Application Integrals

Short Answer Type Questions

Q. 1 Find the area of the region bounded by the curves y? =9x and y = 3x.

® Thinking Process

On solving both the equation of curves, get the values of x and then at those values, find
the area of the shaded region.

Sol. We have, y? =9 and y = 3x
= (3x)? = 9x
= 92 -9x =0
= Ix(x-1)=0
- x=10
YA
. y=3x
©,0 i

> X
N
y2=9x

Y

Required area, A = _[;«/Qo’x - j; 3xdx

- 3j1 12 e — 3]1 xdx

o [5e] olz]
A o4

1
= —sqQ units
5 q

'\)\w
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Application of Integrals 237

Q. 2 Find the area of the region bounded by the parabola y? =2px

x? = 2py.
Sol. We have, y? =2px and x? =2py
: y=42px
= x2 =2p-2px
= x* = 4p®-2px)
= x* =8px
= x* - 8p°x =0
= x3(x - 8p%)=0
= x=02p
Y\
x? = 2py
< o) 2'p > X
y2 = 2px

2
Required area = ij \2px dx - pr ;C— dx
o

- \/27)].020 x"%dx - ij.ogp x%dx

3/27°P 37°P
. gp{zww 1”
3 0 2p| 3 o

171
=2 2p)°? 0} —{f 3—0}
p[ o) 55527
2 s/zj 1(1 3)
- Pp|Z.22 -8
p(3 N2p 25 3%
W2 g4 1 (8 3)
—op| N2 B
fp[ 3 P 25 3"
_ 42 50 8 -
3 6
_(16-8)* _8p”
6 6
4p? .
=— ts
3 sq uni
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Q. 3 Find the area of the region bounded by the curve y = x*, y = x + 6 and

x =0.
Sol. Wehave, y=x% y=x+ 6andx =0
Y“ _.3
y=x°_y=x+6
% 0.0 0 *
Y
x®=x+6
= x¥-x=6
= x> -x-6=0
= 2Px—2)+2x (x —2)+ 3(x -2)=0
= (x-2)x%+2x+3)=0
= x =2, with two imaginary points

Required area of shaded region = _[02 (x + 6 - x°)dx

2 472
N A
2 4 0

=F+12—E—o}
2 4

=[2 + 12 — 4]=10sq units

Q. 4 Find the area of the region bounded by the curve y? =4x and x% = 4y.

® Thinking Process

First, by using both the equation get the values of x and then find the shaded region by
using these value of xin the equation of curve in xonly.

Sol. Given equation of curves are

y? = dx (i
and x% =4y (ii)
N
= [xj = 4x Y
4 x2= 4y
4 {l
= A i
4.4 !
4 _ < Ly X
= 64x 0.0) @0
= x* —64x=0
= x(x® - 4%)=0
= x=40 i) ye=4x
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2
Area of shaded region, A = J'; [«/@ - ’;J dx
2 3/2. 37*
=J42J§—de= x 2 11X
0 4 3 4 3
_22.g 168 (32 16_16  units
3 4 3 3 3 3

Q. 5 Find the area of the region included between y? =9x and y = x.
Sol. Wehave, y> =9xandy=x

= x% =9«

vu U
Y
=
|
L
I
o

A

L, x
(

y2=0x

Y

. Area of shaded region, A = J':(«/@ —x)dx= _[j 3x%dx — J'j x dx

_[3f”2T_F19
3 0 2 0
3
3.327° 81
_ .2_o-ﬂf-q
3 P

=54_E=108781=2—73qunits
2 2 2

Q. 6 Find the area of the region enclosed by the parabola x* = y and the line

y=x+2
Sol. Wehave, x? =yandy=x + 2 Y
A
= x2=x+2
= x2-x-2=0 \
= x2-2x+x-2=0 «@VA |
= x(x -2)+ 1x —2)=0 X—= s>
= (x+N(x—-2)=0
- x=-12 y=x+2
4




240 NCERT Exemplar (Class XII) Solutions

2 x2 2T
Required area of shaded region = L (x+2-x2)dx =|"—+2x - —
1

2 3
:[£+4—§—1+271J
2 3 2 3
3 9 36+9-18 27 9 .
=6+ —-—="—""——=""="squnits
2 3 6 6 2

Q. 7 Find the area of the region bounded by line x = 2 and parabola y* = 8x.

Sol. We have, y? =8xand x =2
Y

©,0) % 2o X

x=2
; 2 2 12
Area of shaded region, A = ZIOde = 2-2\/5-"0 x"2dx

327 5
= 4.\/5.[2.3}0 =42 {52\/5 — o}
7£s units
Q. 8 Sketch the region {(x, 0): y = /4 — x*} and X-axis. Find the area of the

region using integration.
Sol. Given regionis {(x, 0): y = 1/4 — x?} and X-axis.

We have, y:14—x23y2:4—x2:>x2+y2:4
YA
20 | eo

Y
Area of shaded region, A = J.i 4 — x°dx = I_QE.IZQ - x%dx
) 2
N O 2 s %
2 27" 2|,
T

~2 0425+ 2 0 osin (=28 42 "
2 2" 2 2 2

=27 sq units
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Q. 9 Calculate the area under the curve y = 2y/x included between the lines
x=0and x =1
Sol. Wehave, y=2x,x=0andx =1

| —y=2x

£

) (0,00 (1,0) -

Y
r o x=1

Area of shaded region, A = J.;(Z«/;) dx

32 7
3 0

=2[g~1—0j=ﬂsq units
3 3

Q. 10 Using integration, find the area of the region bounded by the line
2y =5x +7, X-axis and the lines x =2 and x =8.

Sol. We have, 2y=5x+7
= —57x+z
PP

AN

K

&
Vi
vy D

OERCCERCER

x=2 x=8

5 8
. Area of shaded region = 1_[8(5x +7)dx= 1 5.% 4 7x

272 2 2 )
:%[5-32+7-8710714]:%[16O+ 56 — 24]
192

—— = 96 sq units
5 q
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Q. 11 Draw a rough sketch of the curve y =.,/x —1 in the interval [1, 5].
Find the area under the curve and between the lines x =1 and x =5.

Sol. Given equation of the curve is y = \/x — 1.
= yP=x-1

Y

A

£
S

32 P
. Area of shaded region, A = Ls(x — )2 gy = {2(9631)}
;

2 3/2 } 16 .
=|=-(5-1 - 0|=-—squnits
[3< ) 29

Q. 12 Determine the area under the curve y =/a® — x® included between
the linesx =0 and x =a.
Sol. Given equation of the curve is y = /a® — x2.

= vv=a?-x? = Y +x2=a°

A A

[y,

-a O a

v A\ 4
x=0 x=a

Required area of shaded region, A = J‘:w/az — x2dx

2 a

X a . 1X

=2 a? -x? + Zsin'=
2 2 aj,
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Application of Integrals 243

Q. 13 Find the area of the region bounded by y = Jx and v =x.

Sol. Given equation of curves are y=+/xandy=nx.

= x:«/; = x°=x
= ¥ -x=0 = x(x-1=0
= x=01
YL
1 y:\/;
0.0 i

>X

N

4

Required area of shaded region, A = J; (Wx)dx - j; xdx

y=x

1 1
35, L2,
2 1.2 1 1 ,
=—-1-—==—-—=—squnits
3 2 3 2 6

Q. 14 Find the area enclosed by the curve y =—x° and the straight line
x+y+2=0.
Sol. Wehave, y=—x%andx+ y+2=0

2

= x-2=-x=x2-x-2=0
= 22+ x-2x-2=0=x(x+N)-2x+1)=0
= (x-2)x+1)=0=> x=2,-1

Area of shaded region, A = ﬁ(fx —2+ x%)dx| = Uj(xZ —x- 2)dx‘
zl{§_ﬂ_4 +1+1_2}\
\ 2

3 L2 2
2o o
3 2 s 2 3 |

16-12-24+2+3-12
6

—sqQ units
5 g

271 _9
6]
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Q. 15 Find the area bounded by the curve y = Jx, x =2y +3 in the first
quadrant and X-axis.
Sol. Given equation of the curves are y = Jx and x = 2y + 3in the first quadrant.

On solving both the equations for y, we get 2
LA

y=42y+3 /;\/
¥ =2y+3 3b---- 3
Y2 —2y-3=0
Y2 —38y+y-3=0
yly=3)+1y-3=0 1

(y+Dy-3)=0
y=-13

R R e

Required area of shaded region,
3
_e 2y |2V Y’
A=[ey+3-y )dy—[ oY=

:[1278+ 9,970J:95q units

Long Answer Type Questions

Q. 16 Find the area of the region bounded by the curve y? =2x and
x% +y? = 4x.
Sol. Wehave, y? =2xand % + y° = 4x

Y
V2 =2x

o 0)& 2.0 J X

(x—22+y2=4

Y

x% +2x = 4x

=
= x% —2x=0

= x(x-2)=0

= x=02
Also, x? + 2 = 4x

= x2 —dx=—y°

= x2—4x+4:—y2+4
= (x -2 —2% =—?
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Required area = 2J‘02 [ V22 —(x -2 - «/276} dx

2 2 3/27°
_o||2=2. 22—(x—2)2+2—sin'1(x_2j —|\2. 2
2 2 2 )], 3/2 ],
=2K0+ o1-0+2-”)2ﬁ(23/20)}
2 3

:ﬁ—g:Zn—E:Z(n—gjsqunits
2 3 3 3

| S

Q. 17 Find the area bounded by the curve y =sin x between x =0 and x = 2x.

® Thinking Process

We know that, sin x curve has positive region from (0, T and negative region in (7, 21,

Sol. Required area = Joznsinx dx = Igsinxdx + “'jn sinxdx

= —[cosx]} +‘ [~cosx] 2™

=—[cosn - cos0] + | — [cos2m — cos]|
Y‘
y=sinx

2n

Y

=—[-1-1+|-(1+7]
=2 + 2 =4squnits

Q. 18 Find the area of region bounded by the triangle whose vertices are
(=1, 1), (0, 5)and (3, 2), using integration.
Sol. Letwe have the vertices of a AABC as A (—1,1), B(0, 5)and C (3, 2).

Y
510, 9)
%o(w
?1 1) |
’ il |
X' < " 3 >X
Y!
. . 5-1
Equation of ABis y —1=| —— [(x + 1)
0+1
= y—-1=4x+ 4
= y=4x+5 ()

and equation of BCis y — 5= [i — gj(x -0)
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-3
= ~5=_"
y 3(x)
= y=5-x .. (i)
. . . 2 -1
Similarly, equation of ACis y —1= [J (x+1)
3+ 1
1
—1=—(x+1
= y L+
= 4dy=x+5 (i)

Area of shaded region = 'f_01(y1 - Y,)dx + J.OS()G = Yp)dx

:jo[4x+57L5de+_“3[57x7x+5}dx
- 4 0 4
0
5

:18+[1_10_3:_9_30)

=18+ (—%j:m—gzﬁsq units
8 2 2

Q. 19 Draw a rough sketch of the region {(x, y):y? <6ax and
x? +y? <16a’}. Also, find the area of the region sketched using
method of integration.

Sol. We have, y? = 6ax and x° + y® =16a°

= x? + 6ax = 16a°
x® + 6ax —16a° = 0

=
= x2 + 8ax —2ax —16a° = 0
= x(x + 8a)—2a(x + 8a)=0
= (x—2a)(x+8a)=0
= x =2a,—8a
kY
< —4a O E==2a=4a > X

y2: 6ax
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) . 2a 4a
. Area of required region = 2 UO J6ax dx + ‘|.26.l(4a)2 - xzdx}
[ 22 12 4a > .2
=2 _J-o \6a x'“dx + jza"(dfa) - x dx]

,\/7 {x3/2 }2a [x 5 . (4 ]

=2 |+/6a + | —4/(4a) —x° + ——

| 3/2 o 2

=2 «/@~g((28)3/2_0)+f.0 16a” T \/7 _123
s 2 2 2 4a

-2|/6a %.2@a3/2+0+ 4na2—§.2£a—8a2 ”}

[ 2
=2 \@%az + 4na® - 2,/3a° —433@
[8v3a? + 12na® — 6J3a° — 48211:}

3
Za%[8V3 + 121 — 643 — 4n]

Za®[2V3 + 8n]= gaZ[ﬁ + 4n)

Q. 20 Compute the area bounded by the lines x +2y =2, y —x =1 and

2x+y=17.
Sol. We have, x+2y=2 ()
y—x=1 (i)
and 2%+ y=7 D)

On solving Egs. (i) and (ii), we get
y-@R-2y)=1=> 3y-2=1= y=1
Y

A

\
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On solving Egs. (i) and (iii), we get

= 2y -2+ y=7
= y=3
On solving Egs. (i) and (iii), we get

2@ -2y)+y=7
= 4—-4y+y=7
= -3y=3
= y=-1

Required area = j; @ —2y)dy + [j% dy— jf’(y —1)ay

27 2 73 2 2
:,2y+2L + Q,L ,yi,y

2 B 2 2.2 » 2 1
:{—2+g—Z—g}+ra—g+z+lJ—{g—3—l+1}
> o2 "4 274 |2 2
{42—9+14+1}_{9—6—1+2'

4 2
=-4+12 -2 =6sq units

=[-4]+

Q. 21 Find the area bounded by the lines y=4x+5 y=5-x and

4y =x +5.
Sol. ): y=dx+5
©.9)
X< . : >X
B) -1 3
N y=5-x
Y
Y/
Given equations of lines are
y=4x+ 5 (1)
y=5-x ()]
and 4y=x+5 (D))
On solving Egs. (i) and (i), we get
4x+5=5-x
= x=0

On solving Egs. (i) and (iii), we get

44x + 5)=x+ 5
= 16x+20=x+5
= 15x = -15
= x=-1
On solving Egs. (i) and (iii), we get

45-x)=x+5
= 20-4x=x+5
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= x=3
: 0 3 1¢3
. Required area = _[71(4x + 5)Kdx + '[0(5 - x)dx — ZL (x + Bx

2 0 PRE 2 g
:4i+5x + 5 -2 —1x—+5x
2 » 2], 42 »

:[O_2+5]+{15_9_0}_1{9+15_1+ 5:1

2 412 2
=3+§—1~24
2 4
=-3+ E:Esqunits
2 2

Q. 22 Find the area bounded by the curve y =2cosx and the X-axis from
x=0to x =2n.
Sol. Required area of shaded region = '[OZHZCOSxdx

/2 3n/2 2n
=I 2cosx dx + _[ 2cosxdx| + I 2cosx dx
0 w2 37/2

y=C0S x

T
f
0
0
0
0
0

“0 MZWN“HJJWMWWZ on > X

4

= 2[sinx]f? + \ 2(sinx)2%2

+ 2[sinx 3%

=2+ 4+ 2 =8sqgunits

Q. 23 Draw a rough sketch of the given curve y =1+|x +1|, x =—3, x =3,

¥y =0 and find the area of the region bounded by them, using
integration.

Sol. Wehave, y=1+|x+1,x=-3x=3and y=0
AY

7
7

N

N

(@
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-x, ifx<-1
y= x+2 ifx>-1
Area of shaded region, A = I:; —xdx + Jj(x +2)dx
3

27! 2
:_{x} +|:x+2xi|
2 4 2 r
:7[179}+P+ 671+2}
2 2 2 2

=—[-4]+[8+ 4]
=12 + 4 =16sq units

Objective Type Questions

Q. 24 The area of the region bounded by the Y-axis y =cosx and y =sinx,
where 0 < x < % is

(@) /2 sq units (b) (+/2 + 1) sq units
(©) (W2 =1) sq units (d) 242 - 1) sq units

N3

Sol. (¢) We have, Y-axisi.e., x =0, y =cosx and y = sinx, where 0<x <

Y
S .
’ y=sinx

R w

’ y=COs x
YV
. /4 .
Required area = JO (cosx — sinx)dx
/4 /4

= [sinx]y " + [cosx]y
(sinE - sian + (cosE - cost
4 4

()

A 1
= $+—2—
_ .2 V2 +2
V2 V2
—2+2\2
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Q. 25 The area of the region bounded by the curve x?> =4y and the straight
line x =4y —2is
(a) % sq unit (b) g sq unit

7 9
(c) = sq unit (d) = sq units
8 q 8 q

Sol. (d) Given equation of curve is x2 = 4y and the straight line x = 4y — 2.

x2 =4y

-1, 1/4)

v
For intersection point, put x = 4y — 2 in equation of curve, we get
(4y -2 = 4y
16y° + 4 — 16y = 4y
16y> =20y + 4=0
4y —By+1=0
4y —4y—y+1=0
4y(y-0-1Ay-1=0
(4y-Ny-1=0
y=1 1
4
Fory=1 x=+4-1=2 [since, negative value does not satisfy the equation of line]

L N

1 1 "y . . .
Fory = 7 x =4 i 1 [positive value does not satisfy the equation of line]
. . . 1
So, the intersection points are (2, 1) and (7 1, Z)

x+2
4

. 2 2 x°
.. Area of shaded region = L( )dx - 7170'3@

312

42 43 24
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Q. 26 The area of the region bounded by the curve y = /16 — x* and X-axis is

(a) 87 sq units (b) 207 sq units
(c) 16m sq units (d) 2567 sq units
Sol. (@)  Given equation of curve is y = /16 — x° and the equation of line is X-axis i.e., y = 0.
Y

4,00 0 (40

v
J16-x2=0 ()

= 16-x% =0

= x2 =16

= x=*4

So, the intersection points are (4, 0) and (-4, 0).
. Areaof curve, A = J.:(16 - x?)2dx

= '|._44wl(42 - x?)dx

P 4
N o
2" 4,

Q. 27 Area of the region in the first quadrant enclosed by the X-axis, the
line y = x and the circle x% + y? =321is

(@) 167 sq units (b) 47 sq units (c) 327 sq units (d) 24 7 sq units
Sol. (b)) We have, area enclosed by X-axis i.e., y = 0, y = x and the circle x + y° = 32 in first
quadrant.
Since, x? + (x)% =32 [oy=x]
= 2x% =32
= x=*4
So, the intersection point of circle x2 + y? = 32 and line y = x are (4, 4) or (- 4, 4).
and x2 4y = (427
Since, y=0
: x® + (07 =32

= x=1 42
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253
So, the circle intersects the X-axis at (+4 /2, 0).
Y
A
y=x
N9
1 ©.0 N
X . 0) X
e
(4,4 &
A
yl
4 42
Area of shaded region = jxdx + I (42)? — x% dx
0 4
o4 5 42
x x 42y . | «x
=T + 5N @2 -2 + sin”' —=
0 er e 4@4
16 [ 4/2 C(42) 4 5 4 4
=— +|—=.0+16sin L2 27 —16-16sin"'—=
2 { 2 (42) 2 (42) NP
=8+

{16-5—24«%—165}
2 4

=8+ [8n — 8 — 4n]= 4m sq units

Q. 28 Area of the region bounded by the curve y =cosx between x =0 and
x=mis
(@) 2 sq units

(b) 4 sq units
(c) 3 sq units

(d) 1 sq unit
Sol. (@) Required area enclosed by the curve y =cosx, x = 0and x = nis

Y

y=Cos x

/2 b
A= cosx dx + U cos:cdx‘
0 w2

{. T } oo |
=|sin= —sin0 |+ {sin= —sinw
2 72 \

=1+ 1=2squnits
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Q. 29 The area of the region bounded by parabola y® = x and the straight
line 2y = x is
4 . . 2 . 1 .
(a) 3 sq units (b) 1 sq unit () 3 sq unit (d) 3 sq unit
Sol. (@) We have to find the area enclosed by parabola y? = x and the straight line 2y = x.
Y A

G2 o«
(0,0 | X
&’O)'
y2=x
Y
2
x
)y
2)
= ¥ =dx=>x(x-4)=0
= x=4=y=2andx=0 =y=0

So, the intersection points are (0, 0) and (4, 2).
Area enclosed by shaded region,

A= ;[x/;—f}dx
1 4
1,9 22 3 4]
2 o
22 _16_2 4 1
3 4 3 4

16 16 64-48 16 4 .
- =— =—squnits
3 4 12 12 3

Q. 30 The area of the region bounded by the curve y =sinx between the
ordinates x =0, x = g and the X-axis is

(@) 2 sq units (b) 4 sq units (c) 3 sq units (d) 1 sq unit
Sol. (d) Area of the region bounded by the curve y = sinx between the ordinates x = 0, x :g

and the X-axis is
/2 n\ >

y=sinx

YA

A
O
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o
A= jo 2sinxdx
—[cosx]¥? = {cosg —cos O}

=—-[0-1]=1sq unit

2 2

Q. 31 The area of the region bounded by the ellipse ;C—S + }1/76 =1is

(@) 20T sq units (b) 207 sq units () 16w sq units  (d) 257 sq units
q

2 2
X
Sol. (#) We have, ?Jr%ﬂ
Here, a=+5andb=+4
2 2
y x
and ?:1_572
2
2 X
= —16/1- 2
AY

(5, 0> /
////

i 25*%11
16 5
= 25— x
y= 25( )
4o 2
= =—4(5" -x
y=5 ( )

. ; _ - _ .2
. Area enclosed by ellipse, A=2 - 5'[_545 x“dx
85 [ >
:2'5-[0"5 — x“dx

— 2 5
_0.8 2% - %%+ it E
52 27 5]
280/ 5, i Ssint2_0-2.9
52 27 5 2
:2.§_275.E}
502 2
_16 2
5 4
=207 sqg units


hp
Highlight


256 NCERT Exemplar (Class XII) Solutions

Q. 32 The area of the region bounded by the circle x? + y? =1is

(@) 27 sq units (b) 7 sq units
(c) 3w sq units (d) 4n sq units

Sol. (b) We have, x% 4+ Y2 =1 [or=+1]
= y=1-x> = y=1-x°

. . L) 2 T2 2
. Area enclosed by circle =2J‘71w/1 - x dx=2~2j‘0w/1 —x“dx
5 1
=2 ~2[;w/12 —x% + %sin‘1 ﬂ
0

=4[i.0+1.ﬁ_0_1.0J
2 2 2 2
T .
=4.— =msqunits
RS

Q. 33 The area of the region bounded by the curve y = x +1 and the lines
x=2 x=31s

7 9 11 13
a) — sq units b) = sq units C) — sq units d) — sq units
()2 q ()2 q ( 5 s ()2 q

2 3
Sol. (@) Required area, A = E(x + 1)dx = [xz + x}
2

=P+ 3_f_2}=[§+1}=zsqunits
2 2 2 2
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Q. 34 The area of the region bounded by the curve x =2y +3 and the lines

y=1 y=-1is
(@) 4 sq units (b) % sg units
(c) 6 sq units (d) 8 sq units

Sol. (¢) Required area, A = J.; @y + 3)dy

= y2 + 3)’]1_1
=[1+3-1+ 3] =6squnits
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