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CHAPTER 1: RELATION AND FUNCTION 

                                                                                                                           
  
   ---------------------------------------------------------------------------------------------------------------------------------
-- 
Q.N. QUESTIONS  

1 Let f : N → Y be a function defined as f (x) = 4x + 3, where, Y = {y ∈ N: y = 4x + 3 for all x 
∈ N}. Show that given function is one one and onto. 

 

2 If R = {(a, a3): a is a prime number less than 5} be a relation. Find the range of R .  

3 
Let A = R – {3}, B = R – {1}. Consider the function f: A → B defined by f(x)=

𝑥−1

𝑥−3
 . Prove 

that f is one – one and onto. 

 

4 
Let A = R – {3}, B = R – {2/3} . If f: A → B by f(x) = 

2𝑥−4

3𝑥−9
, prove that f is a bijection 

 

5 
If f : W→W defined as f(x)={

𝑥 − 1, 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑
𝑥 + 1, 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

 ,  show that f is one -one and onto. 

 

 

6 Prove that the modulus function f(x) = |x| is neither one – one nor onto. 
 

 

 
7 

Show that f : R → R given by  f(x)=
𝑥

𝑥2+1
   x R is neither one – one nor onto. 

 

 

8 
 Let 𝑓: 𝑁 → 𝑁 be defined by (𝑛) ={

𝑛+1

2
, 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

𝑛

2
, 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

 Show that the function is not bijective. 
 

9 
Let f : R → R be the function defined by f (x) = 

1

2−𝑐𝑜𝑠𝑥
 ∀x ∈R. 

Then, find the range of f.  

 

10 Case study questions:  
Students of Grade 12, planned to plant saplings along straight lines, parallel to each other to 
one side of the playground ensuring that they had enough play area. Let us assume that they 
planted one of the rows of the saplings along the line 𝑦=𝑥+4. Let L be the set of all lines 
which are parallel on the ground and R be a relation on L. Based on the above information, 
answer the following:  
a) Let R be a relation such that R= {(𝐿1, 𝐿2): 𝐿1 ∥ 𝐿2, 𝐿1, 𝐿2 ∈ 𝐿} .𝐼𝑠 𝑅 an equivalence 
relation? Why? ‘ 
b) If (𝑥) = 𝑥 + 4, 𝑓: 𝑁 𝑡𝑜 𝑁,ℎ𝑒𝑛 𝑐ℎ𝑒𝑐𝑘 𝑓 𝑖𝑠 𝑜𝑛𝑒 𝑡𝑜 𝑜𝑛𝑒 𝑜𝑟 𝑜𝑛𝑡𝑜.  
c) Write the range of the following functions: 
 i) f(x) = x2 + 1, 𝑥 ∈ 𝑅   ii) 𝑓(𝑥) = √4 – 𝑥2 , 𝑥 ∈ [−2, 2] 

 

11  

 Let n be a fixed positive integer. Define a relation R in Z as follows: ∀a, b ∈Z, aRb if and 
only if a – b is divisible by n . Show that R is an equivalence relation. 
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WORKSHEET 

 
RELATIONS AND FUNCTIONS 

                                                                                                                           
----------------------------------------------------------------------------------------------------------------------------------- 

SECTION –A(MCQ) 
Q.N. QUESTIONS  

1 
Let f : [2, ∞) → R be the function defined by f(x) = x2 – 4x + 5, then the range of f is 

(a) R                    (b) [1, ∞)                (c) [4, ∞)                (d) [5, ∞) 
 

 

 
2 

Let A = {1, 2, 3} and consider the relation R = {1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1,3)}. Then 
R is 

(a) reflexive but not symmetric      (b) reflexive but not transitive 

(c) symmetric and transitive           (d) neither symmetric, nor transitive 
 

 

3  Let A = {1, 2, 3}. Then the number of relations containing (1, 2) and (1, 3), which are 
reflexive and symmetric but not transitive is 

(a) 1                       (b) 2                    (c) 3                           (d) 4 

 

 

4 
Let f : R → R be defined by f(x) = 𝑥2 + 1. Then, pre-images of 17 and – 3, respectively, are 

(a) φ, {4, – 4}   (b) {3, – 3}, φ    (c) {4, –4}, φ         (d) {4, – 4}, {2, – 2} 
 

 

5 Set A has 3 elements, and set B has 4 elements. Then the number of injective mappings that 
can be defined from A to B is 

(a) 144                (b) 12              (c) 24                (d) 64 
 

 

6 Let R be a relation in the set N given by R={(a,b): a+b=5, b>1}. Which of the following will 
satisfy the given relation? 
(a) (2,3) ∈ R    (b) (4,2) ∈ R   (c) (2,1) ∈ R    (d) (5,0) ∈ R 
 

 

7 The function f(x) =𝑥2+ 4x +4 is-: 

(a)  even     (b) odd   (c)  neither even nor odd   (d)none of these 
 

 

8 A function f∶N→N is defined by f(x)= 𝑥2+12. What is the type of function here? 
(a) bijective                                       (b) surjective          

(c) injective                                      (d) neither surjective nor injective 
 

 

SECTION –B( 2/3 MARKS  EACH) 

9 Let R be a relation described on the set of natural numbers N. Determine the domain and 
range of the relation. Also check whether R is symmetric, reflexive and/or transitive. 
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R = {x, y}: x ∈ N, y ∈ N, 2x+y = 41} 

10 Check whether the relation R defined on the set A = {1, 2, 3, 4, 5, 6} as 

 R = {(a, b): b = a + 1} is reflexive, symmetric or transitive.  

 
 

11 Let A = { 1 ,2 ,3} and define R = { (a , b ) : a + b > 0 } . show that R is 

universal relation on set A . 
 

 

12  Let A = { a, b ,c } how many relation can be define in the set ? How many of 

these are reflexive  ? 
 

 

13 Let A = { 2, 4 , 6 , 8} and R ={(a,b): a is greater than b,a,b∈ 𝐴} on the set A . 

Write  R as a set of order pairs , is the relation reflexive ?  
 

 

14 Let A = { 2, 4 , 6 , 8} and R = ={(a,b): a is greater than b ; a,b∈ 𝐴 }on the set A 

. Write  R as a set of order pairs , is the relation Symmetric?  
 

 

15 Let A = { 1 ,2 ,3} and define R = { (a , b ) : a – b = 10 } . show that R is empty 

relation on set A . 
 

 

LONG ANSWER 
16 

Let A = R- {3} and B = R – {1}. Consider the function f: A →B defined by 

 f (x) = (x- 2)/(x -3). Is f one-one and onto? Justify your answer. 
 

 

17 Consider a function f: R+ → [−5,∞) given by f(𝑥) = 9𝑥2 + 6𝑥 − 5 , show that f   is 
bijective  function. 

 

18 Show that the relation R: N X N → N X N defined by (a, b) R (c, d) => a + d = b + c is an 
equivalence relation. 

 

 SECTION –E ( 4 MARKS  EACH)  
19 A school is organizing a debate competition with participants as speakers S {S1 , S2 , S3 , S4 

}  and these are judged by judges  {J1 , J2 , J3 } = . Each speaker can be assigned one judge. 
Let R be a relation from S to J defined as R {(x , y) : speaker x is judged by judge y;  XS , 
y J}. Based on the above, answer the following.  

(i) How many relations can be there from S to J? 
(ii) A student identifies a function from S to J as f ={(S1 , J1 ), (S2 , J2 ), (S3 , J3 ), (S4 

, J4 )} . Check if it is bijective.  
(iii)  (a) How many one-one functions can be there from set S to set J?  

OR 
(b) Another student considers a relation R1 ={(S1 , S2 ), (S2 , S4 )}   in set S. 

Write minimum ordered pairs to be included in R1 so that R1 is reflexive but not 

symmetric. 

4 
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 ANSWERS 
MCQ 
 1.(b) [1, ∞)      2. (a) reflexive but not symmetric       3. (a) 1    
4.    ( c)   {𝟒, −𝟒},𝝋              5 (c) 24                      6(a) (2,3) ∈ R  
7.(c)  neither even nor odd           8. (c) injective                                                                       

 

 CASE STUDY 

(i) Here n(S)4, n(J) =3  so, n(S XJ) 4 X3 =12 . Therefore, total number of relations 
from S to J are  212 =4096 .  

(ii) Note that f (S2 ) =J2  =f (S3 ) . That is, S2 and S3 are both mapped to J2 . Hence, f 
is not one-one. Also, every element of J have at least one pre-image in S. Hence, 
f is onto. 

(iii) Since f is onto but not one-one, so f is not bijective.  
(iv) (iii) (a) As n(S) =4, n(J) =3 = = i.e., n(S)  n(J)  . 

 So, number of one-one functions from set S to set J is 0 (zero).  
OR 

(iii) (b) For reflexivity, we must add the ordered pairs : (1 ,1),( 2, 2),( 3, 3),( 4, 
4), (S1 , S1 ), (S2 , S2 ), (S3 , S 3), (S4 , S4 ) . Since  (S1 , S2 ) R  and (S2 , S4 ) 
R1  . So, we must not add the ordered pairs (S2 , S1 ) and (S4 , S2 ) in R1 , 
otherwise it will become symmetric. Therefore, after adding minimum number 
of ordered pairs i.e.,  (S1 , S1 ), (S2 , S2 ), (S3 , S3 ),   (S4 , S4 ) in R1 so that it 
becomes reflexive but not symmetric, the new relation R1 becomes R {(S1 , S2 ), 
(S2 , S4 ), (S1 , S1 ), (S2 , S2 ), (S3 , S3 ), (S4, S4 )}  

 

 ASSERTION AND REASON 
In the following question a statement of Assertion (A) is followed by a statement of reason (R). 
Pick the correct option: A. Both A and R are true and R is the correct explanation of A. B. Both A 
and R are true but R is not the correct explanation of A. C. A is true but R is false. D. A is false but 
R is true 

 

1. Assertion (A): If n (A) =p and n (B) = q then the number of relations from A to B is 2pq Reason (R) 
: A relation from A to B is a subset of A x B 

 

2 Assertion (A): The relation R in the set A = {1, 2, 3, 4, 5, 6} defined as R={ ( x, y ) :y is divisible 
by x} is not an equivalence relation. Reason (R) :The relation R will be an equivalence relation, if it 
is reflexive, symmetric and transitive. 

 

3 Assertion (A) : A relation R ={ (1,1),(1,2),(2,2),(2,3)(3,3)}defined on the set A={1,2,3} is reflexive. 
Reason (R) : A relation R on the set A is reflexive if (a, a) for all a  A. 

 

4 Assertion (A): If R is the relation in the set A= {1, 2, 3 , 4, 5 } given by R={(a, b): |a - b| is even} R 
is an equivalence relation. Reason (R) : All elements of {1, 3, 5} are related to all elements of {2,4} 

 

 1.Answer: A Solution: A is true - No of elements of AXB = pxq, So the number of relations from A 
to B is 2pq R is true – every relation from A to B is a sub set of AXB 
2.Answer : A Solution: A is true-R is reflexive and transitive but not symmetric ie (2,4)ϵR (4,2)ϵR 
R-true- Definition of an equivalence relation. 
 
3.Answer: A Solution: A is true - (a,a) ,for all a A R is true – Correct explanation for reflexive 
relation. 
4.Answer: C Solution: A is true- Since it an equivalence relation R is false – the modulus of 
difference between the two elements from each of these two subsets will not be even 
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CHAPTER 2: INVERSE TRIGONOMETRIC FUNCTIONS 

SECTION A (MCQ) 
1.  Domain of  sin−1𝑥 + cos 𝑥 is  

(a) [−
𝜋

2
,
𝜋

2
]          (b) R        (c) [−1, 1]  (d) (−1,1) 

2.  The value of  sin−1 (𝑐𝑜𝑠
π

9
) is 

(a)   
π

9
 (b) 

5π

9
 (c) −

5π

9
  (d) 

7π

18
 

3.  The value of  sin(
π

3
− sin−1 (− 

1

2
)) is 

(a) -1          (b) 1 (c) 
π

2
 (d) 0 

4.  The domain of sin−12𝑥     is 

(a) [-1, 1]  (b) (-1, 1) (c) [−
1

2
,
1

2
]  (d) (−

1

2
,
1

2
) 

5.   Value of  tan−1(1) + cos−1 (−
1

2
) is equal to 

(a)  
2π

3
 (b) 

3π

4
 (c) 

π

2
  (d) 

11π

12
 

6.  The range of  sin−1𝑥 + cos−1𝑥 + tan−1𝑥 

(a) [0,π] (b) [
𝜋

4
,
3𝜋

4
] (c) (0,π)  (d) [0,

𝜋

2
] 

7.  Find principal value of cos−1 (cos  
5π

4
) 

(a) 
3π

4
 (b) 

5π

4
 (c) 

7π

4
 (d) 

π

2
 

8.  The domain of function y = cos−1𝑥 is   

(a) [-1, 1]  (b) [−
1

2
,
1

2
]  (c) [-2, 2]  (d) None of 

these 
9.  If tan−1x = 

π

10
 , for some x ∈ R, then the value of cot−1x  is 

(a)   
π

5
 (b) 

2π

5
 (c) 

3π

5
  (d) 

4π

5
 

10.  The value of tan−1 [𝑡𝑎𝑛
9π

8
] 

(a) 
π

8
          (b) 

π

4
 (c) 

π

2
 (d) None of these 

11.  One branch of cos−1 𝑥 ,other than the principal value branch corresponds to 

(a) [
𝜋

2
,
3𝜋

2
]          (b)[π, 2π] − [

3𝜋

2
]          (c) [2π, 3π]  (d) (0, π) 

12.  The value of sin−1 [𝑐𝑜𝑠
43π

5
] is 

(a) 
3π

5
          (b) −

7π

5
 (c) 

π

10
  (d) −

π

10
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13.  The given graph illustrates : 

 
(a) sec−1𝑥 (b) cot−1𝑥 (c) tan−1𝑥 (d) cosec−1𝑥 

14.  The given graph illustrates : 

 
 (𝑎) sec−1𝑥 (𝑏) cos−1𝑥  (𝑐) tan−1𝑥 (𝑑) sin−1𝑥 

In the following questions 13 and 14, a statement of assertion (A) is followed by a statement of 
reason (R).  
Mark the correct choice as:  
(a) Both assertion (A) and reason (R) are true and reason (R) is the correct explanation of 
assertion (A).  
(b) Both assertion (A) and reason (R) are true but reason (R) is not the correct explanation of 
assertion (A).  
(c) Assertion (A) is true but reason (R) is false. 
(d) Assertion (A) is false but reason (R) is true. 
 

15.  Assertion: If  2(sin−1𝑥)2 − 5(sin−1𝑥) + 2 = 0, then 𝑥 has 2 solution. 
Reason:  sin−1(𝑠𝑖𝑛𝑥) = 𝑥, if  −

π

2
≤ 𝑥 ≥

π

2
 

16.  Assertion : Domain of 𝑦 = cos−1 𝑥 is [-1, 1]  

Reason : The range of the principal value branch of 𝑦 = cos−1 𝑥 is [0, π] − [
𝜋

2
]          

17.  Assertion: The function y = tan⁻¹x is always increasing. 
Reason: Its derivative is always positive. 

18.  Assertion: 𝑠𝑖𝑛⁻¹𝑥 +  𝑐𝑜𝑠⁻¹𝑥 =
𝜋

2
 ,  ∀ 𝑥 ∈ [-1, 1] 

Reason: 𝑠𝑖𝑛⁻¹𝑥 and 𝑐𝑜𝑠⁻¹𝑥 are complementary. 
 

SECTION-B   (2 MARKS) 
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19.  Find the value of  𝑘 if sin−1 [𝑘𝑡𝑎𝑛 (2 cos−1 √
3

2
)] =  

π

3
 

20.  Write tan−1 [
√1+𝑥2−1

𝑥
] in simplest form. 

21.  Evaluate : tan−1 [2 sin ( 2 cos−1 √
3

2
)] 

22.  Find the value of : tan−1(1) + cos−1(−
1

2
 )  

23.  Express: tan−1 [
cos𝑥

1−sin𝑥
] in the simplest form , where −

π

2
≤ 𝑥 ≤

π

2
 

 
24.  Evaluate : sec2 (𝑡𝑎𝑛−1  

1

2
 ) + 𝑐𝑜𝒔𝒆𝒄𝟐 (cot−1  

1

3
 ) 

 

SECTION C                              ( 3Marks) 
25.  Find the value of   tan−1 (

𝟏

√𝟑
) + cot−1 (

𝟏

√𝟑
) + sin−1 (−

1

√𝟐
) 

26.  Find the domain and range of the function f(x) = sin−1(𝑥2 − 4). 

27.  Find value 𝑜𝑓  𝑡𝑎𝑛 (𝑐𝑜𝑠−1𝑥 )  and hence evaluate 𝑡𝑎𝑛 (𝑐𝑜𝑠−1
8

17
 )   

28.  Solve for 𝑥 : tan−1 (
𝟏−𝒙

𝟏+𝒙
) =

1

2
tan−1 𝑥, 𝑤ℎ𝑒𝑟𝑒 𝑥 >  0 

29.  Find the values of 𝑥, which satisfies the equation                                                           
sin−1𝑥 + sin−1(1 − 𝑥) = cos−1 𝑥 

SECTION-D                          ( 5 Marks)  
30.  Find the value of tan

1

2 
(sin−1

2𝑥

1+ 𝑥2
+ cos−1

1− 𝑦2

1+  𝑦2
), where  |x| < 1, y > 0 and xy < 1  

 
 

31.   (a) Find the value of   sin⁻¹(𝑠𝑖𝑛
2𝜋

3
)  + cos⁻¹(𝑐𝑜𝑠

7𝜋

6
)    

(b) Prove that tan⁻¹ 
1

2
 + tan⁻¹ 

1

3
  = 

𝜋

4
 

 
32.  Show that  

2tan−1 {𝑡𝑎𝑛
𝑎

2
. 𝑡𝑎𝑛 (

π

4
−

𝑏

2
)} = tan−1 (

𝑠𝑖𝑛 𝑎.  𝑐𝑜𝑠 𝑏

𝑐𝑜𝑠 𝑎 +𝑠𝑖𝑛 𝑏
) 

 
33.  Write the following functions in the simplest form: 

(a) tan−1 (
𝐜𝐨𝐬 𝒙 −𝐬𝐢𝐧𝒙

𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧𝒙
), −

𝜋

4
 < 𝑥 <  

3𝜋

4
 

(b) tan−1 (
𝟑𝒂𝟐𝒙−𝒙𝟑

𝒂𝟑−𝟑𝒂𝟐𝒙
),  𝒂 > 0, −

𝑎

√3
 < 𝑎 <  

𝑎

√3
 

 

      SECTION –E (COMPETENCY BASED QUESTIONS) 

34.  If a function f : X → Y defined as f (x) = y is one-one and onto, then we can define a 
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unique function  
g : Y → X such that g(y) = x , where x ∈ X and y = f (x), y ∈ Y . Function g is called the 
inverse of f. The domain of sine function is R and function sine: R → R is neither one-
one nor onto. The following graph shows the sine function. 
Let sine function be defined from set A to [–1, 1] such that inverse of sine function exists, 
i.e., sin−1 𝑥 is defined from [–1, 1] to A. On the basis of above information, answer the 
following questions. 

 

 
 (i) If A is the interval other than principal value branch, give an example of one such 

interval.  
(ii) If  sin−1𝑥 is defined from [–1, 1] to its principal value branch, find the value of 

sin−1 (− 
1

2
) − sin−1(− 1)                             

(iii) Draw the graph of sin−1𝑥 from [–1, 1] to its principal value branch.  
OR  
Find the domain and range of f (x) = 2sin−1(1 − 𝑥). 

 
35.  In a physics experiment, the angle of inclination of a projectile is given by:   

        θ = 2tan⁻¹𝑥 It is also observed that θ = sin⁻¹[
2𝑥

1+𝑥2
] 

(i) Is the identity valid for x = 2 ? Justify your answer ? 
(ii) Find the range of the of θ = 2tan⁻¹𝑥 

(iii)     Find θ when x = 
1

√3
 , Convert θ into degrees. 

           Or        
           Verify the equivalence of the two expressions. 

  
…………………………………………………………………………………………………………….. 

Answer 

1.  (c) [−1, 1] 2. (d) 
7π

18
 3. (b) 1 4. (c) [−

1

2
,
1

2
]  

5. (d) 
11π

12
 6. (c) (0,π) 7.  (a) 

3π

4
, 8. (a) [-1, 1]  

9. (b) 
2π

5
 10. (a) 

π

8
          11. (c) [2π, 3π] 12. (d) −

π

10
 

13.  (𝑑)cosec−1𝑥 14.  (𝑑)sin−1𝑥   
15. (c)  16. (c)   17. (a)  18. (a) 

19 . 
1

2
 20. 

1 

2
 tan⁻¹𝑥 21. 

π

3
 22. 

11π

12
 

23. 
π

4
  + 

x

2
                 24. 

85

36
          25. 

π

4
          26.  domain  

[−√5, −√3] ∪ [√5, √3] 

Range : [−
π

2
,
π

2
] 
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27. 
15

8
          28. 

1

√3
          29. 

1

2
          30. 

𝑥+𝑦

1−𝑥𝑦
 

31. (a)  
7π

6
 , (b) 

π

4
 32. 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 

33.(a) 
π

4
− 𝑥 , (b) 3tan⁻¹

𝑥

𝑎
  

34. (i) [
π

2
,
3π

2
]or any other interval 

corresponding to the    
              domain [-1,1] 
         (ii) 

−2π

3
                 

      (iii) b) 
[−π, π] 

35.  (𝑖) not valid 
         (ii) (−𝜋, 𝜋) 
         (iii) 

π

3
 , 600 
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WORKSHEET 

INVERSE TRIGONOMETRIC FUNCTIONS 

………………………………………………………………………………………………………......... 
 

SECTION A (MCQ) 
1.  The value of  sin−1 (𝑐𝑜𝑠

π

9
) is 

(a)   
π

9
 (b) 

5π

9
 (c) −

5π

9
  (d) 

7π

18
 

2.  If sec−1 𝑥 + sec−1 𝑦 = 2π , the value of cosec−1 𝑥 + cosec−1 𝑦 𝑖𝑠   

(a)     (b) 2  (c) 32 (d) − 

3.  The domain of the function cos−1(2𝑥 − 1) 𝑖𝑠   

(a) [0, 1]    (b) ( –1, 1) (c) [–1, 1] (d) [0, π] 

4.  One branch of cos−1 𝑥 ,other than the principal value branch corresponds to 

(a) [
𝜋

2
,
3𝜋

2
]          (b)[π, 2π] − [

3𝜋

2
]          (c) [2π, 3π]  (d) (0, π) 

5.  The value of sin−1 [𝑐𝑜𝑠
43π

5
] is 

(a) 
3π

5
          (b) −

7π

5
 (c) 

π

10
  (d) −

π

10
 

 
6.  If sin−1 𝑥 = 𝑦, then 

(a) 0  ≤ y ≤  (b) −
π

2
≤ 𝑥 ≤

π

2
 (c) 0 < y <  (d) −

π

2
< 𝑥 <

π

2
 

7.  tan−1 √3 − sec−1(−2) is equal to 

(a)     (b) −
𝜋

3
 (c) 

𝜋

3
 (d) 

2𝜋

3
 

8.  The domain of sin−12𝑥     is 

(a) [-1, 1]  (b) (-1, 1) (c) [−
1

2
,
1

2
]  (d) (−

1

2
,
1

2
) 

In the following questions 9 and 10, a statement of assertion (A) is followed by a statement of 
reason (R).  
Mark the correct choice as:  
(a) Both assertion (A) and reason (R) are true and reason (R) is the correct explanation of assertion 
(A).  
(b) Both assertion (A) and reason (R) are true but reason (R) is not the correct explanation of 
assertion (A).  
(c) Assertion (A) is true but reason (R) is false. 
(d) Assertion (A) is false but reason (R) is true. 
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9.  Assertion (A):  sin⁻¹(𝑠𝑖𝑛
5𝜋

3
 ) = 

5π

3
 

Reason (R): Inverse trigonometric functions are many-one. 
 

10.  Assertion (A): All trigonometric functions have their inverses over their respective 
domains.  
Reason (R): The inverse of tan−1 𝑥  exists for some x ∈ R 
 

 

SECTION-B   (2 MARKS) 

11.  Find the values of tan−1 (tan
𝜋

6
) + cos−1 (cos

13𝜋

6
)  

 
12.  If  tan-1 x + tan-1 y = 

4𝜋

5
  then find the value of   cot-1x + cot-1 y   

 
13.  Find the value of tan-1 (

−1

√3
) + cot-1(

1

√3
) +  tan-1 (sin(−

𝜋

2
)) 

 
 

SECTION C                              ( 3Marks) 
14.  Show that sin−1( 2𝑥√1 − 𝑥2) = 2 sin−1 𝑥 where  −

1

√2
 ≤ 𝑥 ≤  

1

√2
  

 
15.  

Write the function in the simplest form ∶  tan−1 (√
1−cos𝑥

1+𝑐𝑜𝑠𝑥
) where 0 <  𝑥 <  𝜋 

 
 

SECTION-D                          ( 5 Marks)  
 

16.  
 Prove that  tan−1 (

√1+𝑥2+ √1−𝑥2

√1+𝑥2− √1−𝑥2
) = 

𝜋

4
 + 

1

2
cos−1 𝑥2  

 
17.  Find the values of tan

1

2 
(sin−1

2𝑥

1+ 𝑥2
+ cos−1

1− 𝑦2

1+  𝑦2
), where  |x| < 1, y > 0 and xy < 1  

 
 

SECTION –E (COMPETENCY BASED QUESTIONS) 

      
18.  Principal Value of Inverse Trigonometric Functions”. Teacher  told that the value of an 

inverse trigonometric functions which lies in the range of principal branch is called the 
principal value of that inverse. Based on the given information, answer the following 
questions 

(i) Find the Principal value of  :   tan⁻¹[sin 
𝜋

2
]   
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(ii) The domain of the function cos−1(𝑥) 𝑖𝑠         
 

(iii) Find the value of 𝑐𝑜𝑠[𝑡𝑎𝑛⁻¹ (
3

4
)]                  

Or 

Find the principal value of sin {
𝜋

6
  − sin−1 (−

√3

2
)}  

 
 

 
19.  A satellite communication system uses inverse trigonometric functions to calculate signal 

angles. The ground station needs to determine the elevation angle θ of the satellite above 

the horizon. If the satellite is at height h = 35,786 km above Earth's surface and the 
horizontal distance from the ground station is d km, then the elevation angle is given by: 

θ = tan−1 (
ℎ

𝑑
) 

The engineers also need to work with the relationship: sin−1 (
3

5
)  + cos−1 (

3

5
) = 

𝜋

2
 

(i) State the principal value of sin−1 (
1

2
)   

(ii) If the horizontal distance d = 35,786 km, find the elevation angle θ. 
(iii) The satellite system needs to calculate the phase difference between two signals. If 

the phase angles are given by α = sin−1 (
3

5
)  and β = cos−1 (

3

5
), find the value of α + 

β. 
Or 

During signal transmission, the engineers encounter the equation: 2𝑠𝑖𝑛⁻¹(𝑥)  =

 𝑐𝑜𝑠⁻¹(2𝑥² −  1). Find all possible values of 𝑥 that satisfy this equation 
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CHAPTER 3 & 4: MATRICES ANDDETERMINANTS 

S.N QUESTIONS 
MCQ( 1 MARK) 

1 What is the total numbers of possible matrices of order 3x3 with each entry as 2,3,4? 
(a) 27              (b) 19683        ( c )    19386         ( d)  81 

2 If matrix A is both symmetric and skew symmetric , then  
 (a) A is diagonal matrix      (b)  A is square and zero matrix 
(c)  A is square matrix         (d)  None of these 

3  If A = [1 3
3 4

 ]  and 𝐴2 – k A – 5 I = 0 then the value of k is  

 (a)  3                   (b)   7             (c)   5                (d)   9 
4 Suppose a 3 X 3 matrix A = [𝑎𝑖𝑗] , is formed using 0,1,2 as its elements .The number of such 

matrices which are skew -symmetric ,is 
( a ) 27                        ( b ) 3                  ( c ) 729                 ( d ) 81 

5 If A and B are symmetric matrices of same order , then AB – BA is a  
(a) Skew symmetric matrix           (b)   Symmetric matrix 

(c) Zero matrix                            (d)Identity matrix 

6 Choose the correct statement: 
(a) Every identity matrix is a scalar matrix . 

(b) Every scalar matrix is a identity matrix. 

(c) Each diagonal matrix is a identity matrix. 

(d) A square matrix with all the elements 1 is an identity matrix. 

7 .If A is a symmetric matrix,thenA3 is: 
(a) Symmetric Matrix (b) Skew Symmetric Matrix (c) Identity matrix (d)Row Matrix    

8 If A and B are two square matrices each of order 3 with |𝐴| =4 and |𝐵| =5 
Then |2𝐴𝐵| =  
      (a)  40          (b)   80             (c)   160            (d)  18 

9 
     If A = [2 − 3   4 ]   ,  B = [

3
2
2
 ] ,    X = [ 1  2  3 ] ,       Y = [

2
3
4
 ]   

       AB + XY equals to  
       (a) [ 28 ]           (b)  [ 24 ]          (c)  [ 12 ]         (d)  [ -28 ] 
 

10 If order of matrix X is 2 × 𝑝 and order of matrix Z is 𝑛 × 𝑛 and 𝑛 = 𝑝, then the order of the matrix (7𝑋 −
5𝑍) is 

(a) p x 2      (b) 2 x n     (c) n x 3     ( d ) p x n         

11  If [
𝑥 − 𝑦 2
𝑥 5

] = [2 2
3 5

] , then value of y is 

(a) 1           (b)   3            (c)   2             (d)   5 

12 If A and B are two matrices such that AB =B and  BA =A then A2 +B2 =   ? 
(a) 2AB            (b)  2 BA         ( c)     A+B       (d)     AB  

13  If  e[𝑒
𝑥 𝑒𝑦

𝑒𝑦 𝑒𝑥
] = [1 1

1 1
], then xy   

(a) 1   (b) 2    (c)  0       (d)  -1 
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14 If A is square matrix such that 𝐴2  = A , then ( 𝐼 + 𝐴 )2  -  3 A is  
       ( a )   I              ( b )    2 A            ( c )   3 I            ( d )  A 

15 For any 2x2 matrix ,if A(adjA) = [10 0
0 10

]  ,then |𝐴| is equal to  

       (a)   20      (b) 100       (c) 10         (d) 0         
16  If the system of equations , x+2y -3z =1 , (k+3) z=3 and (2k+1)x +z =0 is inconsistent , then value of k is  

(a) -3              (b)   
1

2
             (c) 0             (d) 2 

17 .For what value of x, A  is the skew symmetric  matrix 

 A = [
0 1 −2
−1 0 3
𝑥 −3 0

]   

 
      ( a ) 1               ( b) 3             ( c) 2                     ( d)  -2 

18 .If A = [𝑎 𝑏
𝑐 𝑑

] , B = |1 0
0 1

| then value of adj.(𝐴𝐵) is 

 

      (a) [𝑑 𝑏
𝑎 𝑐

]                  (b) [ 𝑑 −𝑏
−𝑐 𝑎

] 

 

     (c)  [1 0
0 1

]                        (d)   [0 0
0 0

] 

19 If a is a singular matrix ,then adjA is 
(a) Non singular         (b) singular        (c)  symmetric     (d) not defined 

20 
The matrix  [

0 −5 8
5 0 12
−8 −12 0

] is a 

     (a) Skew symmetric matrix               (b)   Symmetric matrix 
(c) Scalar matrix                  (d) Diagonal matrix 

ASSERTION AND REASON (1 MARK) 
Each of these questions contains two statements, Assertion and Reason. Each of these questions also has four 
alternative choices, only one of which is the correct answer. You have to select one of the codes (a), (b), (c) and (d) 
given below.  
(a) Assertion is correct, reason is correct; reason is a correct explanation for assertion. 
(b) Assertion is correct, reason is correct; reason is not a correct explanation for assertion 
(c) Assertion is correct, reason is incorrect 
(d) Assertion is incorrect, reason is correct 
1 Assertion: Let  A be a 2x2 matrix with non zero entries and let 𝐴2=I,where I is 2x2 unit matrix, then A=𝐴−1 

Reason: Determinant of A=1 
2 Assertion: A null matrix of m x m is symmetric as well as skew symmetric matrix 

Reason: If A=𝐴−1, 𝑡ℎ𝑒𝑛 A is a symmetric matrix and if A=−𝐴−1,then A is a skew symmetric matrix. 
3 Assertion: Let A and B be 2 symmetric matrices of order 3 then A(BA) and (AB)A 

Reason: AB is symmetric matrix ,if matrix multiplication of A with B is commutative 
4 Assertion: Let A be square matrix of 2x2then adj(adjA)=A 

Reason: |𝑎𝑑𝑗𝐴|=|𝐴| 
SHORT ANSWER QUESTIONS(2/3 MARKS) 

 

1 If [ 9 −1 4
−2 1 3

]  ] = 𝐴 + [1 2 −1
0 4 9

]   then find the matrix A. 

2 If matrix A = [ 1    2     3 ] , then write A𝐴𝑇 ,where 𝐴𝑇is the transpose of   matrix A. 
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3 
The matrix  [

0 𝑎 3
2 𝑏 −1
𝑐 1 0

] is a skew symmetric matrix, then find the values of a ,b  and c. 

4 
If  A =[

𝑐𝑜𝑠𝛼 −𝑠𝑖𝑛𝛼
𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼

], then for what value of α, A is an identity matrix. 

5  If  [1 2
3 4

] [
3 1
2 5

]   =   [
7 11
𝑘 23

], then find the value of k. 

6 Write a square matrix of order 2, which is both symmetric and skew symmetric. 
7 From the following matrix equation, find the value of x: 

        [
𝑥 + 𝑦 4
−5 3𝑦

]=  [
3 4
−5 6

] 

8 Ramesh and Suresh are throwing the balls and trying to hit others ball. If Ramesh  throws the ball 

along 2x+5y=1 and Suresh throws the ball along 3x+2y = 7. Is it possible that the balls hit one 

another. If so find the point where the balls hit, using matrix method. 
9 For a 2x2 matrix, A =[𝑎𝑖𝑗], whose elements are given by 𝑎𝑖𝑗 =

𝑖

𝑗
 . Write the value of a12. 

10 
Simplify: cos θ [

𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃
−𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

]  + sinθ [
𝑠𝑖𝑛𝜃 −𝑐𝑜𝑠𝜃
𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃

]. 

11 
For what value of x, is the matrix A = [

0 1 −2
−1 0 3
𝑥 −3 0

] a skew symmetric matrix. 

12 
Find the matrix X so that 







 −−−
=









642

987

654

321
X . 

13 If   [2 3
5 7

]  [ 1 −3
−2 4

]=  [−4 6
−9 𝑥

] , then write the value of x. 

14 Find the value of x + y from the following equation : 

       2 [
𝑥 5
7 𝑦 − 3

] +  [
3 −4
1 2

] =  [
7 6
15 14

] 

15 
If matrix A = [

1 −1
−1 1

] and A 2 = kA then write the value of k. 

16 Show that A’A and AA’ are both symmetric matrices for any matrix A. 
17 

If matrix A = If   [
3 −3
−3 3

]  and A 2 = λA ,then write the value of λ. 

18 If A is a square matrix such that A 2 = I , then find the simplified value 
      of (A – I ) 3 + ( A + I ) 3 – 7 A. 

19 
Matrix A =[

0 2𝑏 −2
3 1 3
3𝑎 3 −1

] is given to be symmetric, find the value of a and b .  

20 Find the value of x and y which makes the following pair of matrices equal. 

      [
2𝑥 + 𝑦 3𝑦
0 4

]=  [
6 0
6 4

] 

21 If A and B are symmetric matrices, such that AB and BA are both defined, then prove that AB-BA is 

a skew symmetric matrix. 
22 

For the matrix A =  [
2 3
5 7

] , Find A + A T  and verify that it is a symmetric matrix. 

23 
If  A =  [

3 −2
4 −2

] and I = [
1 0
0 1

] , then prove that A2 -A +2I =O 
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LONG ANSWER TYPE QUESTIONS (5 MARKS) 
1 

If A = [
1 −1
2 −1

] and B = [
𝑎 1
𝑏 −1 

] and ( A + B ) 2  = A 2 + B 2 ,then find the values of a and b. 

2 
If A = [

2 −1
3 4

] , B = [
5 2
7 4 

]  𝑎𝑛𝑑 𝐶 = [
2 5
3 8

] . Find a matrix D such that CD -AB =O. 

3 Find the matrix A satisfying the matrix equation  
      [
2 1
3 2

] 𝐴 [
−3 2
5 −3

]  = [
1 0
0 1

] . 

4 

Determine the product 

















−−

−

















−−

−

−

312

221

111

135

317

444

and use it to solve the system of equations

132,922,4 =++=−−=+− zyxzyxzyx  

5 Solve the following system of equations by matrix method. 
             3x – 2y + 3z = 8,  2x + y – z = 1, 4x – 3y + 2z = 4 

6 The sum of three numbers is 6. If we multiply third number by 3 and add second number to it, we get 11. By 
adding first and third numbers, we get double of the second number. Represent it algebraically and find the 
numbers using matrix method. 

7 

If 

















−

−

−

=

211

423

532

A      find A–1. Using A–1 solve the system of equations 

          2x – 3y + 5z = 11 , 3x + 2y – 4z = – 5  ,x + y – 2z = –3.         

8 Solve the following system of equations by matrix method. 

       2
2096

,1
564

,4
1032

=−+=+−=++
zyxzyxzyx

 

9 

Find the non -singular matrices A, if it is given that 

















−

−

−−

=

141

303

121

adjA  

CASE BASED QUESTIONS (4 MARKS) 
 
CASE BASED QUESTION 

1. A manufacture produces three stationery products Pencil, Eraser and Sharpener which he sells in 

two markets A and B. Annual sales are indicated below 
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Market Products (in numbers) 

 Pencil Eraser Sharpener 

A 10,000 2000 18,000 

B 6000 20,000 8,000 

 

If the unit Sale price of Pencil, Eraser and Sharpener are Rs. 2.50, Rs. 1.50 and Rs. 1.00 respectively, and 

unit cost of the above three commodities are Rs. 2.00, Rs. 1.00 and Rs.0.50 respectively, then, 

Based on the above information answer the following:( Attempt any 4 ) 

1) Total revenue of market A 

a. Rs. 64,000 

b. Rs. 60,400 

c. Rs. 46,000 

d. Rs. 40600 

2) Total revenue of market B   

a. Rs. 35,000 

b. Rs. 53,000 

c. Rs. 50,300 

d. Rs. 30,500 

3) Cost incurred in market A  

a. Rs. 13,000 

b. Rs.30,100 

c. Rs. 10,300 

d. Rs. 31,000 

4) Profit in market A and B respectively are 

a. (Rs. 15,000, Rs. 17,000) 

b. (Rs. 17,000, Rs. 15,000) 

c. (Rs. 51,000, Rs. 71,000) 

d. ( Rs. 10,000, Rs. 20,000) 

5) Gross profit in both market 

a. Rs.23,000 

b. Rs. 20,300 

c. Rs. 32,000 

d. Rs. 30,200 
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CASE STUDY : 2 

Three schools DPS , CVC and KVS decided to organize a fair for collecting money for helping  the food 
victims 

They sold handmade fans , mats and plates from recycled material at a cost of  ₹ 25 , ₹  100 and ₹ 50 each 
respectively. The numbers of articles sold are given as 

School / Article DPS CVC KVS 

Handmade fans 40 25 35 

Mats 50 40 50 

Plates 20 30 40 

Based on the information given above , answer the following questions. 

 1.What is the total money ( in ₹) collected by the school DPS?   

(a) 700              (b) 7000               (c)  6125              (d) 7875 

2.What is the total amount of money (in ₹) collected by schools CVC and KVS? 

(a) 14000          (b) 15725         (c)  21000          (d) 13125 

3. What is the total amount of money (in ₹) collected by all three schools DPS , CVC and KVS ? 

(a) 15775            (b)  14000      (c) 21000           (d) 17125 

4. If the number of handmade fans and plates are interchanged for all the schools , then what is the total 

money (in ₹) collected by all the schools? 

(a) 18000           (b) 6750          (c)  5000            (d) 21250 

5. How many articles (in total) are sold by three schools? 

(a) 230              (b) 130            (c)  430               (d)  330     

CASE STUDY : 3 

On her birthday , Seema decided to donate some money to children of an orphanage home. 

 

If there were 8 children less , everyone would have got Rs 10 more. However , if there were 16 children more, 
everyone would have got Rs 10 less. Let the number of children be x and the amount distributed by Seema for 
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one child be y  (in ₹)  

Based on the information given above , answer the following questions. 

1. The equations in terms are  

(b) 5x - 4y = 40 , 5x – 8y = - 80 
(c) 5x - 4y = 40 , 5x + 8y =  80 
(d) 5x - 4y = 40 , 5x + 8y = - 80 
(e) 5x + 4y = 40 , 5x – 8y = - 80 

2. Which of following matrix equations represent the information given above? 

(a) [
5 4
5 8

] [ 
𝑥
𝑦 ]  = [ 40

−80
]      (b)  [5 −4

5 −8
][ 
𝑥
𝑦 ]= [ 40

80
]       

                    

    ( c) [5 −4
5 −8

] [ 
𝑥
𝑦 ]  = [ 40

−80
]      (d)  [5 4

5 −8
][ 
𝑥
𝑦 ]= [ 40

−80
]       

3. The number of children who were given some money by Seema, is  
(a) 30               (b) 40               (c) 23               (d) 32 

4. How much amount (in ₹) is given to each child by Seema ? 
(a) 32              (b) 30                (c) 62               (d) 26 

5. How much amount Seema spends in distributing the money to all the students of the Orphanage? 
(a) ₹609             (b) ₹ 960              (c) ₹906               (d) ₹ 690 

Answer key 

MCQ  (MULTIPLE  CHOICE QUESTIONS) 
 
1.(b)     2.(b)      3.(c)   4.(a)    5.(a)      6.(a)    7.(a)      8. (c)   9. (a)    10.(b) 
 
11. (a)     12.(c)  13.(a)  14.(a)  15.(c)    16.(a)  17.(c)   1 8. (d)  19. (b)  20.(a) 
 

ANSWERS TO ASSERTION REASONING QUESTIONS 

1. (c) Here correct reason is if A=𝐴−1,then matrix is involuntary 

2. (c) If A=𝐴𝑇 , 𝑡ℎ𝑒𝑛 A is a symmetric matrix and if A=−𝐴𝑇,then A is a skew symmetric 
matrix 

3. (b) Both are correct ,but here the reason which explains the assertion is distributive law 

4. (b)Both are correct, but correct reason which explains the Assertion is  |𝑎𝑑𝑗𝐴|=|𝐴|𝑛−1 

 
SHORT ANSWER TYPE QUESTIONS 

 

       1    [  8 −3 5
−2 −3 −6

  ]                                   2.  14                3. a= -2 , b=0 , c= -3                        4. α   = 0 

5 .   k=17                                                    6. [0 0
0 0

]               7      x=1 , y=2   8 .  Yes , x=3 and y = -1 

       9  .  a12   = 
1

2
                                                10.   . [1 0

0 1
] 
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11 .   x=2                                                     12 .    






 −
=

02

21
X  

       13. [−4 6
−9 𝑥

]                                              14.   x=2, y=9,x+y=1    15 .   k=2 

 
        16.  proof   17. λ =6  18.   Proof              19. a= -2/3   , b= 3/2  20. x=3, y=0    
     
      21. proof   22. Proof   23. proof 

 
LONG ANSWER TYPE QUESTIONS 

 

     1.   a=1, b=4                                    2. D= . [−191 −110
77 44

]  

    3. A =[1 1
1 0

]                                   4. Ans  x = 3 , y = -2 & z = -1 

   5. Ans : x = 1, y = 2 and z = 3.        6. Ans : x = 1, y = 2, z = 3   
   7.  Ans : x = 1, y = 2 , z = 3             8.     Ans  x = 2, y = 3 , z = 5 

  9.

















−−−

−−

−−

=

336

013

316

3

1
A  

CASE STUDY QUESTIONS ANSWERS 
Case study question 1 answers 
1.(c)     2.(b)      3.(d)   4.(a)    5.(c)  
 Case study question 2 answers 
1.(b)     2.(c)      3.(c)   4.(d)    5.(d) 
Case study question 3 answers 
1.(a)     2.(c)      3.(d)   4.(b)    5.(b) 

WORKSHEET 
MATRICES AND DETERMINANTS 

   
Max Marks: 20                                                                                                    Time: 40 Min 
1. If A is a 2×3 matrix such that AB and AB’ both are defined, then find the order of 

the matrix B. 
1 

2. 
If the matrix [

0 a 3
2 b −1
c 1 0

] is a skew symmetric matrix, find the values a, b and c. 
1 

3. Prove that AA’ is always a symmetric matrix for any square matrix of A. 1 
4. If A and B are square matrices, each of order 2 such that |A|=3 and |B|= - 2, then 

write the value of |3AB|. 
1 

5. If A is a square matrix of order 3 such that |adj A| = 225, find |Aʹ|. 1 
6. If |2x 5

8 x
| = |

6 −2
7 3

|, then find the possible value(s) of x. 1 

7. Find the equation of the line joining A(1,3) and B(0,0) using determinants and find 
k if D(k,0) is a point such that area of triangle ABD is 3 sq units. 

2 

8. 
Find A, if [

4
1
3
] A = [

−4 8 4
−1 2 1
−3 6 3

] 
2 

9. 
Given A = [

1 −1 0
2 3 4
0 1 2

] and B = [
2 2 −4
−4 2 −4
2 −1 5

] , find BA and use it to find the 

values of x, y, z from given equations: 
x − y = 3, 2x + 3y + 4z = 17,  y + 2z = 17 

5 
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10. 
If f(x) = [

cos x − sin x 0
sin x cos x 0
0 0 1

], prove that: f(x)f(−y) = f(x − y) 
5 

 
 
 

  

Work Sheet  –I 
1. 3×3 2. (a = - 2, b = 0, c = -3) 4. – 4, 5. ±15, 6. ±6, 7. 3x – y = 0; k = ±2, 
8. [−𝟏 𝟐 𝟏],  9. BA = 6 I; (x = - 14/3, y = - 23/3, z = 37/3). 
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CHAPTER 5: CONTINUITY AND DIFFERENTIABILITY 

MCQs (1 Mark) 

Q.1 If 𝑓(𝑥) = |𝑠𝑖𝑛𝑥|, then 

 (a) f is everywhere differentiable 

 (b) f is everywhere continuous but not differentiable at 𝑥 = 𝑛𝜋, 𝑛 ∈ 𝑍 

 (c) f is everywhere continuous but not differentiable at 𝑥 = (2𝑛 + 1)
𝜋

2
 , 𝑛 ∈ 𝑍 

 (d) None of the above 

Q.2 The function 𝑓(𝑥) = 𝑒|𝑥| is 

 (a) continuous everywhere but not differentiable at 𝑥 = 0 

 (b) continuous and differentiable everywhere 

 (c) not continuous at 𝑥 = 0 

 (d) None of the above 

Q.3 If 𝑦 = √sin (𝑠𝑖𝑛 𝑥) + 𝑦 , then 
𝑑𝑦

𝑑𝑥
 is equal to 

 (a) 
cos (sin𝑥) 𝑐𝑜𝑠 𝑥 

2𝑦 − 1
   (b) 

cos (𝑐𝑜𝑠 𝑥)  

1 − 2𝑦
   (c) 

cos (𝑠𝑖𝑛 𝑥) 

1 − 2𝑦
   (d) 

cos (𝑠𝑖𝑛 𝑥) 

2𝑦 − 1
 

Q.4 The derivative of cos−1(2x2 − 1) w.r.t. cos−1x is: 

 (a) 2    (b) 
−1

2√1−𝑥2
   (c)  

2

𝑥
    (d) 1 − 𝑥2 

Q.5 The value of 𝑘 for which the function f(x) = {
kx. cosec 3x,   𝑥 ≠ 0
 2,                       𝑥 = 0

   is continuous at 𝑥 is equal to: 

 (a) 3   (b) 0   (c) 6   (d) 
3

2
 

Q.6 The value of 𝑘 for which f(x) = {

1− 𝑠𝑖𝑛3𝑥

3𝑐𝑜𝑠2𝑥
,   𝑖𝑓 𝑥 ≠

𝜋

2

𝑘,              𝑖𝑓 𝑥 =
𝜋

2

   is continuous at 𝑥 =
𝜋

2
 is 

 (a)  
1

3
   (b)  

1

2
   (c) 0   (d) can not be determined 

Q.7 The value of x at which the function f(x) =
𝑥 + 1

𝑥2 + 𝑥 − 12
 is discontinuous are  
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 (a) −3, 4  (b) 3,−4   (c) −1,−3, 4  (d) −1, 3, 4 

Q.8 If A denotes the set of continuous functions and B denotes the set of differentiable functions, then 

which of the following depicts the correct relation between set A and B. 

   (a)       (b)  

  

  

 

 

   (c)      (d)  

 

 

 

 

Q.9 The function f(x) = x|x|, x ∈ R is differentiable: 

 (a) only at 𝑥 = 0 (b) only at 𝑥 = 1  (c) in R  (d) in R − {0} 

In the following question, a statement of assertion (A) is followed by a statement of Reason (R). Choose the 

correct answer out of the following choices. 

(a) Both A and R are true and R is the correct explanation of A. 

(b) Both A and R are true but R is not the correct explanation of A. 

(c) A is true but R is false. 

(d) A is false but R is true. 

Q.10 Assertion:  𝑓(𝑥) = {
√4+𝑥 −2

𝑥
,   𝑥 ≠ 0

𝑘,            𝑥 = 0
  is continuous at 𝑥 = 0 for 𝑘 =

1

4
 

 Reason:  For a function f to be continuous at 𝑥 = 𝑎. If  lim
𝑥→𝑎

f(x) = f(a). 

SA - I (2 Marks) 

Q.11 Examine the continuity of the function f(x) = {
1 − 𝑐𝑜𝑠2𝑥

𝑥2
,   𝑖𝑓 𝑥 ≠ 0 

5,              𝑖𝑓 𝑥 = 0
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Q.12 Examine the differentiability of the function  𝑓(𝑥) =  {
𝑥 [𝑥],          𝑖𝑓 0 ≤ 𝑥 < 2
(𝑥 − 1)𝑥,   𝑖𝑓 2 ≤ 𝑥 < 3 

 at 𝑥 = 2.  

Q.13 Find the derivative of the function: log tan (
π

4
+

x

2
). 

Q.14 Differentiate w. r. t. x: cot−1{√1 + x2 + x} 

Q.15 If 𝑥 =
1 + log 𝑡

𝑡2
, 𝑦 =

3 + 2 𝑙𝑜𝑔 𝑡 

𝑡
, find 

dy

dx
.  

Q.16 If 𝑦 = sin x𝑐𝑜𝑠
−1𝑥, find 

𝑑𝑦

𝑑𝑥
. 

Q.17 If x = a cos θ + b sin θ  and y = a sin θ − b cos θ,  prove that: 

 y2
d2y

dx2
− x

dy

dx
+ y = 0. 

SA - II (3 Marks) 

Q.18 If 𝑦 = √
1−𝑥

1+𝑥
  , prove that (1 − 𝑥2)

𝑑𝑦

𝑑𝑥
+ 𝑦 = 0  

Q.19 If 𝑥 = 𝑎 𝑠𝑖𝑛 𝑠𝑖𝑛 𝑡 − 𝑏 𝑐𝑜𝑠 𝑐𝑜𝑠 𝑡, 𝑦 = 𝑎 𝑐𝑜𝑠 𝑐𝑜𝑠 𝑡 + 𝑏 𝑠𝑖𝑛 𝑠𝑖𝑛 𝑡 , then prove that: 

 
𝑑2𝑦

𝑑𝑥2
= −(

𝑥2+𝑦2

𝑦3
). 

Q.20 If 𝑠𝑖𝑛 𝑦 = 𝑥 𝑠𝑖𝑛 (𝑎 + 𝑦) , prove that 
𝑑𝑦

𝑑𝑥
=

𝑠𝑖𝑛2(𝑎+𝑦)

𝑠𝑖𝑛𝑎
. 

Q.21 If (𝑎 + 𝑏𝑥)
𝑦

𝑥 = 𝑥, then prove that 𝑥 
𝑑2𝑦

𝑑𝑥2
= (

𝑎

𝑎 + 𝑏𝑥
)
2

 

Q.22 If x = tan (
1

a
 log y ) , show that (1 + x2)

d2y

dx2
+ (2x − a)

dy

dx
= 0. 

Q.23 If x = a sec3θ, y = a tan3θ, then find 
d2y

dx2
 at θ =

π

4
. 

LA - (5 Marks) 

Q.24 If y = xcot x +
2x2 − 3

x2 + x + 2
, find 

dy

dx
.  

Q.25 Differentiate:  tan−1 {
√1 + x2 − √1 − x2

√1 + x2  + √1 − x2
}  w. r. t. cos−1x2. 

Q.26 If (𝑡𝑎𝑛−1𝑥)𝑦 + 𝑦𝑐𝑜𝑡 𝑥 = 1, then find 
𝑑𝑦

𝑑𝑥
. 
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Q.27 If 𝑥 = 𝑎 (𝑐𝑜𝑠 𝑡 + 𝑙𝑜𝑔 𝑡𝑎𝑛 
𝑡

2
  ) , 𝑦 = 𝑎 𝑠𝑖𝑛 𝑡 , evaluate 

𝑑2𝑦

𝑑𝑥2
 at 𝑡 =

𝜋

3
 

Answer Keys 

MCQs (1 Mark) 

Q.1 (b) f is everywhere continuous but not differentiable at 𝑥 = 𝑛𝜋, 𝑛 ∈ 𝑍 

 Let 𝑢(𝑥) = 𝑠𝑖𝑛 𝑥  and 𝑣(𝑥) = |𝑥| 

 𝑓(𝑥) = 𝑣𝑜𝑢(𝑥) = 𝑣{𝑢(𝑥)} = 𝑣(𝑠𝑖𝑛𝑥) = |𝑠𝑖𝑛 𝑥 | 

 𝑢(𝑥) and 𝑣(𝑥) both are continuous. Hence, 𝑓(𝑥) = 𝑣𝑜𝑢(𝑥) is also continuous but 𝑣(𝑥) is not  

  differentiable at 𝑥 = 0. So, 𝑓(𝑥) is not differentiable at 𝑠𝑖𝑛 𝑥 = 0 ⇒ 𝑥 = 𝑛𝜋, 𝑛 ∈ 𝑍 

Q.2 (a) continuous everywhere but not differentiable at 𝑥 = 0 

 Let 𝑢(𝑥) =  |𝑥| and 𝑣(𝑥) = 𝑒𝑥 

 𝑓(𝑥) = 𝑣𝑜𝑢(𝑥) = 𝑣{𝑢(𝑥)} = 𝑣(|𝑥|) = 𝑒|𝑥| 

 𝑢(𝑥) and 𝑣(𝑥) both are continuous. Hence, 𝑓(𝑥) = 𝑣𝑜𝑢(𝑥) is also continuous but 𝑢(𝑥) is not  

  differentiable at 𝑥 = 0. So, 𝑓(𝑥) is not differentiable at 𝑥 = 0 

Q.3 (a) 
  cos (sin𝑥)𝑐𝑜𝑠 𝑥 

2𝑦−1
    

 𝑦2 = 𝑠𝑖𝑛 (𝑠𝑖𝑛 𝑥) + 𝑦 ⇒ 2𝑦
𝑑𝑦

𝑑𝑥
= cos(sin 𝑥) 𝑐𝑜𝑠 𝑥 +

𝑑𝑦

𝑑𝑥
⇒ (2𝑦 − 1)

𝑑𝑦

𝑑𝑥
= 𝑐𝑜𝑠(sinx)𝑐𝑜𝑠 𝑥 ⇒

              
𝑑𝑦

𝑑𝑥
=

𝑐𝑜𝑠 (𝑠𝑖𝑛𝑥) 𝑐𝑜𝑠 𝑥 

2𝑦−1
  

Q.4 (a) 2     

 Let 𝑢 = 𝑐𝑜𝑠−1(2𝑥2 − 1) and 𝑣 = 𝑐𝑜𝑠−1𝑥  

 
𝑑𝑢

𝑑𝑥
=

−1

√1−(2𝑥2−1)2
∙ (4𝑥) =

−2

√1−𝑥2
  and 

𝑑𝑣

𝑑𝑥
=

−1

√1−𝑥2
 

 Now, 
𝑑𝑢

𝑑𝑣
=

𝑑𝑢

𝑑𝑥
∙
𝑑𝑥

𝑑𝑣
=

−2

√1−𝑥2
 . (−√1 − 𝑥2) = 2   

Q.5 (c) 6   

 
𝑘𝑥

𝑠𝑖𝑛 3𝑥 
 = 𝑓(0) ⇒

𝑘

3

3𝑥

𝑠𝑖𝑛 3𝑥 
 = 2 ⇒

𝑘

3
= 2 ⇒ 𝑘 = 6. 
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Q.6 (b) 
1

2
   

 
1−𝑠𝑖𝑛3𝑥

3𝑐𝑜𝑠2𝑥
 = 𝑓 (

𝜋

2
) ⇒

(1−𝑠𝑖𝑛 𝑥 )(1+𝑠𝑖𝑛2𝑥 + 𝑠𝑖𝑛 𝑥 )

3(1−𝑠𝑖𝑛2𝑥)
 = 𝑘 ⇒

(1− 𝑠𝑖𝑛 𝑥 )(1 + 𝑠𝑖𝑛2𝑥 + 𝑠𝑖𝑛 𝑥 )

3(1− 𝑠𝑖𝑛 𝑥 )(1 + 𝑠𝑖𝑛 𝑥 )
 = 𝑘 

 ⇒
(1 + 𝑠𝑖𝑛2𝑥 +  𝑠𝑖𝑛 𝑥 )

3(1 + 𝑠𝑖𝑛 𝑥 )
 = 𝑘 ⇒ 𝑘 =

1

2
 

Q.7 (b) 3,−4 

 𝑓(𝑥) =
𝑥 + 1

𝑥2 + 𝑥 − 12
=

𝑥 + 1

 (𝑥 + 4)(𝑥 − 3)
 

Q.8 (a)        

Q.9 (d) in R − {0} 

Q.10 (A) Both Assertion (A) and Reason (R) is true and the Reason (R) is the correct explanation of 

Assertion (A).  

 
√4+𝑥 −2

𝑥
×
√4+𝑥 +2

√4+𝑥+2
=

4+𝑥−4

𝑥√4+𝑥+2
=

1

√4+𝑥+2
 

 
1

√4+𝑥+2
=

1

4
= 𝑓(0) ⇒ 𝑘 =

1

4
  

SA - I (2 Marks) 

Q.11 
1− 𝑐𝑜𝑠 2𝑥 

𝑥2
=

2𝑠𝑖𝑛2𝑥

𝑥2
 

 𝐿𝐻𝐿 = {
𝑠𝑖𝑛 (0 −ℎ) 

0−ℎ
}
2

 = 2 (
𝑠𝑖𝑛 ℎ 

ℎ
)
2

 = 2 

 𝑓(0) = 5 

 Since, 𝐿𝐻𝐿 ≠ 𝑓(0). Hence,  𝑓(𝑥) is not continuous at 𝑥 = 0 

Q.12 𝐿𝑓 ′(2) =
𝑓(2−ℎ)−𝑓(2)

−ℎ
 =

(2−ℎ)[2−ℎ]−(2−1) 2

−ℎ
 =

(2−ℎ) (1)−2

−ℎ
 = 1 

 𝑅𝑓 ′(2) =
𝑓(2+ℎ)−𝑓(2)

ℎ
 =

(2+ℎ−1)(2+ℎ)−(2−1) 2

ℎ
  

=
(1 + ℎ) (2 + ℎ) − 2

ℎ
 =

ℎ2 + 3ℎ + 2 − 2

ℎ
 = (ℎ + 3)  = 3 

 Since, 𝐿𝑓 ′(2) ≠ 𝑅𝑓 ′(2) 
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 So, 𝑓(𝑥) is not differentiable at 𝑥 = 2 

Q.13 Let 
𝜋

4
+
𝑥

2
= 𝑣, 𝑡𝑎𝑛 𝑣 = 𝑢,𝑤𝑒 𝑔𝑒𝑡 𝑦 = 𝑙𝑜𝑔 𝑢  

 
𝑑𝑦

𝑑𝑢
=

1

𝑢
=

1

𝑡𝑎𝑛 𝑣 
=

1

𝑡𝑎𝑛 (
𝜋

4
+
𝑥

2
) 
 

 
𝑑𝑢

𝑑𝑣
= 𝑠𝑒𝑐2𝑣 = 𝑠𝑒𝑐2 (

𝜋

4
+
𝑥

2
) 

 
𝑑𝑣

𝑑𝑥
=

1

2
 

 Now, 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
∙
𝑑𝑢

𝑑𝑣
∙
𝑑𝑣

𝑑𝑥
=

1

𝑡𝑎𝑛 (
𝜋

4
+
𝑥

2
) 
∙ 𝑠𝑒𝑐2 (

𝜋

4
+
𝑥

2
) ∙

1

2
=

1

2𝑠𝑖𝑛 (
𝜋

4
+
𝑥

2
) 𝑐𝑜𝑠 (

𝜋

4
+
𝑥

2
)  
=

1

𝑠𝑖𝑛 (
𝜋

2
 + 𝑥) 

= 𝑠𝑒𝑐 (
𝜋

2
 +  𝑥)  

Q.14 Let  𝑥 = 𝑐𝑜𝑡 𝜃 ,  we get 

 𝑦 = 𝑐𝑜𝑡−1(𝑐𝑜𝑠𝑒𝑐 𝜃 + 𝑐𝑜t𝜃) = 𝑐𝑜𝑡−1 (
1+ 𝑐𝑜𝑠𝜃 

𝑠𝑖𝑛 𝜃
) = 𝑐𝑜𝑡−1 (

2𝑐𝑜𝑠2(
𝜃

2
)

2 𝑠𝑖𝑛 
𝜃

2
 𝑐𝑜𝑠

𝜃

2
 
) 

= 𝑐𝑜𝑡−1 (𝑐𝑜𝑡 
𝜃

2
 ) =

𝜃

2
=
1

2
𝑐𝑜𝑡−1𝑥 

 
𝑑𝑦

𝑑𝑥
= −

1

2(1+𝑥2)
 

Q.15 
𝑑𝑥

𝑑𝑡
=

−1−2 𝑙𝑜𝑔 𝑡 

𝑡3
 and 

𝑑𝑦

𝑑𝑡
=

−1−2 𝑙𝑜𝑔 𝑡 

𝑡2
 

 Hence, 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦/𝑑𝑡

𝑑𝑥/𝑑𝑡
= 𝑡 

Q.16 𝑙𝑜𝑔 𝑦 = 𝑐𝑜𝑠−1𝑥 𝑙𝑜𝑔 𝑠𝑖𝑛𝑥  

 
1

𝑦

𝑑𝑦

𝑑𝑥
=

𝑐𝑜𝑠−1𝑥

𝑠𝑖𝑛 𝑥 
𝑐𝑜𝑠 𝑥 −

𝑙𝑜𝑔 𝑠𝑖𝑛 𝑥  

√1−𝑥2
⇒

𝑑𝑦

𝑑𝑥
= (𝑠𝑖𝑛 𝑥 )𝑐𝑜𝑠

−1𝑥 {𝑐𝑜𝑠−1𝑥 𝑐𝑜𝑡 𝑥 −
𝑙𝑜𝑔 𝑠𝑖𝑛 𝑥  

√1−𝑥2
} 

Q.17 
𝑑𝑥

𝑑𝜃
= −𝑎 𝑠𝑖𝑛 𝜃 + 𝑏 𝑐𝑜𝑠 𝜃 = −𝑦 and 

𝑑𝑦

𝑑𝜃
= 𝑎 𝑐𝑜𝑠 𝜃 + 𝑏 𝑠𝑖𝑛 𝜃  = 𝑥 

 
𝑑𝑦

𝑑𝑥
= −

𝑥

𝑦
 

 
𝑑2𝑦

𝑑𝑥2
= −

𝑦 − 𝑥
𝑑𝑦

𝑑𝑥

𝑦2
⇒ 𝑦2

𝑑2𝑦

𝑑𝑥2
− 𝑥

𝑑𝑦

𝑑𝑥
+ 𝑦 = 0 

SA - II (3 Marks) 
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Q.18 
𝑑𝑦

𝑑𝑥
=

1

2
(
1−𝑥

1+𝑥
)
−
1

2 𝑑

𝑑𝑥
(
1−𝑥

1+𝑥
) =

1

2
√
1+𝑥

1−𝑥
 
(1+𝑥)

𝑑

𝑑𝑥
(1−𝑥)−(1−𝑥)

𝑑

𝑑𝑥
(1+𝑥)

(1+𝑥)2
= −√

1+𝑥

1−𝑥
 

1

(1+𝑥)2
 

 (1 − 𝑥2)
𝑑𝑦

𝑑𝑥
= −√

1+𝑥

1−𝑥
 
1−𝑥2

(1+𝑥)2
 

⇒ (1 − 𝑥2)
𝑑𝑦

𝑑𝑥
= −√

1 − 𝑥

1+ 𝑥
⇒ (1 − 𝑥2)

𝑑𝑦

𝑑𝑥
= −𝑦 ⇒ (1 − 𝑥2)

𝑑𝑦

𝑑𝑥
+ 𝑦 = 0 

Q.19 𝑥 = 𝑎 𝑠𝑖𝑛 𝑠𝑖𝑛 𝑡 − 𝑏 𝑐𝑜𝑠 𝑐𝑜𝑠 𝑡 , 𝑦 = 𝑎 𝑐𝑜𝑠 𝑐𝑜𝑠 𝑡 + 𝑏 𝑠𝑖𝑛 𝑠𝑖𝑛 𝑡 , 

𝑑𝑥

𝑑𝑡
= 𝑎 𝑐𝑜𝑠 𝑐𝑜𝑠 𝑡 + 𝑏 𝑠𝑖𝑛 𝑠𝑖𝑛 𝑡 = 𝑦 

𝑑𝑦

𝑑𝑡
= −𝑎 𝑠𝑖𝑛 𝑠𝑖𝑛 𝑡 + 𝑏 𝑐𝑜𝑠 𝑐𝑜𝑠 𝑡 = −𝑥  

𝑑𝑦

𝑑𝑥
= −

𝑥

𝑦
 

𝑑2𝑦

𝑑𝑥2
= −

𝑦
𝑑

𝑑𝑥
(𝑥)−𝑥

𝑑

𝑑𝑥
(𝑦)

𝑦2
= −

𝑦−𝑥
𝑑𝑦

𝑑𝑥

𝑦2
= −

𝑦−𝑥(−
𝑥

𝑦
)

𝑦2
= −(

𝑥2+𝑦2

𝑦3
). 

Q.20 𝑥 =
𝑠𝑖𝑛 𝑦 

𝑠𝑖𝑛 (𝑎+𝑦) 
 

 
𝑑𝑥

𝑑𝑦
=

𝑠𝑖𝑛 (𝑎+𝑦)
𝑑

 𝑑𝑦
(𝑠𝑖𝑛 𝑦 )− 𝑠𝑖𝑛 𝑦 

𝑑

𝑑𝑦
(𝑠𝑖𝑛 (𝑎+𝑦) ) 

𝑠𝑖𝑛2(𝑎+𝑦)
=

𝑠𝑖𝑛 (𝑎+𝑦) 𝑐𝑜𝑠 𝑦 − 𝑠𝑖𝑛 𝑦 𝑐𝑜𝑠 (𝑎+𝑦)  

𝑠𝑖𝑛2(𝑎+𝑦)
=

𝑠𝑖𝑛 (𝑎+𝑦−𝑦) 

𝑠𝑖𝑛2(𝑎+𝑦)
=

𝑠𝑖𝑛 𝑎 

𝑠𝑖𝑛2(𝑎+𝑦)
 

 
𝑑𝑦

𝑑𝑥
=

𝑠𝑖𝑛2(𝑎+𝑦)

𝑠𝑖𝑛𝑎
 

Q.21 If (𝑎 + 𝑏𝑥)
𝑦

𝑥 = 𝑥, then prove that 𝑥 
𝑑2𝑦

𝑑𝑥2
= (

𝑎

𝑎 + 𝑏𝑥
)
2

 

 𝑙𝑜𝑔 (𝑎 + 𝑏𝑥)
𝑦

𝑥  = 𝑙𝑜𝑔 𝑥 ⇒
𝑦

𝑥
= 𝑙𝑜𝑔 

𝑥

𝑎+𝑏𝑥
  

 
𝑥
𝑑𝑦

𝑑𝑥
−𝑦

𝑑

𝑑𝑥
(𝑥) 

𝑥2
=

𝑎+𝑏𝑥

𝑥
{
(𝑎+𝑏𝑥)

𝑑

𝑑𝑥
(𝑥)−𝑥

𝑑

𝑑𝑥
(𝑎+𝑏𝑥)

(𝑎+𝑏𝑥)2
} ⇒ 𝑥

𝑑𝑦

𝑑𝑥
− 𝑦 =

𝑎𝑥

(𝑎+𝑏𝑥)
 

 Again, 𝑥 
𝑑2𝑦

𝑑𝑥2
+
𝑑𝑦

𝑑𝑥
−
𝑑𝑦

𝑑𝑥
=

(𝑎+𝑏𝑥)
𝑑

𝑑𝑥
(𝑎𝑥)−𝑎𝑥

𝑑

𝑑𝑥
(𝑎+𝑏𝑥)

(𝑎+𝑏𝑥)2
= (

𝑎

𝑎+𝑏𝑥
)
2

 

Q.22 Given that, 𝑥 = 𝑡𝑎𝑛 (
1

𝑎
 𝑙𝑜𝑔 𝑦 )  ⇒ 𝑎 𝑡𝑎𝑛−1𝑥 = 𝑙𝑜𝑔 𝑦  

 Diff. 𝑤. 𝑟. 𝑡. 𝑥,   

𝑎

1 + 𝑥2
=
1

𝑦

𝑑𝑦

𝑑𝑥
⇒ (1 + 𝑥2)

𝑑𝑦

𝑑𝑥
= 𝑎𝑦 
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 Diff. 𝑤. 𝑟. 𝑡. 𝑥 again, 

 (1 + 𝑥2) 
𝑑2𝑦

𝑑𝑥2
+ 2𝑥

𝑑𝑦

𝑑𝑥
= 𝑎

𝑑𝑦

𝑑𝑥
⇒ (1 + 𝑥2) 

𝑑2𝑦

𝑑𝑥2
+ (2𝑥 − 𝑎)

𝑑𝑦

𝑑𝑥
= 0 

Q.23 Here , 𝑥 = 𝑎 𝑠𝑒𝑐3𝜃 𝑎𝑛𝑑 𝑦 = 𝑎 𝑡𝑎𝑛3𝜃 

 
𝑑𝑦

𝑑𝜃
= 3𝑎 𝑡𝑎𝑛2𝜃 𝑠𝑒𝑐2𝜃 and 

𝑑𝑥

𝑑𝜃
= 3𝑎 𝑠𝑒𝑐3𝜃 𝑡𝑎𝑛 𝜃  

 
𝑑𝑦

𝑑𝑥
= 𝑠𝑖𝑛 𝜃  

 Now, 
𝑑2𝑦

𝑑𝑥2
=

𝑑

𝑑𝜃
(
𝑑𝑦

𝑑𝑥
)
𝑑𝜃

𝑑𝑥
=

𝑑

𝑑𝜃
(𝑠𝑖𝑛 𝜃 )   ∙

1

3𝑎 𝑠𝑒𝑐3𝜃𝑡𝑎𝑛𝜃
=

𝑐𝑜𝑠5𝜃

3𝑎𝑠𝑖𝑛𝜃
 

 At 𝜃 =
𝜋

4
, 
𝑑2𝑦

𝑑𝑥2
=

1

12𝑎
 

LA (5 Marks) 

Q.24 Let 𝑢 = 𝑥𝑐𝑜𝑡 𝑥  and 𝑣 =
2𝑥2−3

𝑥2+𝑥+2
 

 𝑙𝑜𝑔 𝑢 = 𝑐𝑜𝑡 𝑥 𝑙𝑜𝑔 𝑥 ⇒
1

𝑢

𝑑𝑢

𝑑𝑥
=

𝑐𝑜𝑡 𝑥 

𝑥
− 𝑙𝑜𝑔 𝑥  𝑐𝑜𝑠𝑒𝑐2𝑥 ⇒

𝑑𝑢

𝑑𝑥
= 𝑥𝑐𝑜𝑡 𝑥 (

𝑐𝑜𝑡 𝑥 

𝑥
− 𝑙𝑜𝑔 𝑥  𝑐𝑜𝑠𝑒𝑐2𝑥) 

 
𝑑𝑣

𝑑𝑥
=

(𝑥2+𝑥+2)
𝑑

𝑑𝑥
(2𝑥2−3)−(2𝑥2−3)

𝑑

𝑑𝑥
(𝑥2+𝑥+2)

(𝑥2+𝑥+2)2
=

2𝑥2+14𝑥+3

(𝑥2+𝑥+2)2
 

 Now, 
𝑑𝑦

𝑑𝑥
=

𝑑𝑢

𝑑𝑥
+

𝑑𝑣

𝑑𝑥
= 𝑥𝑐𝑜𝑡 𝑥 (

𝑐𝑜𝑡 𝑥 

𝑥
−𝑙𝑜𝑔 𝑙𝑜𝑔 𝑥  𝑐𝑜𝑠𝑒𝑐2𝑥) +

2𝑥2+14𝑥+3

(𝑥2+𝑥+2)2
 

Q.25 Let 𝑥2 = 𝑐𝑜𝑠 𝜃 

 Let, 𝑢 = 𝑡𝑎𝑛−1 {
√1+𝑐𝑜𝑠 𝜃  − √1−𝑐𝑜𝑠 𝜃 

√1+𝑐𝑜𝑠 𝜃 − √1−𝑐𝑜𝑠 𝜃
} = 𝑡𝑎𝑛−1 {𝑡𝑎𝑛  (

𝜋

4
−
𝜃

2
) } =

𝜋

4
−
1

2
𝑐𝑜𝑠−1𝑥2 

 
𝑑𝑢

𝑑𝑥
=

𝑥

√1−𝑥4
 

 And let 𝑣 = 𝑐𝑜𝑠−1𝑥2 

 
𝑑𝑣

𝑑𝑥
=

−2𝑥

√1−𝑥4
 

 Now, 
𝑑𝑢

𝑑𝑣
= −

1

2
 

Q.26 If (𝑡𝑎𝑛−1𝑥)𝑦 + 𝑦𝑐𝑜𝑡 𝑥 = 1, to find 
𝑑𝑦

𝑑𝑥
. Let u = (𝑡𝑎𝑛−1𝑥)𝑦 and v = 𝑦𝑐𝑜𝑡 𝑥  

             u + v = 1. Implies 
𝑑𝑢

𝑑𝑥
 + 

𝑑𝑣

𝑑𝑥
 = 0 
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              now appl𝑦 logarithmic derivative method  

Q.27 If 𝑥 = 𝑎 (𝑐𝑜𝑠 𝑡 +𝑙𝑜𝑔 𝑡𝑎𝑛 
𝑡

2
  ) , 𝑦 = 𝑎 𝑠𝑖𝑛 𝑡 , Evaluate 

𝑑2𝑦

𝑑𝑥2
 at 𝑡 =

𝜋

3
 

WORKSHEET 

CONTINUITY AND DIFFERENTIABILITY 

MCQs (1 Mark) 

Q.1 The function 𝑓(𝑥) =
4−𝑥2

4𝑥−𝑥3
 is 

 (a) discontinuous at only one point 

 (b) discontinuous at exactly two points 

 (c) discontinuous exactly three points 

 (d) None of the above  

Q.2 The set of points where the function 𝑓 given by 𝑓(𝑥) = |2𝑥 − 1| 𝑠𝑖𝑛𝑥 is differentiable is 

  (a) R 

 (b) 𝑅 − (
1

2
) 

 (c) (0, ∞) 

 (d) None of the above  

Q.3 If 𝑦 = 𝑙𝑜𝑔 (
1−𝑥2

1+𝑥2
), then 

𝑑𝑦

𝑑𝑥
 is equal to 

 (a) 
4𝑥3

1−𝑥4
 

 (b) 
−4𝑥

1−𝑥4
 

 (c) 
1

4−𝑥4
 

 (d) 
−4𝑥3

1−𝑥4
 

Q.4 The set of all points where the function 𝑓(𝑥) = 𝑥 + |𝑥| is differentiable, is 

 (a) (0, ∞)  (b) (−∞, 0)  (c) (−∞, 0) ∪ (0, ∞)  (d) (−∞, ∞) 

Q.5 The function 𝑓(𝑥) = [𝑥], where [𝑥] denotes the greatest integer function less than or equal to 𝑥 is 
continuous at  

 (a) 𝑥 = 1  (b) 𝑥 = 1.5  (c) 𝑥 = −2  (d) 𝑥 = 4 

Q.6 If the function 𝑓(𝑥) = {
𝑥2−1

𝑥−1
,   𝑥 ≠ 1

𝑘,   𝑥 = 1
 is continuous at 𝑥 = 1, then the value of k is 

 (a) 0   (b) 1   (c) −1   (d) 2 
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Q.7 The value of b for which the function 𝑓(𝑥) = {
5𝑥 − 4,   0 < 𝑥 ≤ 1

4𝑥2 + 3𝑏𝑥,   1 < 𝑥 < 2
 is continuous at every point 

of its domain is 

 (a) −1   (b) 0   (c) 
13

3
   (d) 1 

Q.8 lim
𝑥→0

√
1

2
(1−cos2𝑥)

𝑥
 is equal to 

 (a) 1   (b) −1   (c) 0   (d) None of these 

Q.9 If 𝑥𝑒𝑦 = 1, then the value of 
𝑑𝑦

𝑑𝑥
 at 𝑥 = 1 is: 

 (a) −1   (b) 1   (c) −𝑒   (d) −
1

𝑒
 

Q.10 Assertion (A): Let 𝑦 = 𝑡10 + 1 and 𝑥 = 𝑡8 + 1, then 
𝑑2𝑦

𝑑𝑥2
= 20𝑡8 

 Reason (R): 
𝑑2𝑦

𝑑𝑥2
=

𝑑

𝑑𝑡
(
𝑑𝑦

𝑑𝑥
)
𝑑𝑡

𝑑𝑥
   

SA-I  (2 Marks) 

Q.11 Examine the continuity of the function 𝑓(𝑥) = {
|𝑥−4|

2(𝑥−4)
,   𝑖𝑓 𝑥 ≠ 4

0,   𝑖𝑓 𝑥 = 4
 

Q.12 Check the differentiability of the function 𝑓(𝑥) = |𝑥 − 5|, at the point 𝑥 = 5.  

Q.13 Find the derivative of the function: 𝑙𝑜𝑔(sec 𝑥 + tan 𝑥). 

Q.14 Differentiate . 𝑟. 𝑡. 𝑥 : 𝑡𝑎𝑛−1 {
√1+𝑥2 −1

𝑥
} , 𝑥 ≠ 0 

Q.15 If 𝑦 = 𝑠𝑖𝑛−1𝑥 + 𝑠𝑖𝑛−1√1 − 𝑥2, 𝑥 ∈ (0, 1), find 
𝑑𝑦

𝑑𝑥
. 

Q.16 If 𝑦 = 𝑥𝑐𝑜𝑠
−1𝑥, find 

𝑑𝑦

𝑑𝑥
. 

SA-II (3 Marks) 

Q.17  Differentiate 𝑤. 𝑟. 𝑡. 𝑥:  𝑒𝑐𝑜𝑠
−1√1−𝑥2 

Q.18 If 𝑥√1 + 𝑦 + 𝑦√1 + 𝑥 = 0 and 𝑥 ≠ 𝑦, prove that 
𝑑𝑦

𝑑𝑥
= −

1

(𝑥+1)2 
. 

Q.19 If 𝑐𝑜𝑠−1 (
𝑥2−𝑦2

𝑥2+𝑦2
) = 𝑡𝑎𝑛−1𝑎, prove that 

𝑑𝑦

𝑑𝑥
=

𝑦

𝑥
. 

Q.20 If 𝑥𝑦 = 𝑒𝑥−𝑦, prove that 
𝑑𝑦

𝑑𝑥
=

log𝑥

(1+log𝑥)2
. 

LSA (5 Marks) 

Q.21 If 𝑦 = (sin 𝑥)tan𝑥 + (cos 𝑥)sec𝑥, find 
𝑑𝑦

𝑑𝑥
. 

Q.22 If 𝑥 = 𝑒cos2𝑡 and 𝑦 = 𝑒sin2𝑡, prove that 
𝑑𝑦

𝑑𝑥
= −

𝑦 log𝑥

𝑥 log𝑦
. 
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Q.23  Differentiate 𝑡𝑎𝑛−1 (
√1+𝑥2−1

𝑥
)  𝑤. 𝑟. 𝑡. 𝑡𝑎𝑛−1𝑥.  

Q.24 If 𝑦 = 𝐴 cos(log 𝑥) + 𝐵 sin(log 𝑥), prove that 𝑥2
𝑑2𝑦

𝑑𝑥2
+ 𝑥

𝑑𝑦

𝑑𝑥
+ 𝑦 = 0. 

Q.25 If 𝑦 =
𝑠𝑖𝑛−1𝑥

√1−𝑥2
, show that (1 − 𝑥2)

𝑑2𝑦

𝑑𝑥2
− 3𝑥

𝑑𝑦

𝑑𝑥
− 𝑦 = 0. 

 

Answer Keys 

MCQs (1 Mark) 

Q.1 (c) discontinuous exactly three points 

  We have 𝑓(𝑥) =
4−𝑥2

4𝑥−𝑥3
=

4−𝑥2

𝑥(2+𝑥)(2−𝑥)
,  

Clearly,  𝑓(𝑥) is discontinuous at exactly three points 𝑥 = 0, 𝑥 = 2, 𝑥 = −2. 

Q.2 (b) 𝑅 − (
1

2
) 

 𝐿𝑓′(𝑥) ≠ 𝑅𝑓′(𝑥) at 𝑥 =
1

2
, 𝑓(𝑥) is not differentiable. Hence, 𝑓(𝑥) is differentiable in 𝑅 − {

1

2
}  

Q.3 (b) 
−4𝑥

1−𝑥4
 

 𝑦 = log (
1−𝑥2

1+𝑥2
) = log(1 − 𝑥2) − log(1 + 𝑥2) 

 
𝑑𝑦

𝑑𝑥
=

−2𝑥

1−𝑥2
−

2𝑥

1+𝑥2
=

−4𝑥

1−𝑥4
 

Q.4 (c) (−∞, 0) ∪ (0, ∞) 

 𝑓(𝑥) = {
0,   𝑥 < 0
2𝑥,   𝑥 > 0

 

 𝐿𝑓′(𝑥) ≠ 𝑅𝑓′(𝑥) at 𝑥 = 0, 𝑓 is differentiable at 𝑥 ∈ 𝑅 except 0. 

Q.5 (b) 𝑥 = 1.5  

 The function is continuous at all real numbers not equal to integers.  

Q.6 (d) 2 

 lim
𝑥→1

𝑓(𝑥) = lim
𝑥→1

𝑥2−1

𝑥−1
= 𝑓(1) 

 lim
𝑥→1

(𝑥−1)(𝑥+1)

𝑥−1
= 𝑘 

 lim
𝑥→1

𝑥 + 1 = 𝑘 

 1 + 1 = 𝑘 

 𝑘 = 2 

Q.7 (a) −1    
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 lim
𝑥→1−

(5𝑥 − 4) = 𝑓(1) = 1, lim
𝑥→1+

4𝑥2 + 3𝑏𝑥 = 4 + 3𝑏 

 4 + 3𝑏 = 1 

 𝑏 = −1 

Q.8 (a) 1   

 lim
𝑥→0

√
1

2
(1−cos2𝑥)

𝑥
= lim

𝑥→0

√
1

2
(2𝑠𝑖𝑛2𝑥)

𝑥
= lim

𝑥→0

sin𝑥

𝑥
= 1 

Q.9 (a) −1    

 Diff. 𝑤. 𝑟. 𝑡. 𝑥  

 𝑒𝑦 + 𝑥𝑒𝑦
𝑑𝑦

𝑑𝑥
= 0  

 
𝑑𝑦

𝑑𝑥
= −

1

𝑥
 

 
𝑑𝑦

𝑑𝑥
|
𝑥=1

= −1 

 Or 

 𝑦 = − log 𝑥 

 
𝑑𝑦

𝑑𝑥
= −

1

𝑥
 

 
𝑑𝑦

𝑑𝑥
|
𝑥=1

= −1 

Q.10 (d) Assertion (A) is false but Reason (R) is true  

 𝑑𝑦

𝑑𝑡
= 10𝑡9,

𝑑𝑥

𝑑𝑡
= 8𝑡7 

 𝑑𝑦

𝑑𝑥
=

5

4
𝑡2 

 𝑑2𝑦

𝑑𝑥2
=

𝑑

𝑑𝑡
(
𝑑𝑦

𝑑𝑥
)
𝑑𝑡

𝑑𝑥
=

𝑑

𝑑𝑡
(
5

4
𝑡2)

𝑑𝑡

𝑑𝑥
=

10𝑡

4
∙
1

8𝑡7
=

5

16𝑡6
 

SA-I  (2 Marks) 

Q.11 𝑓(𝑥) =

{
 

 
−(𝑥−4)

2(𝑥−4)
= −

1

2
,   𝑖𝑓 𝑥 < 4

=  
1

2
,   𝑖𝑓 𝑥 > 4

0,   𝑖𝑓 𝑥 = 4

 

 𝑓(4) = 0 

 LHL= lim
𝑥→4−

𝑓(𝑥) = −
1

2
 and RHL = lim

𝑥→4+
𝑓(𝑥) =

1

2
 

 Clearly, 𝐿𝐻𝐿 ≠ 𝑅𝐻𝐿 

 𝑓(𝑥) is not continuous at 𝑥 = 4 
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Q.12 𝑓(𝑥) = {
5 − 𝑥,   𝑖𝑓 𝑥 < 5
𝑥 − 5,   𝑖𝑓 𝑥 ≥ 5

 

 𝐿𝑓′(𝑥) = lim
ℎ→0

𝑓(5−ℎ)−𝑓(5)

−ℎ
= lim

ℎ→0

5−(5−ℎ)−0

ℎ
= −1 

 𝑅𝑓′(𝑥) = lim
ℎ→0

𝑓(5+ℎ)−𝑓(5)

ℎ
= lim

ℎ→0

5+ℎ−5−0

ℎ
= 1  

 Clearly, 𝐿𝑓′(𝑥) ≠ 𝑅𝑓′(𝑥), 𝑓(𝑥) is not differentiable at 𝑥 = 5. 

Q.13 Let 𝑢 = sec 𝑥 + tan 𝑥, then 𝑦 = 𝑙𝑜𝑔𝑢 

 
𝑑𝑢

𝑑𝑥
= sec 𝑥 tan 𝑥 + 𝑠𝑒𝑐2𝑥,  

𝑑𝑦

𝑑𝑢
=

1

𝑢
=

1

(sec𝑥+tan𝑥)
 

 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
∙
𝑑𝑢

𝑑𝑥
=

1

(sec𝑥+tan𝑥)
(sec 𝑥 tan 𝑥 + 𝑠𝑒𝑐2𝑥) =

𝑠𝑒𝑐𝑥 (sec𝑥+tan𝑥)

(sec𝑥+tan𝑥)
= sec 𝑥 

Q.14 Let 𝑥 = tan𝜃 

 𝑡𝑎𝑛−1 {
√1+𝑡𝑎𝑛2𝜃 −1

tan𝜃
} = 𝑡𝑎𝑛−1 {

√𝑠𝑒𝑐2𝜃 −1

tan𝜃
} = 𝑡𝑎𝑛−1 {

sec𝜃−1

tan𝜃
} = 𝑡𝑎𝑛−1 {

1−cos𝜃

sin𝜃
} 

= 𝑡𝑎𝑛−1 {
2𝑠𝑖𝑛2  

𝜃
2  

2 sin
𝜃
2 cos

𝜃
2

} = 𝑡𝑎𝑛−1 {tan
𝜃

2
} =

𝜃

2
=
1

2
𝑡𝑎𝑛−1𝑥 

 We have 𝑦 =
1

2
𝑡𝑎𝑛−1𝑥 

 
𝑑𝑦

𝑑𝑥
=

1

2
∙

1

1+𝑥2
 

Q.15 Let 𝑥 = sin 𝜃,  we have 𝑦 = 𝑠𝑖𝑛−1(sin 𝜃) + 𝑠𝑖𝑛−1(cos𝜃)  

Since, 0 < sin 𝜃 < 1 ⇒ 0 < 𝜃 <
𝜋

2
⇒ 0 <

𝜋

2
− 𝜃 <

𝜋

2
 

Therefore, 𝑦 = 𝑠𝑖𝑛−1(sin 𝜃) + 𝑠𝑖𝑛−1 {sin (
𝜋

2
− 𝜃)} 

𝑦 = 𝜃 +
𝜋

2
− 𝜃 =

𝜋

2
 

Q.16 Taking log both sides 

 log 𝑦 = 𝑐𝑜𝑠−1𝑥 log 𝑥 

 Using product rule 

 
1

𝑦

𝑑𝑦

𝑑𝑥
=

𝑐𝑜𝑠−1𝑥

𝑥
+
− log𝑥

√1−𝑥2
 

 
𝑑𝑦

𝑑𝑥
= 𝑥𝑐𝑜𝑠

−1𝑥 (
𝑐𝑜𝑠−1𝑥

𝑥
+
− log𝑥

√1−𝑥2
) 

SA-II (3 Marks) 

Q.17 𝑦 = 𝑒𝑐𝑜𝑠
−1√1−𝑥2 

 
𝑑𝑦

𝑑𝑥
=

𝑑

𝑑𝑥
{𝑒𝑐𝑜𝑠

−1√1−𝑥2} = 𝑒𝑐𝑜𝑠
−1√1−𝑥2 𝑑

𝑑𝑥
{𝑐𝑜𝑠−1√1 − 𝑥2} 



142 
 

= 𝑒𝑐𝑜𝑠
−1√1−𝑥2 ∙

−1

√1 − (1 − 𝑥2)

𝑑

𝑑𝑥
{√1 − 𝑥2} 

= 𝑒𝑐𝑜𝑠
−1√1−𝑥2 ∙

−1

√1 − (1 − 𝑥2)
∙

1

2√1 − 𝑥2

𝑑

𝑑𝑥
(1 − 𝑥2) 

= 𝑒𝑐𝑜𝑠
−1√1−𝑥2 ∙

−1

√1 − (1 − 𝑥2)
∙

1

2√1 − 𝑥2
 (−2𝑥) 

= 𝑒𝑐𝑜𝑠
−1√1−𝑥2

1

√1 − 𝑥2
 

Q.18 𝑥√1 + 𝑦 + 𝑦√1 + 𝑥 = 0 

 ⇒  𝑥√1 + 𝑦 = −𝑦√1 + 𝑥 

 ⇒ 𝑥2(1 + 𝑦) = 𝑦2(1 + 𝑥) 

 ⇒ 𝑥2 − 𝑦2 = 𝑥𝑦2 − 𝑥2𝑦 

 ⇒ (𝑥 − 𝑦)(𝑥 + 𝑦) = −𝑥𝑦(𝑥 − 𝑦) 

 ⇒ 𝑥 + 𝑦 = −𝑥𝑦 

 ⇒ 𝑦 + 𝑥𝑦 = −𝑥 

 ⇒ 𝑦(1 + 𝑥) = −𝑥 

 ⇒ 𝑦 =
−𝑥

1+𝑥
 

 Now, 
𝑑𝑦

𝑑𝑥
= −{

(1+𝑥)∙1−𝑥(0+1)

(1+𝑥)2
} = −

1

(1+𝑥)2
  

Q.19 𝑐𝑜𝑠−1 (
𝑥2−𝑦2

𝑥2+𝑦2
) = 𝑡𝑎𝑛−1𝑎 

 ⇒
𝑥2−𝑦2

𝑥2+𝑦2
= cos(𝑡𝑎𝑛−1𝑎) = 𝑘,𝑤ℎ𝑒𝑟𝑒 𝑘 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

 ⇒
2𝑥2

−2𝑦2
=

𝑘+1

𝑘−1
 

 ⇒
𝑥2

𝑦2
=

1+𝑘

1−𝑘
= 𝑚,  (another constant) 

 Diff 𝑤. 𝑟. 𝑡. 𝑥,  
𝑦2

𝑑

𝑑𝑥
(𝑥2)−𝑥2

𝑑

𝑑𝑥
(𝑦2)

(𝑦2)2
= 0 

⇒ 𝑦2(2𝑥) − 𝑥2(2𝑦)
𝑑𝑦

𝑑𝑥
= 0 

 ⇒ 2𝑥2𝑦
𝑑𝑦

𝑑𝑥
= 2𝑥𝑦2 

 ⇒
𝑑𝑦

𝑑𝑥
=

𝑦

𝑥
 

Q.20 Taking log both sides 
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 𝑦 log 𝑥 = 𝑥 − 𝑦 

 ⇒ 𝑦 log 𝑥 + 𝑦 = 𝑥 

 ⇒ 𝑦(1 + log 𝑥) = 𝑥 

 ⇒ 𝑦 =
𝑥

1+log𝑥
 

 Diff. 𝑤. 𝑟. 𝑡. 𝑥 

 
𝑑𝑦

𝑑𝑥
=

(1+log𝑥)
𝑑

𝑑𝑥
(𝑥)−𝑥

𝑑

𝑑𝑥
(1+log𝑥)

(1+log𝑥)2
=

(1+log𝑥)∙1−𝑥(0+
1

𝑥
)

(1+log𝑥)2
=

log𝑥

(1+log𝑥)2
 

LSA (5 Marks) 

Q.21 Let 𝑢 = (sin 𝑥)tan𝑥 and 𝑣 = (cos 𝑥)sec𝑥 

 log 𝑢 = tan 𝑥 log(sin 𝑥) and log 𝑣 = sec 𝑥 log(cos 𝑥) 

 
1

𝑢

𝑑𝑢

𝑑𝑥
= tan 𝑥

𝑑

𝑑𝑥
{log(sin 𝑥)} + log(sin 𝑥)

𝑑

𝑑𝑥
(tan𝑥) = tan 𝑥  

cos𝑥

sin𝑥
+ log(sin 𝑥) 𝑠𝑒𝑐2𝑥 

 
𝑑𝑢

𝑑𝑥
= (sin 𝑥)tan𝑥{1 + log(sin 𝑥) 𝑠𝑒𝑐2𝑥} 

 and 
1

𝑣

𝑑𝑣

𝑑𝑥
= sec 𝑥

𝑑

𝑑𝑥
{log(cos 𝑥)} + log(cos 𝑥)

𝑑

𝑑𝑥
(sec 𝑥) = sec 𝑥  

−sin𝑥

cos𝑥
+ sec 𝑥 tan 𝑥 log(cos 𝑥) 

 
𝑑𝑣

𝑑𝑥
= (cos 𝑥)sec𝑥{sec 𝑥 tan 𝑥 log(cos 𝑥) − sec 𝑥 tan 𝑥} 

 
𝑑𝑦

𝑑𝑥
=

𝑑𝑢

𝑑𝑥
+

𝑑𝑣

𝑑𝑥
 

= (sin 𝑥)tan𝑥{1 + log(sin 𝑥) 𝑠𝑒𝑐2𝑥} + (cos 𝑥)sec𝑥{sec 𝑥 tan 𝑥 log(cos 𝑥) − sec 𝑥 tan 𝑥} 

Q.22 log 𝑥 = cos 2𝑡 and log 𝑦 = sin 2𝑡 

 
1

𝑥

𝑑𝑥

𝑑𝑡
= −2sin 2𝑡 and 

1

𝑦

𝑑𝑦

𝑑𝑡
= 2 cos 2𝑡 

 
𝑑𝑦

𝑑𝑡
= 2𝑦 cos 2𝑡 and 

𝑑𝑥

𝑑𝑡
= −2𝑥 sin 2𝑡 

 Now, 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦/𝑑𝑡

𝑑𝑥/𝑑𝑡
=

2𝑦 cos2𝑡

−2𝑥 sin2𝑡
= −

𝑦 log𝑥

𝑥 log𝑦
 

Q.23 Differentiate 𝑡𝑎𝑛−1 (
√1+𝑥2−1

𝑥
)  𝑤. 𝑟. 𝑡. 𝑡𝑎𝑛−1𝑥.  

 Let 𝑥 = tan𝜃 

 𝑡𝑎𝑛−1 {
√1+𝑡𝑎𝑛2𝜃 −1

tan𝜃
} = 𝑡𝑎𝑛−1 {

√𝑠𝑒𝑐2𝜃 −1

tan𝜃
} = 𝑡𝑎𝑛−1 {

sec𝜃−1

tan𝜃
} = 𝑡𝑎𝑛−1 {

1−cos𝜃

sin𝜃
} 

= 𝑡𝑎𝑛−1 {
2𝑠𝑖𝑛2  

𝜃
2  

2 sin
𝜃
2 cos

𝜃
2

} = 𝑡𝑎𝑛−1 {tan
𝜃

2
} =

𝜃

2
=
1

2
𝑡𝑎𝑛−1𝑥 

 We have 𝑦 =
1

2
𝑡𝑎𝑛−1𝑥 ⇒

𝑑𝑦

𝑑𝑥
=

1

2(1+𝑥2)
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 Let 𝑡 = 𝑡𝑎𝑛−1𝑥 ⇒
𝑑𝑡

𝑑𝑥
=

1

1+𝑥2
 

 
𝑑𝑦

𝑑𝑡
=

𝑑𝑦/𝑑𝑥

𝑑𝑡/𝑑𝑥
=

1/2(1+𝑥2)

1/(1+𝑥2)
=

1

2
 

Q.24 
𝑑𝑦

𝑑𝑥
=

−𝐴sin(log𝑥)

𝑥
+
𝐵 cos(log𝑥)

𝑥
⇒ 𝑥

𝑑𝑦

𝑑𝑥
= −𝐴 sin(log 𝑥) + 𝐵 cos(log 𝑥) 

 ⇒ 𝑥 
𝑑2𝑦

𝑑𝑥2
+
𝑑𝑦

𝑑𝑥
∙ 1 = −

𝐴 cos(log𝑥)

𝑥
−
𝐵 sin(log𝑥)

𝑥
 

 ⇒ 𝑥2
𝑑2𝑦

𝑑𝑥2
+ 𝑥

𝑑𝑦

𝑑𝑥
= −{𝐴 cos(log 𝑥) + 𝐵 sin(log 𝑥)} = −𝑦 

 ⇒ 𝑥2
𝑑2𝑦

𝑑𝑥2
+ 𝑥

𝑑𝑦

𝑑𝑥
+ 𝑦 = 0 

Q.25 If 𝑦 =
𝑠𝑖𝑛−1𝑥

√1−𝑥2
, show that (1 − 𝑥2)

𝑑2𝑦

𝑑𝑥2
− 3𝑥

𝑑𝑦

𝑑𝑥
− 𝑦 = 0. 

 
𝑑𝑦

𝑑𝑥
=

√1−𝑥2
𝑑

𝑑𝑥
(𝑠𝑖𝑛−1𝑥)−𝑠𝑖𝑛−1𝑥

𝑑

𝑑𝑥
√1−𝑥2

1−𝑥2
 

 (1 − 𝑥2)
𝑑𝑦

𝑑𝑥
= √1 − 𝑥2 ∙

1

√1−𝑥2
−
𝑠𝑖𝑛−1𝑥 (−2𝑥)

2√1−𝑥2
= 1 +

𝑥 𝑠𝑖𝑛−1𝑥

√1−𝑥2
= 1 + 𝑥𝑦 

 ⇒ (1 − 𝑥2)
𝑑𝑦

𝑑𝑥
= 1 + 𝑥𝑦 

 ⇒ (1 − 𝑥2) 
𝑑2𝑦

𝑑𝑥2
− 2𝑥

𝑑𝑦

𝑑𝑥
= 𝑥

𝑑𝑦

𝑑𝑥
+ 𝑦 

 ⇒ (1 − 𝑥2)
𝑑2𝑦

𝑑𝑥2
− 3𝑥

𝑑𝑦

𝑑𝑥
− 𝑦 = 0. 
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CHAPTER 6: APPLICATION OF DERIVATIVES 
Topics Covered: 
• Rate of Change of Quantities 
• Increasing/Decreasing Functions 
• Maxima and Minima 

Q1. If y = x2, find the rate of change of y with respect to x when x = 3. 
Q2. The radius of a circle increases at a constant rate of 2 cm/s. Find the rate of change of area when radius 

is 5 cm. 
Q3. If s = 4t² + 2t, find velocity when t = 2. 
Q4. A cube’s edge increases at 1 cm/s. Find the rate of change of its volume when edge is 4 cm. 

Q5. Radius of a sphere is increasing at 0.1 cm/s. Find rate of increase of volume when radius is 7 cm. 

        

Q6. Check whether f(x) = x² is increasing or decreasing on (-∞, ∞). 
Q7. f(x) = x³, increasing or decreasing? 

Q8. Determine intervals where f(x) = -x² + 4x is increasing or decreasing. 

Q9. Is f(x) = sin x increasing on (0, π)? 
Q10. Find intervals of increase/decrease for f(x) = x³ - 3x. 

Q11. Find local maxima/minima of f(x) = x² - 6x + 9. 

Q12. Maximum/minimum of f(x) = -x² + 4x. 

Q13. Maximum/minimum of f(x) = x³ - 3x² + 4. 

Q14. Maximum area of a rectangle with perimeter 20 cm. 
Q15. Find maximum value of sin x + cos x on [0, π/2]. 
Q16. Find minimum value of x² + 9/x², x ≠ 0. 
Q17. Find the maximum of f(x) = x(10 - x). 
Q18. A closed rectangular box with square base and volume 1000 cm³. Find minimum  surface area. 

Q19. f'(x) = (1 - x²)/(1 + x²)² ⇒ Max at x=1, Value = 1/2 

Q20.  h'(t) = 20 - 10t ⇒ t=2, h(2)=20 m 

       Q.21 Find the altitude of a right circular cone of maximum curved surface of which can be inscribed in a 
sphere of Radius R. 

          Q.22 Find the shortest distance between the line x-y+1 = 0 and the curve y2 = x . 

          Q.23 Answer the questions based on the given information.  

         Two metal rods, R1 and R2, of lengths 16 m and 12 m respectively, are insulated at both the ends. Rod 
R1 is being heated from a specific point while rod R2 is being cooled from a specific point. The 
temperature (T) in Celsius within both rods fluctuates based on the distance (x) measured from either 
end. The temperature at a particular point along the rod is determined by the equations T = (16 - x)x 



146 
 

and T = (x - 12)x for rods R1 and R2 respectively, where the distance x is measured in meters from one 
of the ends.  

            (i)   Find the rate of change of temperature at the mid point of the rod that is being heated.  

           (ii)   Find the minimum temperature attained by the rod that is being cooled.  

          Q.24 A tank, as shown in the figure below, formed using a combination of a cylinder and a cone, offers 
better drainage as compared to a flat bottomed tank. 

          A tap is connected to such a tank whose conical part is full of water. 
Water is dripping out     from a tap at the bottom at the uniform rate of  

          2 cm3/s. The semi-vertical angle of the conical tank is 45° . 
          On the basis of given information, answer the following questions : 
 
        (i) Find the volume of water in the tank in terms of its radius r.  

       (ii)Find rate of change of radius at an instant when r = 2√2cm.  

       (iii)Find the rate at which the wet surface of the conical tank is decreasing at an instant  

            when radius r = 2√2 cm.  

       Q.25 The sides of an equilateral triangle are increasing at the rate of 2 cm/ sec. Find the rate at which the area 
increases ,when the side is 10cm. 

       Q.26 The volume of a spherical balloon is increasing at the rate of 3 cm3 / sec. Find the rate of increase of its 
surface area, when the radius is 2 cm. 

 

         SOLUTIONS: 

          Q.1 dy/dx = 2x ⇒ dy/dx at x=3 = 2×3 = 6 

     Q.2 A = πr² ⇒ dA/dt = 2πr(dr/dt) = 2π×5×2 = 20π cm²/s 
     Q.3 v = ds/dt = 8t + 2 ⇒ v(2) = 18 
     Q.4 V = x³ ⇒ dV/dt = 3x²(dx/dt) = 3×16×1 = 48 cm³/s 
     Q.5 V = (4/3)πr³ ⇒ dV/dt = 4πr²(dr/dt) = 4π×49×0.1 = 19.6π 
     Q.6 f'(x) = 2x ⇒ Increasing for x > 0, Decreasing for x < 0 
     Q.7 f'(x) = 3x² > 0 ⇒ Increasing everywhere         
     Q.8 f'(x) = -2x + 4 ⇒ Increasing on (-∞, 2), Decreasing on (2, ∞) 

     Q9. f'(x) = cos x ⇒ Increasing on (0, π/2), Decreasing on (π/2, π) 

     Q.10 f'(x) = 3x² - 3 = 3(x+1)(x-1) ⇒ Increasing on (-∞,-1)∪(1,∞), Decreasing on (-1,1) 
     Q.11 f'(x)=2x-6 ⇒ x=3, f''(x)=2>0 ⇒ Minima at x=3, Min value = 0 
     Q12 f'(x) = -2x + 4 ⇒ x=2, f''(x)=-2<0 ⇒ Maxima at x=2, Max = 4 
     Q.13 f'(x) = 3x(x-2) ⇒ x=0,2 ⇒ Max at x=0, Min at x=2 
     Q.14 A = x(10 - x) = 10x - x² ⇒ Max at x=5, Area = 25 cm² 
     Q.15 Max at x=π/4 ⇒ Value = √2  
     Q16 f'(x)=2x - 18/x³ ⇒ x = √3, Min = 2√3 
     Q.17 Max at x=5, Value = 25 
     Q.18 S= 2x²+4xh find s' Minimum surface area 600 cm2 
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     Q.19 f'(x) = (1 - x²)/(1 + x²)² ⇒ Max at x=1, Value = ½ 
     Q.20  h'(t) = 20 - 10t ⇒ t=2, h(2)=20 
     Q.21 Let O be the center of the sphere and given that R be radius of sphere. 

Let r be radius of cone, h be height of cone and l be slant eight of the cone. 

Therefore, 

OA=OB=OC=R, CM=h ,AC = BC= l, AM=BM=r . 

By right triangle AMO: 

OA2 == AM2 + OM2  

Since OM = CM – OC= h - R 

Therefore , R2 = r2 + (h – R)2  ⟹ r2 = 2hR- h2 

Now 

Slant height(l)= √  ℎ2 + 𝑟2= √2ℎ𝑅 . 

The curved surface area (CSA) of the cone is: 

S=πrl=π(√  2ℎ𝑅 − ℎ2) √2ℎ𝑅 

To simplify maxima analysis, define: 

Z=S2=2π2 Rh(2Rh−h2 ). 

Differentiate Z w.r.t. h: 

𝑑𝑍

𝑑ℎ
 =2π2 R(4Rh−3h2). 

Put 
𝑑𝑍

𝑑ℎ
  =0: 

4Rh−3h2 =0⟹h(4R−3h)=0 ⟹  h=0 or h=
4𝑅

3
. 

Discard h= 0 (trivial case), so the meaningful critical value is h =
4𝑅

3
  . 

For h =
4𝑅

3
 ,
𝑑2𝑍

𝑑ℎ2
 = 2π2 R(4R−6h) = -8 (𝜋𝑅)2 <0  

Therefore, by second order derivative test, CSA of cone maximum for height (h) =
4𝑅

3
 .  

       Q.22 Let a point P on the curve be P(t2,t). The distance from P to the line x−y+1=0 is: 

D(t)=
|𝑡2−𝑡+1 |

√  (1)2+(−1)2
 = 

𝑡2−𝑡+1

√2
 . 

since t2−t+1> 0 

let f(t) = 
𝑡2−𝑡+1

√2
 

f’(t) = 
2𝑡−1

√2
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Put f′(t)=0  ⟹  2t−1=0  ⟹  t=
1

2
 

By using second order derivative test, 

f”(t) = √2 > 0 

so t= 
1

2
 is a local minimum. 

At t= 
1

2
 

     𝐷𝑚𝑖𝑛 = 
3

4√2
 . 

      Q.23   

       (i)  Given that Rod R1 length = 16 m 

And Temperature function: T(x)=(16−x)x  

Midpoint: x=
16

2
 = 8 m 

          Now 
𝑑𝑇

𝑑𝑥
 = 16 – 2x ; 

At x = 8m ; 
𝑑𝑇

𝑑𝑥
 = 16-2(8) = 0°C/m 

The rate of change of temperature at the midpoint of rod R1 is 0 °C/m, indicating that the temperature is 

stationary at this point. 

      (ii)   Given that Rod R2 length = 12 m 

And Temperature function: T(x)=(x - 12)x = x2 – 12x; 

𝑑𝑇

𝑑𝑥
 = 2x - 12 ; 

Now for find critical points put 
𝑑𝑇

𝑑𝑥
 = 0; 

⟹  2x – 12 = 0  ⟹ x = 6 

Now Evaluate T(x) at endpoints and critical point: 

T(0)=02−12(0)=0 

T(6)=62−12(6)=36−72=−36 

T(12)=122−12(12)=144−144=0 

The minimum temperature attained by rod R2 is –36 °C at 6 meters from the measured end. 

       Q.24  (i) Let r be radius of cone and h be height of cone. 
Since semi-vertical angle of the conical tank is 45° therefore height of cone (h) = radius of cone (r). 

volume of water in the tank = 
1

3
𝜋r2h = 

1

3
𝜋r2r = 

1

3
𝜋r3 . 

(ii) Given that 
𝑑𝑉

𝑑𝑡
 = -2 cm3/sec 
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Volume (V) = 
1

3
𝜋r3 

Differentiate w.r.t. t, we have 

    
𝑑𝑉

𝑑𝑡
 = 

1

3
𝜋(3r2) 

𝑑𝑟

𝑑𝑡
  ⟹ -2 = 𝜋r2𝑑𝑟

𝑑𝑡
    ⟹

𝑑𝑟

𝑑𝑡
 = 

−2

𝜋𝑟2
 

when r = 2√2cm, 
𝑑𝑟

𝑑𝑡
 =

−2

𝜋(2√2)2
 = 

−1

4𝜋
 cm/sec 

(iii) Let slant height of cone be l. 

         Now l2= r2 + h2 

Since h = r , l2 = r2 + r2 = 2r2 ⟹ l = √2r 

Lateral area (S)=𝜋rl = 𝜋r . √2r= 𝜋√2r2 

𝑑𝑆

𝑑𝑡
 = √2 𝜋(2r) 

𝑑𝑟

𝑑𝑡
 = 2√2 𝜋r(

−1

4𝜋
) cm2/sec 

when radius r = 2√2 cm, 

𝑑𝑆

𝑑𝑡
 = 2√2 𝜋( 2√2)(

−1

4𝜋
) cm2/sec = -2 cm2/sec 

The wet surface area is shrinking at 2 cm²/s. 

       Q.25 Let x cm be the side and A be the area of the equilateral triangle at time t. 

A =
√𝟑 

4
x2 

Rate of change (increase) of side x w.r.t. t =  
𝑑𝑥

𝑑𝑡
 = 2cm/sec. 

Rate of change of area w.r.t. t = 
𝑑𝐴

𝑑𝑡
= 
√𝟑 

4
2x.

𝑑𝑥

𝑑𝑡
 = 

√𝟑 

2
x.2 = √𝟑 x cm2/sec. 

      Q.26 Let r be the radius, V be the volume and S be the surface area of the spherical balloon at any time t. 

V = 
4

3
𝜋r3              and S= 4 𝜋r2  

Rate of change (increase) of volume w.r.t. t = 3 cm3/ sec.  

  
𝑑𝑉

𝑑𝑡
 = 3 

Now, V = 
4

3
𝜋r3 =>  

𝑑𝑉

𝑑𝑡
 = 

4

3
3𝜋r2𝑑𝑟

𝑑𝑡
 => 3= 4𝜋r2𝑑𝑟

𝑑𝑡
 

=>
𝑑𝑟

𝑑𝑡
= 3/4𝜋r2 

Now , S= 4 𝜋r2 => 
𝑑𝑆

𝑑𝑡
 = 8𝜋r

𝑑𝑟

𝑑𝑡
 = 8𝜋r(3/4𝜋r2) => 

𝑑𝑆

𝑑𝑡
 = 

6

3
 =2cm2/sec. 
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WORKSHEE:  
APPLICATION OF DERIVATIVES  

Concepts Covered 

• 1. Derivative as Rate of Change 

• 2. Increasing and Decreasing Functions 

• 3. Tangent and Normal to a Curve 

• 4. Maxima and Minima (Local/Global) 

• 5. Simple Word Problems using Derivatives 

Part A: Multiple Choice Questions (MCQs) 

Q1. The slope of the tangent to the curve y = x³ - 3x + 2 at x = 1 is: 

A) 0  B) 1  C) -2  D) 3 

Q2. For the function f(x) = x³ - 6x² + 9x + 15, the function is increasing in the interval: 

A) (−∞, 0)  B) (0, 2)  C) (2, ∞)  D) (0, 1) 

Q3. If the normal to the curve y = x² at a point (a, a²) passes through the origin, then a is: 

A) 0  B) 1  C) -1  D) ±1 

Part B: Short Answer Type Questions 

Q4. Find the equation of the tangent and normal to the curve y = √(3x - 2) at the point where x = 3. 

Q5. Find the point on the curve y = x² + 7x + 10 at which the tangent is horizontal. 

Q6. Show that the function f(x) = 3x⁴ - 4x³ + 6 is increasing in (−∞, 0) ∪ (1, ∞). 

Q7. A spherical balloon is being inflated so that its volume increases at a rate of 100 cm³/sec. Find the 

rate of increase of its radius when radius is 5 cm. 

Part C: Long Answer Type Questions 

Q8. Find the maximum and minimum values of the function f(x) = x³ - 6x² + 9x + 1 on the interval [0, 4]. 

Q9. Find two positive numbers whose sum is 60 and whose product is maximum. 

Q10. A closed cylindrical tank of volume 256π m³ is to be made. Find the dimensions (radius and height) 

of the tank such that the surface area is minimum. 

Q11. Find the point on the curve y = √x which is closest to the point (3, 0). 



151 
 

Part D: Previous Year-Based and Model Questions (CBSE 2023–2025 Style) 

Q12. (CBSE 2024) The function f(x) = x⁴ - 4x³ + 10 has local minima at: 

Find critical points and classify them using the second derivative test. 

Q13. (CBSE 2023) If the slope of the tangent to the curve y = ax² + bx + c at the point (1, 2) is 5, find the 

value of a and b given a + b + c = 2. 

Q14. (CBSE 2024) A window is in the shape of a rectangle surmounted by a semicircular opening. The 

perimeter of the window is 10 m. Find the dimensions for which the area is maximum. 

Q15. (Model 2025) Show that the function f(x) = x/(x + 1) is increasing on (−1, ∞). 

Q16. The volume of a cube is increasing at the rate of 9 cm³/sec. How fast is the surface area increasing 

when the edge is 3 cm? 

Part E: Skill-Based Questions (Challenging) 

Q17. Find the interval(s) in which the function f(x) = x/(x² + 1) is increasing or decreasing. 

Q18. Find the minimum distance between the point (0, 0) and the curve y = x² + 1. 

Q19. Find two positive numbers whose product is 256 and whose sum is minimum. 

Q20. A cone is being formed by folding a sector of a circle. Show that the cone of maximum volume is 

obtained when the radius of the sector is three times the slant height of the cone. 

 

 

 

 

\ 

 

 

 

 

 

 

 

 

 

 



152 
 

CHAPTER 7: INTEGRAls 

INTRODUCTION 

IF f(x) is derivative of function g(x), then g(x) is known as antiderivative or integral of f(x)  

  i.e.,       
𝒅

𝒅𝒙
 (g(x)) = f(x)              ⇔           ∫ 𝒇(𝒙)𝒅𝒙 = 𝒈(𝒙) 

STANDARD SET OF FORMULAS 

* Where c is an arbitrary constant. 

1.         ∫𝒙𝒏  𝒅𝒙       =  
𝒙𝒏+𝟏

𝒏+𝟏
  + 𝒄      (n  -1) 

2. ∫𝒅𝒙             =       x +   c 

3. ∫
𝟏

𝒙
  dx               =  log |x|    + c 

4. ∫ 𝒄𝒐𝒔 𝒙 𝒅𝒙       =  𝒔𝒊𝒏 𝒙 + 𝒄 

5. ∫ 𝒔𝒊𝒏 𝒙 𝒅𝒙        = −  𝒄𝒐𝒔 𝒙 + 𝒄 

6.         ∫ 𝒔𝒆𝒄𝟐 𝒙 𝒅𝒙       = 𝒕𝒂𝒏 𝒙 + 𝒄 

7. ∫ 𝒄𝒐𝒔𝒆𝒄𝟐 𝒙 𝒅𝒙   =  −𝒄𝒐𝒕 𝒙 + 𝒄 

8. ∫ 𝒔𝒆𝒄 𝒙 𝒕𝒂𝒏 𝒙 𝒅𝒙 = 𝒔𝒆𝒄 𝒙 + 𝒄 

9.    ∫ 𝒄𝒐𝒔𝒆𝒄 𝒙 𝒄𝒐𝒕 𝒙 𝒅𝒙 =  −𝒄𝒐𝒔𝒆𝒄 𝒙 + 𝒄 

10.       ∫𝒆𝒙  𝒅𝒙                         =  𝒆𝒙  + 𝒄  

11.       ∫ 𝒕𝒂𝒏 𝒙 𝒅𝒙                    = 𝒍𝒐𝒈 |𝒔𝒆𝒄 𝒙 | +  𝒄 

12.        ∫ 𝒄𝒐𝒕 𝒙 𝒅𝒙                      = 𝒍𝒐𝒈 |𝒔𝒊𝒏 𝒙 | +  𝒄 

13. ∫ 𝒔𝒆𝒄 𝒙 𝒅𝒙                      = 𝒍𝒐𝒈 |𝒔𝒆𝒄 𝒙 + 𝒕𝒂𝒏 𝒙 | +  𝒄 

14.     ∫ 𝒄𝒐𝒔𝒆𝒄 𝒙 𝒅𝒙                      = 𝒍𝒐𝒈 |𝒄𝒐𝒔𝒆𝒄 𝒙 − 𝒄𝒐𝒕 𝒙 | +  𝒄 

15. ∫
𝟏

√𝟏− 𝒙𝟐
 dx                       =  sin -1  x + c 

16.      ∫
𝟏

𝟏+𝒙𝟐
   𝒅𝒙                        =  𝒕𝒂𝒏−𝟏𝒙 + 𝒄 

17.     ∫
𝟏

𝒙√𝒙𝟐− 𝟏
 𝒅𝒙                    = 𝐬𝐞𝐜−𝟏 𝒙   + 𝒄 

18.        ∫𝒂𝒙 𝒅𝒙                                   =  
𝒂𝒙

𝒍𝒐𝒈 𝒂
+  𝒄 

19.        ∫
𝟏

√𝒙
  𝒅𝒙                     = 𝟐√𝒙 + 𝒄  

 

INTEGRALS OF LINEAR FUNCTIONS 
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1. ∫(𝒂𝒙 + 𝒃)𝒏  𝒅𝒙           =  
(𝒂𝒙+𝒃)𝒏+𝟏

(𝒏+𝟏)𝒂
+  𝒄 

2.          ∫
𝟏

𝒂𝒙+𝒃
 𝒅𝒙                         =  

𝒍𝒐𝒈 (𝒂𝒙+𝒃)

𝒂
+  𝒄 

3.          ∫ 𝒔𝒊𝒏 (𝒂𝒙 + 𝒃 )𝒅𝒙            =  
−𝒄𝒐𝒔 (𝒂𝒙+𝒃)

𝒂
+  𝒄 

 In the same way if ax +b comes in the place of x, in the  standard set of formulas, then divide the 
integral by a 

SPECIAL INTEGRALS 

1. ∫
𝟏

𝒙𝟐−𝒂𝟐
 𝒅𝒙                        =   

𝟏

𝟐𝒂
  𝒍𝒐𝒈 |

𝒙−𝒂

𝒙+𝒂
| + c 

2.          ∫
𝟏

𝒂𝟐−𝒙𝟐
 𝒅𝒙                       =  

𝟏

𝟐𝒂
  𝒍𝒐𝒈 |

𝒂+𝒙

𝒂−𝒙
|  + 𝒄 

3.       ∫
𝟏

𝒙𝟐+𝒂𝟐
 𝒅𝒙                           =  

𝟏

𝒂
 𝒕𝒂𝒏−𝟏

𝒙

𝒂
+  𝒄   

4.  ∫
𝟏

√𝒙𝟐−𝒂𝟐
 𝒅𝒙                               =   𝒍𝒐𝒈| 𝒙 + √𝒙𝟐 − 𝒂𝟐 | +  𝒄 

5. ∫
𝟏

√𝒙𝟐+𝒂𝟐
 𝒅𝒙                               = 𝒍𝒐𝒈 |𝒙 + √𝒙𝟐 + 𝒂𝟐| +  c 

6.          ∫
𝟏

√𝒂𝟐−𝒙𝟐
 𝒅𝒙                              =  𝐬𝐢𝐧−𝟏 (

𝒙

𝒂
) +  𝒄 

7.           ∫√𝒙𝟐 + 𝒂𝟐    𝒅𝒙                     =
𝒙

𝟐
√𝒙𝟐 + 𝒂𝟐 +

𝒂𝟐

𝟐
 𝒍𝒐𝒈 | 𝒙 + √𝒙𝟐 + 𝒂𝟐| + 𝒄 

8. ∫√𝒙𝟐 − 𝒂𝟐 dx                         = 
𝒙

𝟐
√𝒙𝟐 − 𝒂𝟐 −

𝒂𝟐

𝟐
 𝒍𝒐𝒈 | 𝒙 + √𝒙𝟐 − 𝒂𝟐| + 𝒄 

9.         ∫√𝒂𝟐 − 𝒙𝟐  dx                         = 
𝒙

𝟐
√𝒂𝟐 − 𝒙𝟐  +

𝒂𝟐

𝟐
𝐬𝐢𝐧−𝟏 (

𝒙

𝒂
) +  𝒄 

INTEGRATION BY PARTS 

1. ∫𝒖. 𝒗 𝒅𝒙            = 𝒖. ∫ 𝒗 𝒅𝒙 − ∫( 
𝒅𝒖

𝒅𝒙
∫𝒗 𝒅𝒙) 𝒅𝒙 

OR 

 The integral of product of two functions = (first function) x integral of the second function – integral 
of [(differential coefficient of the first function ) × (integral of the second function)] 

 We can choose first and second function according to  I L A T E  where I   → inverse trigonometric 
function 𝑳 → 𝒍𝒐𝒈𝒂𝒓𝒊𝒕𝒉𝒎𝒊𝒄 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏, 𝐀  → 𝒂𝒍𝒈𝒆𝒃𝒓𝒂𝒊𝒄 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏     

𝐓 → 𝒕𝒓𝒊𝒈𝒐𝒏𝒐𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏  𝐄  → 𝒆𝒙𝒑𝒐𝒏𝒆𝒏𝒕𝒊𝒂𝒍 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 

2. ∫𝒆𝒙(𝒇(𝒙) + 𝒇′(𝒙))  𝒅𝒙 =  𝒆𝒙𝒇(𝒙) + 𝒄 

Working Rule for different types of integrals 

1. Integration of trigonometric function 

Working Rule 
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 (a) Express the given integrand as the algebraic sum of the functions of the following forms 

       (i) Sin k𝜶 , (ii) cos k𝜶 ,(iii)  tan k𝜶 , (iv) cot k𝜶 , (v) sec k𝜶 ,(vi)  cosec k𝜶, (vii) sec2 k𝜶 ,       (viii) 
cosec2 k𝜶 , (ix)  sec k𝜶 tan k𝜶   (x) cosec k𝜶 cot k𝜶 

         For this use the following formulae whichever applicable 

         (i)  𝒔𝒊𝒏𝟐 𝒙  =   
𝟏−𝒄𝒐𝒔 𝟐𝒙

𝟐
                            (ii) 𝒄𝒐𝒔𝟐 𝒙  =   

𝟏+𝒄𝒐𝒔 𝟐𝒙

𝟐
 

         (iii) 𝒔𝒊𝒏𝟑𝒙  =  
𝟑 𝒔𝒊𝒏 𝒙−𝒔𝒊𝒏 𝟑𝒙

𝟒
                      (iv) 𝒄𝒐𝒔𝟑𝒙  =  

𝟑 𝒄𝒐𝒔 𝒙+𝒄𝒐𝒔 𝟑𝒙

𝟒
 

         (v)  tan2 x      = sec2 x – 1                           (vi) cot2 x     =   cosec2x – 1  

         (vii) 2sin x sin y  = cos (x – y ) – cos ( x + y) 

         (viii) 2 cos x cos y  = cos (x + y) + cos (x – y )  

         (ix) 2 sin x cos y   = sin (x + y ) + sin (x – y ) 

         (x) 2cos x sin y    =  sin (x + y ) – sin ( x – y ) 

 

2.  Integration by substitution 

(a)  Consider I = ∫ 𝒇(𝒙)𝒅𝒙 

Put x = g(t) so that 
𝒅𝒙

𝒅𝒕
= 𝒈′(𝒕) 

We write dx= 𝒈′(𝒕)𝒅𝒕. Thus I= ∫𝒇(𝒙)𝒅𝒙 =  ∫ 𝒇(𝒈(𝒕) 𝒈′(𝒕) 𝒅𝒕  

(b)  When the integrand is the product of two functions and one of them is a function g (x) and the 
other is k 𝒈′(𝒙), where k is a constant then  Put g (x) = t  

3. Integration of the types ∫
𝒅𝒙

𝒂𝒙𝟐+𝒃𝒙+𝒄
    ,∫

𝒅𝒙

√𝒂𝒙𝟐+𝒃𝒙+𝒄
   

             In these forms change 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 in the form A2 + X2 , X2 – A2, or A2 – X2 

             Where X is of the form x +k and A is a constant ( by completing square method) 

             Then integral can be find by using any of the special integral formulae. 

4.    Integration of the types ∫
𝒑𝒙+𝒒

𝒂𝒙𝟐+𝒃𝒙+𝒄
 𝒅𝒙  ,∫

𝒑𝒙+𝒒

√𝒂𝒙𝟐+𝒃𝒙+𝒄
 𝒅𝒙         

       In these forms split the linear px +q = 𝝀 
𝒅

𝒅𝒙
(𝒂𝒙𝟐 +  𝒃𝒙 + 𝒄 ) + 𝝁 

                      Then divide the integral into two integrals 

         The first integral can be find out by method of substitution and the second integral by 
completing square method as explained in 3 

i.e. to evaluate ∫
𝒑𝒙+𝒒

√𝒂𝒙𝟐+𝒃𝒙+𝒄
 𝒅𝒙 = ∫

𝝀  (𝟐𝒂𝒙+𝒃 )+ 𝝁

𝒂𝒙𝟐+ 𝒃𝒙+𝒄
 dx 

                                                             =  𝝀∫
𝟐𝒂𝒙+𝒃

𝒂𝒙𝟐+ 𝒃𝒙+𝒄
  𝒅𝒙 + 𝝁∫

𝒅𝒙

𝒂𝒙𝟐+ 𝒃𝒙+𝒄
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           ↓                                       ↓ 

                                               Find by substitution method   +   by completing square method 

5. Integration of rational functions 

      In the case of rational function, if the degree of the numerator is equal or greater than degree of 
the denominator , then first divide the numerator by denominator and write it as  

𝑵𝒖𝒎𝒆𝒓𝒂𝒕𝒐𝒓

𝑫𝒆𝒏𝒐𝒎𝒊𝒏𝒂𝒕𝒐𝒓
  = 𝑸𝒖𝒐𝒕𝒊𝒆𝒏𝒕 + 

𝑹𝒆𝒎𝒂𝒊𝒏𝒅𝒆𝒓

𝑫𝒆𝒏𝒐𝒎𝒊𝒏𝒂𝒕𝒊𝒐𝒓 
, then integrate 

 

6.  Integration by partial fractions 

Integration by partial fraction is applicable for rational functions. There first we must check that 
degree of the numerator is less than degree of the denominator, if not, divide the numerator by 

denominator and write as 
𝑵𝒖𝒎𝒆𝒓𝒂𝒕𝒐𝒓

𝑫𝒆𝒏𝒐𝒎𝒊𝒏𝒂𝒕𝒐𝒓
  = 𝑸𝒖𝒐𝒕𝒊𝒆𝒏𝒕 + 

𝑹𝒆𝒎𝒂𝒊𝒏𝒅𝒆𝒓

𝑫𝒆𝒏𝒐𝒎𝒊𝒏𝒂𝒕𝒊𝒐𝒓 
 and proceed for partial fraction of 

𝑹𝒆𝒎𝒂𝒊𝒏𝒅𝒆𝒓

𝑫𝒆𝒏𝒐𝒎𝒊𝒏𝒂𝒕𝒊𝒐𝒓 
 

 

Sl. No. Form of the rational functions Form of the rational functions 

1 𝒑𝒙 + 𝒒

(𝒙 − 𝒂)(𝒙 − 𝒃 )
 

𝑨

𝒙 − 𝒂
+ 

𝑩

𝒙 − 𝒃
 

2 𝒑𝒙 + 𝒒

(𝒙 − 𝒂)𝟐
 

𝑨

𝒙 − 𝒂
+ 

𝑩

(𝒙 − 𝒂)𝟐
 

3. 𝒑𝒙𝟐 + 𝒒𝒙 + 𝒓

(𝒙 − 𝒂 )(𝒙 − 𝒃 )𝒙 − 𝒄 )
 

𝑨

𝒙 − 𝒂
+ 

𝑩

𝒙 − 𝒃
+

𝑪

𝒙 − 𝒄
 

4 𝒑𝒙𝟐 + 𝒒𝒙 + 𝒓

(𝒙 − 𝒂 )𝟐(𝒙 − 𝒃 )
 

𝑨

𝒙 − 𝒂
+ 

𝑩

(𝒙 − 𝒂 )𝟐
+

𝑪

𝒙 − 𝒃
 

5 𝒑𝒙𝟐 + 𝒒𝒙 + 𝒓

(𝒙 − 𝒂 )(𝒙𝟐 +  𝒃𝒙 + 𝒄 )
 

Where x2 + bx + c cannot be factorized further  

𝑨

𝒙 − 𝒂
+ 

𝑩𝒙 + 𝑪

𝒙𝟐 +  𝒃𝒙 + 𝒄
 

 

DEFINITE INTEGRATION 

Working Rule for different types of definite integrals 

1. Problems in which integral can be found by direct use of standard formula or by transformation 
method 

     Working Rule 

   (i). Find the indefinite integral without constant c 
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    (ii). Then put the upper limit b in the place of x and lower limit a in the place of x and subtract the 
second value from the first. This will be the required definite integral. 

2. Problems in which definite integral can be found by substitution method 

  Working Rule 

  When definite integral is to be found by substitution then change the lower and upper limits of 
integration. If substitution is z = φ(x) and lower limit integration is  a  and upper limit is  b Then new 

lower and upper limits will be φ(a) and φ(b) respectively. 

Properties of Definite integrals 

1. ∫ 𝒇(𝒙)𝒅𝒙 =
𝒃

𝒂
∫ 𝒇(𝒕)𝒅𝒕
𝒃

𝒂
 

𝟐. ∫ 𝒇(𝒙)𝒅𝒙 =
𝒃

𝒂
∫ 𝒇(𝒙)𝒅𝒙
𝒂

𝒃
. In particular, ∫ 𝒇(𝒙)𝒅𝒙 =

𝒂

𝒂
 0 

3. ∫ 𝒇(𝒙)𝒅𝒙 =
𝒃

𝒂
∫ 𝒇(𝒙)𝒅𝒙
𝒄

𝒂
 + ∫ 𝒇(𝒙)𝒅𝒙

𝒃

𝒄
, a < c < b  

4. ∫ 𝒇(𝒙)𝒅𝒙 =
𝒃

𝒂
∫ 𝒇(𝒂 + 𝒃 − 𝒙)𝒅𝒙
𝒃

𝒂
 

5. ∫ 𝒇(𝒙)𝒅𝒙 =
𝒂

𝟎
∫ 𝒇(𝒂 − 𝒙)𝒅𝒙
𝒂

𝟎
 

6. ∫ 𝒇(𝒙)𝒅𝒙 =
𝟐𝒂

𝟎
∫ 𝒇(𝒙)𝒅𝒙
𝒂

𝟎
 + ∫ 𝒇(𝟐𝒂 − 𝒙)𝒅𝒙

𝒂

𝟎
 

7. ∫ 𝒇(𝒙)𝒅𝒙 =
𝟐𝒂

𝟎
𝟐∫ 𝒇(𝒙)𝒅𝒙

𝒂

𝟎
 , if 𝒇(𝟐𝒂 − 𝒙) = 𝒇(𝒙) and 

    =0 ,                    if 𝒇(𝟐𝒂 − 𝒙) = −𝒇(𝒙) 

8. (i) ∫ 𝒇(𝒙)𝒅𝒙 =
𝒂

−𝒂
𝟐∫ 𝒇(𝒙)𝒅𝒙

𝒂

𝟎
, if 𝒇 is an even function, i.e., if 𝒇(-x) = 𝒇(𝒙) 

 (ii) ∫ 𝒇(𝒙)𝒅𝒙 =
𝒂

−𝒂
𝟎, if 𝒇 is an odd function, i.e., if 𝒇(−x) = −𝒇(𝒙) 

Problem based on property 

 ∫ 𝒇(𝒙)𝒅𝒙 =
𝒃

𝒂
∫ 𝒇(𝒙)𝒅𝒙
𝒄

𝒂
 + ∫ 𝒇(𝒙)𝒅𝒙

𝒃

𝒄
, a < c < b 

Working Rule 

 This property should be used if the integrand is different in different parts of the interval [a,b] 
in which function is to be integrand. This property should also be used when the integrand (function 
which is to be integrated) is under modulus sign or is discontinuous at some points in interval [a,b]. In 
case integrand contains modulus then equate the functions whose modulus occur to zero and from this 
find those values of x which lie between lower and upper limits of definite integration and then use the 
property. 

Problem based on property 

 ∫ 𝒇(𝒙)𝒅𝒙 =
𝒂

𝟎
∫ 𝒇(𝒂 − 𝒙)𝒅𝒙
𝒂

𝟎
 

Working Rule 

 Let  I =  ∫ 𝒇(𝒙)𝒅𝒙
𝒂

𝟎
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 Then  I = ∫ 𝒇(𝒂 − 𝒙)𝒅𝒙
𝒂

𝟎
 

(1) + (2) =>  2I = ∫ 𝒇(𝒙)𝒅𝒙
𝒂

𝟎
 + ∫ 𝒇(𝒂 − 𝒙)𝒅𝒙

𝒂

𝟎
 

    I = 
𝟏

𝟐
∫ {𝒇(𝒙) +  𝒇(𝒂 − 𝒙)}𝒅𝒙
𝒂

𝟎
 

This property should be used when 𝒇(𝒙) + 𝒇(𝒂 − 𝒙) becomes an integral function of x. 

Problem based on property 

∫ 𝒇(𝒙)𝒅𝒙 =
𝒂

−𝒂
 0, if  𝒇(𝒙) is an odd function and ∫ 𝒇(𝒙)𝒅𝒙 =

𝒂

−𝒂
 2∫ 𝒇(𝒙)𝒅𝒙

𝒂

𝟎
, if 𝒇(𝒙) is an even function. 

Working Rule 

 This property should be used only when limits are equal and opposite and the function which is 
to be integrated is either odd/ even 

 

 

SOLVED PROBLEMS 

Evaluate the following integrals 

   1. ∫
( 𝟏+𝒍𝒐𝒈 𝑿 )𝟐

𝑿
 𝒅𝒙  

                 Solution :                             put 1+log x = t                                   

𝟏

𝒙
 𝒅𝒙 = 𝒅𝒕 

∫
( 𝟏+𝒍𝒐𝒈 𝑿 )𝟐

𝑿
 𝒅𝒙   =    ∫ 𝒕𝟐  𝒅𝒕  

                                              =  
𝒕𝟑

𝟑
+  𝒄 

                                              =   
(𝟏+𝒍𝒐𝒈𝒙 )𝟑

𝟑
  + 𝒄 

2. ∫
𝒆𝒙

√𝟓−𝟒𝒆𝒙−𝒆𝟐𝒙
 𝒅𝒙  

                 Solution 

                 Put 𝒆𝒙   = 𝒕   𝒕𝒉𝒆𝒏 𝒆𝒙 𝒅𝒙   = 𝒅𝒕 

∫
𝒆𝒙

√𝟓 − 𝟒𝒆𝒙 − 𝒆𝟐𝒙
 𝒅𝒙   =  ∫

𝒅𝒕

√𝟓 − 𝟒𝒕 − 𝒕𝟐  
 

                                                  = ∫
𝒅𝒕

√− (𝒕𝟐+ 𝟒𝒕−𝟓 )
 

                                                = ∫
𝒅𝒕

√− ( 𝒕𝟐+ 𝟒𝒕+𝟒−𝟒−𝟓 )
 

                                                 = ∫
𝒅𝒕

√− { ( 𝒕+𝟐 )𝟐−𝟗 }
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                                                = ∫
𝒅𝒕

√𝟑𝟐−( 𝒕+𝟐 )𝟐
 

                                               = 𝐬𝐢𝐧−𝟏
𝒕+𝟐 

𝟑
  + C =  𝐬𝐢𝐧−𝟏 (

𝒆𝒙+𝟐

𝟑
) +  𝑪  

3. ∫
𝟓𝒙+𝟑

√𝒙𝟐+ 𝟒𝒙+ 𝟏𝟎
 𝒅𝒙   

                 Solution  

 5x + 3  = A (2x + 4 ) + B    = >   A = 
𝟓

𝟐
   𝒂𝒏𝒅 𝑩 =  −𝟕 

∫
𝟓𝒙 + 𝟑

√𝒙𝟐 +  𝟒𝒙 +  𝟏𝟎
 𝒅𝒙   =   ∫

𝟓
𝟐
(𝟐𝒙 + 𝟒) − 𝟕

√𝒙𝟐 +  𝟒𝒙 + 𝟏𝟎
  𝒅𝒙 

                                                   =     ∫
𝟓

𝟐
(𝟐𝒙+𝟒)

√𝒙𝟐+ 𝟒𝒙+𝟏𝟎
 𝒅𝒙  +  ∫

𝟕

√𝒙𝟐+ 𝟒𝒙+𝟏𝟎
𝒅𝒙 

                                                   =      
𝟓

𝟐
∫

(𝟐𝒙+𝟒)

√𝒙𝟐+ 𝟒𝒙+𝟏𝟎
 𝒅𝒙  + 𝟕 ∫

𝟏

√𝒙𝟐+ 𝟒𝒙+𝟏𝟎
𝒅𝒙 

                                                    =        
𝟓

𝟐
∫
 𝒅𝒕

√𝒕
  + 𝟕 ∫

𝟏

√𝒙𝟐+ 𝟒𝒙+𝟒−𝟒+𝟏𝟎
𝒅𝒙 

                                                   =        
𝟓

𝟐
× 𝟐√𝒕 +  𝟕 ∫

𝟏

√(𝒙+𝟐 )𝟐+𝟔
 dx 

= 5 √𝒙𝟐 +  𝟒𝒙 + 𝟏𝟎 + 𝟕 𝒍𝒐𝒈 | 𝒙 + 𝟐 + √𝒙𝟐 + 𝟒𝒙 + 𝟏𝟎| + 𝑪 

4. ∫
𝒙 𝒕𝒂𝒏 𝒙

𝒔𝒆𝒄 𝒙+𝒕𝒂𝒏 𝒙
 𝒅𝒙

𝝅

𝟎
 

                 Solution 

                    I  =  ∫
𝒙 𝒕𝒂𝒏 𝒙

𝒔𝒆𝒄 𝒙+𝒕𝒂𝒏 𝒙
 𝒅𝒙

𝝅

𝟎
   -------------------(1) 

       Again I = ∫
(𝝅−𝒙) 𝒕𝒂𝒏(𝝅−𝒙)

𝒔𝒆𝒄 (𝝅−𝒙)+𝒕𝒂𝒏 (𝝅−𝒙)
 𝒅𝒙

𝝅

𝟎
  Using the property ∫ 𝒇 (𝒙)𝒅𝒙 = ∫ 𝒇(𝒂 − 𝒙 )𝒅𝒙

𝒂

𝟎

𝒂

𝟎
 

                    I =  ∫
(𝝅−𝒙) 𝒕𝒂𝒏 𝒙

𝒔𝒆𝒄 𝒙+𝒕𝒂𝒏 𝒙
 𝒅𝒙

𝝅 

𝟎
         -------------------- (2) 

     Adding (1) and (2) we get 

             2 I = ∫
𝒙 𝒕𝒂𝒏 𝒙

𝒔𝒆𝒄 𝒙+𝒕𝒂𝒏 𝒙
 𝒅𝒙

𝝅

𝟎
+ ∫

(𝝅−𝒙) 𝒕𝒂𝒏 𝒙

𝒔𝒆𝒄 𝒙+𝒕𝒂𝒏 𝒙
 𝒅𝒙

𝝅

𝟎
 

                = 𝝅∫
𝒕𝒂𝒏𝒙

𝒔𝒆𝒄 𝒙+𝒕𝒂𝒏 𝒙
𝒅𝒙

𝝅

𝟎
  =  𝝅∫

𝒕𝒂𝒏𝒙 (𝒔𝒆𝒄 𝒙−𝒕𝒂𝒏 𝒙 )

𝒔𝒆𝒄𝟐𝒙− 𝒕𝒂𝒏𝟐𝒙

𝝅

𝟎
 𝒅𝒙 

               =  𝝅∫ (𝒕𝒂𝒏 𝒙 𝒔𝒆𝒄 𝒙 − 𝒕𝒂𝒏𝟐
𝝅

𝟎
𝒙)  dx   = 𝝅∫ (𝒕𝒂𝒏 𝒙 𝒔𝒆𝒄 𝒙 − 𝒔𝒆𝒄𝟐𝒙 + 𝟏)𝒅𝒙

𝝅

𝟎
 

= 𝝅⌈𝒔𝒆𝒄 𝒙 − 𝒕𝒂𝒏 𝒙 + 𝒙⌉
𝝅
𝟎

 

                I    = 𝝅(
𝝅

𝟐
−  𝟏) 
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5.  ∫√𝒕𝒂𝒏𝒙  dx         [𝐇𝐎𝐓𝐒] 

 Solution 

        Put tan x = t 2 then   sec2x dx  =  2t dt   => dx  = 
𝟐𝒕 𝒅𝒕

 𝟏+ 𝒕𝟒
  

 ∫√𝒕𝒂𝒏𝒙  dx  =   ∫ 𝒕 
𝟐𝒕 𝒅𝒕

 𝟏+ 𝒕𝟒
     =  ∫

𝟐𝒕𝟐

𝟏+ 𝒕𝟒
  𝒅𝒕 

                                      =   ∫
𝟐

𝟏

𝒕𝟐
+ 𝒕𝟐

  𝒅𝒕   (by dividing nr and dr by t2 ) 

                                      =  ∫
(𝟏+ 

𝟏

𝒕𝟐
) + (𝟏− 

𝟏

𝒕𝟐
)

𝒕𝟐+ 
𝟏

𝒕𝟐

 𝒅𝒕  

                                      =   ∫
𝟏+ 

𝟏

𝒕𝟐

𝒕𝟐+ 
𝟏

𝒕𝟐

  𝒅𝒕          + ∫
𝟏 −  

𝟏

𝒕𝟐

𝒕𝟐+ 
𝟏

𝒕𝟐

  𝒅𝒕             

             =  ∫
𝟏+ 

𝟏

𝒕𝟐

(𝒕− 
𝟏

𝒕
)
𝟐
+ 𝟐
  𝒅𝒕 +  ∫

𝟏− 
𝟏

𝒕𝟐

(𝒕+ 
𝟏

𝒕
)
𝟐
− 𝟐
  𝒅𝒕         

                          =  ∫
𝒅𝒖

𝒖𝟐+ 𝟐
   + ∫

𝒅𝒗

𝒗𝟐− 𝟐
        

{ 1st  integral put 𝒕 −
𝟏

𝒕
  = u,  then(𝟏 + 

𝟏

𝒕𝟐 
)  𝒅𝒕  = 𝒅𝒖,  

2nd integral put 𝒕 +
𝟏

𝒕
=  𝒗  𝒕𝒉𝒆𝒏  ( 𝟏 − 

𝟏

𝒕𝟐
)𝒅𝒕 = 𝒅𝒗 } 

                              =
𝟏

√𝟐
𝐭𝐚𝐧−𝟏 (

𝒖

√𝟐
)  +

𝟏

𝟐√𝟐
𝒍𝒐𝒈 |

𝒗− √𝟐

𝒗+√𝟐
|   + 𝑪  

                     =   
𝟏

√𝟐
𝐭𝐚𝐧−𝟏 (

𝒕−
𝟏

𝒕

√𝟐
) +

𝟏

𝟐√𝟐
𝒍𝒐𝒈 |

𝒕+
𝟏

𝒕
− √𝟐

𝒕+
𝟏

𝒕
+√𝟐

|   + 𝑪  

      =   
𝟏

√𝟐
𝐭𝐚𝐧−𝟏 (

𝒕𝟐− 𝟏

√𝟐 𝒕
)  +

𝟏

𝟐√𝟐
𝒍𝒐𝒈 |

𝒕𝟐+ 𝟏− √𝟐 𝒕

𝒕𝟐+ 𝟏+ √𝟐 𝒕
|   + 𝑪 

     =  
𝟏

√𝟐
𝐭𝐚𝐧−𝟏 (

𝒕𝒂𝒏𝒙− 𝟏

√𝟐 𝒕𝒂𝒏𝒙
) +

𝟏

𝟐√𝟐
𝒍𝒐𝒈 |

𝒕𝒂𝒏𝒙+ 𝟏− √𝟐𝒕𝒂𝒏𝒙

𝒕𝒂𝒏𝒙+ 𝟏− √𝟐𝒕𝒂𝒏𝒙
|   + 𝑪 

PRACTICE PROBLEMS 

1 Mark Questions 

1. Evaluate: ∫
cos 2𝑥+2sin2𝑥

cos2𝑥
𝑑𝑥.                Ans: 𝒕𝒂𝒏 𝒙 + 𝒄 

2. Evaluate : ∫(sin2𝑥 − cos2𝑥) 𝑑𝑥                                               Ans:  −
𝟏

𝟐
𝒔𝒊𝒏 𝟐𝒙 + 𝒄 

3. Evaluate :  ∫
1

𝑥2+ 1
𝑑𝑥

∞

1
      Ans: 

𝝅

𝟒
 

4. Evaluate:∫ cosec 𝑥 (cot 𝑥 − 1)𝑒𝑥𝑑𝑥    Ans :−𝒆𝒙𝒄𝒐𝒔𝒆𝒄 𝒙 + 𝒄 

5. Evaluate:∫
1

𝑥+𝑥  log𝑥
𝑑𝑥    Ans: 𝒍𝒐𝒈(𝟏 + 𝒍𝒐𝒈𝒙) + 𝒄 

2/3 Mark Questions 

6. Evaluate:∫
10𝑥9+10𝑥𝑙𝑜𝑔e10

10𝑥+𝑥10
𝑑𝑥     Ans: 𝒍𝒐𝒈|10𝑥 + 𝑥10| + 𝒄 
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7. Evaluate:∫
𝑒𝑥(1+𝑥)

cos2(𝑒𝑥𝑥)
𝑑𝑥     Ans: 𝒕𝒂𝒏(𝑒𝑥𝑥) + 𝒄 

8. Find :∫
sin2𝑥 −cos2𝑥

sin 𝑥 cos 𝑥
d𝑥 .    Ans: 𝐥𝐨𝐠 𝐬𝐞𝐜 𝒙. 𝐜𝐨𝐬𝐞𝐜 𝒙 + 𝒄 

9. Evaluate:    Find ∫
√𝑥

√𝑎3−𝑥3
 𝑑𝑥    Ans:  

2

𝟑
𝒔𝒊𝒏−𝟏√

𝑥3

𝑎3
+ 𝒄 

10. Evaluate:∫
𝑑𝑥

𝑥 log 𝑥

𝑒2

𝑒
      Ans: 𝒍𝒐𝒈 𝟐 

11. Evaluate:  ∫
𝟏+𝐬𝐢𝐧𝟐𝒙

𝟏+𝐜𝐨𝐬𝟐𝒙
𝒆𝟐𝒙𝒅𝒙     Ans: 

𝟏

𝟐
𝒆𝟐𝒙𝒕𝒂𝒏 𝒙 + 𝒄 

12. Evaluate:∫
𝒅𝒙

𝒙(𝒙𝟑+𝟖)
      Ans: 

𝟏

𝟐𝟒
𝒍𝒐𝒈 |

𝒙𝟑

𝒙𝟑+𝟖
| + 𝒄 

13. Find: ∫
𝑥4

(𝑥−1)(𝑥2+1)
𝑑𝑥       

 𝐀𝐧𝐬: 
𝒙𝟐

𝟐
+ 𝒙 +

𝟏

𝟐
𝒍𝒐𝒈 |𝒙 − 𝟏| −

𝟏

𝟒
 𝒍𝒐𝒈|𝒙𝟐 + 𝟏| −

𝟏

𝟐
𝒕𝒂𝒏−𝟏𝒙 + 𝒄 

14. Find: ∫ [𝐥𝐨𝐠(𝐥𝐨𝐠 𝒙) +
𝟏

( 𝐥𝐨𝐠 𝒙)𝟐
] 𝐝𝒙 Ans: 𝒙 𝒍𝒐𝒈(𝒍𝒐𝒈𝒙) −

𝒙

𝒍𝒐𝒈𝒙
+ 𝐜 

15. Evaluate:∫ |𝑥 cosπ 𝑥|
1

−1
𝑑𝑥     Ans: 

𝟐

𝝅
 

16. Evaluate:  ∫
3𝑥+1

√5−2𝑥−𝑥2
𝑑𝑥  Ans:−𝟑√𝟓 − 𝟐𝒙 − 𝒙𝟐 − 𝟐𝒔𝒊𝒏−𝟏 (

𝒙+𝟏

√𝟔
) + 𝒄 

17. Find   ∫
𝑥2+1

𝑥4+1
𝑑𝑥    Ans: 

𝟏

√𝟐
𝒕𝒂𝒏−𝟏 (

𝒙𝟐−𝟏

√𝟐 𝒙
) + 𝒄 

18. Find:∫
cosθ

(4+sin2θ)(5−4cos2θ)
dθ                Ans: −

𝟏

𝟑𝟎
𝒕𝒂𝒏−𝟏 (

𝒔𝒊𝒏 𝜽

𝟐
) +

𝟐

𝟏𝟓
𝒕𝒂𝒏−𝟏(𝟐𝒔𝒊𝒏𝜽) + 𝒄 

19. Evaluate:   ∫
𝒙 𝐭𝐚𝐧𝒙

𝐬𝐞𝐜 𝒙 .𝐜𝐨𝐬𝐞𝐜 𝒙

𝝅

𝟎
𝒅𝒙    Ans: 

𝝅𝟐

𝟒
 

20. Evaluate :∫
𝑥 𝑑𝑥

𝑎2cos2𝑥  + 𝑏2sin2𝑥

𝜋

0
                Ans: 

𝝅𝟐

𝟐𝒂𝒃
 

21. Evaluate∫
1

1+√cot𝑥

𝜋

2
0

𝑑𝑥     Ans: 
𝝅

𝟒
  

22. Evaluate : ∫
𝑥

1+sin𝛼.sin𝑥

𝜋

0
𝑑𝑥   Ans:   

𝛑(𝛑−𝟐𝛂)

𝟐𝐜𝐨𝐬 𝛂
 

23. Evaluate: ∫ (√tan 𝑥 + √cot 𝑥)
𝜋

2
0

𝑑𝑥    Ans :√𝟐𝝅 

24. Evaluate∫
sin𝑥+cos𝑥

9+16sin2𝑥

𝜋

4
0

𝑑𝑥     Ans: 
𝟏

𝟒𝟎
𝒍𝒐𝒈𝟗    

25. Evaluate:∫ cot−1(1 − 𝑥 + 𝑥2)
1

0
𝑑𝑥    Ans:−

𝝅

𝟐
𝒍𝒐𝒈 𝟐 

 
5 Marks Questions 

26. Evaluate: ∫
sin6𝑥+cos6𝑥

sin2𝑥 .  cos2𝑥
 𝑑𝑥  Ans: 𝒕𝒂𝒏 𝒙 − 𝒄𝒐𝒕 𝒙 − 𝟑𝒙 + 𝒄 

27. Find : ∫
𝑑𝑥

cos3𝑥√2 sin2𝑥

𝜋

4
0

     Ans: 
𝟔

𝟓
 

28. Evaluate :∫ log sin 𝑥
𝜋

2
0

𝑑𝑥          Ans: −
𝝅

𝟐
 𝒍𝒐𝒈𝟐 

29. Evaluate:∫ [|𝑥 − 1| + |𝑥 − 2| + |𝑥 − 3|]
4

1
𝑑𝑥   Ans:   

𝟏𝟗

𝟐
 

30. Evaluate:  ∫
𝑥 sin𝑥 cos𝑥

sin4𝑥 +cos4𝑥

𝜋

2
0

𝑑𝑥,       Ans: 
𝝅𝟐

𝟏𝟔
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WORK SHEET  

INTEGRALS 

INDEFINITE INTEGRAL  

1.Given ∫2xdx= f(x)+c then f(x)= 

(a) 2x     (b) 2x loge2  (c) 
2x

log2
                  (d) 

2x+1

x+1
 

2.   Given ∫
1

sin2xcos2x
 dx is equal to 

(a) sin2x - cos2x +c       (b) -1                        
(b)   (c) tan x +cot x+ c       (d) tan x- cot x +c 

3. ∫
cos2x−cos2θ

cos x−cosθ
 dx is equal to  

(a) 2(sin x+ x cos θ) +c     (b) 2(sin x- x cos θ) + c  
 (c) 2(sin x +2x cos θ) +c      (d) 2 (sin x- sin θ) +c 
4. ∫ cot2 x dx equals to  
(a) Cot x – x +c                 (b) – cot x+ x +c             
(c) cot x +x +c                    (d) – cot x-x +c 
 

SHORT ANSWER TYPE QUESTIONS 
1. Find ∫

3+3 cos x

x+sin x
 dx 

2. Find ∫
dx

√5−4x−x2
 dx 

3. Find ∫
x3−1

x2
 dx 

4. Find ∫
sin2x−cos2x

sinx cosx
 dx 

5. Find ∫
dx

x2+16
 dx 

6. Find ∫
cos2x+2 sin2x

cos2x
 dx 

7. Find ∫
sec2x

√tan2x+4
 dx 

8. Find ∫√1 − sin 2x dx 

9. Find ∫
(x2+sin2x)sec2x

1+x2
 dx 

10. Find ∫ ex
x−3

(x−1)3
 dx 

11. Find ∫ sin−1(2x)dx 

12. Find ∫
3−5sinx

cos2x
 dx 

13. Find ∫
tan2x.sec2x

1−tan6x
 dx 

14. Find ∫ sinx log(cos x) dx 

15. Find ∫
sin6x+ cos6x

sin2x.cos2x
 dx 
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LONG ANSWER TYPE QUESTIONS 
1. Find ∫

6x+8

3x2+6x+2
 dx 

2. Find ∫
1−tan2x

1+tan2x
 dx 

3. Find ∫
x4

1+x10
 dx 

4. Find ∫
x2tan−1x3

1+x6
 dx 

5. Find ∫
sin 8x

√1−cos44x
 dx 

DEFINITE INTEGARL 
MCQ’s  

Q.No Question  Mark 
1 ∫ Sec2

π/4

−π/4
xdx 

 (a) -1  (b) 0   (c) 1   (d) 2 

1 

2 
∫

(x−x3)1/3

x4
dx

1

1/3
 is  

(a) 6   (b)0   (c) 1   (d) 4 

1 

3 ∫
dx

4+9x2

2/3

0
 is 

 (a)
π

6
 (b)

π

12
(c)π/24 (d)π/4  

1 

4 ∫
dx

1+x2

1

0
  is  

(a) 0   (b) π/4    (c) π/12    (d) π/6 

1 

5 ∫ x17 +  x71
1

−1
 dx  is 

 (a) 1   (b)0   (c)2   (d) 4 

1 

 

Problems for Practice 
All the questions carry 3 marks 

1 Evaluate∫
sinx

1+sinx

1

0
dx 

2 Evaluate  ∫ cot−1(1 − x − x2
1

0
)dx 

3 Evaluate  ∫ (√tanx + √cotx
π/2

0
) dx 

4 Evaluate  ∫ |xsinπx|
3/2

−1
dx 

5 Evaluate  ∫
xdx

1+x2

1

0
 

6 Evaluate  ∫ |2x − 1|
3

1
  dx 

7 Evaluate  ∫
1

1+esinx

2π

0
  dx 

8 Evaluate  ∫
x2dx 

1+5x

2

−2
 

9 Evaluate  ∫
dx

1+√tanx

π/3

π/6
 

10 Evaluate  ∫ 2logcosx − logsin2x)dx
π/2(

0
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All the questions carry 5 marks 
1 Evaluate ∫ |x3 − x|

2

−1
dx 

2 Evaluate ∫ |x + 3|
6

−6
  dx 

3 Evaluate ∫
xsinxcosx

sin4x +cos4x
dx

π/2

0
 

4 Evaluate ∫
xdx

a2cos2x+b2sin2x

π

0
dx 

5 Evaluate∫
xtanx

tanx+secx

π

0
dx 

 
MCQ 

1 ∫ (x2
2

0
+3)dx  is    

      (a)8   (b) 25/3  (c)26/3   (d) 9 
2 ∫ sin2

π

0
 xdx  is  (a)

π

2
                  (b)

π

3
                                 (c)

π

4
                  (d)π   

3 ∫
dx

1+sinx

π

0
    is   (a)

π

4
                 (b)

π

3
                                  (c)eπ/2             (d) 2 

 

4 ∫
1−x

1+x

1

0
dx                              

 (a) 
log2

2
             (b)  

log2

2
-1                      (c) 2log2-1      (d) 2log2 +1 

5∫ cosx cos2x dx
π/6

0
      

(a) ¼    (b) 5/12    (c) 1/3   (d)-1/12  

6 ∫
dx

ex+e−x

1

0
       

(a) 1-π/4       (b) tan−1 e    
(c) ) tan−1 e + π/4    (d) tan−1 e − π/4 

7 ∫ √
1−x

1+x

1

0
dx        

(a) 
π

2
                  (b)

π

2
 − 1                       (c)π/2 + 1        (d)0 

8    ∫ log (
4+3sinx

4+3cosx

π/2

0
)dx    

(a) 2  (b) 3/4    (c) 0     (d) -2 

9 ∫ tan−1
2x−1

1+x−x2

1

0
dx      

(a) 1     (b) 0      (c) -1   (d)π/4 

10    ∫
√tanx

√tanx+√cotx

π/2

0
dx  is   

(a)
π

2
                     (b)   π/3                        (c)  π/4          (d) π 

11 ∫
dx

1+tanx

π/2

0
=                        

(a) 
π

2
                  (b)   π/3                          (c)  π/4          (d) π 

12 ∫ sin3x cos2
1

−1
x dx     

(a) 0   (b)1       (c)2                 (d)3 
 
     ASSERTION AND REASONING BASED PROBLEMS 
In the following questions a statement of assertion  Statement 1 is followed by statement  of reason 
Statement 2  Mark the correct choice as  
(a) If statement 1 and statement 2 is true and statement 2 is the correct  explanation of 1 
(b) If statement 1 and statement 2 is true and statement 2 is  not the correct  explanation of 1 
(c) If statement 1 is true  and statement 2 is false  
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(d) If statement 1 is false  and statement 2 is true 
Now  answer the following 

1 Statement I   ∫ sin2xdx = π/4
π/2

0
    

Statement  II  ∫ f(x)dx = ∫ f(a − x)
a

0

a

0
 dx 

2Statement I  ∫
√xdx

√x +√5−x

3

2
  =1/2           

 Statement II ∫ f(x)dx
2a

0
=2∫ f(x)dx

a

0
   if f(x)=f(2a-x)    
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CHAPTER 8: APPLICATIONS OF INTEGRALS  
SOME IMPORTANT RESULTS/CONCEPTS 

 

** Area of the region PQRSP = 
b

a

dA = 
b

a

dxy = 
b

a

dx)x(f . 

 
 
 
** The area A of the region bounded by the curve x = g (y), y-axis and  

the lines y  =  c, y = d is given by A= 
d

c

dyx = 
d

c

dy)y(g  

MCQ 
 

1 Area of region bounded by y= x3 , x axis , x=1 and x= -2 
(a) -9 sq units          (b) -1/4  sq units (c) 15/4  sq units (d) 17/4  sq units 
 

2 Area of region bounded by curve y=x and y = x3 is 
(a) 1/2  sq units (b) 1 /4  sq units (c) 9/2  sq units (d) 9/4 sq units    
 

3 The area of the region bounded by the parabola y = x2 and y = |x| is 
(a) 3                     (b) 1 / 2  (c) 1/3  (d) 2 
 

4 The area of the region enclosed by the parabola x2 = y, the line y = x + 2 and the x-axis, is 
(a) 5 / 9  (b) 9 / 5  (c) 5 /6  (d) 2 /3 
 

5 The area enclosed by the circle x2+y2 = 2 is equal to: 
(a) 4ᴫ sq units (b)  2√2ᴫ sq units (c) 4ᴫ2 sq units (d) 2ᴫ sq units 
 

 
Short Answer type questions (Unsolved) 
 
Q1  Find the area enclosed between  curves y = x 2 + 2, y = x, x = 0, x = 3      

 
2 Find the area enclosed between  curves y = 4x – x2 , 0 ≤ x ≤ 4, x-axis  

 
3 Find the area enclosed between  curves y = x 2 + 2, y = x, x = 0, x = 3      

 
4 Find the area   { (x , y) : x2 + y2< 1< x+y} 

 
5 Find the area enclosed between  curves y = x 3, x = - 2, x = 1, y = 0   

 
6. Find the area bounded by the curve y = cos x between x = 0 and x = 2π 

 
 
Long Answer Type Questions : 
 
Q. Find the area of the region enclosed by the parabola x2 = y, the line y = x + 2 and the x-axis, 

( ) yxyxyx ++ 1:, 22
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Sol. From the given equation  
x2 = y and y = x + 2 
 x2 = x + 2 
 x2 - x – 2 = 0 
 (x-2)(x+1) = 0 
 x = 2,  x = -1 
 
For the parabola with vertex (0,0) and the  axis of parabola is  y-axis  
 A O B C 
X -1 0 1 2 
Y 1 0 1 4 
For the line  y = x+2 
 A D E C 
X -1 0 1 2 
Y 1 2 3 4 

So the Required area  = ∫ (x + 2)dx
2

−1
  -  ∫ x2

2

−1
 dx 

= [
(x+2)2

2
]
−1

2

- [
x3

2
]
−1

2

 

= 
1

2
[16 − 1] [

8

3
+ 

1

3
] =

15

3
− 3      =  

9

2
 

 
 
Long Answer Type Questions : (Unsolved) 
 
Q1 . Using the method of integration find the area bounded by the curve 1x y+ =  

 
Q2. Find the area of the region bounded by the line y = 3x + 2, the x-axis and the ordinates x = –1 

and x = 1. 
 

 
 
ASSERTION - REASON TYPE QUESTIONS : 
 
Directions: Each of these questions contains two statements, Assertion and Reason. Each of these questions 
also has four alternative choices, only one of which is the correct answer. You have to select one of the 
codes (a), (b), (c) and (d) given below.  
(a) Assertion is correct, Reason is correct; Reason is a correct explanation for assertion.  
(b) Assertion is correct, Reason is correct; Reason is not a correct explanation for Assertion  
(c) Assertion is correct, Reason is incorrect  
(d) Assertion is incorrect, Reason is correct 
 
 
1. Assertion : The area bounded by the curve y = cos x in I quadrant x=0, and x= 

ᴫ

2
 is 1 sq. unit.  

Reason :   ∫ cosx
ᴫ

2
0

dx =   1 
 
2 Assertion : The area bounded by the curves y = sin x and y = –sin x from 0 to ᴫ is 3 sq. unit.  
Reason :The area bounded by the curves is symmetric about x-axis. 
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CASE STUDY QUESTION :1 
The bridge connects two hills 100 feet apart. The arch on the bridge is in a parabolic form. The highest point 
on the bridge is 10 feet above the road at the middle of the bridge as seen in the figure. 

 

Based on the information given above, answer the following questions: 

(i) The value of the integral ∫
𝑥2

250
 𝑑𝑥

50

−50
 is __________. 

(ii) The integrand of the integral ∫ 𝑥2 𝑑𝑥
50

−50
 is _________ (even/odd) function 

(iii) The area formed by the curve x2 = 250y, x-axis , y = 0 and y = 10 is _____________ sq units. 
 
 
CASE STUDY QUESTION : 2 
In the figure given below O(0, 0) is the center of the circle. The line y = x meets the circle in the first 
quadrant at point B. Answer the following questions based on the given figure. 

 

(i) The equation of the circle is ____________. 

(ii) The co-ordinates of B are _______________. 

(iii) Area of ∆OBM is ____________ sq. units. 

(iv) Area (BAMB) = ____________ sq. units. 

(v) Area of the shaded region is ____________ sq. units. 
 
CASE STUDY QUESTION : 3 
 
The Graphs of two functions f(x) = sin x and g(x) = cos x are given below. 
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Based on the same, answer the following questions. 

 

(i) In [0, ], the curves f(x) and g(x) intersect at x= _______. 

(ii) Find the value of ∫ sin 𝑥 𝑑𝑥


4
0

. 

(iii) Find the value of ∫ cos 𝑥 𝑑𝑥


2


4

. 

(iv) Find the value of ∫ sin 𝑥 𝑑𝑥


0
. 

 
ANSWER     
MCQ  

1. Ans  (c ) 15 /4 
 

2. Ans.  (a) 1/2  sq units 3.     Ans. (c)  1/3 
 

4. Ans   (c) 5 /6 
 

5.  Ans. (d) 2ᴫ sq units 
 

 

 
Short Answer type questions (Unsolved) 
 
1 Ans.   21 /2 sq. units 

 
2 Ans.  32 /3 sq. units 

 
3 Ans.  21 /2 sq. units 

 
4 Ans.   π/4  - 1/ 2  sq. units. 

 
5  

Ans.   15 /4  sq. units 
 

6 Ans.   4  sq. units 
 

 
Long Answer Type Questions : (Unsolved) 
 
Q1 . 2  sq. units 
Q2. 13 /3  sq. units. 
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ASSERTION - REASON TYPE QUESTIONS : 
 

1. Ans  (a)    ∫ 𝐜𝐨𝐬𝐱
ᴫ

𝟐
𝟎

𝐝𝐱 =   [𝐬𝐢𝐧 𝐱]𝟎
𝛑/𝟐 = sin

ᴫ

𝟐
  - 0   = 1 

2. Ans.  (d ) 
 

WORK SHEET  

APPLICATIONS OF INTEGRAL 

 
1.  Find the area enclosed by curve 4 x 2 + 9 y2 = 36     

(a) 6ᴫ sq units   (b)  4ᴫsq units  
     (c) 9ᴫ sq units   (d) 36ᴫ sq units 

2.  The area enclosed between the graph of y = x3 and the lines  
            x = 0, y = 1, y = 8 is 

(a) 7 (b) 14  (c ) 45/4  (d)None of these 
3.  The area of the region bounded by the curve y² = x, the y-axis and between y = 2 and y = 

4 is 
         (s) 52/3 sq. units         (b) 54/3 sq. units  
         (c ) 56/3 sq. units   (d) None of these 

4.  The Area of region bounded by the curve y2 =4x, and its latus rectum   above  x axis 
(a)0 sq units (b)  4/3sq units (c) 3/3 sq units(d) 2/3 sq units 

5.  The Area of region bounded by curve y=x and y = x3 is 
(a)1/2  sq units  (b) 1 /4  sq units (c) 9/2  sq units (d) 9/4 sq units    

6.  The area enclosed by the circle x2+y2 = 2 is equal to: 
(a)4ᴫ sq units (b)  2√2ᴫ sq units (c) 4ᴫ2 sq units (d) 2ᴫ sq units 

7.  The area of the region bounded by the parabola y = x2 and y = |x| is 
(a) 3 (b) 1 / 2  (c) 1/3  (d) 2 

8.  Find the area enclosed between  curves y = x 2 + 2, y = x, x = 0, x = 3    
9.  Find the area of the region bounded by the curve y=sinx between the lines x=0 , x=π/2 

and the x-axis. 
10.  Find the area enclosed between  curves y = 4x – x2 , 0 ≤ x ≤ 4, x-axis  

 
11.  Find the area   { (x , y) : x2 + y2< 1< x+y} 

 
12.  Find the area enclosed between y 2 = 4ax and its latus rectum 
13.  Find the area bounded by the curve y = cos x between x = 0 and x = 2π 

 
14.  

 
Find the area of the region bounded by the curve 

x2

a2
+ 

y2

b2
= 1 

15.  Using the method of integration find the area bounded by the curve 1x y+ =  

16.  Find the area enclosed between  curves y = x 3, x = - 2, x = 1, y = 0   
 

17.   Using integration find the   area of the region   𝑥2 +  𝑦2 = 4 𝑎𝑛𝑑 𝑥 = √3𝑦 with x-axis in 
first quadrant. 

18.  In the figure given below O(0, 0) is the center of the circle. The line y = x meets the circle 
in the first quadrant at point B. Answer the following questions based on the given figure. 

( ) yxyxyx ++ 1:, 22
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(i) The equation of the circle is ____________. 

(ii) The co-ordinates of B are _______________. 

(iii) Area of ∆OBM is ____________ sq. units. 

(iv) Ar (BAMB) = ____________ sq. units. 

(v) Area of the shaded region is ____________ sq. units. 
19.  

 

A child cuts a pizza with a knife. Pizza is circular in shape which is represented by x2 +
y2 = 4 and sharp edge of the knife is represented by 𝑥 = √3𝑦. Based on this information, 
answer the following questions. 

(i) The points of intersection of the edge of the knife and the pizza as shown in the figure 
are _________ and _________. 

(ii) Which of the following shaded portions represents the smaller area bounded by pizza 
and edge of knife in the first quadrant? 

 
20.  Graphs of two functions f(x) = sin x and g(x) = cos x are given below. 

Based on the same, answer the following questions. 
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(i) In [0, ], the curves f(x) and g(x) intersect at x= _______. 

(ii) Find the value of ∫ sin 𝑥 𝑑𝑥


4
0

. 

(iii) Find the value of ∫ cos 𝑥 𝑑𝑥


2


4

. 

(iv) Find the value of ∫ sin 𝑥 𝑑𝑥


0
. 
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CHAPTER 9: DIFFERENTIAL EQUATIONS 

EQUATION CONTAINING  d/dx  ,d2y/dx2  d3y/dx3  etc.with variables and constants is called differential 
equation. 

Ex- 
𝑑𝑦

𝑑𝑥
 =  3𝑥,

𝑑𝑦

𝑑𝑥
=  𝑥 +  𝑦,

𝑑𝑦

𝑑𝑥
 =

𝑦

𝑥
,
𝑑2𝑦

𝑑𝑥2
+  𝑦 =  0, 𝑎𝑛𝑑 

𝑑𝑦

𝑑𝑥
 =

𝑥2+ 𝑦2

2𝑥𝑦
 

𝑑3𝑦

𝑑𝑥3
 −
3𝑑2𝑦

𝑑𝑥2
 +
5𝑥𝑑𝑦

𝑑𝑥
= 7𝑥2 

*ORDER AND DEGREE-MAX NO OF DIFFERENTIATION DONE IN DIFF EQUATION IS CALLED ORDER AND MAX POWER OF 
THAT DERIVATIVE IS CALLED DEGREE. 

EX: (1) 
𝑑2𝑦

𝑑𝑥2
−
7𝑥𝑑𝑦

𝑑𝑥
= 𝑟2√1 +

𝑑2𝑦

𝑑𝑥2
    (2)  (

𝑑2𝑦

𝑑𝑥2
)
1

3  = (
𝑑3𝑦

𝑑𝑥3
)

1

5
 ;degree and order of diff eq are m and n then 𝑚 +

𝑛 =?  

(3)  (
𝑑2𝑦

𝑑𝑥2
)
3

 + (
𝑑𝑦

𝑑𝑥
)
2

 + 𝑠𝑖𝑛(
𝑑𝑦

𝑑𝑥
) + 1 = 0  

(4) 
𝑑2𝑦

𝑑𝑥2
 + 𝑙𝑜𝑔𝑦 = 𝑐𝑜𝑠3𝑥  (5) (

𝑑2𝑦

𝑑𝑥2
)
2

 + (
𝑑𝑦

𝑑𝑥
)
2

= 𝑥𝑠𝑖𝑛(
𝑑𝑦

𝑑𝑥
) 

(5) if p and q are the order and degree of the differential equation  

(
𝑑𝑦

𝑑𝑥
)
5

+
4(
𝑑𝑦

𝑑𝑥
)
3

(
𝑑𝑦

𝑑𝑥
)
2 + (

𝑑𝑦

𝑑𝑥
)
2

= 𝑥 then value of p+q is ----------- 

(6)The sum of degree and order of differential equation  
𝑑2𝑦

𝑑𝑥2
+ (

𝑑𝑦

𝑑𝑥
)

1

3
+ 1 + 𝑥 = 0 is --- 

(7)Do the given differential equation have same order degree  6 (
𝑑3𝑦

𝑑𝑥3
)
4

+ 9 (1 +
𝑑𝑦

𝑑𝑥
)
3

+ 5𝑦 = 𝑥8   

YES/NO? 

MAKING OF DIFFERENTIAL EQUATION:  

(1)Count no of arbitrary equation and do differentiation as many times as no of arbitrary const. 

(2)by using given and derivatives done eliminate arbitrary and make a final perfect differential eq without 
any arbitrary. 

EX: (1)
𝑥2

𝑎2
 +

𝑦2

𝑏2
  = 1    (2) (𝑥 − ℎ)2  + (𝑦 − 𝑘)2  = 𝑟2 (3) 𝑦 = 𝑚𝑥 + 𝑐  

       (4) (𝑦 − 𝑘)2  = 4𝑎(𝑥 − ℎ) 

SOLUTION OF DIFFERENTIAL EQUATION:*Solution is the relation between variables and 
constant(arbitrary or fixed) which satisfy given differential equation :there are two types (a)general solution  
(includes as many arbitrary as the order of diff equation) (b)particular solution (arbitrary const holds 
particular value for special condition) 

EX: 
𝑑2𝑦

𝑑𝑥2
 + 𝑦 = 0    gen sol :- 𝑦 = 𝑎𝑐𝑜𝑠𝑥 + 𝑏𝑠𝑖𝑛𝑥      particular solution y= 3𝑠𝑖𝑛𝑥 + 4𝑐𝑜𝑠𝑥 
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*# Solution depends on type of differential eq and finally all types converts in separate variable by using 
different techniques so understand properly separate variable. 

𝑓(𝑥)𝑓(𝑦) +
𝑑𝑦

𝑑𝑥
= 0 , 𝑓(𝑥) 𝑑𝑥 + 𝑓(𝑦)𝑑𝑦 = 0 etc are sap var . 

*# 𝑓(𝑥 + 𝑦)
𝑑𝑦

𝑑𝑥
  + 𝑘 = 0 type when x and y cant saperate then put 𝑥 + 𝑦 = 𝑣 then find dy/dx in terms of 

dv/dx  then solve by using sap var.EX:(1)  
𝑑𝑦

𝑑𝑥
 + 𝑐𝑜𝑠(𝑥 + 𝑦) + 1 = 0 (hint 𝑥 + 𝑦 = 𝑣) 

(2) 
𝑑𝑦

𝑑𝑥
 + (4𝑥 + 𝑦 + 1)2 =  0 (hint 4𝑥 + 𝑦 + 1 = 𝑣) (3)

𝑑𝑦

𝑑𝑥
 + 𝑥𝑡𝑎𝑛(𝑦 − 𝑥) = 1 (hint y-x=v). 

*#  Homogeneous differential equation dy/dx =xnf(y/x)   (put y=vx then get dy/dx in terms of dv/dx) and for 
type dx/dy  put x=vy . 

# 𝑥2𝑑𝑦 + (𝑥𝑦 + 𝑦2)𝑑𝑥 = 0    ;ans 𝑥2𝑦 = 𝑐(2𝑥 + 𝑦). 

#The slope of the tangent at (x ,y) to a curve passing through the point (1 ,𝜋/4) is given by 
𝑦

𝑥
= cos (

2x

y
),then 

the equation of the curve is ----------(hint put y=vx). 

# Assertion(A):   Equation 
𝑑𝑦

𝑑𝑥
 =

𝑠𝑖𝑛𝑦

𝑠𝑖𝑛𝑥
 is a homogeneous differential equation of order 0 . 

Reason:To solve a differential equation of the form 
𝑑𝑦

𝑑𝑥
 = 𝑓(

𝑦

𝑥
),we put 𝑦 = 𝑣𝑥.  

(a)                  (b)                     (c)                    (d)  
LINEAR DIFFERENTIAL EQUATION 
𝑑𝑦/𝑑𝑥 + 𝑝𝑦 = 𝑄 ;where P and Q function of x or constant(sol:  y(i.f.)=∫𝑄(𝑖. 𝑓. )𝑑𝑥 + 𝑐 

i.f.=𝑒∫𝑝𝑑𝑥  .# 𝑑𝑥/𝑑𝑦 + 𝑃𝑥 = 𝑄 ;where P and Q are function of y or constant.then its solution  x(i.f.) 

=∫𝑄(𝑖. 𝑓. )𝑑𝑦 + 𝑐 ;where i.f.= 𝑒∫𝑝𝑑𝑦 

 EX: (1) (1 + 𝑥2)
𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑒tan

−1 𝑥   (hint –divide by (1+𝑥2) both side ). 

(2)
𝑥𝑑𝑦

𝑑𝑥
 + 𝑙𝑜𝑔𝑥 . 𝑦 = 𝑥𝑒𝑥𝑥−

1

2
𝑙𝑜𝑔𝑥

 (x>0)at x=2 . 

(3) if  y(x)  satisfies the differential equation 
𝑑𝑦

𝑑𝑥
 − 𝑦𝑡𝑎𝑛𝑥 = 2𝑥𝑠𝑒𝑐𝑥 and y(0) = 0 then  

(a) 𝑦(
𝜋

3
)=
𝜋2

9
          (b) 𝑦(

𝜋

3
)=  

4𝜋

3
  +2 

𝜋2

2√3
   

(c) ) y(
𝜋

4
)=

𝜋2

8√2
    (d) ) y”(

𝜋

4
)=
𝜋2

18
  

(4)Case based            
If an equation is of the form dy/dx +Py =Q ;where P and Q function of x or constant then such 

equation is known as lineaer differential equation.its solution is :  y(i.f.)=∫𝑄(𝑖. 𝑓. )𝑑𝑥 + 𝑐 where 

i.f.=𝑒∫𝑝𝑑𝑥  
Now suppose (1+sinx)dy/dx +ycosx +x =0 
Based on above information answer  the following  
(i) The value of P and Q resp are----- 
(ii) Find  I.F. 
(iii) Find the solution of DE. 
(iv) If y(0)=1 then y equals  
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CASE  BASED  

Covid 19 vaccines are delivered to 90k senior citizens in a state the rate at which covid -19 vaccines are 
given is  directly propotional to the no of senior citizen who have not been administered the vaccines.by the 
end of 3rd week ¾ th number of senior citizen have been given the covid 19  vaccines .how  many will  have 
been given the vaccines by the end of  4th week  can be estimated using the solution to the differential 
equation  

𝑑𝑦

𝑑𝑥
= 𝑘(90 − 𝑦) ,where x denotes the number of weeks and y the number of senior citizens who have been 

given the vaccines .based on above information solve following question . 

Q1.The order and degree of the given differential equation are: 

a.1 and 1       b.2 and not defined      c.1 and 0        d.0 and 1 

Q2.Which method of solving a differential equation can be used to solve 
𝑑𝑦

𝑑𝑥
= 𝑘(90 − 𝑦).  

a.Variable saparable   b.Homogeneous  differential eq. 

c.Solving linear    d.All of the above  

Q3.The general solution of the differential equation dy/dx=k(90-y), 

a. 𝑙𝑜𝑔(50 − 𝑦) = 𝑘𝑥 + 𝑐           b. −𝑙𝑜𝑔(90 − 𝑦) = 𝑘𝑥 + 𝑐 

c. 𝑙𝑜𝑔(90 − 𝑦) = 𝑙𝑜𝑔(𝑘𝑥) + 𝑐   d. 50 − 𝑦 = 𝑘𝑥 + 𝑐  

Q4.The value of C in the particular solution given that 𝑦(0) = 10 and     

𝑘 = .025 is:  

𝑎. 𝑙𝑜𝑔10   𝑏. 𝑙𝑜𝑔(
1

80
)   𝑐. 𝑙𝑜𝑔80   𝑑. 80 

Q5.Which of the following solutions may be used to find the number of senior citizens who have been given 
covid -19 vaccines ? 

𝑎. 𝑦 = 90 − 𝑒𝑘𝑥  𝑏. 𝑦 = 90 − 𝑒−𝑘𝑥   𝑐. 𝑦 = 90(1 − 𝑒−𝑘𝑥)  𝑑. 𝑦 = 90(1 − 𝑒𝑘𝑥) 

END 

SOLUTION:- 

Detailed Solutions of Case based 2 

Q1. The order and degree of the given differential equation are: 

Given the differential equation: 
𝑑𝑦

𝑑𝑥
 =  𝑘(90 −  𝑦) 

 

This is a first-order differential equation as the highest derivative is
𝑑𝑦

𝑑𝑥
. 
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Degree is 1 since dy/dx is raised to the power 1 and is not under any root or function. 
 
     Answer: (a) Order = 1, Degree = 1 

Q2. Which method of solving a differential equation can be used to solve dy/dx = k(90 - y)? 

This equation is linear in the form 
𝑑𝑦

𝑑𝑥
 +  𝑘𝑦 =  90𝑘 𝑜𝑟

𝑑𝑦

𝑑𝑥
 =  𝑘(90 −  𝑦), and can also be separated. 

 
Hence, all three methods apply: 
- Variable separable 
- Homogeneous (though less direct) 
- Linear differential equation 
 
     Answer: (d) All of the above 

Q3. The general solution of the differential equation dy/dx = k(90 - y) is: 

Separate variables: 
𝑑𝑦

(90 −  𝑦)
 =  𝑘 𝑑𝑥 

Integrating both sides: 

∫
1

90 − 𝑦
  𝑑𝑦 =  ∫ 𝑘 𝑑𝑥 

⇒ −𝑙𝑛|90 −  𝑦|  =  𝑘𝑥 +  𝐶 

⇒  𝑙𝑛|90 −  𝑦|  =  −𝑘𝑥 +  𝐶 

⇒  90 −  𝑦 =  𝐶𝑒−𝑘𝑥 

⇒  𝑦 =  90 −  𝐶𝑒−𝑘𝑥 

Q4. The value of C in the particular solution given a condition (say y(3) = 67.5): 

From the general solution: 𝑦 =  90 −  𝐶𝑒−𝑘𝑥 
Use 𝑦(3)  =  67.5 ⇒  67.5 =  90 −  𝐶𝑒−3𝑘 

⇒ 𝐶𝑒−3𝑘  =  90 −  67.5 =  22.5 
 
     Therefore, 𝐶 =  22.5 𝑒3𝑘 

Q5. Which solution helps estimate how many citizens have been vaccinated by end of 4th week? 

The differential equation is 
𝑑𝑦

𝑑𝑥
 =  𝑘(90 −  𝑦). 

From the general solution: 𝑦 =  90 −  𝐶𝑒−𝑘𝑥, and using data like 𝑦(3)  =  67.5, 
we can compute C and predict y(4) by substituting x = 4. 
 
     So, solution 𝑦 =  90 −  𝐶𝑒−𝑘𝑥 is used to estimate future vaccination count. 

 

Solutions of Linear Differential Equations 

Q6. Identify P and Q in the equation (1 +  𝑠𝑖𝑛𝑥)
𝑑𝑦

𝑑𝑥
  +  𝑦 𝑐𝑜𝑠𝑥 +  𝑥 =  0 
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Rewrite in standard linear form: 
𝑑𝑦

𝑑𝑥
 +  𝑃(𝑥)𝑦 =  𝑄(𝑥) 

⇒ 
𝑑𝑦

𝑑𝑥
 + (

𝑐𝑜𝑠𝑥

1 + 𝑠𝑖𝑛𝑥
 ) 𝑦 =  

−𝑥

1 + 𝑠𝑖𝑛𝑥
 

     Therefore, 𝑃 =
𝑐𝑜𝑠𝑥

1 + 𝑠𝑖𝑛𝑥
, 𝑄 =  −

𝑥

1 + 𝑠𝑖𝑛𝑥
 

Q7. Find the Integrating Factor (IF) for 
𝑑𝑦

𝑑𝑥
 +  𝑃(𝑥)𝑦 =  𝑄(𝑥) with 𝑃(𝑥) =

𝑐𝑜𝑠𝑥

1 + 𝑠𝑖𝑛𝑥
 

Integrating Factor, 𝐼𝐹 =  𝑒∫ 𝑃(𝑥)𝑑𝑥 
Let’s integrate P(x): 

∫
𝑐𝑜𝑠𝑥

1 + 𝑠𝑖𝑛𝑥
𝑑𝑥 →  𝐿𝑒𝑡 𝑢 =  1 +  𝑠𝑖𝑛𝑥 ⇒  𝑑𝑢 =  𝑐𝑜𝑠𝑥 𝑑𝑥 

⇒ ∫
𝑑𝑢

𝑢
 =  𝑙𝑛|𝑢|  =  𝑙𝑛|1 +  𝑠𝑖𝑛𝑥| 

⇒  𝐼𝐹 =  𝑒𝑙𝑛|1 + 𝑠𝑖𝑛𝑥| = |1 +  𝑠𝑖𝑛𝑥| 

     So, Integrating Factor (IF) = 1 +  𝑠𝑖𝑛𝑥 

Q8. Solve the differential equation: 
𝑑𝑦

𝑑𝑥
 + (

𝑐𝑜𝑠𝑥

1 + 𝑠𝑖𝑛𝑥
) 𝑦 =  −

𝑥

1 + 𝑠𝑖𝑛𝑥
 

Using 𝐼𝐹 =  1 +  𝑠𝑖𝑛𝑥: 
General solution: 𝑦(𝐼𝐹)  =  ∫  𝑄(𝐼𝐹) 𝑑𝑥 +  𝐶 

⇒ 𝑦(1 +  𝑠𝑖𝑛𝑥) =  ∫(−𝑥)𝑑𝑥 +  𝐶 =  −
𝑥2

2
+  𝐶 

     Therefore, the solution is: 𝑦(1 +  𝑠𝑖𝑛𝑥)  =  −
𝑥2

2
 +  𝐶 

Q9. Find particular solution if 𝑦(0)  =  1 

From previous: 𝑦(1 +  𝑠𝑖𝑛𝑥)  =  −
𝑥2

2
+  𝐶 

At 𝑥 =  0, 𝑠𝑖𝑛(0)  =  0, 𝑦 =  1: 
⇒ 1(1 +  0)  =  −0 +  𝐶 ⇒  𝐶 =  1 

     Final solution: 𝑦(1 +  𝑠𝑖𝑛𝑥)  =  −
𝑥2

2
 +  1 

WORKSHEET  

DIFFERENTIAL EQUATIONS 

1. What is the degree of the differential equation 𝑦 (
𝑑2𝑦

𝑑2𝑥
)
3

+ 𝑥 (
𝑑𝑦

𝑑𝑥
)
4

+ 𝑦5 = 0 

(a) 6                  (b) 4                   (c) 5                 (d)  3 

2. The order and degree of the differential equation (
𝑑𝑦

𝑑𝑥
)
2

+ 4
𝑑2𝑦

𝑑2𝑥
+ 5 = 0  is  

(a) order 1 and degree 2                 (b) order 2 and degree 2                            
(c) order 2 and degree 1                 (d)  order 1 and degree 1 

3. The Integrating Factor of the differential equation 
𝑑𝑦

𝑑𝑥
−
𝑦

𝑥
= 2𝑥2is 

(a) 𝑥2                (b) 𝑥                   (c) −
1

𝑥
              (d)  

1

𝑥
 

4. Find the particular solution of the differential equation  
𝑑𝑦

𝑑𝑥
+ 𝑠𝑒𝑐2𝑥. 𝑦 = tan 𝑥 . 𝑠𝑒𝑐2𝑥, given that y(0) 

= 0. (3) 
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5. Solve the differential equation given by 𝑥𝑑𝑦 − 𝑦𝑑𝑥 − √𝑥2 + 𝑦2𝑑𝑥 = 0. (3) 

6. Find the general solution of the differential equation :
𝑑

𝑑𝑥
(𝑥𝑦2) = 2𝑦(1 + 𝑥2). 

7. Solve the following differential equation :𝑥𝑒
𝑥

𝑦 − 𝑦 + 𝑥
𝑑𝑦

𝑑𝑥
= 0. 

8. Find the particular solution of the differential equation 
𝑑𝑦

𝑑𝑥
=

𝑥+𝑦

𝑥
, 𝑦(1) = 0. 

9. Find the general solution of the differential equation  
10. 𝑒𝑥 tan 𝑦 𝑑𝑥 + (1 − 𝑒𝑥)𝑠𝑒𝑐2𝑦𝑑𝑦 = 0. 
11. Find the particular solution of the differential equation 𝑥𝑑𝑥 − 𝑦𝑒𝑦√1 + 𝑥2𝑑𝑦 = 0, given that 𝑦 = 1, 

when 𝑥 = 0. 

12. Solve the differential equation 𝑥 cos (
𝑦

𝑥
)
𝑑𝑦

𝑑𝑥
= 𝑦 cos (

𝑦

𝑥
) + 𝑥. 
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CHAPTER 10: VECTOR ALGEBRA 

1 In ∆𝐴𝐵𝐶, 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑖̂ + 𝑗̂ + 2𝑘̂ 𝑎𝑛𝑑  𝐴𝐶⃗⃗⃗⃗  ⃗ = 3𝐼 − 𝐽 + 4𝐾̂. If D is midpoint of BC, then  𝐴𝐷⃗⃗ ⃗⃗  ⃗ = 

 𝑎) 4𝑖̂ + 6𝑘̂           b) 2𝑖̂ − 2𝑗̂ + 2𝑘̂        c)   𝑖̂ − 𝑗̂ + 𝑘̂         d)    2𝑖̂ + 3𝑘̂ 

2 Which of the following vectors is equally inclined to axes 

a)    𝑖̂ + 𝑗̂ + 𝑘̂       b)   𝑖̂ − 𝑗̂ + 𝑘̂        c)   𝑖̂ − 𝑗̂ −  𝑘̂        d)   - 𝑖̂ + 𝑗̂ − 𝑘̂ 

3 The cosine of the angle which the vector √2 𝑖̂ + 𝑗̂ + 𝑘̂    makes with y-axis is 

a)  1      b)     
1

2
         c)    

1

4
          d)      

1

3
 

4 The area of a parallelogram whose diagonal  is 2𝑖̂ + 𝑗̂ − 2𝑘̂  and  one side is  3𝑖̂ + 𝑗̂ − 𝑘̂  is   

a)    3√2 units        b)  4√2  units         c)    6√2  units         d)    6 units 

5 If |𝑎 |= 8,  |𝑏⃗ |=  3    and   |𝑎 . 𝑏⃗ |= 12√3  then the value of   |𝑎  𝑋 𝑏⃗ |    is 

a)  12         b)    12√3            c)  6            d)    4√3 

6 If  𝑎 , 𝑏⃗   and 𝑐  are mutually perpendicular unit vectors then the value of |2𝑎̂ + 𝑏̂ + 𝑐̂| is    

a)      √5      b)  √3          c)    √2         d)      √6 

7 The cosine of the angle which the vector √2 𝑖̂ + 𝑗̂ + 𝑘̂    makes with y-axis is  

 a)  1      b)     
1

2
         c)    

1

4
          d)      

1

3
 

8 If for non zero vectors  𝑎  𝑎𝑛𝑑  𝑏⃗   ,  𝑎  𝑋 𝑏⃗   is a unit vector and |𝑎 |=|𝑏⃗ |= √2 , then the angle between 
𝑎  𝑎𝑛𝑑  𝑏⃗   is   

a)  
𝜋

2
              b)  

𝜋

3
              c)   

𝜋

6
              d)  - 

𝜋

2
 

9 If 𝑎 , 𝑏⃗  and 𝑐  are three vectors such that |𝑎 |=3, |𝑏⃗ |=4, |𝑐 |=5, and each of them is perpendicular to the sum 
of the other two, find |𝑎 +𝑏 +𝑐 |. 

10 Show that the vectors 2𝑖 ̂−𝑗 ̂+𝑘̂, 𝑖 ̂−3𝑗 ̂−5𝑘̂ and 3𝑖 ̂−4𝑗 ̂−4𝑘̂ form the sides of a right-angled triangle.  

11 Find the area of the parallelogram whose adjacent sides are determined by the vectors 𝑎 =3𝑖 ̂+𝑗 ̂+4𝑘̂ and 

𝑏 =𝑖 ̂−𝑗 ̂+𝑘̂.  

12 If 𝑎 = 2𝑖̂ − 𝑗̂ + 𝑘̂, 𝑏⃗ = 𝑖̂ + 𝑗̂ − 2𝑘̂ 𝑎𝑛𝑑 𝑐 = 𝑖̂ + 3𝑗̂ − 𝑘̂, find 𝜆 such that 𝑎  is perpendicular to 𝜆𝑏⃗ + 𝑐  

13 The two vectors 𝑗̂ +  𝑘̂ and 3𝑖̂ − 𝑗̂ +  4𝑘̂ represents the two sides AB and AC, respectively of a ∆ABC. 

Find the length of the median through A. 

14 If |𝑎 | = 8, |𝑏⃗ | = 3 and |𝑎 × 𝑏⃗ | = 12 then find the value of 𝑎 . 𝑏⃗ .   

15 Find the value of 𝜆 for which the two vectors 2𝑖̂ − 𝑗̂ + 2𝑘̂ and 3𝑖̂ + 𝜆𝑗̂ + 𝑘̂ are perpendicular. 

16 Find the position vector of the point which divides the join of points with position vectors 𝑎 + 𝑏⃗  and 

2𝑎 − 𝑏 ⃗⃗⃗  in the ratio 1:2. 
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17 Find all vectors of magnitude 10√3 that are perpendicular to the plane of 𝑖̂ + 2𝑗̂ + 𝑘̂ and −𝑖̂ + 3𝑗̂ + 4𝑘̂ 

18 Find a vector 𝑟  of magnitude 3√2 units which makes an angle of π/4 and π/2 with y and z - axes, 

respectively. 

19 Find a vector of magnitude 11 in the direction opposite to that of 𝑃𝑄⃗⃗⃗⃗  ⃗, where P and Q are the points (1, 

3, 2) and (–1, 0, 8), respectively. 

20 A vector 𝑟  is inclined at equal angles to the three axes. If the magnitude of vector 𝑟  is 2√3 units, find 

vector 𝑟 . 

21 A vector 𝑟  has magnitude 14 and direction ratios 2, 3, – 6. Find the direction cosines and components of 

𝑟 , given that 𝑟  makes an acute angle with x-axis. 

22 If 𝑎 =  𝑖̂ + 𝑗̂ + 𝑘̂ and 𝑏⃗ =  𝑗̂ − 𝑘̂, find a vector c  such that 𝑎 × 𝑐 = 𝑏⃗  and 𝑎 . 𝑐 = 3. 

23 Find the value of 𝜆 for which the two vectors 2𝑖̂ − 3𝑗̂ + 2𝑘̂ and 2𝑖̂ − 4𝑗̂ + 𝜆𝑘̂ are parallel. 

24 What will be the value of (𝑎 × 𝑖̂)2 + (𝑎 × 𝑗̂)2 + (𝑎 × 𝑘̂)
2
, for any vector 𝑎 ? 

25 If |𝑎 | = 10, |𝑏⃗ | = 2 and 𝑎 . 𝑏⃗  = 12 then find the value of |𝑎 × 𝑏⃗ |. 

26 If 𝑎 , 𝑏⃗ , 𝑐  are three vectors such that 𝑎 + 𝑏⃗ + 𝑐 =  0,⃗⃗   |𝑎 | = 2, |𝑏⃗ | = 3, |𝑐 | = 5,  then find the value of 

𝑎 . 𝑏⃗ + 𝑏⃗ . 𝑐 + 𝑐 . 𝑎 . 

27 If 𝑎  is any non-zero vector, then find the value of (𝑎 . 𝑖̂)𝑖̂ + (𝑎 . 𝑗̂)𝑗̂ + (𝑎 . 𝑘̂)𝑘̂. 

28 If (𝑎 × 𝑏⃗ )
2
+ (𝑎 . 𝑏⃗ )

2
= 144 and 𝑎 = 4, then find the value of 𝑏⃗ . 
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VECTORS 
ANSWER KEY 

1 d)    2𝑖̂ + 3𝑘̂ 
2 a)    𝑖̂ + 𝑗̂ + 𝑘̂ 
3 b)     

1

2
          

4 a)    3√2 units         
5 a)  12          
6 d)      √6 
7 b)     

1

2
 

8 c)   
𝜋

6
 

9 (𝑎 + 𝑏⃗ + 𝑐 )
2
=  |𝑎 |2 + |𝑏⃗ |

2
+ |𝑐 |2 + 2(𝑎 . 𝑏⃗ + 𝑏⃗ . 𝑐 + 𝑐 . 𝑎 ) = 50;     |𝑎 + 𝑏⃗ + 𝑐 | = 5√2 

10 Find the angle between each pair of vectors. 
11 𝑎 × 𝑏⃗ = 5𝑖̂ + 𝑗̂ − 4𝑘 ̂ 

                 |𝑎 × 𝑏⃗ | = √42 

12 𝑎 . (𝜆𝑏⃗ + 𝑐 ) = 0  ⟹  𝜆 = −2 
13 Median |𝐴𝐷⃗⃗ ⃗⃗  ⃗| =

1

2
|3𝑖̂ + 5𝑘̂| =

√34

2
 

14 𝜃 =  ±
𝜋

6
, 𝑎 . 𝑏⃗ = 12√3 

15 𝜆 = 8 
16 4𝑎 + 𝑏⃗ 

3
 

17 ±10(𝑖̂ − 𝑗̂ + 𝑘̂) 
18 ±3𝑖̂ + 3𝑗̂ 
19 22

7
𝑖̂ +  

33

7
𝑗̂ −

66

7
𝑘̂ 

20 Using direction cosines, 𝑟 = ±2(𝑖̂ + 𝑗̂ + 𝑘̂) 
21 Direction Cosines: 

2

7
,
3

7
,
−6

7
, Components of 𝑟  = 4, 6, -12 

22 𝑎 . 𝑐 = 3 ⟹ 𝑥 + 𝑦 + 𝑧 = 3 

 𝑎 × 𝑐 = 𝑏⃗  ⇒ 𝑥 =  
5

3
, 𝑦 =  

2

3
, 𝑧 =  

2

3
  

 𝑐 =  
5

3
𝑖̂ +  

2

3
𝑗̂ +

2

3
𝑘̂ 

23 No value of 𝜆 
24 2|𝑎 |2 
25 |𝑎 × 𝑏⃗ | = 16 
26 𝑎 . 𝑏⃗ + 𝑏⃗ . 𝑐 + 𝑐 . 𝑎 =  −19 

27 𝑎  

28 Use 𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃 = 1, 𝑏⃗ = 3 
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WORKSHEET 

VECTOR ALGEBRA 

1.  If |𝑎 | = 8, |𝑏⃗ | = 3 and |𝑎 × 𝑏⃗ | = 12 then  the value of 𝑎 . 𝑏⃗   IS 

𝑎) 12√3                 b)    12         c)        -12            d)   -12√3            

2. Area of a parallelogram whose diagonals   are along vectors  𝑖̂ + 2𝑘̂   and 2𝑗̂ − 3𝑘̂  is 

a)  √29         b)     
1

2
√29             c)   −4 𝑖̂ + 3𝑗̂ + 2𝑘̂          d)    None of these 

      3. If  𝑎 , 𝑏⃗   and 𝑐  are mutually perpendicular unit vectors then the value of |2𝑎̂ + 𝑏̂ + 𝑐̂| is                     
                           𝑎)   √5      b)  √3          c)    √2         d)      √6                   
      4. For what value of p , is (𝑖̂ + 𝑗̂ + 𝑘̂) p a unit vector ? 

       a)   ±
1

√3
             b)   ± 1                c)   ±

1

3
                  d) ± √3    

5. Which of the following vectors is equally inclined to axes 
       a)    𝑖̂ + 𝑗̂ + 𝑘̂       b)   𝑖̂ − 𝑗̂ + 𝑘̂        c)   𝑖̂ − 𝑗̂ −  𝑘̂        d)   - 𝑖̂ + 𝑗̂ − 𝑘̂    
 6. Show that the vectors 2𝑖 ̂−𝑗 ̂+𝑘̂, 𝑖 ̂−3𝑗 ̂−5𝑘̂ and 3𝑖 ̂−4𝑗 ̂−4𝑘̂ form the sides of a right-angled triangle. 

 7. If 𝑎 = 2𝑖̂ − 𝑗̂ + 𝑘̂, 𝑏⃗ = 𝑖̂ + 𝑗̂ − 2𝑘̂ 𝑎𝑛𝑑 𝑐 = 𝑖̂ + 3𝑗̂ − 𝑘̂, find 𝜆 such that 𝑎  is perpendicular to 𝜆𝑏⃗ + 𝑐  . 

 8. Find a unit vector perpendicular to both a = 3i + 2j + 2k and b = i + 2j + 3k. 

 9. Find the value of 𝜆 for which the two vectors 2𝑖̂ − 𝑗̂ + 2𝑘̂ and 3𝑖̂ + 𝜆𝑗̂ + 𝑘̂ are perpendicular. 

10. If |𝑎 | = 2, |𝑏⃗ | =   3   and 𝑎 . 𝑏⃗  = 4 then find the value of |𝑎 − 𝑏⃗ |.   

 11. If the sum of  two unit vectors is a unit vector , prove that the magnitude of their difference is  √3   . 

 12. .Let 𝑎  and  𝑏⃗  be two vectors such that |𝑎 | =3  and  |𝑏⃗ | = √
3

2
  and 𝑎  x𝑏⃗   is a unit vector. Then what is the 

angle between 𝑎  𝑎𝑛𝑑 𝑏⃗   ? 

 13. If 𝑎 =  𝑖̂ + 𝑗̂ + 𝑘̂ and 𝑏⃗ =  𝑗̂ − 𝑘̂, find a vector c  such that 𝑎 × 𝑐 = 𝑏⃗  and 𝑎 . 𝑐 = 3. 

                 CASE BASED QUESTIONS 

14.A man is watching an aeroplane which is at the coordinate A(4,-1,3) assuming that the man is at O(0,0,0) 

.At the same time he saw a bird at the coordinate point B(2,0,4). 

  Based on the above information answer the following: 

  (a) Find the vector  𝐴𝐵⃗⃗⃗⃗  ⃗. 

  (b) Find the distance between aeroplane and bird. 

(c) Find the unit vector along 𝐴𝐵⃗⃗⃗⃗  ⃗ . 

            OR 
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      Find the direction cosines of 𝐴𝐵⃗⃗⃗⃗  ⃗ . 

 

15.A class XII student appearing for a competitive examination was asked to attempt the following questions. 

              Let  If 𝑎 , 𝑏⃗    𝑎𝑛𝑑 𝑐  be three nonzero vectors . 

(a) If |𝑎 + 𝑏⃗  | = |𝑎 − 𝑏⃗ | then find the relation between  𝑎   𝑎𝑛𝑑 𝑏⃗  . 

(b) If  𝑎   𝑎𝑛𝑑 𝑏⃗   are unit vectors and 𝜃 be the angle between then find  |𝑎 − 𝑏⃗ |. 

(c ) If 𝑎 , 𝑏⃗    𝑎𝑛𝑑 𝑐    are unit vectors such that  𝑎 . 𝑏⃗   = 𝑎 . 𝑐   an angle between 𝑏⃗    𝑎𝑛𝑑 𝑐    is 30°   then find k if   

𝑎 = 𝑘(𝑏⃗ × 𝑐 )   . 

          OR 

         Find the area of the parallelogram formed by 𝑎  𝑎𝑛𝑑 𝑏⃗   as diiagonals. 
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CHAPTER 11: THREE  DIMENSIONAL GEOMETRY 

1. If the  direction cosines of a line are (
1

𝑎
,
1

𝑎
,
1

𝑎
)  ,the value of a is  

a)   3              b)  ±3              c)   -±√3               d)        √3  

 2.   The point (x,y,z ) on the xy-plane divides  the line segment joining the points   (1,2,3)  and (3,2,1) in the ratio                                          

a) 3:1 externally      b)   3: internally      c) 2:1 externally         d) 2:1 internally 

3.    The lines 𝑟 = 𝑖̂ + 𝑗̂ − 𝑘̂ + 𝛼(2𝑖̂ + 3𝑗̂ − 6𝑘̂) 𝑎𝑛𝑑 𝑟 =2𝑖̂ − 𝑗̂ − 𝑙 + 𝛽(6𝑖̂ + 9𝑗̂ − 18𝑘̂)          

       ;  (𝑤ℎ𝑒𝑟𝑒 𝛼 𝑎𝑛𝑑 𝛽𝑎𝑟𝑒 𝑠𝑐𝑎𝑙𝑎𝑟) are                                              

                     a) coincident     b)skew      c)intersecting       d) parallel   

4.  The acute angle between the line 𝑟 = 𝑖̂ + 𝑗̂ + 2𝑘̂ + 𝜇(𝑖̂ − 𝑗̂) and the X-axis       

                        a) 
𝜋

4
        𝑏)

𝜋

3    
      𝑐)

𝜋

6
        𝑑)

𝜋

2
                                                 

𝜋

4
 

5. The two lines  x=ay +b , z=cy +d and x= a’y + b’ , z= c’y + d’ are perpendicular to   each other if                                                                                                         

                        a) 
𝑎

𝑎′
+ 

𝑐

𝑐′
  =1       b)

𝑎

𝑎′
+

𝑐

𝑐′
= −1       c)aa’+cc’=1      d) aa’+cc’=-1 

 6.If a line makes angles 𝛼, 𝛽, 𝛾 𝑡hen write the value of  

                     cos 2α +cos 2β+cos 2γ.                                                                          

7.The  x-coordinate of a point on the line joining the points P(2, 2, 1) and  Q(5, 1, – 2) is   4.  Finds its Z coordinate        

8.Find the  cartesian and vector equation of the line  which passes through the             point  (−2 , 4, −5  )  and parallel to 

the line given by 

                
𝑥+3

3
=

𝑦−4

5
=

8−𝑧

−6
             Ans-  𝑟 = −2𝑖̂ + 4𝑗̂ − 5𝑘̂ + 𝜇(3𝑖̂ + 5𝑗̂ + 6𝑘̂) 

   9.  Find the coordinates of the foot of perpendicular drawn from the point A (- 1, 8, 4) to     the line  joining the  points 

B(0, – 1, 3) and C(2, – 3, – 1). Hence, find the image of the point A in the line BC. 

                                                                                                                                                                                         

                                                                                                                                                10.  That the 

lines  
𝑋+1

3
  =  

𝑦+3  

5 
 =  

𝑍+5

7
  and   

𝑋−2

1
  =  

𝑦−4

3
 =  

𝑍−6

5
 intersect. Also, find their    point of  intersection.                                                         

11.The cartesian equation of a line is 6x – 2 = 3y + 1 = 2z – 2. Find the direction cosines of the line. Write down the 

cartesian and vector equations of a line passing through  (2, – 1, – 1) which are parallel to the given line.     

12.Find the points on the line  
𝑋+2

3
 = 

𝑌+1

2
=

𝑍−3

2
  a distance of 5 units from the point     P(1, 3, 3).       
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13.  𝐴𝐵⃗⃗⃗⃗  ⃗ = 3𝑖̂ − 𝑗̂ + 𝑘̂  𝑎𝑛𝑑   𝐶𝐷⃗⃗⃗⃗  ⃗ = −3𝑖̂ + 2𝑗̂ + 4𝑘̂  are two vector. The position vector of the     point A and C  are  6𝑖̂ +

7𝑗̂ + 4𝑘 𝑎𝑛𝑑  − 9𝑗̂ + 2𝑘̂ , respectively. Find the position vector of point Pon the line AB and a point Q on the line CD 

such that PQ is perpendicular to vector AB and CD                             

14. Find the angle between the lines whose direction cosines are given by by the     equation    l+m+n=0,      𝑚2 + 𝑛2 −

𝑙2 = 0          

15. Find the angle between the lines 

     𝑟 = 2𝑖̂ − 5𝑗̂ + 𝑘̂ + 𝜆(3𝑖̂ + 2𝑗̂ + 6𝑘̂)      and   𝑟 = 7𝑖̂ − 6𝑗̂ − 6𝑘̂ + 𝜗(𝑖̂ + 2𝑗̂ + 2𝑘̂) 

16. Define skew lines. Using only vector approach , find the shortest distance between                   the following two skew 

lines . 

      𝑟 = (8 + 3𝑠)𝑖̂ − (9 + 16𝑠)𝑗̂ + (10 + 7𝑠)𝑘̂     

                        and                                                                                                               

      𝑟 = 15𝑖̂ + 29𝑗̂ + 5𝑘̂ + 𝑡(3𝑖̂ + 8𝑗̂ − 5𝑘̂)                                                                                                                                                              

17.  Find the coordinate of the foot of the perpendicular drawn from the point P(0,2,3) to the lines                                                                                                                                                                               

                        
𝑥+3

5
=

𝑦−1

2
=

𝑧+4

3
                                         

                                                            SOLUTIONS 

1.   ±√3               2.  3:1 externally         3.  Parallel            4.  
𝜋

4
      5.  d) aa’+cc’=-1 

 6. Ans-(-1) 

 7.      Hint- z coordinate (0 ,0, 1)                                                             Ans- (-1) 

 8.  Ans-Vector form:  𝑟 = −2𝑖̂ + 4𝑗̂ − 5𝑘̂ + 𝜇(3𝑖̂ + 5𝑗̂ + 6𝑘̂) 

                Cartesian form:   
𝑥+2

3
=

𝑦−4

5
=

𝑧+5

6
 

   9. Hint- direction cosines of AP and direction cosines BC is perpendicular   Ans- (-3 ,-6 10)  

                             𝐴(−1, 8 4) 

                                                                                                                                                      

B(0, −1. 3)                                              𝐶 (2 , −3 , −1)                                                                                                                          

                                                                                                                                                                                                                                  

Hint                        P(x, y, z)                      

10.  Ans-P( 
1

2
,
−1

2
,
−3

2
) 
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11.   Ans-𝑟 = 2𝑖̂ − 𝑗̂ − 𝑘̂ + 𝜆(𝑖̂ + 2𝑗̂ + 3𝑘̂) 

12. Ans-the required points as (−2,−1,3) 𝑜𝑟 (4,3,7) 

13. Ans-3𝑖̂ + 8𝑗+̂3𝑘̂ ,   − 3 𝑖̂ − 7𝑗̂ + 6𝑘̂ 

14.   Hint- l = - (m + n)                 Ans-60° 

15. Hint- use formula angle between two line                  Ans-  cos 𝜃 =
19

21
   

16. Ans-14 units 

 17. Ans-(2,3,-1) 

WORKSHEET   

 THREE DIMENSIONAL GEOMETRY 

1. If the  direction cosines of a line are (
𝟏

𝒂
,
𝟏

𝒂
,
𝟏

𝒂
)  ,the value of a is  

a)   3              b)  ±𝟑              c)   -±√𝟑               d)        √𝟑    

2. Vector equation of a line is  𝑟 =  (4𝑖̂ − 2𝑗̂ + 5𝑘̂) + 𝜇(𝑖̂ + 3𝑗̂ − 2𝑘̂)  ,the Cartesian form of a line is: 

(a) 
𝑥−4

1
=

𝑦+2

3
=

𝑧−5

−2
            (b) 

𝑥+4

1
=

𝑦−2

3
=

𝑧+5

−2
 

       (c) 
𝑥−4

1
=

𝑦+2

3
=

𝑧−5

2
               (d) 

𝑥+4

−1
=

𝑦−2

3
=

𝑧+5

2
 

3. If a line makes angles 
𝜋

2
,
𝜋

3
  and 𝜃 with the positive x, y and z axes respectively, then 𝜃 is 

(a) ±
𝜋

6
          (b) ±

𝜋

2
      (c) 

𝜋

6
 only          (d) 

𝜋

3
 only 

4. The acute angle between the line 𝑟 = 𝑖̂ + 𝑗̂ + 2𝑘̂ + 𝜇(𝑖̂ − 𝑗̂) and the X-axis       

                        a) 
𝜋

4
        𝑏)

𝜋

3    
      𝑐)

𝜋

6
        𝑑)

𝜋

2
               

      5. The equation of a line passing through the point (3,-1,5) and parallel to vector  (𝑖̂ + 2𝑗̂ − 𝑘̂)  is; 

        (a) 𝑥 = 𝑡 + 3   ,   𝑦 = 2𝑡 − 1  , 𝑧 =  −𝑡 + 5 

       (b) 𝑥 = 𝑡 + 3   ,   𝑦 = −2𝑡 − 1  , 𝑧 =  −𝑡 + 5 

      (c) 𝑥 = 𝑡 + 3   ,   𝑦 = 2𝑡 − 1  , 𝑧 =  𝑡 + 5 

     (d) 𝑥 = 𝑡 − 3   ,   𝑦 = 2𝑡 − 1  , 𝑧 =  −𝑡 + 5 

 6. . Write the vector equation of the line whose Cartesian equations is      

 
𝑥+3

2
 = 

4

5−y
=

2

6+z
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7. Find the points on the line    
𝑥+2

3
= 

𝑦+1

2
=

𝑧−3

2
   at a distance of 5 units from the point P(1,3,3). 

8. Find the equation of the line passing through the point of intersection of the lines 
𝑥

1
=

𝑦−1

2
=

𝑧−2

3
   𝑎𝑛𝑑 

𝑥−1

0
= 

𝑦

−3
=

𝑧−7

2
  and perpendicular to these given lines. 

9. Find the point Q on the line 
2𝑥+4

6
=

𝑦+1

2
=

−2𝑧+6

−4
  at a distance of  3√2  from the point P(1,2,3). 

10. . Find the coordinates of a point where the line  
𝑥+2

1
 = 

𝑦−5

3
= 

𝑧+1

5
  cuts YZ- plane. 

11. The cartesian equations of a line are  3x + 1 =6y – 2 = 1 – z. Find the fixed point through which it passes 
, its direction ratios and also its vector equation. 
12. Show that the lines 𝑟  = 3𝑖̂ + 2𝑗̂ − 4𝑘̂ + 𝜆(𝑖̂ + 2𝑗̂ + 2𝑘̂)   and   𝑟  = 5𝑖̂ − 2𝑗̂ + 𝜇(3𝑖̂ + 2𝑗̂ + 6𝑘̂)  are 
intersecting. Hence find their point of intersection. 
13. Find the shortest distance of the following lines: 
         𝑟  = 𝑖̂ + 2𝑗̂ + 𝑘̂ + 𝜆(𝑖̂ − 𝑗̂ + 𝑘̂)   and   𝑟  = 2𝑖̂ − 𝑗̂ − 𝑘̂ + 𝜇(2𝑖̂ + 𝑗̂ + 2𝑘̂)  . 
14. Anu made a cuboidal fish tank having coordinates O(0,0,0) , A(1,0,0) , (1,2,0) , C(0,2,0) ,D(1,2,3) 
,E(0,2,3),F(0,0,3) and G(1,0,3) 
     

                                    
a) Find the the direction cosines of 𝐴𝐵⃗⃗⃗⃗  ⃗ . 
b) Write cartesian equation of the diagonal 𝑂𝐷⃗⃗⃗⃗⃗⃗ . 
c) Find the direction ratios of 𝐴𝐵⃗⃗⃗⃗  ⃗  and 𝐵𝐶⃗⃗⃗⃗  ⃗  . 

 
                OR 
       Show that the line 𝐴𝐵⃗⃗⃗⃗  ⃗  and 𝐵𝐶⃗⃗⃗⃗  ⃗  are perpendicular to each other. 
15.Read the following passage and answer the questions given below: 
        Electrical transmission wires which are laid down in winters are stretched tightly to accommodate 
expansion in summers. 

        Two such wires lie along the lines   𝑙1:
1−𝑥

3
=

7𝑦−14

𝑝
=

𝑧−3

2
 

                                                                   𝑙2:
7−7𝑥

3𝑝
=

𝑦−5

1
=

6−𝑧

5
 

(i) Write the direction ratios of the line 𝑙1. 
(ii) If cos𝛼, 𝑐𝑜𝑠𝛽  𝑎𝑛𝑑 𝑐𝑜𝑠𝛾 are the direction ratios of the line 𝑙2, then find the value of 𝑠𝑖𝑛2𝛼 +

𝑠𝑖𝑛2𝛽 + 𝑠𝑖𝑛2𝛾. 
(iii) Find the value of p if the lines 𝑙1 and 𝑙2 are perpendicular to each other. 

                                 OR 
If the lines 𝑙1 and 𝑙2 are perpendicular to each other, find the vector equation of a line passing 

through the point (1,2,3) and parallel to the line 𝑙2. 
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CHAPTER 12: LINEAR PROGRAMMING 

BASIC CONCEPTS 

What is LPP: LPP or Linear Programming Problem, is a mathematical optimization technique used to 
find the best outcome (maximum or minimum) of a linear function, subject to linear constraints and non-
negative restrictions on the variables. 

1. Objective function: Linear function Z = ax + by, where a, b are constants, which has to be 
maximized or minimized is called a linear objective function. 

 
2. Constraints: The linear inequalities or equations or restrictions which are imposed on 

the variables of a linear programming problem are called constraints.  
 

3. Optimization problem: A problem which seeks to maximize or minimize a linear 
function (say of two variables x and y) subject to certain constraints as determined by a 
set of linear inequalities is called an optimization problem. 

 
4. Feasible region: The common region determined by all the constraints including non-

negative constraints x, y ≥ 0 of a linear programming problem is called the feasible 
region.  

 
5. Feasible solutions:  Points within and on the boundary of the feasible region represent 

feasible solutions of the constraints. 
 

6. Optimal (feasible) solution: Any point in the feasible region that gives the optimal 
value (maximum or minimum) of the objective function is called an optimal solution. 

7. Corner point method: The method comprises of the following steps:  
1. Find the feasible region of the linear programming problem and determine its corner points 
(vertices) either by inspection or by solving the two equations of the lines intersecting at that 
point. 
2. Evaluate the objective function Z = ax + by at each corner point. Let M and m, respectively 
denote the largest and smallest values of these points. 
 3. (i) When the feasible region is bounded, M and m are the maximum and minimum values of 
Z.  
     (ii) In case, the feasible region is unbounded, we have:  
    (a) M is the maximum value of Z, if the open half plane determined by ax + by > M has no 
point in common with the feasible region. Otherwise, Z has no maximum value.  
    (b) Similarly, m is the minimum value of Z, if the open half plane determined by ax + by < m 
has no point in common with the feasible region. Otherwise, Z has no minimum value. 

S.N. Questions 
1 If any objective function(Z) have same maximum value at two corner points in a feasible region, 

then in how many points between these two points Z will be maximum? 
a) 5                             b) 3                           c) infinite                        d) only those 2 

2 The corner points of the feasible region in the graphical representation of a linear programming 
problem are (2 , 72), (15, 20) and (40 , 15).If Z =18x + 9y be the objective function, then  
a) Z is maximum at (2 , 72),   minimum at (15 , 20). 
b) Z is maximum at (15 , 20), minimum at (40 , 15). 
c) Z is maximum at (40 , 15), minimum at (15 , 20). 
d) Z is maximum at (40 , 15), minimum at (2 , 72). 

3 The objective function Z = ax + by of an LPP if its maximum value 42 at (4 , 6) and minimum 
value 19 at (3 , 2).Which of the following is true? 
a) a =9 and b = 1         b) a = 3 and b = 5      c) a = 5 and b = 2          d) a = 5 and b = 3 

4 Shown below is a linear programming problem (LPP). 
Maximize Z = x + y 
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Subject to the constraints: 
x + y ≤ 1 

-3x + y ≥ 3 
x ≥ 0 
y ≥ 0 

Which of the following is true about the feasible region of the above LPP? 
a) It is bounded. 
b) It is unbounded 
c) There is no feasible region for the given LPP. 
d) Cannot conclude anything from the given LPP. 

5 A linear programming problem deals with the optimization of a/an: 
a) logarithmic function    b) linear function     c) quadratic function    d) exponential function 

6 The restrictions imposed on decision variables involved in an objective function of a linear 
programming problem are called: 
a) feasible solutions   b) infeasible solutions    c) optimal solutions       d) constraints        

7 The maximum value of the objective function Z = 5x + 10y subject to the constraints 
 x + 2y ≤ 120, x + y ≥ 60, x – 2y ≥ 0, x ≥ 0, y ≥ 0 is 
a) 300                            b) 800                  c) 600                           d) 400 

8 The optimal value of the objective function is attained at the points 
a) which are the corner points of the feasible region 
b) on x-axis 
c) on y-axis 
d) none of these 

9 Of the following, which group of constraints represents the feasible region given below ? 
a) x + 2y ≤ 76, 2x + y ≥ 104, x,y ≥ 0 
b)  x + 2y ≤ 76, 2x + y ≤ 104, x,y ≥ 0  
c) x + 2y ≥ 76, 2x + y ≥ 104, x,y ≥ 0 
d) x + 2y ≥ 76, 2x + y ≥ 104, x,y ≥ 0 
 
  

10 Z = 8x + 10y, subject to 2x + y ≥ 1, 2x + 3y ≥ 15, y ≥ 2, x ≥ 0, y ≥ 0. The minimum value of Z 

occurs at 
a) (4.5 , 2)                    b) (1.5, 4)                c) 0 , 6)                       d) (0 , 5) 

11 If the feasible region of a linear programming problem with objective function Z = ax + by, is 
bounded, then which of the following is correct? 
a) It will only have a maximum value. 
b)  It will only have a minimum value. 
c) It will have both maximum and minimum values. 
d) It will have neither maximum nor minimum values. 

12 The number of corner points of the feasible region determined by the constraints x – y ≥ 0, 2y ≤ 
x + 2, x ≥ 0, y ≥ 0 is: 
a) 2                              b) 3                           c) 4                             d) 5 

13 The objective function of an LPP is 
a) a quadratic function   
b) a constant    
c) a linear function to be optimized 
d) none of these 

14 The feasible region is the set of points which satisfy 
a) the objective functions          b) some of the given constraints 
c) all of the given constraints    d) none of these 
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15 A point out of the following points lie in plane represented by 2x + 3y < 12 is 
a) (0 , 3)                        b) (3 , 3)                 c) (4 , 3)                    d) (0 , 5) 

16 Feasible region formed by the constraints x + y ≤ 4,, 3x + 3y ≥18, x ≥ 0,y ≥ 0 is_____ 
(a) bounded 
(b) unbounded 
(c) lies first and second quadrant 
(d) does not exist 

17 Which of the following statement is correct? 
(a) Every linear programming problem has at least one optimal solution. 
(b) Every linear programming problem has a unique optimal solution. 
(c) If a linear programming problem has two optimal solutions, then it has infinitely many 
solutions. 
(d) If a feasible region is unbounded, then linear programming problem has no solution. 

18 The position of points O (0, 0) and P (2, -3) in the region of graph of inequation 2x - 3y < 5 will 
be _____ . 
(a) O inside and P outside 
(b) O and P both inside 
(c) O and P both outside 
(d) O outside and P inside 

19 In the LPP, x ≥ 0 and y ≥ 0 are called: 
a) Additional equations 
b) Non-negative constraints  
c) Inverse conditions 
d) Elimination rules 

20 The objective function of a linear programming problem 
(LPP), Z = 4x + 3y has to be minimised. 
The feasible region of this LPP, along with its constraints is 
shown in the adjacent graph. 
Which constraint, if removed will not affect the feasible 
region? 
a) x + 2y ≥ 120 
b) 2x + y ≥ 150 
c) 3x + 4y ≥ 200 
d) any of the given constraints, if removed will affect the feasible region. 

21 Minimise Z = 50x + 70y 

Subject to the constraints: 

2x + y ≥ 8 ,         x + 2y ≥ 10 ,        x, y ≥ 0  

22 Maximise and minimise Z = x + 2y subject to the constraints 
                   x + 2 y ≥ 100 
                  2x – y ≤ 0 
                  2x+ y ≤ 200 
                  x, y ≥ 0 

23 Maximise Z = 15x + 10y, Subject to the constraints 
                2x + y ≤ 40 
                2x+ 3y ≤ 80   and  x, y ≥ 0 

24 Maximise : P = 40x + 50y, Subject to the constraints 
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                                  3x + y ≤ 9 
                                  x + 2y ≤ 8 
                                  and x ≥ 0, y ≥ 0 

25 Maximize Z = 0.7x + y, Subject to the constraints, 
                  2x + 3y ≤ 120 …(i) 
                  2x + y ≤ 80 …(ii) 
                  and x, y ≥ 0 …(iii) 

26 
Maximise Z = 7x + 4y, Subject to the constraints, 

                  3x + 2y ≤ 12,    3x + y ≤ 9  and x ≥ 0, y ≥ 0 

27 Maximise Z = 10% of x + 9% of y or Z = 0.1x + 0.09y 
                 Subject to constraints, x + y = 50000 
                 x ≥ y or x – y ≥ 0 
                 x ≥ 20000 and y ≥ 10000 

 ANSWERS 
1 c) infinite                         
2 c) Z is maximum at (40 , 15), minimum at (15 , 20). 

Hint: 
Corner points Z = 18x + 9y 

(2 , 72) 684 
(15 , 20) 450 (Minimum) 
(40 , 15) 855 (Maximum) 

 

3 b) a = 3, b = 5 
Hint: 
Z = ax + by 
As Z has maximum value 42 at (4 , 6), minimum value 19 at (3 , 2). 
∴ 4𝑎 + 6𝑏 = 42 --------(1) 
    3a + 2b  = 19 ---------(2) 
On solving eqn.(1) and eqn.(2), we get a = 3, b = 5 

4 c) There is no feasible region for the given LPP. 
5 b) Linear function 
6 d) Constraints 
7 c) 600 

Hint: 
Draw the graph of equalities and obtain the feasible region. 
The corner points so obtained are (60 , 30), (40 , 20), (60 , 0) and (120 , 0). 
Evaluate the value of Z on the above corner points and we get maximum value of Z is 600 at  
(60 , 30) and (120 , 0). 

8 a) which are the corner points of the feasible region 
9 b)  x + 2y ≤ 76, 2x + y ≤ 104, x,y ≥ 0 

Hint: 
As the shading of equality is towards the origin. 

10 d) (0 , 5) 
Hint: 
Draw the graph of equalities and obtain the feasible region(which is unbounded). 
The corner points so obtained are (0 , 5) and (4.5 , 2). 
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WORKSHEET  

LINEAR PROGRAMMING 

S.N. MCQs MARKS 
1 The maximum or minimum value of the objective function occurs at: 

a) Origin 
b) Boundary line 
c) Corner points of the feasible region  
d) Centre of feasible region 

 
 

1 

2 The maximum value of Z = 4x + y for a L.P.P., whose feasible region is shown 
below is: 

   
a) 50                   
b) 110                   
c) 120                   
d) 170  

 
 
 

1 

11 c) It will have both maximum and minimum values. 
12 a) 2 
13 c) a linear function to be optimized 
14 c) all of the given constraints     
15 a) (0, 3) 
16 d) does not exist 
17 (c) If an linear programming problem has two optimal solutions, then it has infinitely many 

solutions. 
Explanation: If a linear programming problem has two optimal solutions, it means the objective 
function is constant along a line segment connecting those two solutions, and every point on that 
line is also optimal. 

18 (a) O inside and P outside 
Hint: 
Put O(0 , 0) and P(2 , -3) in the given inequation 2x - 3y < 5 

19 b) Non-negative constraints  
20 c) 3x + 4y ≥ 200 
21 The minimum value of Z is 380 obtained at the point (2, 4). 
22 The maximum value of Z is 400 at 0(0, 200) and the minimum value of Z is 100 at all the points 

on the line segment joining (0, 50) and (20, 40). 
23 The maximum value of Z is 350 at (10, 20) 

24 P is maximum at x = 2 and y = 3 and  maximum value of P is  230 

25 Maximum value of Z is 41 at  (30, 20). 

26 Maximum value of Z is 26 at  (2, 3). 

27 The maximum value of Z is 4900 at  (40000,10000) 
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3 In the LPP, x ≥ 0 and y ≥ 0 are called: 
a) Additional equations 
b) Non-negative constraints  
c) Inverse conditions 
d) Elimination rules 

 
 

1 

4 If the feasible region of a linear programming problem with objective function Z 
= ax + by, is bounded, then which of the following is correct? 
a) It will only have a maximum value. 
b)  It will only have a minimum value. 
c) It will have both maximum and minimum values. 
d) It will have neither maximum nor minimum values. 

 
 

1 

 SA (2 MARKS EACH)  
5 Minimize Z = 50x + 70y 

 Subject to the constraints: 
2x + y ≥ 8 ,   x + 2y ≥ 10 ,     x, y ≥ 0 

 
2 

6 Solve the following LPP graphically: 

  Maximize:  Z = 2x + 3y, subject to x + y ≤ 4, x ≥ 0, y ≥ 0 

 

 
2 

7 Maximize : P = 40x + 50y, Subject to the constraints 
                                  3x + y ≤ 9 
                                  x + 2y ≤ 8 
                                  and x ≥ 0, y ≥ 0 

 
2 

   

 ANSWERS  
1 c) Corner points of the feasible region   
2 b) (2, 3)   
3 b) 110                    
4 b) Non-negative constraints   
5 c) It will have both maximum and minimum values.  
6 The minimum value of Z is 380 obtained at the point (2, 4).  
7 The maximum value of Z is 12 at the point (0, 4).  
8 P is maximum at x = 2 and y = 3 and  maximum value of P is  230  
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CHAPTER 13: PROBABILITY 

ASSERTION-REASONING 

Options: 
(A) Both A and R are true, and R is the correct explanation of A. 
(B) Both A and R are true, but R is not the correct explanation of A. 
(C) A is true, but R is false. 
(D) A is false, but R is true. 

1 Assertion (A): If events A and B are mutually exclusive, then P(A ∩ B) = 0. 
Reason (R): Two mutually exclusive events can occur simultaneously. 

2 Assertion (A): For any two independent events A and B, P(A ∩ B) = P(A) × P(B). 
Reason (R): If A and B are independent, then the occurrence of one does not affect the probability 
of the other. 

3 Assertion (A): If P(A|B) = P(A), then A and B are independent events. 
Reason (R): In independent events, conditional probability equals the unconditional probability. 

4 Assertion (A): If two events are independent, they cannot be mutually exclusive. 
Reason (R): Mutually exclusive events imply P(A ∩ B) = 0, while independent events imply P(A 

∩ B) = P(A) × P(B). 
5 Assertion (A): The conditional probability P(B|A) is defined only when P(A) ≠ 0. 

Reason (R): Division by zero is not defined. 
6 Assertion (A): If A and B are independent events, then A and B′ are also independent. 

Reason (R): The independence of events is not affected by taking complements. 
7 Assertion (A): If A is a subset of B, then P(A ∩ B) = P(A). 

Reason (R): The intersection of two events is the set of outcomes common to both. 
8 Assertion (A): If P(A ∪ B) = P(A) + P(B), then A and B are mutually exclusive. 

Reason (R): For mutually exclusive events, P(A ∩ B) = 0. 
9 Assertion (A): If P(A) = 0, then P(A ∪ B) = P(B). 

Reason (R): A null event does not affect the probability of union. 
10 Assertion (A): The total probability of all elementary outcomes of a random experiment is 1. 

Reason (R): The sample space of a random experiment is a finite non-empty set. 
11 An insurance company believes that people can be divided into two classes: those who are accident 

prone and those who are not. The company’s statistics show that an accident-prone person will have 
an accident at sometime within a fixed one-year period with probability 0.6, whereas this 
probability is 0.2 for a person who is not accident prone. The company knows that 20 percent of the 
population is accident prone. Based on the given information, answer the following questions: 
(i) What is the probability that a new policyholder will have an accident within a year of purchasing 
a policy? 

(ii) Suppose that a new policyholder has an accident within a year of purchasing a policy. What is 
the probability that he or she is accident prone? 

12 A shopkeeper sells three types of flower seeds A1, A2 and A3. They are sold as a mixture where the 
proportions are 4:4:2 respectively. The germination rates of three types of seeds are 45%,60%,35%.  
Based on the given information, answer the following questions: 
(i) find the probability of a randomly chosen seed to germinate. 

(ii) find the probability that seed will not germinate given that it is of the type A3 
13 An item is manufactured by three machines A, B and C. Out of the total numbers of  items 

manufactured during a specified period,50% are manufactured on A, 30% are manufactured on B, 
20% are manufactured on C. 2% of items produced on A, 2% of items produced on B and 3% 
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produced on C are defective. All the items are stored at one storeroom. 
(i) One item is drawn at random and is found to be defective. What is the probability that it is 
manufactured on machine A? 
(ii) One item is drawn at random and is found to be defective. What is the probability that it is 
manufactured on machine B? 

14 The reliability of a COVID PCR test is specified as follows: Of people having COVID, 90% of the 
test detects the disease but 10% goes undetected. Of people free of COVID, 99% of the test is 
judged COVID negative but 1% are diagnosed as showing COVID positive. From a large 
population of which only 0.1% have COVID, one person is selected at random, given the COVID 
PCR test, and the pathologist reports him/her as COVID positive. 
(i) A person is selected at random and tested. What is the probability that he is tested positive? 

(ii) What is the probability that the ‘person is actually having COVID given that ‘he is tested as 

COVID positive’? 
15 An electronic assembly consists of two sub-systems A and B. From previous testing procedures, the 

following probabilities are assumed to be known: 
P (A fails) = 0.2 
P (B fails alone) = 0.15 
P (A and B fail) = 0.15 
Based on the given information, answer the following questions: 
(i) P (A fails/ B has failed) 
(ii) P (A fails alone) 

16 40 % students of a college reside in the hostel and the remaining resides out. At the end of the year, 
50 % of the hostellers got A grade while from outside students, only 30 % got A grade in the 
examination. At the end of the year, a student of the college was chosen at random and was found 
to have gotten A grade. What is the probability that the selected student was a hosteller? 

17 1.  An insurance company insured 3000 scooterists, 4000 car drivers and 5000 motorbike drivers. The    
probabilities of an accident are 0.01, 0.03 and 0.15 respectively. One of the insured persons meets 
with accident. What is the probability that he is car driver? 

 Answer 
1 Correct Answer: (C) 

Explanation: Mutually exclusive events cannot happen at the same time, so P(A ∩ B) = 0. 

However, the reason is false because it incorrectly states that such events can occur together. 
2 Correct Answer: (A) 

Explanation: This is the definition of independence. Both A and R are true and R correctly 
explains A. 

3 Correct Answer: (A) 
Explanation: When P(A|B) = P(A), it means B has no influence on A → independence. Both A 

and R are true and related. 
4 Correct Answer: (A) 

Explanation: If P(A) and P(B) are both positive and A ∩ B = 0 (mutually exclusive), then they 

can’t also be independent. Hence, both A and R are true, and R is the correct explanation. 
5 Correct Answer: (A) 

Explanation: Since P(B|A) = P(A ∩ B) / P(A), P(A) must be non-zero to avoid division by zero. R 
explains A correctly. 

6 Correct Answer: (A) 
Explanation: If A and B are independent, then A and not-B (B′) are also independent, by 

probability properties. Both A and R are correct and related. 
7 Correct Answer: (A) 

Explanation: If A is entirely within B, then the intersection is just A. So their probabilities are 
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equal. R supports A well 
8 Correct Answer: (A) 

Explanation: Normally, P(A ∪ B) = P(A) + P(B) − P(A ∩ B). So if the sum equals union, the 

intersection must be 0 → mutually exclusive. R explains A correctly. 
9 Correct Answer: (A) 

Explanation: Since A has zero probability, the union with B remains the same as P(B). R supports 
A correctly. 

10 Correct Answer: (B) 
Explanation: The total probability is always 1, but the sample space need not be finite (e.g., 
countably infinite). So R is not the correct explanation. 

11  (i) 
7

25
(ii)   

3

7
 

 
12 (i) 0.49 (ii) 0.65 

 
13 (i) 

5

11
(ii)   

3

11
 

 
14 (i)0.01089 (ii) 

10

121
 

 
15 (i) 1 (ii) 0.05 

 
16 Ans:   

10

19
 

17 Ans : 2/15 
 

WORKSHEET LINEAR PROGRAMMING 

S.N. MCQs MARKS 
1 The maximum or minimum value of the objective function occurs at: 

a) Origin 
b) Boundary line 
c) Corner points of the feasible region  
d) Centre of feasible region 

 
 

1 

2 The maximum value of Z = 4x + y for a L.P.P., whose feasible region is 
shown below is: 

   
a) 50                   
b) 110                   
c) 120                   
d) 170  

 
 
 

1 

3 In the LPP, x ≥ 0 and y ≥ 0 are called: 
a) Additional equations 
b) Non-negative constraints  

 
 

1 
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c) Inverse conditions 
d) Elimination rules 

4 If the feasible region of a linear programming problem with objective 
function Z = ax + by, is bounded, then which of the following is correct? 
a) It will only have a maximum value. 
b)  It will only have a minimum value. 
c) It will have both maximum and minimum values. 
d) It will have neither maximum nor minimum values. 

 
 

1 

 SA (2 MARKS EACH)  
5 Minimize Z = 50x + 70y 

 Subject to the constraints: 
2x + y ≥ 8 ,   x + 2y ≥ 10 ,     x, y ≥ 0 

 
2 

6 Solve the following LPP graphically: 

  Maximize:  Z = 2x + 3y, subject to x + y ≤ 4, x ≥ 0, y ≥ 0 

 

 
2 

7 Maximize : P = 40x + 50y, Subject to the constraints 
                                  3x + y ≤ 9 
                                  x + 2y ≤ 8 
                                  and x ≥ 0, y ≥ 0 

 
2 

   

 ANSWERS  
1 c) Corner points of the feasible region   
2 b) (2, 3)   
3 b) 110                    
4 b) Non-negative constraints   
5 c) It will have both maximum and minimum values.  
6 The minimum value of Z is 380 obtained at the point (2, 4).  
7 The maximum value of Z is 12 at the point (0, 4).  
8 P is maximum at x = 2 and y = 3 and  maximum value of P is  230  
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