATICS — Code No. 041
MARKING SCHEME
CLASS - XII (2025-26)

SECTION-A (MCQs of 1 mark each)

Sol. N.

Hint / Solution

Marks

Clearly from the graph Domain is [—%,%]

So graph is of the function sin™!(2x)
Answer is (B) sin"1(2x)

(V.L)

Domain is [—l,l]

3°3
So the function is cos™1(3x)
Answer is (C) cos™1(3x)

AB is defined so n=4

AC is defined so p=4

AB and AC are square matrices of same order
somX3=mXg=>qg=3=m

Answeris (A)m=q=3 andn=p =4

As A is skew symmetric
Sop=0,q=2,r=-3,t=4

+t 6
ol =2=-2
p+r -3

Answer is (A) -2

ladj Al =27 = |A]? =27 =33 = |A| =3
A(adjA) = |A|1 =31
Answeris (C) 31

o

P ——

S wlk

3 0 0
Inverse of the matrix |0 2 0
0 0 5

O NIk O
aulr O

| —
(e}

Answer is (B)

cos 67° sin67°

sin23° cos23°
cos90° =0
Answer is (A) 0

= c0s 67° cos 23° — sin 67° sin 23° = cos(67° + 23°) =

f(x) is continuous atx =«
= lim (kx+ 1) = lim cos x = f(mw)
X->m~ x-mt
:}lirré[k(n—h)+1] =}lirrécos(7r+h) =kr+1
Skn+1l= -1 >k = ‘72

Answer is (D) _—2
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f(x) =xtan"lx

f'(x)=1.tan"1x +x.

3 1+x2 1
fl@)=1.tant1+——= <+
. T 1
Answer is (B) =13
f(x) =10 — x — 2x?
= f'(x)=—-1—4x
For increasing function f'(x) =0
> —(144x)=0
9 = (1+4x)<0 1
1
> re(od
. 1
Answer is (A) (—oo, _Z]
xdx +ydy =0
= [xdx = — [ ydy
= x2_2 = - y; + k
10 =>x?+y? =2k 1
Solution is x2 + y? = 2k, k being an arbitrary constant.
Answer is (C) Circles
I = f:xf(x)dx = f; (a+b—x)f(a+b—x)dx
= I=[ (a+b-x)f(x)dx (given f(a+b—x)=f(x))
= I =[/(a+b) f(x)dx — [} x f(x)dx
1 =>21= (a+b) [, f(x)dx 1
b
>1=_(a+b) ], f(x)dx
. a+b b
Answer is (D)Tfa f(x)dx
Let I = [ x3 sin*(x*) cos(x*) dx
Let sin(x*) =t = 4x3cos(x*) dx = dt = x3cos(x*) = % dt
1 1 .
. Thus [ = [t*(;dt )=—t5+C=—sin%(x*)+C 1
=] = % sin®(x*) + C =a sinS(x*)+C
So, a= L
20
. 1
Answer is (B) 70
The projection of the vector i+ 2j + k on the line
-)_(3,\_,\ + A+ 27 + 3}2) 1x1+2x2+1x3_i it
13 r=(31—)) (T+2j IS e — U units 1

Answer is (C) \/%_4 units
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The distance of the point (a, b, ¢) from the y-axis is Va? + c?
So, the distance is V32 + 52 = /34 units.

14
Answer is (B) V34 units
(2d.01 — (b.7)f + (&.k)k = (2 x )i — (V)] + (2)k
15 =6i—j+2k=2¢
Answer is (D) ¢
The points (1,0) and (0,2) satisfy the equation 2x +y = 2
And shaded region shows that (0,0) doesn’t lie in the feasible solution region
16 So, the inequality is 2x +y > 2
Answeris (B) 2x+y > 2
(4,0) and (0,3) gives maximum value so
16 | Zo)y=Zpos > 4a+c=3b+c=>4a=3b
(V.I) Answer is (A) 4a =3b
The student may read the point (2,9) from the line on the graph.
The student may find the equation 3x + y = 15 joining (5,0) and (0,15) and
17 then verify the point (2,9) satisfies it.
Answer is (A) (2,9)
17 Answer is (C) Open Half plane that contains origin, but not the points of the
Answer is (B) ﬁ
The person knows the first 4 digits. So the person has to guess the remaining
18 | two digits.
; _ 1.1 _ 1
P (guessing the PIN )‘1X1X1X1XE X ===
sin™! (?) +tan~11 —sec 1(V2) = §+ % — % = g + %
So, Ais false.
19 | Principal Value branch of sin™'x is [—gg] and that of sec™ x is [0, 7] — {g}
So, R is true
Answer is (D)Assertion is false, but Reason is true
C.#x(d+ b)=0 = 7isparallel to (@ + b) and (@ + b) lies on the plane
ofdand b .
So, # is parallel to the plane of @ and b = 7 is perpendicular to (@ x b).
20 So, Assertion is true

But (@ + b) lies on the plane of @ and b, so (@ + b) is not perpendicular to

the plane of & and b
Therefore, Reason is false.
Answer is (C) Assertion is true, but Reason is false
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SECTION B
(VSA type questions of 2 marks each)
21A -1(_ T _ _T, T 7
tan(tan ( 1)+3)—tan( 4'+3) 2
_ tani-tan 1
" l+tanztan]
_V3-1 _
=55 2—4/3 Y
OR OR
21B | For domain, -1 <3x—-2<1 &
=1<3x<3 2
1
sl<xs<i &
So, domain of cos™1(3x — 2) is E 1] Y
22 — T, X
y = logtan (4 + 2)
Differentiating with respect to x
@ov__ 1 2 (T X\ 1 1/
ax = () .sec (4 + 2) > 2
COS(E%—;) 1 l
~sin(343) Teos?(343) 2
_ 1 __ 1 _ 1
" ) ) o |
=2 _secx=0
dx b
23A (x—3)e* _ (x-1-2)e*
f (x-1)3 dx = f (x—1)3 dx
(X __2 - ! a4 (2 x
- f((x-nz (x—1)3) e” dx = f((x-nz t ((x—1)2)> e’ dx 1
= (x:)z +c (as [(f(x) + f'(x))e* dx = e* f(x) + c) 1
4 _ 4
23B A:foxdy_ fo\/;dy
_2 3 =4 _ 16 . 1
=SXy /2]3;=0— ~ Sd. units
1
23B | For Visually Impaired:
A=f03ydx = fOB\/de 1
_ ) 1
=§ X x3/2] ¥ =23 sq. units
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24

Given f(x+y) = f()f(y)
f(0+5)=f(0)f(5)
=  fO)=1

, . h)- . h)—
£/3) = Jim HETO — i LOIOTO [ f(x 4 y) = f@)f ()]

_ e 2f(R)-2 . —
—}11_133 - [ ~f(5)=2]

P (O PN (5 & () B

—2}11_% P 2 }ll_r)r(l) - 2 f'(0)
=2(3) [ f'(0) =3]
=6

Y2

Y2

25

The vector OP = %(42 +4k) = 21+ 2k

Area of the parallelogram formed by the two adjacent sides as OA and OP
i ]k
1 1 1
2 0 2
2t — 2k |
= 2+/2 square units.

=|(04x0P)| =

Y2

Y2

Y2
Y2

SECTION C
(SA type questions of 3 marks each)

26A

xY = e*™Y
Taking log of both sides
ylogx = (x —y)loge
y logx +y=x (since loge=1)
= y=_—

1+logx
Differentiating with respect to x

1
dy (1+logx) .1— X

dx (1+logx)?
logx

- (loge+logx)?
logx

" (log(x ))?
dy loge 1 1
° dxly—e (loge?)? (2loge)? 22

= % (asloge =1)

Alternative Solution:

x¥ = e*Y
Taking log of both sides
ylogx = (x —y)loge
y logx +y=x (since loge=1)
Differentiating both sides w.r.t. x
dy vy, dy _
log x Tt = 1

dy Yy
=>—=1+logx)=1-=
— (1 +logx) .
dy _ x—y _ x_1+]0gx _ x(14logx)—x _ x(1+logx—1) __  logx

dx  x(1+logx) - x(1+logx) - x(1+logx)? - x(loge+logx)? - (log(xe))?

d_y _ loge 1 _ 1 _ _
Now dx]x:e (asloge =1)

1
B (log e2)2 T (2loge)? ~ 22 T2
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OR OR
dx _ dy _ .
26B E—a(l—cos@),E—a(O+sm9), 1
dy _ % _ asinf
dx 9~ a(l—cos6)
dao 1
2 sin(g) cos(g) 0
= —=—* = cot-
Zsmz(g) 2
azy _ _1 2 (9 46
S e T TR eosec 9(2) dx
__1 2 (¢ 1
T 2a cosec (2) ZSinz(g)
__21 4 1
= —-cosec (—)
27 Let r be the radius of ice ball at time t .
Ve=lmrdo.. (1)
1
S=d4mr’....... 2) 72
Given — « S
= Z—‘: = — k S (where k is some positive constant) ......... (3) Y
Differentiating (1) w.r.t. t, we get
Yotn@Er)X
dth 3 4 dat 1
oy 2
i ac 4)
= -k S =4nr2Z  (from (3) and (4))
dt Y
—-kS=8 2 (using (2))
= radius of the ice-ball decreases at a constant rate
28A
|
1
2 -1 2
Jox+1ldx= [ (mx—Ddx+ [~ (x+1)dx 1,
@27t aen?)?
- 2 ]_4 2 ]_1 1/2
9 9
=-(0-3)+(3-0)=9 %
It represent the area of shaded region bounded by the curve y = |x + 1], 1

x — axis and the linesx = -4 and x = 2
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28B

OR

. 4 4 x?
Required Area = ["x dx — [—-dx

I R
_2]0 12[x]0
-8

1 1 16 .
—5(16—0)—5(64—0) —8—?—3 sQ. units

For Visually Impaired:

—x—-1, x< -1
y_|x+1|_f(x)={ x+1, x> -1
f_24|x + 1|dx= f__:(—x —1)dx + f_zl(x + 1) dx

_ (x+1)2]‘1 (x+1)2]2
o 2 —4 2 -1

- (-9 (-0

It represent the area of shaded region bounded by the curve y = |x + 1|,

x — axis and the linesx = —4and x = 2

OR

Yo
Y
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2 2 _ 2y x2 v _ — 3.2 _ .2
25x“ + 16y“ = 400 $16+25—1=>42+52_1:y_4 4 x

Required Area = 4f04%\/42 — x2dx

1
4
_ oo |xVar-x? 47 g (x
=5 [—2 + - sin (4)]0 1
= 5[0 + 8sin™ (1) — 0]
=40 x % = 207 sq. units 1
29A | The line through (2, —1,3) parallel to the z-axis is given by
7= (20— ] +3k) + (k) 1
Any point on this lineis P (2,-1,3+ 1) 7
Any point on the given line # = (21 — j + 2k) + u(3t + 6] + 2k) is
Q@2+3u,—-1+6u2+2u) )
For the intersection point 1/2
QQ+3u—-1+602+20)=P (2, -1,3+1)>2=24+3u = u=0 1/2
The point of intersection is (2,—1,2) 72
The distance from (2,—-1,3) to (2,—1,2) is clearly 1 unit.
Alternative Solution:
Any point on the line through (2, —1, 3) parallel to the z-axis is (2,—1,1)
Any point on the given lineis (24 3u,—1 4+ 61,2 + 2u) 1
Therefore, 2 = 24+3u = u=0 1
The point of intersection is (2,—1,2) 1,
The distance from (2,—-1,3) to (2,—1,2) is clearly 1 unit. 1,
20B OR
The line through (2,—1,1)parallel to the z-axis is 7# = (2 —j + k) + A(k) 1
Any point on this lineis P (2, -1, 1+ 1)
Any point on the given lineis A3+ u, u, 1+ u)
AQG+u, p, 1+u)=P(2,-1,1+1) =u=-1 1
The point of intersection is (2, —1,0) VA
The distance of (2,1, 0) from the z-axis is /22 + (—1)2 = /5 units. Y2
30 Sketching the graph 11
2

2 e
_.-
e
| \ t
1 L i ! ¥ | 14l (i} i
.
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Corner points A(600,0), B(1200,0), C(800,400), D(400,200)
Values of Z: Z, = 1200,Zz = 2400,Z, = 2000, Z, = 1000
Maximum Z = 2400 when x = 1200and y = 0

For Visually Impaired:

At Corner points A(600,0), B(1200,0), C(800,400), D(400,200)

Y
Y
Y

30 Values of Z are Z, = 1800, Zz = 3600, Z, = 3200,Z, = 1600 1
Maximum Value of Z = 3600 at B(1200,0) 1
And Minimum Value of Z= 1600 at D(400,200) 1
31 Let the events be:
A: Mehul is selected
B: Rashi is selected
Then according to the question,
A and B are independent events and
P(A) =04, P(ANB)+P(BNA)=05 1
Let P(B) = x
Then P(ANB)+P(BNA) =05
= P(A)P(B) + P(B)P(A) = 0.5
= 0.4(1—x)+x(1—04) =05
= 0.4 —04x + 0.6x = 0.5
=02x=05-04=0.1
Sx=22=2=05 1
So, probability of selection of Rashi = 0.5
Probability of selection of at least one of them =1 — P(A N B)
=1-P(A)P(B)
=1-06x%x0.5
=1-03=0.7 1
SECTION D
(LA type questions of 5 marks each)
32 3 -6 -—-111 -2 -1 1 0 O
AB=|2 -5 -1 [0 -1 —1]=[0 1 0]=1 1
-2 4 1ll2 o 3 0 0 1
So, A '=Band B '=4A y
. . . 2
Given system of equations is
3x—6y—z=3, 2x—-5y—2z+2=0, —2x+4y+z=5
In matrix form it can be written as: AX = C,
X 3 2
where X = Iyl and C = |-2
z 5 %
Here [A|=—-3-0+2=—-1+#0 1
So, the system is consistent and has unique solution given by the
expression X = A~1C = BC A
1 -2 1113 X 2
~=o <512 1
2 0 3 5 z 21

Thus x =2,y =-3,z=21

Y2
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33A |Let x=tanf = dx =sec?6db Y
_ Elog(1+tan9) 2
1= [i——g - sec’d do
I=[rlog (1+tang)dd = [+log [1+tan (%—9)] do 1
_ 1-tan@
=[ 4log[1 +222] g )
_ 1+tan6+1—-tanf
_f41 [ 1+tan@ ] d
_f04 IOg [1+tan 9] do
=[#log2 do — [+log[1 + tand] d6 .
= log2 X x]g -1
= 2= glogz 1
= I= Zlog2
g 08 1,
33B OR OR
f(3 sinf-2) cos @ _ f (3 sin6-2)cos 6
5—cos26—4sin 6 — J 5-(1-sin20)-4sin6 Y2
Let sinf =t = cosf dO =dt
(3t-2)
I J-5(1 t2)— 4tdt 1
(3t-2) _ 3t-2
f 4t+4 f(t—z)z dt
3t 2 A B
Lol 7 T n T o
3t—2=A(t—-2)+B
Comparing the coefficients of t and constant terms on both sides 1,
A=3,-2A+B=-2,B =4
f(3 sinf-2)cos 6 =fi dt-l—f 4 dt %
5—c0s20—4sin0 t-2 (t-2)2
=3loglt —2| — —+C 1+1
t—2 \ 1,
= 3log|sin6 — 2| — == C
34A y+:—x(xy)=x(sinx+x)
=>y+(x3—z+y)=x(sinx+x) 1
=>2y+xﬂ—x(sinx+x)
= Zz +7 = (sinx + x)
This a linear differential equation of the form Z—i + Py =Q
— ,Q=(sinx + x) 1
|.F =ef72 dx_ e2logx= elogx2 = 2
Solution willbe  y.LF = Q.IF dx 1
= [(sin x + x) x? dx
yx? = sinx.x? dx + [ x3 dx
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= yx%?=—x%cosx+2[xcosxdx +% +C 1
= yx? = —x%cos x +2 (x sinx + cos x) + % +C
Which is the required solution 1
OR
X X
2ye vdx+ (y—2xe/v)dy=0
34B X x Z
d_x — 2x e /y_y _ Z;Ey—l
ay 2y e’y 26; 1
It is a homogeneous differential equation.
letx=vy > L =p+yZ 1
=vy dy ydy
+ v _ 2ve¥-1
v ydy T 2ev
dv  _ 2ve’-1 _ 2veV-1-2ve’
dy T 2ev B 2eV
w_ 1
ydy 2ev
=2’ dv= -2
y 1
[2evdv=—{ dy—y
= 2eV = —log|y| +C
= 2ev¥ +"logly| =C 1
Whenx=0,y=1,C=2
Required solution 2 e¥ +log|y| = 2 "
35 | Let XT_lzy_—_loz%z/l = Any pointonitis (3 1+1,—1,—1) Y2
For the pointwherey =1 = 1=-1 11
= The pointis (=2,1,-1) 72
The directions of the two linesare m =31 —7 11
and 7#=-2i+2j+k &
i 7k R
mxi=|3 _1 ol=-i-37+4k 1
-2 2 1
The equation of the required line is
#=(=20+j—k)+pu(-i—3j+4k) YV
Alternative Solution:
Let qu:y__—lo:%:A = Any pointonitis 31+ 1,—4,—1) Y
For the pointwherey =1 = A1=-1 1
1
= The pointis (=2,1,—-1) 72
Let the direction ratios of the required line be a, b, ¢
Then 3a—b=0
And —2a+2b+c=0 1
. a -b c a b c 1
Solvingweget —=—=-=2—=—=-
-1 3 4 -1 -3 4
The required line is x_—+12 = _;31 = % =u 1,
In vector form #=(=2047—k)+pu(-i—37+4k) V2
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SECTION- E
(3 case-study/passage-based questions of 4 marks each)

36 I.  Traffic flow is not reflexive as (4, A) € R (or no major spot is connected
with itself) 1
II.  Traffic flow is not transitive as (4,B) € R and (B,E) € R,but (A,E) ¢ R 1
ITA. R={(4,B),(4,0),(4,D),(B,C),(B,E),(C,E),(D,E), (D, C)} 1
Domain = {4, B, C,D} o +
Range = {B,C,D, E} Y
OR
[l B. No, the traffic flow doesn’t represent a function as A has three images. | 1+1
37 . P(x) =R(x)—C(x) =—0.3x% + 20x — (0.5x*> — 10x + 150)
= —0.8x% + 30x — 150 1
Il. For critical points P'(x) = 0= —1.6x +30 =10
> x =2 =>2=1875 1
[IA. Now P"(x) = —1.6
In particular P (18.75) = —1.6 < 0 1
So, critical value x = 18.75 corresponds to a maximum profit. 1
OR
[l B. As x is the number of bulbs, so practically 18 bulbs correspond to a
maximum profit. 1
Maximum profit is P(18) = —0.8 x 182 + 30 x 18 — 150
= —259.2 + 540 — 150 1
= 540 — 409.2 =X130.80
38 Let the events be
E1: the student is in the first group (time spent on screen is more than 4 hours)
E2: the student is in the second group (time spent on screen is 2 to 4 hours)
Eas: the student is in third group (time spent on screen is less than 2 hours)
A: the event of the student showing symptoms of anxiety and low retention
P(E1) = P(E2) = and P(Es) = —
P(AE1) = = P(AE2) = —~ and P(A|Es) = —
l. P(A)= P(E1) x P(A|E1) + P(E2) x P(A|E2) + P(E3) x P(A|E3)
=60 ﬂ.;.ﬂ ﬂ.;.ﬂ £:£:72% 2
100 100 100 100 100 100 100
I. P(E1|A) = P%‘)‘”
_ (os*i0s) _48 _2 2
o (17_020) T 72 3
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CLASSXII —-MATHEMATICS(041)

2025 - 2026 SAMPLE PAPER ANALYSIS

Section A
Unit No. Unit Chapter Section B | Section C | Section D | Section E | Total
MCQ | AR
_ ] Relations & Functions 1(4) 1(4)
I Relations and Functions
Inverse Trigonometric Functions 1(1) | 1) 1*(2) 3(4)
Matrices 2(2) 2(2)
[ Algebra i
Determinants 3(3) 1(5)
Continuity and Differentiability 2(2) 2(4) 1*(3) 5(9)
Applications of Derivatives 1(2) 1(3) 1(4) 3(8)
i Caculus Integrals 2(2) 1) 1*(5) 4(7)
Application of Integrals 1*(3) 2(5)
Differential Equations 1(2) 1*(5) 2(6)
a, Vectors & Three Dimensional Vector Algebra 1) | 1) 1(2) 3(4)
Geometry Three Dimensional Geometry 2(2) 1*(3) 1(5) 4(10)
V Linear Programming Linear Programming 2(2) 1(3) 3(5)
VI Probability Probability 1(2) 1(3) 1(4) 3(8)
Total 18(18) | 2(2) 5(10) 6(18) 4(20) 3(12) 38(80)

Note: (i) Numeric outside the bracket indicates the number of questions

* Indicatesthat question has an internal choice

# Internal Choiceisgiven between two Chapters Questions

(i) Numericinside the bracket indicatesthe marks
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MARKS: 80

PRACTICE PAPER |
CLASSXII - MATHEMATICS

GENERAL INSTRUCTIONS:

DURATION: 3HOURS

1. This Question paper contains - five sections A, B, C, D and E. Each section is compulsory. However,
there are internal choices in some questions.

2. Section A has 18 MCQ’s and 02 Assertion-Reason based questions of 1 mark each.

. Section B has 5 Very Short Answer (V SA)-type questions of 2 marks each.

. Section D has 4 Long Answer (LA)-type questions of 5 marks each.

3
4. Section C has 6 Short Answer (SA)-type questions of 3 marks each.
5
6

. Section E has 3 source based/case based/passage based/integrated units of assessment of 4 marks
each with sub-parts.

SECTION A
Section A consists of 20 questions of 1 mark each.
S.No Marks

If AB = C, then matricesA, B, C are

1 (a) A2x3, BSXZa CZX3 (b) A3><21 Bzxs, C3><2 1
() Asxz, Boxs, Caxa (d) Asxz, Boxs, Caxs
If A and B are invertible matrices of the same order such that [(AB)™|=8 and |A| = 2,

2 then |B| is 1

1

(a) 16 (b) 4 (c)6 (d
If A is a square matrix of order 3 x 3 such that [adjA| = 16, aso

3 (|2A])? = 2P, then the value of p is 1
@4 (b) 5 (c8 (d) 10

A N

The value of |A||adjA|ifA=| 0 -1 0f,is

4 1

0 0 -1

(a) -2 (b) 1 (©-1 (d) -3
If A and B are invertible matrices, then which of the following is not correct?

S | (a)adjA = |A|A? (b) det(A)~1 = [det(A)]™? 1
(©) (AB)"' =B7?A™? (d)(A+B)"'=B7'+ A?
The function f(x) = x| + [x - 1] is

6 (@) Continuousat x =0 aswell asatx =1 (b) Continuous at x =1 but not at x =0 1
(c) Discontinuousat x =0and atx =1 (d) Continuousat x =0 but not at x =1
Ifx =10(t—sint) andy = 12(1 — cost) then, value of ﬂ, att =22 s

2v3 6 3v2 2v/5
(@ — 0) —35 (©) = (d) =~
etan_lx&

| Fom dx=

8 | (@) log|tan= Vx| + C (b) Tetan V¥ 4 1
(c) zeln VX 4 ¢ (d) 2e@n VX 4 ¢

2
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The solution of % —1=e"Yis
(@) (x+0)e¥ *=1 (b)(x—c)eY**+1=0
(c)x+0)e* V=1 (dx+c)e*Y+1=0

10

. . . dy\? d?y .
The order and degree of the differential equation |1 + (&) =— respectively

dx?2
are
@12 M22 (©21 (d42

11

If|3] = 8,|b| = 3 and |3 X b| = 12, then value of 3 - b is
(a) 63 (b) 83 (c) 1243 (d) 21v3

12

The value of A for which the vectors 31 — 6§ + k and 21 — 4] + Ak are parallel, is
2 3 5 2
@ ®» © @2

2

13

The domain of the functiony = sin*(- x2) is

@f[01 (@O ©[-1.1] (d)(-1.1)

14

The direction ratios of alinejoining the points A(O, 4, 1) and B(2, 3, -1) is

1.3 (©) %2, 1, -2 (d)-2,-1,2

2
@2-1,2  (0),-; -2

15

The angle between the lineswhosed.r.sarea, b,candb—-c,c—aanda—bis
(@ 3¢° (b) 60° (€)90° (d) 180°

16

The corner points of the shaded unbounded feasible region of an LPP are (O, 4),
(0.6, 1.6) and (3, 0) as shown in the figure. The minimum value of the objective

function Z = 4x + 6y occurs at

(@) (0.6, 1.6) only

(b) (3, 0) only

(c) (0.6, 1.6) and (3, 0) only

(d) at every point of the line-segment joining the points (0.6, 1.6) and (3, 0)

17

Corner points of the feasible region for aLPP are (0, 2), (3, 0), (6, 0), (6, 8) and (0, 5).
Let 4x + 6y be the objective function. The minimum value of occurs at

(@) Only (0,2)

(b) only (3,0)

(c) The mid-point of the line segment joining the points (0,2) and (3,0)

(d) Any point on the line segment joining the points (0,2) and (3,0).
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Let A and B betwo events. If P(A) = 0.2, P(B) = 0.4 and P(A U B) = 0.6, then P(A|B)

@08 (005 (03  (d)O

DIRECTION: In the question number 19 and 20, a statement of Assertion (A) is followed by a
statement of Reason (R). Choose the correct option.

(a) Both assertion (A) and reason (R) are true and reason (R) is the correct explanation of assertion (A)
(b) Both assertion (A) and reason (R) are true and reason (R) is not the correct explanation of assertion
(A)

(c) Assertion (A) istrue but reason (R) isfalse.

(d) Assertion (A) isfase but reason (R) istrue.

Assertion (A) : Set of values of sec™? (ﬁ) is a null set.
19 ¢ 1

Reason (R) : sec™! x is defined for x € R — (—1,1).

Klx—3] .
Consider the function f(x) = { x-3 ’ INES iscontinuous at X = 3.

5, ifx >3
20 | Assertion (A): Thevalueof k is-5. 1

1,ifx >3
-1,ifx <3

Reason (R): =3 _ {

x-3

SECTION B

Section B consists of 5 questions of 2 mar ks each.

Evaluate: tan™? (— %) + cot‘l(%) + tan™1 (sin (— g))

21 (OR) 2

N o
Prove that tan—! vx = —cos (1+X),x € [0,1]

22 | Evaluate % atx =landy = E if sin? y + cos(xy) = k. 2

d and b are two co-initial vectors forming the adjacent sides of a parallelogram such
23 2
that |3| = 10, |b| = 2 and 3 - b = 12. Find the area of the parallelogram.

Show that the function f is given by f(x) = tan™1(sinx + cosx) is decreasing for

dlxe(57).
24 2
(OR)
Iff(x) = i X E R, then find the maximum value of f(x).

Evaluate: f_55 |x + 2|dx.
25 (OR) 2

Find the area bounded by the curves y = x? and the line y = 4.

440




SECTION C

Section C consists of 6 questions of 3 marks each.

26

y 2 2
If (a + bx)ex =xthenprovethatxd y—( = ) .

dxz ~ \atbx
(OR)
Find the value of k so that the following function is continuous at x =g:
kcos x

x) = n—2x’
f @) 5, ifx =

ifx #

NIaN|S

27

Find the intervals in which the function f(x) = (x — 1)°(x — 2)* is

(@) increasing (b) decreasing.

28

Find the area bounded by the curvey = cos x, x-axis and the ordinates x = - 5?” and
X=T

(OR)
In a classroom, the teacher explains the properties of a particular curve by saying that
this particular curve has beautiful ups and downs. It starts at 1 and heads down until

radian, and then heads up again as shown in the figure

cosix) g

e il | - i e
4

Then find the area enclosed by the curve, x = -n and x = =.

29

Find the cartesian equation of the line passing through the point (-1, 3, -2) and

y x+2 y-1 zZ+1
2 5"

perpendicular to the lines% =7 g and -

(OR)

Find the coordinates of the points on the line ’%2 = yT“ = ? at the distance of 5

units from the point (1,3,3).

30

Solve the following equation graphically: Minimum Z = 5x + 10y

Subject to: x +2y <120, x +y>60,x —2y > 0; x, y > 0.

31

Four students of class XII are given a problem to solve independently. Their chances

of solving the problem respectively are

)

N |-
OV

% and <. Find the probability that at most

one of them will solve the problem.
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SECTION D

Section D consists of 4 questions of 5 marks each.

32

xZ+1
Evaluate: f m X

(OR)

sin " VE—cos VX ) x € [0,1]

sin~1+vx+cos~1+/x

Find: [

33

3 1 2
3 2 —3] find A~1. Using A™1, solve the following system of linear
2 0 -1

IfA=

equations: 3x +3y +2z=1;x+2y=4;2x-3y—-z=5.

Solve the differential equation x> +y = xcosx+sinx, given that

y=1whenx=§.

(OR)

Solve the differential equation (/1 + x2 + y2 + x2y2)dx + xydy = 0.

35

Find the image of the point (1, 6, 3) inthelinex = %1 = % Also write the equation

of the line joining the given point and itsimage and find the length of segment joining
the given point and itsimage.

(OR)
A bird flying dong the line ¥ = (i + 2j + 3k) + A(i — 3j + 2k) and another bird
flying dong theline = (41 + 5§ + 6k) + n(2i + 37 + k). At what points on the lines
they reach so that the distance between them is the least? Find the shortest possible

distance between them.

SECTION E

Case study-based questions are compulsory.

36

During the festival season, there was a mela organized by the Resident Welfare
Association at a park, near the society. The main attraction of the mela was a huge
swing installed at one corner of the park. The swing is traced to follow the path of a
parabolagiven by x? = y.

Based on the above information, answer the following questions:

(i) Let f: N — R is defined by f(x) = x2. What will be the range of the function?
(ii) Let f: N — N is defined by f(x) = x2. Check if the function is injective or not.

(iii) Let f:{1,2,3,4....} — {1,4,9,16 .....} be defined by f(x) = x2. Prove that the
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function is bijective.
(OR)
Let f:R — Ris defined by f(x) = x2. Show that f is neither injective nor

surjective.

A window is in the form of a rectangle surmounted by an equilateral triangle on its
length. Let the rectangular part have length and breadth x and y metres respectively.
Based on the given information, answer the following questions:

(i) If the perimeter of the window is 12 m, find the relation between x and y.

(if) Using the expression obtained in (i), write an expression for the area of the

37 | window asafunction of x only. 4
(iii) Find the dimensions of the rectangle that will allow maximum light through the
window. (use expression obtained in (ii))

(OR)
(i) If it is given that the area of the window is 50 m?, find an expression for its
perimeter in terms of x.
A shopkeeper sells three types of flower seed A4, 4,, A;. They are sold in the form of
a mixture, where the proportions of these seeds are 4:4:2 respectively. The
germination rates of three types of seeds are 45%, 60% and 35% respectively.

38 | Based on the above information, answer the following questions: 4

(i) Calculate the probability that a randomly chosen seed will germinate.
(if) Calculate the probahility that the seed is of type A,, given that arandomly chosen

seed germinates.

443




MARKS: 80

PRACTICE PAPER 1
CLASSXII - MATHEMATICS

GENERAL INSTRUCTIONS:

DURATION: 3HOURS

1. This Question paper contains - five sections A, B, C, D and E. Each section is compulsory. However,
there are internal choices in some questions.

2. Section A has 18 MCQ’s and 02 Assertion-Reason based questions of 1 mark each.

. Section B has 5 Very Short Answer (V SA)-type questions of 2 marks each.

. Section D has 4 Long Answer (LA)-type questions of 5 marks each.

3
4. Section C has 6 Short Answer (SA)-type questions of 3 marks each.
5
6

. Section E has 3 source based/case based/passage based/integrated units of assessment of 4 marks
each with sub-parts.

SECTION A
Section A consists of 20 questions of 1 mark each.
S.No Marks
If f(x) = |x| + |x — 1], then which of the following is correct?
(@) f(x) is both continuous and differentiable, at x = 0 and x = 1.
1 (b) f(x) is differentiable but not continuous, at x = 0 and x = 1. 1
(c) f(x) is continuous but not differentiable, at x = 0 and x = 1.
(d) f(x) is neither continuous nor differentiable, at x = 0 and x = 1.
The sum of the degree and the order of the differential equation
3 2
2 ay\2]" _ (4%y\° . 1
@] =G w
(a) 2 (b) 3 (c) 4 (d)5
In AABC,AB =1+ j+ 2k and AC = 3i — j + 4k. If D is the midpoint of BC,
3 then 4D is equal to 1
(a) 41 + 6k b)2i-2f+2k (©)i—-j+k (d) 21 + 3k
0 1—-2x% 2Vx
4 The value of |A|,if A = |2x2 — 1 0 —+/x |, where x € R*is: 1
—2Vx Vx 0
(@ (2x% - 1) (b) O () 2x(1 — 2x?) (d) 2x(2x*— 1)
A and B are two events such that P(AN B) = 0. Then P(A/A U B) is:
@0 B @29 @ ta '
P(A)+P(B) P(A)XP(B)
If for a square matrix 4, A> — 34 +1 =0 and A™* = x4 + yI, then the value of
6 x+yis 1
(a) 2 (b) 2 ()3 (d) -3
The general solution of the differential equation xdy — (1 + x2)dx = dx is:
3 3
7 (a)y=2x+x?+C (b)y=210gx+x?+C 1
2 2
(c)y=210gx—x?+C (d)y=210gx+x7+C
The vaue of A for which the angle between the Ilines
8 1

F=i+j+k+pQRi+j+2k)and? =1+ @i+ (1+qD)j+ 1 +qkis > is
(a) —4 (b) 4 () 2 (d) -2
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Let A be the area of atriangle with vertices (x1, y1), (x2, y2) and (x3, y3). Which of
the following is correct?
xl yl 1 xl yl

@ |2 ¥z +A (0) |x2 ¥
X3 Y3 X3 Y3

X1 N X1 W1
© |x2 ¥ d) [x2 ¥
X3 y3 1 X3 Y3

1
1
1
1

I
H
N

N = J S U Gy Y

10

The function f(x) = x> — 3x% + 12x — 18 is

(a) Strictly decreasing on R

(b) Strictly increasing R

(€) neither strictly increasing nor strictly decreasing on R

(d) Strictly decreasing on (—o0, 0)

11

The value of f_n;;: sec? xdx

(a) -1 (b) 0 ©1 (d) 2

12

The feasible region of alinear programing problem given in the following figure is

determined by the system of constraints:

(@ 2x+y<52and x +2y <76, x>0, y>0

(b) 2x + y>104 and x + 2y > 76, x> 0, y>0
(€)x +2y <104 and 2x + y <76, x>0, y>0
(d)2x+y <104 and x +2y <76,x>0, y>0

13

The direction cosines of aline are ¢, ¢, ¢. Then:

1

@c>0 iﬁ

(b)0<c<1 ©c=1 (dc=

14

2
If y = log+/sec/x, then the value of Z—z atx = % is

@-  ®r  ©; (@

15

3 00
0 3 0] , then the value of |A| + |adj4| is equal to
0 0 3

09 (03

IfA- (adjd) =

(a) 12 (d) 27

16

e? logx
l, =

@; (02

dx equals

©-= (@
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17 If A is square matrix of order 2 and |A| = 2, then |4471| equals: 1

@4 B2 (©8 (@

Of all the points of the feasible region of an LPP, for maximum or minimum values of
objective function, the point lie:

(a) inside the feasible region

18 1
(b) at the boundary line of the feasible region

(c) at the corners of the feasible region

(d) at the points of intersection of the feasible region with x-axis

DIRECTION: In the question number 19 and 20, a statement of Assertion (A) is followed by a
statement of Reason (R). Choose the correct option.

(a) Both assertion (A) and reason (R) are true and reason (R) is the correct explanation of assertion (A)
(b) Both assertion (A) and reason (R) are true and reason (R) is not the correct explanation of assertion
(A)

(c) Assertion (A) istrue but reason (R) is false.

(d) Assertion (A) isfalse but reason (R) istrue.

Assertion (A): sin™? (sin 3—”) is equal to =
5 5
19 |Reason(R): The range of principle value branch of the function 1

f(x) =sin™! x is [_7“,_2—”]

Assertion (A): (b - ©)3 is a scalar quantity.
20 1
Reason (R) : Dot product of two vectors is a scalar quantity.

SECTION B

Section B consists of 5 questions of 2 marks each.

21 | Find 2,ify = tan™" (2205) 2
Evaluate [ On mﬁ

22 (OR) 2
Find the area of the curve y = sin x between 0 and .
Find the value of k, if sin™ [ktan (2cos* £)] = £.

23 (OR) 2
Evaluate: sec?(tan™! 3) + cosec?(cot™1 2).
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Check whether the function f:R — R defined by (x) = x° + x has any critical

24 2
point/s or not. If yes, then find the points.

s |If d= 20—j+kb=1+j—2k and ¢=1+3j—k, find 1 such tha d is ,
perpendicular to Ab + ¢.

SECTIONC
Section C consists of 6 questions of 3 marks each.
Find the area of the region bounded by the linesx — 2y = 4, x = -1, x = 6 and x-axis
using integration.

26 T 3
Using integration, find the area of the region bounded by the liney = | x — 2|, the
x-axis and the ordinatesx = 1 and X = 4.

Ify = (sin~! x)? that (1 — x2) 22 — 2 _ 2 = ¢
y = (sin™ " x)*“, prove tha X°) 2 T X, =

27 (OR) 3
Ifx=a (cos t + logtan é)y = asin t, evaluate 32732] att = g
The cartesian equation of alineis6x — 2 =3y + 1 = 2z — 2. Find the direction
cosines of the line. Write down the cartesian and vector equations of aline passing
through (2, — 1, — 1) which are parallel to the given line.

28 (OR) 3
Find the value(s) of a so that the following lines are skew:

ol gz = _BEOE
2 3 4 5 2
Solve  the  following linear programing problem  graphically:

og | Maximize Z = 100x + 5y, Subject to the constraints x + y < 300; 3x + y < 600; 3
y<x+200; x,y=>0.

A, B and C shot to hit atarget. If A hitsthe target 4 timesin 5 trails; B hitsit 3 times

30 |in 4 trals; and C hits the target 2 times in 3 trails, What is the probability that the | 3
target is hit by at least 2 persons.

A kite is flying at a height of 3 metres and 5 metres of string is out. If the kite is

31 | moving away horizontally at the rate of 200 cnv/s, find the rate at which the string is 3
being released.

SECTIOND
Section D consists of 4 questions of 5 marks each.
3 | Find the value of b so that the lines =2 =223 g 21—, ge| o
2 3 4 5
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intersecting lines. Also, find the point of intersection of these lines.

(Or)
Find the equations of the line passing through the points A(, 2, 3) and B(3, 5, 9).
Hence, find the coordinates of the points on this line which are at a distance 14 units

from point B.

33

IfA=

2 2 -4 1 -1 0
—4 2 —4|landB=|2 3 4|, find BA and use this to solve the
2 -1 5 0 1 2

system of equations. y +2z2=8,x -y =-1, 2x + 3y + 4z = 20.

. 3cosx—2)sinx
Find; [ Bcosx—2sinx 5,
5—sin? x—4cos x

(OR)

Evaluate: | (vtanx + +/cotx)dx

35

Solve the differential equation: y + i (xy) = x(sinx + x)
(OR)
Find the particular solution of the differential equation:

xex — y sin (y) + x%sin (y) = 0 fory(1) = 0.

X X

SECTION E

Case study-based questions are compulsory.

36

A classroom teacher is keen to assess the learning of her students the concept of
‘relation’ taught to them. He writes the following five relation each defined on the
setA={1,2 3}.

Ry ={(2,3),(3,2)}

R, ={(1,2),(1,3), (3,2)}

Ry ={(1,2),(2,1),(1,1)}

Ry = {(1,1),(1,2),(3,3),(2,2)}

Rs ={(1,1),(1,2), (3,3),(2,2), (2,1),(2,3), (3,2)}

The students are asked to answer the following question about the above relations:
(i) Identify the relation which is reflexive, transitive but not symmetric.

(i1) Identify the relation which is reflexive and symmetric but not transitive.

(iii) Identify the relations which are symmetric but not neither reflexive nor
trangitive.
(OR)

What pairs should be added to the relation R, to make it an equivalence relation?
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A medicinal drug administered into a human body requires some time to produce
its effect on the body. The amount (in mg) of a certain medicinal drug in the
bloodstream at t hours after administering the drug to an individual is given by the
function: C(t) = —t> + 4.5t 2 + 54t, 0 < t < 10 Shown below is the graph of C(t) in

theinterval [0, 10].

37 E 4
L]

Based on the above information, answer the following questions:
(i) Find the rate at which the amount of drug is changing in the bloodstream at 5
hours after administering the drug. Show your work.
(ii) Show that the function C(t) is strictly increasing in the interval (3, 4).
In a school, teacher asks a question to three students Ravi, Mohit, and Sonia. The
probability the question by Ravi, Mohit, and Sonia 30%, 25% and 45%
respectively. The Probability of making error by Ravi, Mohit, and Sonia are 1%,
1.2% and 2% respectively.
Based on the above information answer the following questions:

- (i) Find the conditional probability that an error is committed in solving question A

given that question is solved by Sonia.
(i) Find the probability that Sonia solved the question and committed an error.

(iii) Find the total probability of committing an error in solving the question.
(Or)

If the solution of question is checked by teacher and has some error, then find the

probability that the question is not solved by Ravi.
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PRACTICE PAPER 11
CLASSXII - MATHEMATICS
MARKS: 80 DURATION: 3HOURS
GENERAL INSTRUCTIONS:

1. This Question paper contains - five sections A, B, C, D and E. Each section is compulsory. However,
there are internal choices in some questions.

2. Section A has 18 MCQ’s and 02 Assertion-Reason based questions of 1 mark each.
3. Section B has5 Very Short Answer (V SA)-type questions of 2 marks each.

4. Section C has 6 Short Answer (SA)-type questions of 3 marks each.

5. Section D has4 Long Answer (LA)-type questions of 5 marks each.

6. Section E has 3 source based/case based/passage based/integrated units of assessment of 4 marks
each with sub-parts.

SECTION A
Section A consists of 20 questions of 1 mark each.
S.No Marks
L If f(x) = log+/tan x, then the value of f'(x) at x = % is 1
@1 OO0 (©@= (d;
The value of A when the projection of @ = Ai + j + 4k on b=20+ 6j + 3k is4
2 unitsis 1

@5 ()7 (©=5 (dz7

If|d| = 8,|b| = 3,|d - b| = 123, then find the value of |d X b|

@4V3 (123 (©12 (d6

If P(A) = 0.4, P(B) = 0.8 and P(B/A) = 0.6, then P(AUB) is

(@096  (b)144  (c)1.04  (d)0.24

x3-8 .
The value of k for which the function f(x) = {E if x # 235 continuous
5 k ifx =2 1
ax=2is
(a4 (b) -4 (c)12 (do
[ S-{1+ (x+ Dlog(x + 1)}dx
6 (@ e*log(x+ 1) + e*+C (b) e*log(x+ 1) + C 1
e* e x
(C) m +C (d) m +C
dzy 3
Ihe degree of the differential equation: 4\ + £ 2 1
7 gree of the differential equation: 4 3y + s X 1lis 1
dax3
(@ 2 (b) 3 (01 (d) Not defined
3a+6 2 1_[12 2 .
o If[ g 2—3b]_[—8 _4],thenthevalueofab1s 1

@16 (b)-16 (©4  (d)-4
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If A isasguare matrix of order 3 and |[A| = 12, then the value of |A adjA|is
(@ 12 (b) 144 (c) 1728 (d) 27

10

Sam plotted three points A (2, -3), B (X, -1) and C (0, 4) on a graph sheet. The

value of x that makes the points collinear is

(@ -10 10 ©= (&=

11

Theinterval in which the function f(x) = 2x° + 9x* + 12x — 1 is decreasing is
(@ (-1,0) (b) (-2,-1) (©) (-0, -2) (d) [-1, 1]

12

If A is a square matrix such that A° = |, then find the value of
(A-1)3+(A+1)3-7As
@ A M)I-A  (©I+A  (d)3A

13

f 1

x(x5+1)

x5
x5+1

(@) %log | +c (b) gloglxs(x5 + 1| +c

x5+1

(©) glog +c (d) None of these

x5

14

The corner points of the feasible region determined by a system of linear
inequalities with Z = 3x + 9y as objective function are A(0, 20), B(15, 15), C(5, 5)
and D(0, 10). The maximum of Z is

(a) occursonly at A (b) occursonly at B

(c) occursat A and B (d) occurs at every point on AB

15

0 -3 1
3 0 =5
x y 0

The value of x + y for which the matrix A = IS skew-symmetric is

@4 (b-4 (6  (d-6

16

|dentify the function from the graph.
(a) sec’x e e e s
(b) cosec*x _ | :' , | :
(c) tan™*x -

(d) cot™x '

17

The corner points of the feasible region determined by a system of linear equations
with Z = ax + by where a, b > 0 are (0, 0), (2, 4), (4, 0) and (0, 5). The relation
between aand b so that the maximum of Z occurs at both (2,4) and (4,0) is
@a=2b (b) 2a=Db (c)a=b (d) 3a=Db

18

The positions of akite at two different timings were noted and the equation of the line

2y+4

joining these two points was given as x = —3, = 4z — 12. The direction ratios
of theline are:

@(1,6,1)  (b)(1L34 (0061 @ (03,%)
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DIRECTION: In the question number 19 and 20, a statement of Assertion (A) is followed by a
statement of Reason (R). Choose the correct option.

(a) Both assertion (A) and reason (R) are true and reason (R) is the correct explanation of assertion (A)
(b) Both assertion (A) and reason (R) are true and reason (R) is not the correct explanation of assertion
(A)

(c) Assertion (A) istrue but reason (R) isfalse.

(d) Assertion (A) isfase but reason (R) istrue.

Assertion(A): If a unit vector makes angles 60° with {,45° with j and an acute
19 | angle 8 with k then the value of 6 is 60°. 1

Reason(R): If I, m, n are the direction cosines of a vector, then 12 + m? + n? = 1.

Assertion (A): f : R — R defined by f(x) = x, then f is an injective function.
20 | Reason (R): A function g: A — B is said to be onto function if for each b € B, 1

thereexistsa € A such that g(a) = b.

SECTION B

Section B consists of 5 questions of 2 marks each.

Find the domain of the functiony = cos*(x” - 4).

21 (()r) )

17m

Find the value of sin™* [cos (— T)]

. 2 4%y dy _
22 | Ify = sin(logx), then show that x —Stx==+y =0 2
23 | Find the length of the sum of the three mutually perpendicular unit vectors. 2

A man whose height is 2m walks at a uniform speed of 5m/min away from a lamp
24 2
post which is 6m high. Find the rate at which the length of his shadow increases.

CoSs 2x—cos 20
Evaluate [ ————
cosSx—cos®

25 (OR) 2

T

Find the area bounded between y = sin’x and y-axisbetweeny =0and y = >

SECTION C

Section C consists of 6 questions of 3 marks each.

Discuss the continuity and differentiability of the function f(x) = |x| + |[x — 1| inthe
interval (-1, 2).
26 (OR) 3

. d
Given e* + e¥ = e**Y, Show that % +e¥ *=0
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Find the area bounded by the curve y = cosx, x-axis and the ordinates x = _—2”

7 and x = 7. 3
(OR)

Find the area of the region bounded by the curve y = V16 — x? and x — axis.

o8 Find the intervas in which the function f(x) =8+ 36x + 3x?—2x3 is 2
increasing or decreasing.
If A and B are independent events such that P(4 N B) =% and P(ANB) = %

29 3
Find P(A) and P(B).
Solve the following LPP graphically. Maximise: Z = 100x + 120y, Subject to

30 3
constraints: 2x + 3y < 30; 3x +y < 17; X,y > 0.
Find the points on the line ngZ = YTH = ? at a distance of 5 units from P(1,3,3).

(OR)

31 3
Find the equation of a line passing through (1, 2, -4) and perpendicular to the lines
7 =8i+2j—5k+ A3l — 16§ + 7k) and ¥ = 3i — j + 5k + u(3i + 8] — 5k),

SECTION D
Section D consists of 4 questions of 5 marks each.

10 students were selected from a school on the basis of values for giving awards
and were divided into three groups. The first group comprises of hard workers, the
second group has honest and law abiding students and the third group contains

32 | obedient students. Double the number of students of the first group added to the | g
number in the second group gives 13, while the combined strength of the first and
second group is four times that of the third group. Using matrix method, find the
number of studentsin each category.
Evaluate: fn/z xsin xcos x

©Jo sin% x+cos% x

33 (OR) 5
Evaluate: [ (x — 3)Vx% + 3x — 18dx
Find the coordinates of the foot of the perpendicular drawn from the point (1, 2, 1)

34 5
to the line joining the points (1, 4, 6) and (5, 4, 4). Also find the image.
Find the particular solution of the following differential equation given that y = 0
when x = 1; (x? + xy) dy = (x* + y?) dx.

35 5

(OR)
Solve the differential equation: (tan™'y — x)dy = (1 + y?)dx.
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SECTION E

Case study-based questions are compulsory.

Indian railways is the largest rail network in Asia and the world’s second largest.
Hence the government pays a huge amount as fuel cost. Decreasing fuel cost can
increase railway profit and hence will improve the economy. The fuel cost for
running a train is proportional to the square of the speed generated (v) in km/hr.

The fuel costs Rs 48 per hour at speed 16 km/hr and the fixed charges amount to

Rs 1200 per hour.
36 | (i) If C is the total cost for covering the distance S km, then express C as a| 4
function of v.
(i) Find the critical point for C.
(ii1) Usefirst derivative test to find the most economical speed of the train.
(OR)
Use second derivative test to find the point of local minimum and minimum cost
if distance is 100 km.
A coach istraining 3 players. He observes that player A can hit atarget 4 timesin
5 shots, player B can hit atarget 3 times in 4 shots and player C can hit atarget 2
timesin 3 shots. Based on this situation answer the following questions.
\- () Find the probability that exactly one hits the target. y
(i) Find the probability that exactly two of them hit the target.
(ii1) Find the probability that at most one of them hit the target.
(OR)
Find the probability that at |east two of them hit the target
Swathi and Mani are playing Ludo at home while it was raining outside. While
rolling the dice Swathi 's brother Varun observed and noted the possible outcomes
of the throw every time belongs to the set {1, 2, 3, 4, 5, 6}. Let A be the set of
players while B be the set of all possible outcomes. A = {Swathi, Mani},
38 4

B={1,2345,6}.
Based on the above, answer the following questions:
() Let R: B — B, be defined by R = {(x, y): y is divisible by x} .Verify that

whether R isreflexive, symmetric and transitive.
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(ii) Isit possible to define an onto function from A to B? Justify.

(i)  Which kind of relation is R defined on
R={(12),(2,2), (1.3), (34), (3.1), (43), (55)}?

(OR)
Find the number of possiblerelationsfrom A toB .

B given by
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PRACTICE PAPER | - ANSWER KEY
CLASSXIl - MATHEMATICS

SECTION A

Section A consists of 20 questions of 1 mark each.

S.No Marks
1 (d) A3X21 BZXSl CSX3 1
2 L 1

CFe
3 (d) 10 1
4 |(0-1 1
5 (d(A+B)t1=B"1+ Al 1
6 (@) Continuousat x =0 aswell asatx =1 1
7 23 1
(&=
8 | (d)2etan VX 4 1
9 |(c)x+0)e* V=1 1
10 [ (021 1
11 | () 12V3 1
12 3 1
(b) 3
13 | (o)[-1,1] 1
14 | (8 2,-1,-2 1
15 | (c)90° 1
16 | (d) at every point of the line-segment joining the points (0.6, 1.6) and (3, 0) 1
17 | (d) Any point on the line segment joining the points (0,2) and (3,0). 1
18 |(d)O 1
(a) Both assertion (A) and reason (R) are true and reason (R) is the correct
19 1
explanation of assertion (A)
20 | (d) Assertion (A) isfalse but reason (R) istrue. 1
SECTION B
Section B consists of 5 questions of 2 marks each.
V3
12
21 | (or) 2
-1
A
22 4(v2-1) 2
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23 |16
Proof
24 | (On)
29
25 | (OR)
% Square units

SECTIONC
Section C consists of 6 questions of 3 marks each.
Proof
26 | (OR)
k=10
8
27 |@@w ©(2)
7
2
28 (OR)
4
X+l y-3 _ z+2
2
29 (OR)
(-2,-1,3)and (4,3, 7)
30 | Minimum value Z is 300, when x = 60 and y = 0.
19
31 |35

SECTION D

Section D consists of 4 questions of 5 marks each.

1
(x=1)

32 (OR)
X — %xcos‘1 X —%[sin‘lﬁ —/xV1 - x] +C

3 1 5
glog|x—1|—5- +§10g|x+3|+C

L -2 1 -7
-1 _ 1 - — - _
33 |A =3 -7 15 ,X=2,y=1z2=—4
—4 2 3
y = sinx
34 (OR)
2 7 4 Lgg VA1)
J1+y2+V1+x +5log | ——| =
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(1,0,7) and 2v13

35 (Or)

2
O

SECTION E
Case study-based questions are compulsory.

36 | (i) f is injective

(iii) f is bijective

(1) Ry = {1,4,9,16, ... } i.e.set of perfect squares of natural numbers.

(i) Perimeter (P) = 3x + 2y = 12

(ii) Area(A) = 6x — 2x2 + 22

37
...\ 18-6v3 50 3
(iii) p— m (OR) 3x+2(;—7x)m
(i) 0.49

38 | 2
(”)E
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PRACTICE PAPER Il - ANSWER KEY
CLASSXIl - MATHEMATICS

SECTION A

Section A consists of 20 questions of 1 mark each.

S.No Marks
1 (c) f(x) is continuous but not differentiable, at x = 0 and x = 1. 1
2 |(c)4 1
3 | (d)2i+3k 1
4 | (0O 1
5 _PA 1

©) P(A)+P(B)
6 (b2 1
7 (d)y=210gx+§+c 1
8 |[(a)—4 1
X y1 1
O |()l|x, y, 1|=+2A 1
X3 y3 1
10 | (b) Strictly increasing R 1
11 [(d)2 1
12 | () x+2y <104 and 2x + y <76, x> 0, y>0 1
13 Al 1
(dc== NG
14 £ 1
(8~
15 |[(a) 12 1
16 3 1
(b)3
17 |(c) 8 1
18 | (c) at the corners of the feasible region 1
19 (@) Both assertion (A) and reason (R) are true and reason (R) is the correct 1
explanation of assertion (A)
20 | (d) Assertion (A) isfalse but reason (R) istrue. 1
SECTION B

Section B consists of 5 questions of 2 marks each.

21 | - 5
T
2

22 | (OR) 2
2 square units
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23 (OR)

24 | f(x) has no critical points.

25 | =2

SECTIONC

Section C consists of 6 questions of 3 marks each.

29 .
- Square units
26 | (OR)
5 .
> Square units
Proof
27 | ©OD
8v3
a
r=20-j -k + A0 +2+3k), ==
28 (OR)
a €R—{3}
] ///
Corner pomnts | Value of Z = 100x + 5y
(0,0) 0
(200,0) 20000 - Maximum
(150,150) 15750
(50,250) 6250
(0,200) 1000
5
30 |g
31 | 160cm/s
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SECTION D
Section D consists of 4 questions of 5 marks each.

b=2& (-1,-1,-1)
20 (Or)

x-3 y-5
2

2 and Q(7,11,21) or, Q(—1,—1,-3)

33 x=1y=2,z=3

4
cosx—2

- %logIS —sin®? x — 4cos x| + ¢
34 (OR)

V2sin~1(sinx — cosx) + C

2sinx = 2cosx . x? C

y=—-cosx+——+——+_ +3
35 (OR)
y
e x (sin (g) + cos (g)) = 2log |x]| + 1.
SECTION E

Case study-based questions are compulsory.

(DR
(i)Rs
36 | (iii) Ry and Ry
(OR)

(1,1),(2,2),(3,3),(2,1),(3,1) and (2,3)

(i) = 24mg/hr

37
(i) Proof

(i) 13—0 or 0.02
(i) 0.009

38 | (iii) 0.015
(On)

0.8
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PRACTICE PAPER Il - ANSWER KEY

CLASSXIl - MATHEMATICS

SECTION A

Section A consists of 20 questions of 1 mark each.

S.No Marks
1 @1 1
2 (@5 1
3 (c) 12 1
4 | (a)0.96 1
5 (c) 12 1
6 (b) e*log(x+ 1)+ C 1
7 (@ 2 1
8 |[(c)4 1
9 (c) 1728 1
10 10 1

(© 7
11 | (b) (-2,-1) 1
12 (@A 1
13 1 x® 1
@ log 5]+
14 | (d) occurs at every point on AB 1
15 |((a4 1
16 | (c) tan"x 1
17 | (@ a=2b 1
18 1 1
(d) (0’3’ 4)
(b) Both assertion (A) and reason (R) are true and reason (R) is not the correct
19 1
explanation of assertion (A)
(@) Both assertion (A) and reason (R) are true and reason (R) is the correct
20 1
explanation of assertion (A)
SECTION B
Section B consists of 5 questions of 2 marks each.
[-V5, —V3] U [V3,V5]
21 | (On) 2
3_7'[
8
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22 | Proof
23 ||d+b+¢ =3
5 :
24 > m/min
2(sinx + xcos @) + C
25 | (OR)
1

SECTIONC

Section C consists of 6 questions of 3 marks each.

26 | f(X) iscontinuousin the interval (-1, 2) and not differentiable at x = 0 and x = 1.
7
2
27 | (OR)
8m square units
o8 | Increasingin (-2, 3) and decreasing in (—oo, —2) U (3, ).
3 1 2 1
29 P(A)_Z organdP(B)—gorZ
v
30
{15.0)
g
p 7 R 910111213 1415
¥ I 4 ym [T 2+ =30
The maximum value of Z is 1260 at x = 3,y = 8.
(=2,-1,3) or (4,3,7)
31 (OR)

7 =1+ 2] — 4k + 1,(241 + 36] + 72k)

SECTION D

Section D consists of 4 questions of 5 marks each.
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32 |x=5y=3z=2

(OR)

33

%(x2 + 3x — 18)3/2 —g(zx +3)VxZ+3x— 18+ %1% |(2x2+3)

Vﬁ+3x—1ﬂ+c

+

34 | (3,4,5) and (5, 6, 9)

_Ty— 2log(x —y) +logx =0

35 | (OR)

x=tan"ly —1+ Ce @0 'Y,

SECTION E
Case study-based questions are compulsory.

(i) ¢ =1200(3) + 2

(i) v =80
36 | (iii) 80km/hr
(OR)

Rs.3000

(i) =
(i) =
37 an)g
(OR)

5
6

(i) Risreflexive and transitive but not symmetric.
3g | (ii) No. Because n(B) is greater than n(A)

(iii) Risneither reflexive nor symmetric nor transitive (OR) 212
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