13

Probability

Short Answer Type Questions

Q. 1 For a loaded die, the probabilities of outcomes are given as under
P(1)=P(2)=0.2, P(3)=P(5) =P(6) =0.1and P (4) =0.3.
The die is thrown two times. Let A and B be the events, ‘same number

each time” and ‘a total score is 10 or more’, respectively. Determine
whether or not A and B are independent.

® Thinking Process
First, find P(A),P(B) and P(A MB) and then use the concept that two events A and B are
called independent events, if P(A MB) =P(A)-P(B).
Sol. For aloaded die, it is given that
P(1)=P@)=0.2,
P(3)=P(5)=P(6)=01and P(4)=0.3

Also, die is thrown two times.

Here, A =Same number each time and B = Total score is 10 or more

o A={(1 1,2 2),@3 3),4 4),(5 5),(6 6)}

So, PA=PO, 1+P(@2, 2 +P(@B3,3)+P(4 4+ P(5,5 +P(6,6)]
=[P)-P(N)+ PR)-P@2)+ P(3)- P(3) + P(4)- P(4)+ P(5)- P(5) + P(6)- P(6)]
=[02x02+ 02x%x02+ 01x01+ 0.3x03+ 01x01+ 01x01]
=004+ 004 + 001+ 009 + 001+ 0.01=0.20

and B={(4,6),(6,4),(5,5),(5,6),(6,5), (6,6)}

PB)=P(4,6)+P®6,4+P(5,5)+P(5,6)+P(®6 5 +P(6,6)
=P(4)- P(6) + P(6)- P(4)+ P(5)- P(5) + P(5)- P(6) + P(6)- P(5) + P(6)- P(6)
=03x01+01x03+01x01+ 01x01+ 01x01+ 01x01
=003+ 003+ 001+ 001+ 001+ 001=010
Also, AnB={(5,5), (6,6}
P(AnB)=P(55)+ P(6 6)= P(5)- P(5) + P(6)- P(6)
= 01x01+ 01x01= 001+ 001=002

We know that, for two events A and B, if P(A n B) = P(A)- P(B), then both are independent

events.

Here, P(A n B)=002 and P(A)- P(B)=020 x010= 0.02
Thus, P(AnB)=P(A)- P(B)= 002
Hence, A and Bare independent events.
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Q. 2 Refer to question 1 above. If the die were fair, determine whether or not
the events A and B are independent.
@ Thinking Process

In a fair die, we have equally likely outcomes. So, with the given events A and B, we first
find P(A),P(B) and P(A MB)and then check whether they are dependent or independent.

Sol. Referring to the above solution, we have
A={(1,1),(22),3,3) (4.4),(5,5), 6 6)}

= n(A)=6 and n(S)=6° =36 [where, S is sample space]
pay="A_ 6 _1
neS) 6 6
and B={(4,6),(6,4),(5,5), 6, 5), (5 6), (6,6)}
= n(B)=6 and n(S)=6° =36
P(B) = @ — ﬁ — 1
nS) 36 6
Also, AnB={(55),(6,6)}
= n(AnB)=2and n(S)= 36
P(AnB)= 2 _1
36 18
Also, P(A)-P(B) = é
1 1
Thus, P(AnB)=P(A)- P(B) { T8 # %}

So, we can say that both Aand B are not independent events.

Q. 3 The probability that atleast one of the two events A and B occurs is 0.6.
If A and B occur simultaneously with probability 0.3, evaluate
P(A) + P(B).

Sol. We know that, A U B denotes the occurrence of atleast one of A and B and A n B denotes
the occurrence of both A and B, simultaneously.

Thus, P(AUB)=06 and P(AnB)=0.3
Also, P(AUB)=P(A)+ P(B)- P(An B)

= 0.6=P(A)+ P(B)- 0.3

= P(A)+ P(B)= 0.9

= [1-P(A)]+[1-P([B)]=09 [+ P(A)=1-P(A)and P(B)=1- P(B)]
= P(A)+ P(B)=2 - 0.9=11

Q. 4 A bag contains 5 red marbles and 3 black marbles. Three marbles are
drawn one by one without replacement. What is the probability that
atleast one of the three marbles drawn be black, if the first marble is
red?

Sol. LetR ={5red marbles} and B = {3 black marbles}

For atleast one of the three marbles drawn be black, if the first marble is red, then the
following three conditions will be followed

(i) Second ball is black and third is red (£, ).

(i) Second ball is black and third is also black (E ,).

(iii) Second ball is red and third is black (Ej).
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53 4_60 5
P(E R)-PR,/RB)==-S. == — ==
€)= PB/ /RBi)= 87 6 336 28
532 3 5
P(E,)=P(R,)-P(B,/R B,/RB)=~-2.2=—
(Eo)=P(Ry)-P(By/R)-P(B,/ )876336 =
543 60 5
d  P(Ey)=PR,)-PRy/R,)-PB/RRy)==-=- == =
an (Ea)=P(R)- PRy /) PB T RiR,) = 87 6 33 28
P(E)=P(E,) + P(E,) + P(E,) = 5,5, 0
o 2 3’728 56 28
10+5+1O 2£
56 56

Q. 5 Two dice are thrown together and the total score is noted. The events E,
Fand G are ‘a total of 4’, ‘a total of 9 or more” and ‘a total divisible by 5,
respectively. Calculate P (E), P(F) and P (G) and decide which pairs of
events, if any are independent.

Sol. Two dice are thrown together i.e., sample space (S) = 36 = n(S) = 36

E=Atotalof 4={(2,2),(3,1), (1,3)}
= nE)=3
F =Atotal of 9 or more
={(3,6),(6,3),(4,5),(4.6),(54),(6,4),(55),(56), (6 95), (6 6)}

= n(F)=10
G = atotal divisible by 5 = {(1, 4), (4, 1), (2, 3), (3, 2), (4, 6), (6, 4), (5,5)}
= nG)=7
Here, (EnF)=¢and(EnG)=¢
Also, (FnG)=A{(4,6),(6,4), (5 5}
= nFNG)=3and (ENFNG)=¢
P(E) = _n(E) 38 _1
nS) 36 12
P(F) = L’E) Ezi
nS) 36 18
,D(G)=@:l
nS) 36
P(F mG)=£=i
36 12
and P(p).p(@)zi.lzﬂ
18 36 648

Here, we see that P(F " G) # P(F)- P(G)
[since, only F and G have common events, so only F and G are used here]

Hence, there is no pair which is independent.

Q. 6 Explain why the experiment of tossing a coin three times is said to have
Binomial distribution.
Sol. We know that, a random variable X taking values 0, 1, 2, ..., n is said to have a binomial
distribution with parameters n and P, if its probability distribution is given by
P(X=r="C.pq"""
where, g=1-p
and r=012,..,n
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Similarly, in an experiment of tossing a coin three times, we have n = 3and random variable

. 1 1
X can take values r =0, 1, 2 and 3 with p:Eandq =5
X 0 1 2 3
P(X) °C q° °C Pq’ G, pig | Gqp?

So, we see that in the experiment of tossing a coin three times, we1have random variable X
which can take values 0, 1, 2 and 3 with parameters n = 3and P = >

Therefore, it is said to have a Binomial distribution.

Q. 7 If A and B are two events such that

P(A)=1 P(B) = fandP(AmB) —thenfmd
(i) P(4/ B). @QP@/A)
(iii) P(4' /B). (iv) P(A' / B).
1 1 1
Sol. Here, P(A)ZE’ P(B):gand P(Ar\B):Z
. _P(ANB)_1/4_3
() P(a/B)= P(B) 1/3 4
; _PANB) _1/4_1
(i) PB/A= P(A)  1/2 2
(iii)P(A’/B)=1—P(A/B):1—g:%
o
or puayg)- PANB_PB-PANB 374 13 1
P(B) P(B) 1 1 4
3 3
() Pary By~ PA DB _1=PAUB)_1-[P(A)+ PB) = P(AN B
P(B) 1-P(B) 1-P(@B)
1 1 1 5 1
B [5 5‘2}:‘(&‘2]
11 2
3 3

_1-14/24 10/24 30 5
T 2/3  2/3 48 8

Q. 8 Three events A, B and C have probabilities z % and }, respectively. If,

P(ANC)= g and P(BNC)=-, then find the values of P(C/B) and

P(A'AC)).
Sol. Here, PLA)=2 P(B):%, PC)= 1 P(AAC)= and PBAC)-
pc/p-FBNC) _1/4_3
P(B) 1/3 4
and P(A'~C)=1-P(AUC)=1—[P(A) + PC) = P(A A C)]

2 1 1 445-2 7 3
1S4 |=1- =1-==
10 1010
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Q. 9 Let E, and E, be two independent events such that P(E,) =P, and
P(E,) = P,. Describe in words of the events whose probabilities are
(i) PF, (i) 1= PP,
(i) 1-1-P)(1-F) (iv) P, + P, —2P,P,
Sol. P(E,)=P, and P(E,)="F,
(i) BP, = P(E)-P(E,)=P(E, nEy)
So, E, and E, occur.
(i) (1-R) P, =P(E)- P(E,)=PE'NE,)
So, E, does not occur but £, occurs.
(i) 1-(1-R)(1-F)=1-PE)PE,)=1-PE'NE,)
=1-[1=P(E, UE,)]=P(E, UE,)
So, either E, or E, or both E; and E, occurs.
(iv) P, + P, —2PP, =P(E,) + P(E,) - 2P(E,)- P(E,)
=P(E,) + P(E,) - 2P(E, N E,)
=P(E, UE,) P (E, NEy)
So, either E, or E, occurs but not both.

Q. 10 A discrete random variable X has the probability distribution as given below
X 05 1 15 2
P(X) k k? 2%? k
(i) Find the value of k.
(ii) Determine the mean of the distribution.
Sol. We have,

X 0.5 1 15 2
P(X) k k? 2% 2 k

(i) We know that, é P =1 where B >0
PB+P+P+P =1
k+ k2 +2k% + k=1
3k? +2k-1=0
3k? + 3k—k-1=0
3k(k+1)-1k+1)=0
Bk-N(k+1N=0
k=1/3= k=-1
kis>0= k=1/3

A A

2]
=}
o}
®

n
(ii) Mean of the distribution (1) = E(X) = X x
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Q. 11 Prove that
(i) P(A)=P(A N B)+ P(A N B)
(ii) P(A U B) :P(A NB)+P(ANB)+P(AnB)

Sol. ()~ P(A)=P(AnB)+ P(ANB)

RHS = P(A N B)+ P(A N B)
=P(A) P( )+ P(A)- P(B)
= P(A)[P(B)+ P(B)] B
=P(A)PB)+1-P(B)] [-PB)=1-P(B)]
=P(A)=LHS Hence proved.

(ii) - P(AUB)=P(AnB)+ P(AnB)+ P(AnB)
RHS = P(A)- P(B)+ P(A)- P(B) + P

=P(A)-P(B) + : [1-P(A)]PB)

=P(A)-P(B)+ P(A)— P(A)- P(B)+ P(B)— P(A)- P(B)

=P(A)+ P(B)- P(A)- P(B)

=P(A)+ P(B)- P(AnB)

=P(AuUB)=LHS Hence proved.

Q. 12 If X is the number of tails in three tosses of a coin, then determine
the standard deviation of X.
@ Thinking Process
First get the values of P(X) at x=0, 1, 2, 3 and then use the formula of standard
deviation of X =+/Var (X), where Var (X) =E(X*) —[E(X))* =Z X°P(X) — ZXP (X)]’

Sol. Given that, random variable X is the number of tails in three tosses of a coin.

So, X=01,223.
= P(X=x)="C.(p)'q" "%,
where n=3 p=1/2,g=1/2andx=0,1,2,3
X 0 1 2 3
P(X) ! 3 3 1
8 8 8 8
XP(X) 0 3 3 3
8 4 8
X2P(X) 0 3 3 2
8 2 8
We know that, Var (X) = E(X?) — [E(X)]? .0
n
where, E(X?) = szP( Jand E(X) = Z1x, P(x;)
n
E(X?) = Zx,zP(X,):O+§+§+9:%:3
i=1 8 2 8 8
n 2 2 2
and [E(X)]°=| 2 x? P(x;) ={0+§+§+§} {E} -9
i=0 8 4 8 8 4
9 3
Var(X)=3-—-=— using Eq. (i
X) i [using Eq. (i)]
and standard deviation of X = ,/Var(X) = % = g
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Q. 13 In a dice game, a player pays a stake of ¥ 1 for each throw of a die. She
receives T 5, if the die shows a 3, ¥ 2, if the die shows a 1 or 6 and
nothing otherwise, then what is the player's expected profit per throw
over a long series of throws?

® Thinking Process

Take X as the random variable of profit per throw and at X =—1, 1 and 4 get the values
of P(X) and use the formula expected profit E(X) =X X P(X) to get the desired result.
Sol. Let Xis the random variable of profit per throw.

X -1 1 4
1 1 1
PO) 2 3 6
Since, she loss % 1 on getting any of 2, 4 or 5.
So,at X =-1, P(X):1+1+1:§:1
6 6 6 6 2
Similarly, at X =1, P(X)= % + % = % [if die shows of either 1 or 6]
and at X = 4, P(X)= % [if die shows a 3]
Player’s expected profit = £(X) = ZXP(X)
1 1 1
=-Ix—+1x—+4x—
2 3 6
_ -3+2+ 4=§=1=?O.50
6 6 2

Q. 14 Three dice are thrown at the same time. Find the probability of getting
three two's, if it is known that the sum of the numbers on the dice
was Six.

Sol. On athrow of three dice, we have sample space [n(S)] = 6° = 216

Let £, is the event when the sum of numbers on the dice was six and E, is the event when

three two’s occurs.

= E={(1,1,4),(1,23),(1,8,2,(1,4,1),(2,1,3),(22,2),231),31,2),
3.2 1), 4 1,1}

= n(E)=10 and E, ={2,2, 2}
= n(Ey,)=1
Also, (B, nE,)=1
PE, /E,) - P-(EnEy) 1/216 1

P(E,) 10/216 10

Q. 15 Suppose 10000 tickets are sold in a lottery each for ¥ 1. First prize is
of ¥3000 and the second prize is of ¥ 2000. There are three third
prizes of ¥ 500 each. If you buy one ticket, then what is your
expectation?

® Thinking Process

Take X is the random variable for the prize, so at X =0, 500, 2000 and 3000, get P(X) for
each X and then use the formula of E(X) =ZX P(X) to get the answer.
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Sol. Let X is the random variable for the prize.

X 0 500 2000 3000
, 9995 3 1 1
X 10000 10000 10000 10000
Since,  E(X)=3X P(X)

9995 1500 2000 3000
10000 10000 10000 10000
~ 1500 + 2000 + 3000
- 10000

6500 13

T — =30.65
T 10000 20

E(X)=0x

Q. 16 A bag contains 4 white and 5 black balls. Another bag contains 9
white and 7 black balls. A ball is transferred from the first bag to the
second and then a ball is drawn at random from the second bag. Find
the probability that the ball drawn is white.

Sol. Here, W, = {4 white balls} and B, = {5 black balls}
and W, = {9 white balls} and B, = {7 black balls}
Let E, is the event that ball transferred from the first bag is white and E, is the event that the
ball transferred from the first bag is black.

Also, E is the event that the ball drawn from the second bag is white.

10 9
P(E/E)= e P(EIE,) = e

4 5
and P(E,)=— and P(E,)=—
(Ey) 5 (Es) S
P(E)=P(E,)-P(E/E))+ P(E,)- P(E/E),)
4 10 5 9
= — 4 - —
9 17 9 17
40+45 E 5
153 153 9

Q. 17 Bag I contains 3 black and 2 white balls, bag II contains 2 black and 4
white balls. A bag and a ball is selected at random. Determine the
probability of selecting a black ball.

Sol. Bag!={3B2W}, Bag Il = {28, 4W}

Let E, = Event that bag | is selected
E, =Event that bag Il is selected
and E =Eventthata black ball is selected
1 2 1
= P(Ew):1/2,P(EZ):f,P(E/EJ P(E/Ey) = =3
P(E)=P(E))-P(E E) P(E,)-P(E/E,)
13 12 38 2
R T
2’5 26 10 12
_18+10_28 7

60 60 15
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Q. 18 A box has 5 blue and 4 red balls. One ball is drawn at random and not
replaced. Its colour is also not noted. Then, another ball is drawn at
random. What is the probability of second ball being blue?

Sol. Abox={5blue, 4 red}
Let £, is the event that first ball drawn is blue, E, is the event that first ball drawn is red and £
is the event that second ball drawn is blue.
P(E)=P(E,)-P(E/E))+ P(E,)- P(E/E,)
54,452 20 _40_5
98 98 72 72 72 9

Q. 19 Four cards are successively drawn without replacement from a deck of
52 playing cards. What is the probability that all the four cards are
king?

Sol. Let £, E, E; and E, are the events that the first, second, third and fourth card is king,

respectively.

P(E, NE, NEy NE,) = P(E,)-P(E

P(E o[ E)-P(Ey/E,NE,)-PIE,/(E,nEy, NEy NE,)]
4 3 2 1 24
" 52 51 50 49 52-51.50-49
B 1 T
T 13.17-25-49 270725

Q. 20 If a die is thrown 5 times, then find the probability that an odd
number will come up exactly three times.

11 1) 1 11
Sol. Here, n—5,p—(6+6+6)_5and g=t-p=1-5=5
Also, r=3
1 3 1 5-3
P(X=1)="C,(pf @) " = 503@ (Ej
50 11 10 5
3218 4 32 16

Q. 21 If ten coins are tossed, then what is the probability of getting atleast
8 heads?
@ Thinking Process

For getting atleast 8 heads, take random variable X for getting head on tossing a coin.
So, get sum of P(8),P(9) and P(10) to get the answer.

Sol. In this case, we have to find out the probability of getting atleast 8 heads. Let X is the
random variable for getting a head.
Here, n=10,r=>8,

ie., r=89,10, p=
We know that, PX=nr="C,pq"
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P(Xzf):P(f:88)+1"Z(f8:9)+P(f:;O) 10-9 10 /411010
G )
-s2z) ailz) “alz)
= GIOFOJ i 10+ 1}

Q. 22 The probability of a man hitting a target is 0.25. If he shoots 7 times,
then what is the probability of his hitting atleast twice?

@ Thinking Process

Using Binomial distribution P(X = r) to get the answer. Here,
P(X=r)=1=[P(r=0)+ P(r=1)]

1 1 3
. Here, n=7p=025=—g=1-—=—-r2>2,
Sol P 29 i

where, PX)="C.(p @) "

In this case for easy approach we shall first find out the probability of his hitting atmost once

(/ e., r =0, 1) and then subtract this probability from 1 to get the desired probability.
PX=r=1-[P(r=0)+ P(r =1)]

ECIOREION
<[l )]

| )

-]

[ 7290 } . 3645 4547
116384 ] 8192 8192

Q. 23 A lot of 100 watches is known to have 10 defective watches. If
8 watches are selected (one by one with replacement) at random, then

what is the probability that there will be atleast one defective watch?
Sol. Probability of defective watch from a lot of 100 watches — 10 i
100 10

p=1/10,q =%,n:8andr21

;8 98 | 98
- _0!8!'[10) B _[mj
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Q. 24 Consider the probability distribution of a random variable X.

X 0 1 2 3 4
P(X) 0.1 0.25 03 0.2 0.15
Calculate
. X .. .
(i) v 5| (ii) Variance of X.
Sol. We have,
X 0 1 2 3 4
P(X) 0.1 0.25 03 0.2 0.15
XP(X) 0 0.25 06 06 0.60
X2P(X) 0 0.25 1.2 18 240
Var (X) = E(X?) - [E(X))?
where, E(X)=p = v§1 x, P(xi)
i
n
and E(X?)= ¥ x?P(x;)

E(X)=0+ 025+ 0.6 + 06+ 0.60=2.05
E(X?)=0+ 025+ 12 + 1.8+ 2.40= 565
() V(ﬁj = V)

2
5 [6.65 - (2.05)7]

_1
4
1 1

= ,[5.65~ 4.2025] = x14475 = 0.361875

(ii) V(X) = 14475

Q. 25 The probability distribution of a random variable X is given below
X 0

N | x| —
ENESDS
oo | x| w

P(X) k

(i) Determine the value of k.
(ii) Determine P(X < 2)and P(X > 2).
(iii) Find P(X <2) + P(X > 2).
Sol. We have,

X 0 1 2 3
k g g
P(X) k 5 2 5
n
(i) Since, 218:1,i:1,2 ..... nand P >0
1=
ek Kk
2 4 8
= 8k + 4k +2k+ k=8
(8
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(i) P(X <2)=P(0) + P(1) + P2)=k + g + %
_(@k+2k+ k) Tk 7 8 14
B 4 T4 415 15
and P(X>2):P(3):5:l.§:i
8 8 15 15
(iii) P(X <2)+ P(X >2)= 4+ 1
a 15 15

Q. 26 For the following probability distribution determine standard
deviation of the random variable X.

X 2
P(X) 0.2 0.5 0.3
Sol. We have,
X 2 3 4
P(X) 0.2 0.5 03
XP(X) 0.4 15 12
X?P(X) 08 45 48
We know that, standard deviation of X = ,/Var X
where, VarX = E(X2) - [E(X)]?
n 2 n 2
= 1521 x; Plx;) - [151 x,P,]

Var X =[0.8 + 4.5+ 4.8]—[04 + 1.5+ 12]2
=101—- (317 =101- 9.61= 049
Standard deviation of X = \/VarX = 4/0.49 = 07

Q. 27 A biased die is such that P (4) =% and other scores being equally

likely. The die is tossed twice. If X is the ‘number of fours seen’, then
find the variance of the random variable X.

Sol. Since, X = Number of fours seen
On tossing two die, X =0, 1, 2.

1 9
Also, 'D(4) :%and Finot 4) :%
9 9 81
So, PX=0)=Foota) Frota = 75" 75 = 700
9 1 1 9 18
P(X:1):I3(not4)'P(4)+F(’4)'F;not4):%'ﬁ+%'%:ﬁ
P(X=2)=Ry Ry=_-L__1
10 10 100
Thus, we get following table
X 0 1 2
P(X) 8 18 L
100 100 100
XP(X) 0 18/100 2/100
X2P(X) 0 18/100 4/100
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Var (X) = E(X?) = [E(X)]? = £X?P(X) — [EXP(X)]?
=[O+£+i}— O+E+i}2
100 100 100 100

]
_2_(20) _t_ 1
100 (100) ~ 50 25
_1-2_9 _18

=018
50 50 100

Q. 28 A die is thrown three times. Let X be the ‘number of twos seen’, find
the expectation of X.

Sol. We have, X = number of twos seen
So, on throwing a die three times, we will have X =0, 1,2, 3.

5 5 5 125
P(X:O):Pnotz)'anotz)'F?notz) 6 6 6 216
P(X 1) Pnotz anotQ)'P(Z)"'anotQ)'P(Z)'anotQ)+‘D(2) "D(notz)'anotQ)
551,515 155 2 3 25
6 66 666 6 66 36 6 72
P(X=2)=FuooRoy-Roy + Ry Ry Rrota) + A2y Rrota) + Ao
511 115 151
= e — 4 —— — F — e — e —
6 6 6 666 6 6 6
i. 5

6 6 6 216
We know that, E(X)= X P(X)= 0. 122 4+ 1.22 ;5. 1% 4. T
216 7 216~ 216
_r5+30+3_108 _1
216 216 2

Q. 29 Two biased dice are thrown together. For the first die P(6) =1, the
other scores being equally likely while for the second die P(1) =§ and

the other scores are equally likely. Find the probability distribution of
‘the number of one’s seen’.

Sol. For first die, P(6) =% and P(6") = —

= P1)+ PR)+ P(3)+ P(4)+ P(5) ==

= P(1) = % and P(1) = % [+ P(1)=P@) = P(3) = P(4) = P(5)]

For second die, P(1)= 2 and P(1)=1- 2.3
5 5 5
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Let X = Number of one’s seen
9 38 27

For X =0, P(X=0=P1)-PI)=—-=—=—=054
10 5 50
9 2 1 3
PX=10=P1)-PA)+ PA"-PA)=—-=+ — - =
(X =1)=P1)- P(1) ()()105105
B3 2 o
50 50 50
1.2 2
P(X=2)=P(1)-P()=—-=="-=004
( )=P(1)- P(1) 105" 50
Hence, the required probability distribution is as below
X 0 1 2
P(X) 0.54 042 0.04

Q. 30 Two probability distributions of the discrete random variables X and Y
are given below.

X 0 1 2 3
1 2 1 1
P — — — —
) 5 5 5 5
Y 0 1 2 3
s |2 3 2 il
5 10 5 10

Prove that E(Y?) = 2E(X).

Sol. X 0 1 2 3
1 2 1 1

P 5 5 5 5

Y 0 1 2 3

1 2 1

P(Y) 5 0 5 10

Since, we have to prove that, £(Y?) = 2E(X)
E(X)=2X P (X)

0.y, 0, 53007
5 5 5
= 2E(X)f% ()
E(Y)? = 2Y2P(Y)
:Ol+‘]£+4g i
5 10 5 10
3 8 9 28 14
=—+ -+ -—=—"=—
10 5 10 10 5
N Ee) = (i)

From Egs. (i) and (i),
E(Y?)=2E(X) Hence proved.
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Q. 31 A factory produces bulbs. The probability that any one bulb is
defective is 510 and they are packed in 10 boxes. From a single box,

find the probability that
(i) none of the bulbs is defective.
(ii) exactly two bulbs are defective.
(iii) more than 8 bulbs work properly.
Sol. LetXis the random variable which denotes that a bulb is defective.

1 49
Also,n=10p=—andg =—andP(X=rN="C, p' q""
p=cpandq =g (X=r) P q

(i) None of the bulbs is defective i.e., r=0

1 0 49 10-0 49 10
o=l (22
Pl )=Fo) °\50) {50 50

(ii) Exactly two bulbs are defective i.e., r =2

1)2( 498

| 2 8 10
= ﬁ[i) : (ﬂj =45 x (ij x (49)°
8121150) |50 50

(iif) More than 8 bulbs work properly i.e., there is less than 2 bulbs which are defective.
So, r<2=r=01
P(X =r=P(r<2)=P(0)+ P(1)

0 10-0 1 10-1
-*0o(55) (s0) *"ls) ()
50 50 50 50
i9j1°+£!.i.(i9jg
50 1191 50 (50

(
(& - e
( 9

Q. 32 Suppose you have two coins which appear identical in your pocket.
You know that, one is fair and one is 2 headed. If you take one out,
toss it and get a head, what is the probability that it was a fair coin?

Sol. Let E, = Event that fair coin is drawn

E, = Event that 2 headed coin is drawn
E = Event that tossed coin get a head
P(E)=1/2,P(E,)=1/2, P(E/E,)=1/2 and P(E/E,)=1
P(E)- PE/E)
P(E,)-P(E/E)+ P(E,)- P(E/E,)

Now, using Baye's theorem P(E, / E) =
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Q. 33 Suppose that 6% of the people with blood group 0 are left handed and
10% of those with other blood groups are left handed, 30% of the
people have blood group 0. If a left handed person is selected at
random, what is the probability that he/she will have blood group 0?

Sol.

Other than

Blood group ‘O’ blood group ‘0’

l. Number of people 30 % 70 %

Percentage of left

I handed people

6 % 10 %

E, = Event that the person selected is of blood group O
E, = Event that the person selected is of other than blood group O
(E5) = Event that selected person is left handed
P(E;)=0.30, P(E,)= 070
P(E;/E;)=006 and P(E;/E,)=010
P(E)-P(Es 1 Ey)
P(Ey)- P(Eg/Ey) + P(Ey)- P(Es / Ey)
0.30 x 0.06
030 006+ 070- 010
3 0.0180
~0.0180 + 0.0700
00180 180 9
700880 880 44

By using Baye'’s theorem, P(E, / E5) =

Q. 34 If two natural numbers r and s are drawn one at a time, without
replacement from the set S ={1, 2, 3,...n}, thenfind P(r < p /s < p),
where p € §.

Sol. - SetS={123..n}

Q. 35 Find the probability distribution of the maximum of the two scores
obtained when a die is thrown twice. Determine also the mean of the

distribution.
Sol. Let Xis the random variable score obtained when a die is thrown twice.
X=12,345,6
Here, S={(1,1),12),21),22),13),23),31),(32),(33),...066)}
px=t=d. 1oL
6 6 36
px—zod 11,11 8
66 66 66 36
SV L O U UL U S O O O 1
6 6 66 66 6 6 6 6 36
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- 7
Similarly, P(X=4)=
y ( ) 6
9
P(X=5)=
( ) %
P(X =6)= !
36
So, the required distribution is,
X 1 2 3 4 5 6
P(x) 1/36 3/36 5/36 7/36 9/36 11/36

Also, we know that, Mean {£ (X)} = £X P (X)

1 6 15 28 45 66 161
S—t—+ —+—+ —+—=
36 3 36 36 36 36 36

Q. 36 The random variable X can take only the values 0, 1, 2. If
P(X=0)=P(X =1)=pand E(X?)=E[X],
then find the value of p.
Sol. Since, X=012andP (X)atX=0and 1isp, letat X =2, P (X) is x.

= p+p+x=1
= x=1-2p
We get, the following distribution.
X 0 1 2
P(X) p p 1-2p

EX]=ZX P (X)
=0-p+1-p+2(1-2p)
=p+2-4p=2-3p

and E(X?)=% X2 P(X)
=0-p+1-p+4-(1-2p)
=p+4-8p=4-7p

Also, given that £(X?) = E[X]
= 4-7p=2-3p
1
= dp=2=p=—
P P=5

Q. 37 Find the variance of the following distribution.

X 0 1 2 3 4 5
1 kR 2 1 1 1
PX) 6 18 9 6 9 18
Sol. We have,

X 0 1 2 3 4 5
P(X) 1 R 2 1 il 1

6 18 9 6 9 18

XP(X) kR 4 1 4 5

0 18 9 2 9 1

5 8 3 16 25
2 el = el = =

X?P(X) 0 T 5 5 5 1
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Variance = £(X2) = [E(X)? = X2 P (X)— [EX P (X)?
8

5 16 25 5 4 1 4 57
=0+ —+ +— |0+ =+ -+ -+ -+ —
18 9 9 18 18 9 2 9 18
2

_{5+16+27+32+25}_{5+ 8+9+ 8+ 5}

3
+ -+ —
2

18 18
105 35-35 18-105-35-35

"~ 18 18-18 18-18
=i[54_35]:19'35=@
18-18 324 324

Q. 38 A and B throw a pair of dice alternately. A wins the game, if he gets a
total of 6 and B wins, if she gets a total of 7. If A starts the game, then
find the probability of winning the game by A in third throw of the
pair of dice.

Sol. Let A =Atotalof6=1{(2,4), (1,5), (5, 1), (4,2), (3 3)}

and B, =Atotal of 7= {(2, 5), (1, 6), (6, 1), (5, 2), (3, 4), (4,

3)}
Let P (A) is the probability, if A wins in a throw = P(A) = 3756
and P (B) is the probability, if B wins in a throw = P(B) :%

. . — —= 31 5 5 775 775
.. Required probability = P(A)- P(B)- P(A)= —-—-—= =—
a P y=PA)-PB)-PA) 36 6 36 216-36 7776

Q. 39 Two dice are tossed. Find whether the following two events A and B
are independent A ={(x, y) : x + y =11} and B ={(x, y): x # 5}, where
(x, y) denotes a typical sample point.
Sol. Wehave,A={(x,)):x+ y=11 and B={(x, y): x # 5}
A={(56).(65)B8={(11),(12),(13),(14), (15 (1.6), 21), (22, (23), (24),

(25) (2.6), (3.1), (32), (33). (34), (3,5) (36), (4,1), (4.2), (4.3), (4.4), (4.5) (4.6),
(6.1).(6.2), (6.3), (6,4), (65), (6.6)}
= n(A)=2,n(B)=30 and n(AnB)=1
21 and P(B):@=§
36 18 36 6
5 1
= P(A)-P(B) = 108 and P(AnB)= o = P(A)-P(B)

So, A and B are not independent.

Q. 40 An urn contains m white and n black balls. A ball is drawn at random
and is put back into the urn along with k additional balls of the same
colour as that of the ball drawn. A ball is again drawn at random.
Show that the probability of drawing a white ball now does not
depend on k.

Sol. Let U = {m white, n black balls}

E, = {First ball drawn of white colour}
E, = {First ball drawn of black colour}
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and E; = {Second ball drawn of white colour}

PE)=—""—and P(E,)=—"
m+n

m+n
m+ Kk m
AISO, P(ES/E1):maﬂd P(ES/EZ):m
P(E;)=P(E,)-P(Es/E))+ P(E,)- P(E5 /E,)
_m m+ K . n_ m
m+n m+n+k m+n m+n+Kk

m(m+k+nm _ m’ +mk+nm
(m+n+k)(m+n)_(m+n+k)(m+n)
. mm+k+n  m
T Mm+n+k(m+n m+n

Hence, the probability of drawing a white ball does not depend on k.

Long Answer Type Questions

Q. 41 Three bags contain a number of red and white balls as follows Bag I : 3
red balls, Bag II : 2 red balls and 1 white ball and Bag III : 3 white
balls. The probability that bag i will be chosen and a ball is selected

from it is lg where i =1, 2,3. What is the probability that

(i) a red ball will be selected? (ii) a white ball is selected?
Sol. Bag!: 3 red balls and 0 white ball.
Bag Il : 2 red balls and 1 white ball.
Beg Ill : O red ball and 3 white balls.

Let£,, E, and £, be the events that bag |, bag Il and bag Il is selected and a ball is chosen
from it.

1 2 3
P(EO:E'P(EZ)ZE and P(Ea)zé

(i) Let E be the event that a red ball is selected. Then, probability that red ball will be

selected
P(E)=P(E)-P(E/E)+ P(E,)- P(E/E,)+ P(E;)- P(E/Ej)

13 22 3
=—-—+—--—4+—--0

6 3 6 3 6
:1+g + 0

6 9
_3+4 7

18 18

(i) Let F be the event that a white ball is selected.
P(F)=P(E)-P(F/E)+ P(E,)- P(F/E,)+ P(Eg)- P(F/Eg)
1 21 3 1 3 M
== 0+ -+ 1==—+—-=—
6 6 3 6 9 6 18

7 11 .
Note P(F)=1—P(E)=1 5 =§ [since, we know that P(E) + P(F) =1]
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Q. 42 Refer to question 41 above. If a white ball is selected, what is the
probability that it came from

(i) Bag II? (ii) Bag IIT?
Sol. Referring to the previous solution, using Bay's theorem, we have
(i) P(E,/F)= PIE,)-P(F/Ep)
P(E))-P(F/E)+ P(E,)-P(F/E,)+ P(E3)-P(F/Ejy)
2.1 2
- 6 3 __ 18
1 21 3, 2 3
— 0+ =+ =1 =+
6 6 3 6 18 6
_2/18 2
T2+9 11
18

P(Es)-P(F/Eg)

(i) P (E5/F)=
P(E,)-P(F/E,)+ P(E,)-P(F/E,) + P(E)-P(F / Eg)
3
2.9
_ 6
10+2.1,34
6 63 6
3
5 3/6 9

Q. 43 A shopkeeper sells three types of flower seeds A, A, and A;. They are

sold as a mixture, where the proportions are 4 : 4 : 2, respectively. The
germination rates of the three types of seeds are 45%, 60% and 35%.
Calculate the probability

(i) of a randomly chosen seed to germinate.
(ii) that it will not germinate given that the seed is of type 4.
(iii) that it is of the type A, given that a randomly chosen seed does not

germinate.
Sol. Wehave A 1A, Ay =4:4:2
P(A) = 4 ,P(A,) = 4 and P(A;) = 2
10’ 10 10

where A;, A, and A, denote the three types of flower seeds.
Let E be the event that a seed germinates and E be the event that a seed does not

germinate.
45 60 35
PE/A)= 100" PE/A,)= 10 and P(E/A;) = 10
= 55 40 65
and PE/A)= 100" PE/A,) = 100 and P(E/A,) = 100
@i) - P(E)=P(A)-P(E/A)+ P(Ay)- P(E/ Ay) + P(Ag) P(E/ Ag)

_ 4 4 4 60 2 35
10 100 10 100 10 100
180 240 70 _ 490

+ = =049
1000 1000 1000 1000
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= 35 65 )
iil) PE/A)=1-PE/A)=1-— =— as given above
(ii) P(E/A) (E/A3) 100~ 100 lasg ]

P(Ay)-P(E/Ay)

(i) P(A, /£) = P(A)-P(E/A)+ P(Ay)-P(E/Ay)+ P(A3)-P(E ] Ay)
4 40 160
B 10100 1000

“4 55 4 40 2 65 220 160 130
+ — +

. - . + +
10 100 10 100 10 100 1000 1000 1000

- 16071000 _16_ 4 315725 - 0314
510/1000 51

Q. 44 A letter is known to have come either from ‘TATA NAGAR' or from
‘CALCUTTA. On the envelope, just two consecutive letters TA are visible.
What is the probability that the letter came from ‘TATA NAGAR"?
Sol. Let £, be the event that letter is from TATA NAGAR and E, be the event that letter is from
CALCUTTA.

Also, let E4 be the event that on the letter, two consecutive letters TA are visible.

1 1
P(E)= and P(E,) =

and P(ES/E1):%and P(ES/EZ):%

[since, if letter is from TATA NAGAR, we see that the events of two consecutive letters visible

are {TA, AT, TA, AN, NA, AG, GA, AR }. So, P(E; / E;) = % and if letter is from CALCUTTA,

we see that the events of two consecutive letters to visible are {CA, AL, LC, CU, UT, TT, TA%».
So,P(E; /Ey) = ?]

P(E,)-P(Ey /E,)

P(E/E5)= P(E,)-P(E4/E) + P(E,)-P(E4 /Ey)

12 1 1
28 g _ 18 g 7
T2 111 1° 220 ~1 711
7.—+—.— —+7 PR
28 27 8 14 8x14 5

Q. 45 There are two bags, one of which contains 3 black and 4 white balls
while the other contains 4 black and 3 white balls. A die is thrown. If
it shows up 1 or 3, a ball is taken from the Ist bag but it shows up any
other number, a ball is chosen from the II bag. Find the probability of
choosing a black ball.

Sol. Since, Bag | = {3 black, 4 white balls}, Bag Il = {4 black, 3 white balls}

Let £, be the event that bag | is selected and E, be the event that bag Il is selected.
Let £5 be the event that black ball is chosen.

11 1 2
P(E)=—+—=—and P(E,)=1- =25
€) 6 6 3 (E2) 33
and P(E, /E1)=§ and P(E, /Ez)zg
P(E;) = P(E)-P(E,/E) + P(E,)- P(E5 | E,)
13 2 4 N
= 4 - —=—
37 37 21
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Q. 46 There are three urns containing 2 white and 3 black balls, 3 white and
2 black balls and 4 white and 1 black balls, respectively. There is an
equal probability of each urn being chosen. A ball is drawn at random
from the chosen wrn and it is found to be white. Find the probability
that the ball drawn was from the second urn.

Sol. Let U, = {2 white, 3 black balls }
U, = {3 white, 2 black balls}
and Uz = {4 white, 1 black balls}

PUY = PU) = PUs) =

Let E, be the event that a ball is chosen from urn U,, E , be the event that a ball is chosen
from urn U, and E5 be the event that a ball is chosen from urn Us.

Also, P(E;)=P(E;)=P(E5)=1/3
Now, let E be the event that white ball is drawn.
2 3 4
P(E/E1)=g, P(E/Ez)zg, P(E/E3)=g
P(E,)-P(E/E,)
P(E,)-P(E/E)+ P(E,)-P(E/E,)+ P(E;)-P(E/Ejy)

Now, P(E,/E)=

[GENS]
+
W =jw| =
ol wlon | w

4
5

W=
W=

2 3 4

15

1
"3

|G|

[&)]
+

3
2 9

+
15 1

Q. 47 By examining the chest X-ray, the probability that TB is detected
when a person is actually suffering is 0.99. The probability of an
healthy person diagnosed to have TB is 0.001. In a certain city, 1 in
1000 people suffers from TB. A person is selected at random and is
diagnosed to have TB. What is the probability that he actually has TB?

Sol. LetE, =Event that person has TB
E, = Event that person does not have TB

E = Event that the person is diagnosed to have TB

999
PE)=—— =
E) 1000

= 0001, P(E,) = —— = 0.999
1000

and P(E/E,)=099and P(E/E,)=0.001
P(E))-P(E/E)

P(E,)-P(E/E,) + P(E,)-P(E/E,)

- 0001 x 0.99

0001 x 0.99 + 0.999 x 0.001

0000990

~ 0000990 + 0000999
990 110

T 1989 221

P(E, /E)=
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Q. 48 An item is manufactured by three machines 4, B and C. Out of the
total number of items manufactured during a specified period, 50% are
manufactured on A, 30% on B and 20% on C. 2% of the items produced
on A and 2% of items produced on B are defective and 3% of these
produced on C are defective. All the items are stored at one godown.
One item is drawn at random and is found to be defective. What is the
probability that it was manufactured on machine A?

Sol. Let E, = Event that item is manufactured on A,
E, = Event that an item is manufactured on B,
E4 = Event that an item is manufactured on C,
Let £ be the event that an item is defective.
50 1 30 3 20 1
P(E) - -

=2 = PE)=—" =" and P(E,) = =
100 2 (E) 100 10 (E)

plEj_2 T p(Ej_2 1 jgp[E|- 8
E, ) 100 50 (E,) 100 E,) 100

100 __ 100 _5
1 3 3 5+3+3 11

+ +
100 500 500 500

Q. 49 Let X be a discrete random variable whose probability distribution is
defined as follows.
k(x +1), forx =1,2,3,4
P(X =x) = 4 2kx, forx =5,6,7

0, otherwise

where, k is a constant. Calculate
(i) the value of k. (ii) E (X).
(iii) standard deviation of X.
k(x + 1), forx = 1,2,3 4
Sol. P (X =x)=1{2kx forx = 56,7
0, otherwise
Thus, we have following table

X 1 2 3 4 5 6 7 Otherwise
P(X) 2k 3k 4k 5k 10k 12k 14k 0
XP(X) | 2k 6k 12k | 20k | 50k 72k 98k 0
X2P(X)| 2k 12k | 36k | 80k | 250k | 432k | 686k 0
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(i) Since, 2P, =1
= K@+ 3+4+5+10+12+14)=1 = k:%

(i) - E(X)=ZXP(X)
E(X)=2k + 6k + 12k + 20k + 50k + 72k + 98k + 0 =260k
:260xi:§:5.2 [-:k:i} ()
50 5 50

(iii) We know that,
Var(X) = [E(X?)] - [E(X)F = ZX?P(X) - [Z{XP(X)})*
=[2k + 12k + 36k + 80k + 250k + 432k + 686k + 0] — [5.2]° [using Eq. (i)]

= [1498k] - 27.04= [1 498 x i} -27.04 { k= i}
50 50

=29.96 - 27.04=2.92
We know that, standard deviation of X = ,/Var(X) = ,/2.92 = 17088 =17 (approx)

Q. 50 The probability distribution of a discrete random variable X is given as

under
X 1 2 4 24 34 5A
1 1 3 1 1
P(X) - - = — —
2 5 25 10 25 25
Calculate

(i) the value of A, if E (X) =2.94.

(ii) variance of X.
1 2 12 2A 3A 5A
. (Wehave, ZXP(X)=—+ -4+ — + —+ — + —
Sol. O ()2525 10 25 25
_25+20+ 24+ 10A + 6A+ 10A 69 + 26A

50 50
Since,  E(X)=ZXP(X)
N p g 69+ 264
50
. 26A = 50 x2.94 — 69
N 4 147-89_78_,
26 26

(ii) We know that,
Var(X) = E(X?) - [E(X)]?
= IX2P(X) - [ ZXP(X)]?
1,4 48 442 +97AZ+25A2

- [EXP?

= + _
2 5 25 10 25 25
25+ 40+ 96 + 20A% + 18A% + 50A%

= [E(X))?
161+ 88A » 161+ 88 x (3 2 A=
=Ty EXIF= =0 - [EX)] [~ A=3]
_933 2 . _
=~y ~ 294 [+ E(X)=2.94]

=19.0600 — 8.6436=10.4164
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Q. 51 The probability distribution of a random variable x is given as under
kx?, x =1,2,3
P(X =x) =<2kx, x = 4,5,6
0, otherwise

where, k is a constant. Calculate

(i) E(X) (ii) E (3X?) (iii) P(X > 4)
Sol. X w 2 3 4 5 6 | Otherwise
P(X) k 4k 9%k 8k 10k 12k 0
We know that, 5 =1
= Mdk=1 = k=
44
SXP(X) =k + 8k + 27k + 32k + 50k + 72k + O
190k =190 x - =
44 22
. 95
(i) So, E(X)=SXP(X)= =4 32
(ii) Also, E(X?)=3X?P(X)=k + 16k + 81k + 128k + 250k + 432k
— 908K = 908 x - { P i}
44 44

=20.636 = 20.64 (approx)
E(3X2)=3E(X?)=3x20.64=6192 = 619
(i) P(X 2 4)=P(X = 4)+ P(X = 5)+ P(X = 6)
1 15

=8k + 10k + 12k=30k=30- — = —
44 22

Q. 52 A bag contains (2n + 1) coins. It is known that n of these coins have a
head on both sides whereas the rest of the coins are fair. A coin is
picked up at random from the bag and is tossed. If the probability that
the toss results in a head is 31, then determine the value of n.

42
Sol. Given, ncoins have head on both sides and (n + 1) coins are fair coins.
Let £, = Event that an unfair coin is selected
E, = Event that a fair coin is selected
E = Event that the toss results in a head

n n+1
P07 9 P50

Also, PE :1andP£ 1
E, E,) 2

E E n n+1 1
P(E)=P(E)- P(EJ + P(Ez)-P[EJ: 1+ - =

i_2n+n+1 N ﬂ_3n+1
42 2(2n+1) 42 4n+2

124n + 62 =126n + 42
2n=20 = n=10

Ul
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Q. 53 Two cards are drawn successively without replacement from a well
shuffled deck of cards. Find the mean and standard variation of the
random variable X, where X is the number of aces.

Sol. Let X denotes a random variable of number of aces.

X=012
Now, P(X=0)= 48 47 _ 2256
52 51 2652
px—p- 8.4 4 48_3%
52 51 52 51 2652
P(X=2)= 4 3 12
52 51 2652
X 0 1 2
P(X) 2256 384 12
2652 2652 2652
XP (X) 384 24
0 2652 2652
384 48
X*P(X) 0 — —
2652 2652
We know that, Mean () = £(X)= ZXP(X)
384 24
=0+ —+—
2652 2652
_ 408 2
T 2652 13
Also, Var (X) = E(X?) = [E(X)]? = SX?P(X) — [E(X)]?

{ 384 48 :| (
=10+ — 4+ —— |- | —
2652 2652

_4%2 4 0.1628 — 0.0236 = 0.1391

2652 169

Standard deviation = /Var(X) = +/0139 = 0.373 (approx)

Q. 54 A die is tossed twice. If a ‘success’ is getting an even number on a toss,
then find the variance of the number of successes.

i

393

{ E(X) =

Sol. Let X be the random variable for a ‘success’ for getting an even number on a toss.

1

3 1

X=012 n=2, =f—fand =—
P 2 q 2

1

1 0 1 2-0

At X =1, P(X=1)= 201(%)1 (%)2 1

o (121
At X =2, P(X =2)="2C, 5 s

2

d

13
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X 0 1 2
P(X) 1 il !
4 2 4
XP(X) 0 1 1
2 2
, 1
X“P(X) 0 3 1
1
IXP(X)=0+—=+ ==1
2 2
3@mm=0+1+1=§
2 2

Var(X) = E(X?) - [E(X)]?

= IX2P(X) - [EXP(X)]? =

.. (i)

[using Egs. (i) and (ii)]

Q. 55 There are 5 cards numbered 1 to 5, one number on one card. Two cards
are drawn at random without replacement. Let X denotes the sum of
the numbers on two cards drawn. Find the mean and variance of X.

Sol. Here, S={(1,2),(2,1),(1,3), (3, 1), (2.3). 3,2 (1,

= nS)=20

4),(4,1),(1,5),(5,1),(2,4), (4, 2),

(2,5),(5,2),(3,4),(493),(3,5),(5,3), (5 4), (4 5)}

Let random variable be X which denotes the sum of the numbers on two cards drawn.

At X =3 P(X) =
At X=4,P(X) =
At X =5 P(X) =
At X =6 P(X) =
AtX =7, P(X) =
At X=8, P(X) =

AtLX =9 P(X)=

Also,

Il
| =

‘_\_u.
o

(@)

o=

I
==

|
=

—

] mB\MB\»B\bSJ%\NB\M
3=

Mean, E(X) =

IXPP(X) = —

Var(X) =

X=345672829

10 10 5 5 5 10
_3+4+10+12 + 14+ 8+9_6

10

9 16 25 36 49 64 81
+—+—+ —+ — + — + —
10 10 5 5 5 10 10
_9+16+50+72+98+64+81_39
= 10 =

ZP(X) - [ZXP(X)]?
2

=39-(6)"=39-36=3

9

10
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Objective Type Questions

Q.56 If P (A)= s 4 and P(ANB)= 70 then P (B/ A) is equal to

1 1 7 17
- b) — z d) -~

(a)10 ()8 (C)8 ()20

4 7

Sol. (¢) - P(A):g, P(AﬂB):%
P(ANB) _7/10

!
P(A)  4/5 8

P(B/A)=

Q.57IfP(ANB)= —0 and P (B) = % then P(A/B) equals to

@2 0 2 ©7 !
17 20 8 8
7 17
Sol. (@) Here, P(AnB)=— a nd P(B) = 20

P(AnB) 7/10 14
P(B) 17/20 17

P(A/B)=

Q.581f P(A)=130, P(B)=§ and P (A uB):i, then P (B/A)+P(A/B)

equals to
1 1 5 7
3 2 3
Sol. (d) Here,P(A):E,P(B)gand P(AuB):g
pB/A+PA/B="ECA PANE)
P (A) PB)
_P(A)+PEB)-PAUB)  P(A)+PB)-PAUB)
P(A) PB)
(AUB)=P(A)+ P(B)- P(A N B)
{/e P(ANB)= P(A)+P(B)—P(AuBJ
3 2 3 3 2 3
_10 5 5,10 5 5
3 2
10 5
11
_to,10_ 1, 1_7
T3t 273 T
10 5
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Q.59 1f P (4) =§, P(B) =130 and P (A A B) =;, then P(A'/B')-P(B'/A') is

equal to
(@)= (b)

N | o

Sol. (c) Here, P(A) = % P@B)- % and P(A  B) =

PAYB) = P(A'nB) 1-P(AUB)
T PB)  1-PB)
_1-[P(A)+ P(B) - P(An B)]

1-P(B)

(2 3 1)
11—+ —=-=
_ 5 10 5
T
10

1_(4+3—2j 1_1
10

- 7 =T7 77
10 10
PBNA) 1-PAUB)
P(AY —  1-P(A)

and P(B/A") =

’ 1
o 1/2 5

12 3/5 6

25

" P(AB)- P(BIA") = o

5
7

[eRNe)]
! [&)]

Q.601If A and B are two events such that P(A)

P(A/B)= % then P (A’ N B') equals to

1 3
_ b) =
(a)12 ()4
1 3
_ fo) Pt
(C)4 ()16
Sol. (c) Here, P(A)= % P(B) = % and P(A/B) = %
pasg="A05)
P(B)
11
= P(Ams)_P(A/B).P(B)_Z.g_E
Now, P(A"~B)=1-P(A U B)

=1-[P(A)+ P(B) - P(An B)]

{1 1 1} {6+471:1
=1t —[=1-
2 3 12 12

9 3 1

- 2=

12 12 4

1
2

,P(B)== and
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Q.61 1f P(A) =04, P(B)=0.8 and P(B/ A) = 0.6, then P (A U B)is equal to

(@) 0.24 (b) 0.3
(c) 0.48 (d) 0.96
Sol. (d) Here, P(A)= 04, P(B)= 0.8and P(A/B) = 0.6
pE/ay=LEA
P(A)

= P(B A)=P(B/A)-P(A)

=06x04=0.24
P(AUB)=P(A)+ P(B)—P (A B)

=04+ 08-024
=12-024=096

Q. 62 If A and B are two events and A # ¢, B # ¢, then

@P(A/B)=P(A-P({B) b)P(A/B) = ACD
P B
(© P(A/B)-P(B/A) =1 (d)P(A/B)=P(A)/P (B
Sol. ) |t p ¢ and B ¢ then P(A/B):P(;\(;)B)

Q. 63If A and B are events such that P(A)=04, P(B)=0.3 and
P(A U B)=0.5, then P (B' n A) equals to

2 1
l b) —
(a)3 ()2
3 1
= d) —
(C)10 ()5

Sol. (d) Here, P(A)=04,P(B)=03 and P(AUB)=05
PAuB=PA+PB-PAnB)
= P(AnB)=04+03-05=02
: P(B'~ A)=P(A) - P(AB)

:O.470.2:O.2:1
5

Q.641f A and B are two events such that P(B):g, P(A/B):% and

P(AUB)= Z then P (A) equals to

@ (b) * ©F >
10 5 2 5
Sol. (¢) Here, P(B) = g P(A/B) = % and P(AUB) = g
_P(AnB)
P(A/B)= PE)

1 P(AnB
2~ 3/5
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PANB=Sx1_3
57210
P(AUB)=P(A)+ P(B)~ P(A N B)
4 opay+3-3
5 510
pa_t 3,3 _8-6+3 1
5 5 10 10 2

Q. 65 In question 64 (above), P (B/A') is equal to

3 1

(@) = (b) — (c) - (d)

Sol. (@) PB/A)=

3
5 10 2 5

PBAA) P{B)-PBAA

PAY  1-P(A)
3.3 6-3
_5 10_ 10 _6_3
1 1 10 5
2 2
3 1 4
Q. 66 1f P(B):f, P(A/B)= > and P(AuB):E, then
P(AUBY +P(A’uB) is equal to
1 4 1
Sol. (d) Here, P(B) = g P(A/B)= ;
and P(AuB)fg
Since, P(A/B)= PANB)
P(B)
= P(ANB)=P(A/B)-P(B)
133
275 10
Also, P(A U B)=P(A)+ P(B) - P(A n B)
= pay=2_3,3_1
5 5 10 2
4 1
PAVB=1-PAUB)=1- =
and P(A"UB)=1-P(A-B)=1-P(ANB)
=1-P(A)-P(B)
_q_12_4
25 5
= PAUBY+P(AUB)= l é:§:1
5 5 5
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Q. 671 P(A) :173, P(B) = ; and P(A A B) = 143 then P(A' / B)is equal to

6 4 4 5
(a) 3 (b)13 (© 9 (d) 9
Sol. (d) Here, P(A) = l P(B) = 9 and P(AnB) = 4
13 13 13
parygy = PA OB _PBI-PANE)
PB) P(B)
9 4 5
_ 13 13_13_5
9 9 "9
13 13

Q. 68 If A and B are such events that P(4)>0 and P (B) # 1, then P (A’ / B')

equals to
@1-P(A/B (b)1-P(A'/B (c)% d)P(A)/P(B")
Sol. (¢) ~ P(A)>0 and P(B)=1
P(AB) = P(A'NB)_1-P(AUB)
P(B) P(B)

Q. 69 If A and B are two independent events with P (4) =2 and P(B) = ;
then P (A" n B') equals to

4 8 1 2
Sol. (d) PAAnB)=1-P(AUB)
=1-[P(A)+ P(B)— P(ANnB)]
3 4 3 4
:1—|:g+§—g><§:1 [+P(AnB)=P(A)-P(B)]
:17|:27+20—12:|:17§:170:g
45 45 45 9

Q. 70 If two events are independent, then
(a) they must be mutually exclusive
(b) the sum of their probabilities must be equal to 1
(c) Both (a) and (b) are correct
(d) None of the above is correct
Sol. (d) Iftwo events A and B are independent ,then we know that
P(AnB)=P(A)-P(B), P(A)= 0, P(B)#0
Since, A and B have a common outcome.
Further, mutually exclusive events never have a common outcome.

In other words, two independent events having non-zero probabilities of occurrence
cannot be mutually exclusive and conversely, /.e., two mutually exclusive events having
non-zero probabilities of outcome cannot be independent.
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Q. 711f A and B be two events such that P(A):z, P(B):z and

P(AUB) = 2 then P (A/B)-P (A’/B) s equal to

@?2 b) > 0> -2
5 8 20 25
3 5 3
Sol. (d) Here, P(A)=f,P(B):§andP(AuB):Z
P(AUB)= P(A)+ P(B) - P(A n B)
= PANB =242 3 34526 2 1
8'8 4 8 8 a4
pa/g=PANE) _1/4_8 2
PB) 5/8 20 5
o by PA 0B _PE-PANE)
P(B) P(B)
5 1 5-2
_8 4_.8 _3
5 5 5
8 8
PM/B)-P(A'/B):%%:%

Q. 72 If the events A and B are independent, then P (A N B) is equal to

@ P (A +P(B (b) P (A) =P (B
(©P(A-P(B d)P(A/P(B
Sol. (c¢) If Aand B are independent, then P(A n B) = P(A)- P(B)

Q. 73 Two events E and F are independent. If P (E) =0.3and P (E U F)=0.5,
then P(E/F) — P(F/E) equals to
2

3 1 1
el b) > L d) —
(a)7 ()35 (C)7O ()7
Sol. (c¢) Here, P(E)=03and P(E U F)=05

Let P(F)=x
- PEUF)=PE)+ P(F)-P(ENF)
= P(E) + P(F) - P(E)- P(F)
= 05=03+x—-0.3x
£205-08_ 2,0
07 7
PENF) P(FNE)
EGEEG
PE NF)-PE)-P(F nE)-P(F)
P(E)-P(F)
_ P(ENF)[PE)- P(F)]: P(E) - P(F)
P(ENF)
3 2 21-20 1

"0 7 70 70

P(E/F)-P(F/E)
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Q. 74 A bag contains 5 red and 3 blue balls. If 3 balls are drawn at random
without replacement, them the probability of getting exactly one red

ball is
(@) 2> () 132 @12 @
196 392 56 29

Sol. (c) Probability of getting exactly one red (R) ball = £ Po P+ P PPt Py P Py

_53%82,3852.325
876 876 876
15 15 15

= + +
4.7-6 4.7-6 4.7-6
5 5 5 15

=+ =+ —=—
56 56 56 56

Q. 75 Refer to question 74 above. If the probability that exactly two of the

three balls were red, then the first ball being red, is
1 4 15 5
@— (b) - (€ — (d—
3 7 28 28
Sol. () Let E, = Event that first ball being red
and E, = Event that exactly two of the three balls being red
P(E))=Py Py Py+ Py-Py-Ps+ Py PPyt Py-Ps-Ps
5 3 543 5§34 532
= . -—+ . . + .7.7+7.7.7
7 6 87 6
oU+ BV + 60+ U
336 336

6
0

4,543 120
6 87 6 336
E,) 120/336 4
) 210/336 7

Q. 76 Three persons 4, B and C, fire at a target in turn, starting with A. Their
probability of hitting the target are 0.4, 0.3 and 0.2, respectively. The
probability of two hits is

(@) 0.024 (b) 0.188 (0) 0.336 (d) 0.452

Sol. (b)) Here, P(A)=04P (A) = 0.6P(B)= 0.3 P(B)=07,
P(C)=02 and P(C)=08
Probability of two hits = P, - Fg - Fx + By - Py - R + Pr - P - Ry
=04x03x08+04x07x%x02+06x03x02

=0.096 + 0.056 + 0.036= 0188

Q. 77 Assume that in a family, each child is equally likely to be a boy or a
girl. A family with three children is chosen at random. The probability
that the eldest child is a girl given that the family has atleast one girl is

4

@ b) 1 ©2 o2

il
2 3 3 7
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Sol. (d) Here,S={(B,B,B), (G,G,G),B,G,Qq),(G,BG),G,G,B),(G,BB),BGB), BB G}
E, = Event that a family has atleast one girl, then
E,={(G,B,B),(B,G,B), (B,B,G), (G, G B), (B.G G) (G B QG), G, G,G)}
E, = Event that the eldest child is a girl, then
={(G,B,B), (G, G,B), (G B,QG), GG G}
E,nE,={(G B B), (G, G,B),(G,BQ_G), GGG}
_PENE) _4/8 4
PE, 1B = P(E) 7/8 7
Q. 78 If a die is thrown and a card is selected at random from a deck of 52
playing cards, then the probability of getting an even number on the

die and a spade card is

@ b+ ©1 d
2 4 8

Sol. (¢) Let E, = Event for getting an even number on the die

and £, = Event that a spade card is selected
3 1 13 1
PE)=—===and P(E,)=—=—
E)=5=5 Eo)=rs=17

Nlw

1
Then,  P(E NEp)=P(E) PE)=5, =5
Q. 79 A box contains 3 orange balls, 3 green balls and 2 blue balls. Three

balls are drawn at random from the box without replacement. The

probability of drawmg 2 green balls and one blue ball is

@ = (b) 2 © - @187
28 21 28 168

Sol. (@) Probability of drawing 2 green balls and one blue ball
=R Ry P+ Py R-Ry+R-Ps-Ry

822, 232,322
876 876 876
11,1 3
_t,1,1.3
28 28 28 28

Q. 80 A flashlight has 8 batteries out of which 3 are dead. If two batteries
are selected without replacement and tested, then probability that
both are dead is

33 9 1 3

a) — b) — c) — d) —

()56 ()64 ()14 ()28
Sol. (d) Required probability = £, - P, = 323
. P = 87 28

Q. 81 If eight coins are tossed together, then the probability of getting
exactly 3 heads is
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Sol. (b)) We know that, probability distribution P(X =r)="C, (p) q" "

1 1
Here, n=8r=3 p=—andq=—
P=3 q=3
183 8l (1)
Required probability = 8C, | = | | = S
Hrea probebity 3(2J (2) 5!3![2)

_8r7r6 1 _ 7
3.2 16-16 32

Q. 82 Two dice are thrown. If it is known that the sum of numbers on the

dice was less than 6, the probability of getting a sum 3, is
(@ — (b) > 1 o2
18 18 5 5

Sol. (c) Let E, = Event that the sum of numbers on the dice was less than 6
and E, = Event that the sum of numbers on the dice is 3
o ET = {(1* 4)7 (47 1)Y (2Y 3)7 (37 2)7 (27 2)7 (17 3)7 (37 1)7 (1* 2)7 (27 1)Y (1v 1)}
= n(E;)=10

and E,={(12),@2 1)} = n(E,)=2
2 1
Required probability = — = —
q p y 105

Q. 83 Which one is not a requirement of a Binomial distribution?
(@) There are 2 outcomes for each trial
(b) There is a fixed number of trials
(c) The outcomes must be dependent on each other
(d) The probability of success must be the same for all the trials
Sol. (¢) We know that, in a Binomial distribution,
(i) There are 2 outcomes for each trial.

(ii) There is a fixed number of trials.
(iii) The probability of success must be the same for all the trials.

Q. 84 If two cards are drawn from a well shuffled deck of 52 playing cards
with replacement, then the probability that both cards are queens, is

1 1 1 1 1T 1 1 4

a)— — — (©) — — d)—-—

13 13 13 13 13 17 13 51

Sol. (a) Required probabmry_i2 5% % x% [with replacement]

Q. 85 The probability of guessing correctly atleast 8 out of 10 answers on a
true false type examination is

7 7 45 7
a) — b) — ) —— d) —
()64 ()128 ()1024 ()41

Sol. (b)) We know that, P(X =r)= ( e @'’
]

Here, n=10p==,q ==
ere p q 5
and rx=8ie., r:8, 910
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= P(X =1)=P(r = )+l130r_8)+P(r_109) -
- 3) ) () ) re(3) )

10

a(e) o) +(6)

_ 10
812

1310
( [45+10+1]:(E) - 56

56—
16~64 128

Q. 86 If the probability that a person is not a swimmer is 0.3, then the
probability that out of 5 persons 4 are swimmers is
(@) °C,0.7)* (0.3) (b) °C, (0.7 (0.3)*

(©)°C,4 (07 (0.3)* (d)(02*(0.3)

Sol. (@) Here, p=03 =p=07andqg =03 n=5and r=4
. Required probability = °C,, (07)* (0.3)

Q. 87 The probability distribution of a discrete random variable X is given

below
X 2 3 4 5
° 7 9 n
PX) k k k k
The value of k is
@38 (b) 1 (c) 32 (d) 48
Sol. (¢) We know that, ZP(X) 1
5,7,.9, 1
= 4+ -+ —=1
PREPREPREP
32
= — =1
K
k=32
Q. 88 For the following probability distribution.
X -4 -3 -2 —1 0
P(X) 0.1 02 03 02 02
E (X)is equal to
(@0 (b) -1 (c) -2 (d)-1.8
Sol. (d) E(X)=ZX P(X)

=—4x(01)+ (-3x02)+ (-2 x0.3)+ (-1x02) + (0x 0.2)
=-04-06-06-02=-18
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Q. 89 For the following probability distribution.

X 1 2 3 4
s il 3 2
PX) 10 5 10 5
E(X?)is equal to
(@3 (b) 5 (07 (d) 10
1 1 3 2
. EX?)=2X® P(X)=1-—+4-—+9-—~ +16-2
Sol. (@) (X%) X) TR AT R
1 4 27 32
= — 7+7 P
10 5 10 5
148427464
10

Q. 90 Suppose a random variable X follows the Binomial distribution with
parameters n and p, where 0< p<1 If P(x=r)/P(x=n-r) is
independent of n and r, then p equals to

(@~ ()1 2 2
2 3 5 7
[
Sol. (@) - PX=1="C, (0 @) " =— (o) (1 - P’ [cg=1-p] ..0)
(n=n!r!
PX=0)=(1-p)
and  P(X=n-1="C,_, (o) " (@
- b g =1-pl B "C, = "C, 1 ..(i)
(n=nr!
nl
pra-p "
Now, Ple=n) _ @ ‘lr)m [using Eqs. () and (ii)]
Plx=n-r) n - o)t
(n=ntr!
. [_]_pjnr ) 1
|
p
Above expression is independent of n and r, if 1_7’0 =1= 1;) =2=>p= %

Q. 91 In a college, 30% students fail in Physics, 25% fail in Mathematics and
10% fail in both. One student is chosen at random. The probability
that she fails in Physics, if she has failed in Mathematics is

1 2 9 1
(@ — (b) = (0 — )~
10 5 20 3
30 3 25 1
. (b) Here, Ppo=—" =" p =2
Sol. ) M= 100 10" ™ 100 4
and P 10 _1

(M~ Ph) =m= 10
P(@)iP(thMLHm 2

M PM) /4 5
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Q. 92 A and B are two students. Their chances of solving a problem correctly
are ; and i respectively. If the probability of their making a common

error is, % and they obtain the same answer, then the probability of

their answer to be correct is

1 1 13 10
(@ — (b) — (00— d)—
12 40 120 13
Sol. (d) LetE, =Eventthat both A and B solve the problem
11 1
: PE)=—x—=—.
=347 1
Let £, = Event that both A and B got incorrect solution of the problem
2 3 1
PE,)==x—=—
E)=32372

Let E = Event that they got same answer

1

Here, P(E/E1):1.P(E/Ez)=2*0
N Ya P(E,)-P(E/E)
* P(E)  P(E)-PE/E)+PE,)PE/E,)
1
2 112 120 10

1 1 T 1 10+3 12x13 13

12" 2%20 120

Q. 93 If a box has 100 pens of which 10 are defective, then what is the
probability that out of a sample of 5 pens drawn one by one with
replacement atmost one is defective?

5 4
@ [ij (b) 3)
10 2\10

4
(C)l[ij
210

Sol. (d) Here, n—5,,o—m—% andq_%
r <1
= r=01
Also, PX=n="C,pq""
: PX=r=P(r=0)+P(r=1)
o) () * (5) ()
10) \10 10) \10
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True/False

Q.941f P (4) >0 and P (B) > 0. Then, A and B can be both mutually
exclusive and independent.

Sol. False

Q.951f A and B are independent events, then A’ and B’ are also
independent.

Sol. True

Q. 96 If A and B are mutually exclusive events, then they will be
independent also.

Sol. False

Q. 97 Two independent events are always mutually exclusive.

Sol. False

Q. 98 If 4 and B are two independent events, then P (4 and B) = P (4)-P (B).
Sol. True

Q. 99 Another name for the mean of a probability distribution is expected
value.

Sol. True
E(X) = SX P(X) =

Q. 100 If A and B’ are independent events, then P(A’ U B) =1 —P (A) P (B').

Sol. True
P(AruB)=1-P(AnB)=1-P(A) P(B)

C

(A" UB)

U

<

Q. 101 If A and B are independent, then P (exactly one of A, B occurs)
=P (A)P (B") +P (B) P (A)).
Sol. True
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Q. 102 If A and B are two events such that P (A) >0 and P (A) +P (B) > 1,

thenP (B/A) =1 - P()
P(A)
Sol. False
. pes 4~ PANB)
P (A)
_P(A)+PB)-PAUB) _1-PAUB)
- P(A) P(A)

Q. 103 If A, B and C are three independent events such that
P(A)=P(B)=P(C)=p,
then P (atleast two of A, B and C occur) = 3p? —2p>.

Sol. True
P (atleast two of A, B and C occur)

=pxpx(-p+{1-p-p-p+pl-p)-p+pp-p

=p’l-p+1-p+1-p+pl
=p* (3-3p)+p°
—3p? - 3p° + p° = 3p? —2p°

Fillers

Q. 104 If A and B are two events such that P (A /B) = p, P(A) = p,P(B) :i

andP (AUB) = % then p is equal to ......... .

Sol. Here, P(A):p,P(B):%and P(AuB):g
pa/g=-LACB o panp =P
P(B)
and PAUB=PA+PB-P(ANB)
- 5_p.1.p 5 1. 2
9 3 3 9 3 3
5-3 2p 2 3
= —=— = p=—Xx—=—
9 3 9 2 3

Q.105 If A and B are such that P(A’uB’)zi and P(AuB)zg, then

P(A") +P (B)is equal to ......... .

Sol. Here, P(A’uB’):%andP(A uB):%
P(AUB)=1-P(ANB)
= %:1—P(AGB)

= P(AmB):17%:

W=
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Probability 409

P(A)+P(B)=1-P(A)+1-P(B)
=2-[P(A)+ P B — v
=2-[P(AUB)+P(An g)] G%//

5 5+ Z
2 gra)2- (%) =
18-8 10
T 9 9

Q. 106 If X follows Binomial distribution with parameters n=5, p and
P (X =2)=9P(X = 3), then p is equal to ......... .

Sol. - P(X=2)=9-P(X=39) (where,n=5andg =1-p)
= °C, p* (1-p)® =9-°C4p° (1= pf
5 5 3_4o 9 3 2
= ngp (-p" =9 3!2!p (-p)
24 3
N p3(1 p)2_9
p’(1-p)
= =P _g 9+ p=
p
_1
P=0

Q.107 If X be a random variable taking values x,,x,, x5, ...,x, with
probabilities P, P,, P;,...,P,, respectively. Then,Var (x) is equal to

rinr

..........

Sol. Ver ()= E (XF - [€ ()1
= 3 XPPX) - [ X X P(X)

i=1

=% Px? - (P x;f

1

Q. 108 Let A and B be two events. If P(A /B) = P(A), then A is ... of B.

Sol. - PMMbe&&
= P (A)= P(;\(g)B)
= P(A)-P(B)=P (AN B)

So, A is independent of B.
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